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UNKNOTTING NUMBERS OF SURFACE LINKS AND QUANDLE

COCYCLE INVARIANTS

MASAHIDE ITWAKIRI
Department of Mathematics Hiroshima University
Hirohsima 739-8526, JAPAN

iwakiri@hiroshima-u.ac.jp

F. Hosokawa and A. Kawauchi proved that any surface link S can be deformed
to unknkotted one by attaching a finite number of 1-handles to S (cf. [3]). The
unknotting number was often studied by Alexander invariants (cf. [4, 5, 6, 7, 8,
9, 10]). On the other hand, recently, quandle cocycle invariants [1, 2] of surface
links were introduced and applied to to non-invertibility, triple point numbers and
so on. In this talk, we will give the lower bound of unknotting numbers by quandle
cocycle invariants, so that determine the numbers of some surface links.

[1]
[2]

3]
[4]
[5]
[6]
7]
(8]
[9]

[10]
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On the spin-preserving symplectic group
modulo two

0000 (00o00ooooO0oO0ooooog b2)

kawami@sci.osaka-cu.ac.jp

Let ¥, be the closed orientable surface and assume that it is embed-
ded in the 4-sphere trivially, i.e., it bounds a handlebody in the 4-sphere.
Let SP, be the subgroup of the mapping class group of ¥, which con-
sists of the isotopy classes of self-diffeomorphisms of ¥, extending to self-
diffeomorphisms of the 4-sphere. The mapping class group of ¥, induces
the automorphism group Sp(2g; Z/2Z) on the first homology group of X,
in Zy coeflicients, called the Z;-symplectic group. The group SP, induces a
subgroup of Sp(2¢g; Z/27), called the spin-preserving Z,-symplectic group.

I am working on a characterization of this subgroup. And I am trying to
find a relationship between the topological symmetry group of some spatial

graph and this group.



gbboooboogbogon

ooboo

000000000000000000O0oooDooO0o'o

gboobouobboobobobuobobuoobobuobooobooboboboobd
gooo0o0bOOo0o0oDboO0obooooLMOobODOUOODOOOODOOODOObDOOOO
0000000 Kontsevich integral 1 DD 0D ODO0O0OODOOOODOOODOODOODO
gboobdobobooobobooboboobobuobooboboooobobobabg
gboobdoboooobobooboboobobuoboboobooboboobanbg
OLMOODOOODOOOODOOO* Onthe LMO conjecture” OO OO LMOOODOOO
0GO000000000D00LMODOOOOO0ODODOOO0O T.T.Q.LeODDOOOO
oooborLMouoooooOoooobooOoooo3sobooooobooooooooobooooo
gboboodgbbooobodgbod

Theorem (LMODOO). 00000000 LieD GOOOOOZ"™OQ -P¢00000mO

ooooooborLMouoooOooooDOoOoooooboooooooLMobooOoonoo
gboooboboobobooobobooboboooboooobobooboboboobg
goboobooooooboboooobobboooobbbooooobbboooooobog
OOO00DO0O000P. RegenOD0O0O0OO DOOODODOOOOOVassilievODOOOOO
Ooo0dbDoOob0dO0O0VvaessilievOODOODOOOOOOOOOOOOODOOOODOO
gboogrogboobgobooboboobooobooboboooobobobobg
gobobooboooboooboobbooboobobooboobbooobg

Conjecture. 00000000 O0OOO0ODOOOODOOODOOOODOOODOOOODOODOO
Uil << gbubbdgbubbodooobooboboobobooboboobabg
oo

0000000000000 00DOO00DOO000ODOO0T.T.QLe0O0ODOOODOO
oooooOLMOOOODOOOOODOOOOO» LMODOOUOODOOODOOODDOOOO
gbogbuobduiibl <= 0bubgboobobuoobaobooboboobabg
gbogboboooboobo*ugbooboubboboobooobobuoobobbobgd
gbooboboooobobooboboobobonooobooooboboobobg
goboobooboboooboobooobooobooboobooboobooboobooobd
gbobogbuooboboobobuoboboooboobaoboooobobbaong
gbogbobuoobobooobuobboooobooboaobooboobuobbaonbg
goboobooobooboobbooboobobooboobooobbomm

Remark . 0000000000000 DOOOOOO0ODODOO0OOODOOO0OODDOOOO

GRADUATE SCHOOL OF MATHEMATICS, KYUSHU UNIVERSITY

E-mail address: marron@math.kyushu-u.ac. jp

logoooooooooo



Transformation groups

Shintaro KUROKI *

First I mention the definition of the transformation group on a manifold.

Definition Let G be a Lie group, M be a manifold and ¢ be a map from
GxMtoM (¢:GxM — M). Then we call ¢ an action on M if the
following properties hold

ple,r) == (1)
¢(g, d(h,z)) = ¢(gh, x) (2)

where e is an identity of G. Then we call the group G a transformation
group on M. If this map ¢ is smooth, then we call it a smooth action.

In [1], the author constructed the smooth actions of SL(m,H) x SL(n, H)
on S*m+m)=1 where H means a quaternion.

In [2], the author classified the compact transformation groups G on com-
plex quardric @), which has codimension one orbit, where

Qon = {2 € Popy1(C)|25 + - + 23,41 = 0} = SO(2n +2)/50(2n) x SO(2).
He got the following result
Theorem 1 (G, M) is isomorphic to one of the pairs in the following list.

| n | (G, M) | action |
n>2 (SO(2n+1),Qa2n) canonical
n>2 (U(n +1),@an) Uln+1) = 50(2n +2)

n>2 (SU(n+1),Q2,) SUn+1) — SO(2n +2)
n>1| (Sp(1) x Sp(n), Qun—2) | Sp(1) x Sp(n) — SO(4n)

7 (Spin(9), Qa) Spin(9) — SO(16)

3 (GQ, Qﬁ) GQ - 50(7)

2 | (SUEB)xU1)), Q) | SWUB)xU1)) — SO(6)
*Department of Mathematics, Osaka City University, Sumiyosi-Ku, Osaka 558-8585

Japan (e-mail address: d03sa004@ex.media.osaka-cu.ac.jp). The author was supported by
Fellowship of the Japan Society for the Promotion of Science.

1



In [3], the author solved the following problem in [4].

Problem 1 Put the action ¢ of SO(3) on S* as ¢(A, X) = A'X A where
A€ SO(3) and X € {A € M3(R)|A" = A, Tr(A) = 0,Tr(A'A) = 1} = S*.
Does this action extend to a smooth SL(3, R) action ¢

The key fact is P, (C)/conj ~ S* where the conj means complex conju-
gation. The author solved the problem from this fact.
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RESEARCH OF SPATIAL GRAPHS IN TERMS OF KNOT
THEORY

REIKO SHINJO
SCHOOL OF EDUCATION, WASEDA UNIVERSITY
(RESEARCH ASSOCIATE)

We work in the piecewise linear category. Let G be a finite graph. We consider
G as a topological space in the usual way.

An embedding f : G — S® of G into the 3-sphere S3 is called a spatial em-
bedding of G or simply a spatial graph. A cycle of G is a subgraph of G which is
homeomorphic to the 1-sphere S'. If the graph G is a cycle then f is called a knot
and if G is a disjoint union of n cycles then f is called an n-component link. If G
contains a cycle 7y then f|, can be regarded as a knot in the spatial embedding f.
Therefore spatial graphs are regarded as an extention of knots or links. And there
are various resarches about spatial graphs in terms of knot theory with concidering
knots or links contained in spatial graphs.

We concider classification of spatial embeddings under a certain equivalence re-
lation by investigating knots in the spatial embeddings. For example we consider
Seifert surfaces of knots in a spatial graph with mutually disjoint interiors. On the
subject we have had some results.

Besides we would like to define a trivial spatial embedding. For planar graphs,
triviality has been defined already. Let G be a planar graph. We say that an
embedding f : G — S® is trivial if there exists an embedding g : G — S? C
$3 which is ambient isotopic to f. However for not all graphs, an trivial spatial
embedding has been defined yet. And there are some attempt to define a trivial
spatial embedding.

G f(G)

N

7 e

FIGURE 1. a spatial embedding
god

E-mail address: reiko@suou.waseda. jp

Date: August, 2004.
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1 0000

O000000000000000000000 kawauchi’s second du-
ality 000000000000 O0O00O

2 Oogoobn

M 0O compact oriented topological n-manifold 0 00 O~ 0 H'(M)O
element 00O OMO MO ~ 0000 infinite cyclic covering 0 0 OO
covering transformation ] <¢>000000 (A, A") 0 0M O splitting
O000H,(M,A) O finitely generatedA — module 00000000
¢'H = Exty,(H; Z),tH = Z — torsion part of H.bH = H/tH OO DD
HOA —module 0 000 0FE'H = Eat\ (H; A), TH = A — torsion part
of HHBH=H/THOUOOO
DH = x € H|JcoprimeXi, Aa, -+, Ay € A(m > 2)with Nz =,viO 000
MO p+s+2—manifold 0000 : B2E*Hy (M, A') — E'BH,1(M, A)O
0000000000 kernel 0 E2E?H, (M, A)00000000000
oooooooood

l: E2E*H,(M, A x E*E*H,(M, A"’ — Q/Z

gooogg

(1) homotopyinvariance
(2) t — isometric

(3) (=1)PsH — symmetric
(4) non — singular
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rooooooooooonc = Gy,00 I'—projective chain complex, F'O
I' —module D0 00OA : H(C; FO— Homp(H.(C); F) O h(f) = f(z)
00000000 kerneld K¥(C; F)DODDOOOOODODOO

0— K9(C;F) S HY(C; F) % Homp(H,(C), F)
Eati(H,_1(C),F) & K9Y(C; F) & Exth(H,(C), F) — 0

0 OO natural exact sequence 0 0O 00O O

00 pO0O 6: DHET (M, A) — E'BH,(M,AY0DO0O0O0OO

0000 - Z2 - Q — Q/Z — 0000 short exact sequence O O O
Homz(H,(M,A),Q/Z)00 e Hy(M,A) 00 surjection 1000000
0Q/Zz000000000000000000
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00000000000000000C[t,t 000000000000 10,000000 20
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0 20004d

00,KBSMOOOOOOOO0O0O0O0O000000. 00000000 MO KBSMO K(M),
0000000000 7T?2xI0000,800000 KOO0, ntN(K)D0OODOOOO0O0O
0000,MO0000KOODOOO B(K)=S53\IntN(K)ODOOODODO.

A—ideal ELLLEER colored Jones 0 O O

N N o

K (T?*x1) —2— Kk_y(M) 2% 4000

ker®
—_—

0000000 Frohman-Gelca-LoFaro OO OO0 ([3]). 000000000, A-ideald O
O t0 colored Jones 000000 gUOOODOOOODOODOO, ®,e0000000000O00OO0
0000000 00O0000.0000DO00DbO00 AODDOOODO colored JonesOO OO, 0
00000000000, KashaevOOOOOOOOOOOOOOOOOOO.
Frohman-Gelca-LoFaro 0 0 00000000, KBSMOOOOOOODOOOOOOO,000
000000oO000,0000000000000KBSMOOOOOODOOODOOOOOO. oOd
0,00KBSMOOOODODODODODODO,S3 0000 7-0,00000 ([4]), (2,2p+ 1)-torus
00000 twist0OOOOOO0O0OOOOODO ([1],[2]). 000,000000000000 twist
0000000000 20000 S2p+1,2q) 00000 E(2p+1,2¢) 0¢t=-10000
KBSMOOOOOOODOOOO 2p+102¢000000. 0000C0O0DOODOOODO,
(2,2p+1)-torus0 00000 20000000000000. 00O Frohman-Gelca-LoFaro 0 O



00000000d,t=-100000 200000 KBSMOO 200000 A0DOD0OO0OO
oo.

00,002000000000000000,0000002-0000010000000
2000000000 E2p+1,2q)000000000O0DO0O0O0O. OD0OO0O0OOO attaching
slope0 0 30000. 200000000000 1000,2000000000000 200
00000 1002-0000000000. 000000,00000000 Dehn twist 000
0 attaching slope 00 0000000000000 00, 0000000000 E(2p+1,2¢)0
attaching slope 0 000 0OOODOOO0ODO.

0 3: E(7,4) O attaching slope

00, 00 attaching slope 1 D0 000000000 2000000000 E2p+ 1,2¢) 0
KBSMOOOOOOODO. OO,000 20000 S(e,)00000 E(a,B) 0 attaching slope O
000 KBSMOOOOOOOOOOOODO. PrzytyckiDOO ([6)0000,002000000
02000000000000000,000000 KBSMO slidingO0OO0OO0O0OO00OO0O0O
0.00000, attachingslope0 00000000000 A(e,p)000000O. 00O, A(e,B)
0000000 KBSMOOO LOOOOOOOOOOOOODOOOODOOO A(e,p)000. 0O
00,200000000 A(e,f)0 AL(e, ) 00000000000, 000000 KBSMO
O0000000.000,0000000 A(e,p)=00000000000 Ar(a,p)=LO0O0O
0000.0000000O00000000,0000000100000000000000DO0
ooooooog.
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000000 [1]0000000000 C*-embedding O localnessd globalness 00 0 0 OO global O
C*-embedding 0000000

Def 1. M, N : C*°-manifolds, m =dim M, f: M — N C*-embedding 0 0 00O
dg: D™ — N C*-0000 st. f(M)Ccg(D™)OOOOfOlocalDODOODODODO
fOlocal DOODOOOglobal DODOOOODO

0000000000000 000000000000DODOOOOsymplectic geometry O 0O O C°°-
embedding 000000000 ODOQO symplectic embedding0 00000000000 DODO non squeezing
theorem 0000000000000 GromovOOOOOOOODOODO

Th 1. B?"(r) : 2n-ball with radius r, Z?"(R) = B*(R) x R**~2 0000
3f : B*(r) — Z?"(R) symplectic embedding 000 Or <R

00000000 symplectic manifold O 0O O symplectic embedding 000000000000 O0O00OO
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OD0000000000000000000000002004 0000 Haefliger 0 S*~10 8% 00
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0000 10000000000 Johan L. Dupont, Scissors Congruences, Group Homology and Characteristic
Classes 00000000 0O0OO Scissors Congruence 00 n 0000 (E*,S",H"O0000)0000700070
J00000O00O0”00070 scissors congruence 1000007000700 0000000000070000
0000ooooo’000’"00000000o0ooooo000oooooooooooooooooooogg
O0D0000o0DOo{000” }000000 free abel group O scissors congruence 0 000000000000
000 scissors congruence group P(X) 000000000 X =X"=F", S", H"O0000Dupont 00000
U 3dimO000000000000 scissors congruence group 00 000000000000 0O0O0OOOOO
000000000000 D0000D0000D0”0007’0000000000000000000000 H3OOO
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1. Scissors Congruence Group
0000000 scissors congruence U O O 0O O O O O scissors congruence group 0 00000
n>1000X=X"=F"S"H"000000000000X 0 isometry groupd I(X)0OO0D0OO0O0OOOO
00 n0O0O (geodesic n-simplex)ADOOX OOOOOOOOOO»n+1000 ap,---,a, 0000000000
A =|(ap, - -a,)|0000000000O0X =5S"00000n,+10000000000000000000O0n+1
goooo0o0o00o0ooooDoDoDoooooooOoOoOOOO0OO ag,---,6, 0 ADOODOODOO X O polytope
PCXDDOOODDOODODOODOODODOOO 00 {A}f,0000 P:UfZOAiDDDDEIEIEI

i1#£;0000A;NA;0000»-100000000 XO0O0O0O0OOO0OOOOO

O O00polytope P, P, P, 0 P=PUPROODO0OOP NP, OOOO00O0O0O0ODO0OPO AO R,OODOOOOO
ooP=pRPUIPRO0O00

Def 1.1

0 GcCI(X);subgpOODOODOODO polytope P, P’ 0 G-scissors congruent 10000000 PP O0OOOOO0
oooooO0P=0k P, PP =11 ,P/O000000 0000000 ¢€GO00000P, =¢P 0000
gogoogd

Def 1.2
O G C I(X);subgp O O O O scissors congruence group P(X,G)00{ [P] | P C X;polytope} DOOOOODO
O free abel group O O G-scissors conruence D 0 00000000

1) [P]=[P]—-[P"] (P=PTP")
2) [gP] - [P] (9€G)

00000000000000G=1(X)0000P(X,G)0 P(X)000000000

O00Oabstract 0000 Dupont 00000 O0O0O0OOOOO
Thm 1.3
OO00OOabel group 00 O0O0O0OO0OOOO
a)
0 — Hy(SO(3),R%) % P(E%)/Z(E*) & R®R/Z — H\(SO(3),R*) = 0
b)
0— H3(SL(2,C))” S P(H?) 2 R®R/Z — Hy(SL(2,C))” — 0

0 — H3(SU(2)) % P(5%)/2 5 R@R/Z — Hy(SU(2)) — 0



00000000 Z(E)000000000D000000000000OODOOO P(E3%) 0 subgroup 000 0b)
0000 -~ 000000000000 involution 0000 (-1)-00000000c¢)0000 ZcC P(S3) 0O [S30
00000 P(S*) 0 subgroup 000 0(0 0000000000 OOO0OO0 [Dupont)]00000D0OONO)
00000000000000000 DO Dehn invariant 0000 Opolytope 0000000000 4+ (000
00000000o00o00)00b000000000000D0O00O000D 300000000000 [Milnor] O
o00O0bOo0o0O0o0OOobOoooOoDbOoooo

2. Volume and The Dehn invariant in hyperbolic 3-space
0 0 O O dilogarithm funcution Ly(2) 000000000

Ly(2) = —/Ozlog(l —w)%ﬂ (zeC—-[1,0))

03000000 2O0000000000000000000000 OH?O Riemannian surface CUco 000 O
0 O O totally asymptotic 3-simplex ADODODOO0O0O0O00O a,b,e,dd 0H? =CUco 0000000 ADDO
oono

Prop 2.1

O A O up to orientation preserving isometry 0 cross ratio

z=(a,b;c,d) = W

J0d0uique 000 0O0O
[pf]

00H>00 SL(2;C) D00 (a ?)EIEIEIEIDDDDDDDDDDDDDDDJCE(CUOODDDDD
Y

<a [3) axr+ 0
.x:
) yr + 6

0000000000000 W20 isometric0000000000000

a — 00
b—0

c—1

a f
oooooooooo A= 5 goooooOddboogono
v

e I3 .d:(c—a)(d—b)
v 6 (c—0b)(d—a)

00000000000 A0D0O0DOOO0OO0OOOOOOOg

aa+ [ ab+ [ ac—l—ﬁ_l
ya+6 b+ ye+Sd




gooooooo

va+6=0 0=—va
ab+5=0 = f=-ab
(a—=7y)c+B-0=0 (a—7y)c+B—-0=0

000000000 AeSL(2;C)oOO
ad—py=1

gon

—aa7+ba7:1<:>a'y:b_a

00000000O000000000 o,6,7,000000000000 (c—ae)00OO00OO

(c—a)asz:Z@(c—b)aQZZ:Z
—=a= e
(c=b)(b—a)
gooooooo
(c=b)(b—a) b)(b a) \/ (e— Ii)(g a)
(c— a)(b a) (c—a)(b—a) (b a)
agooo
_ad—l—ﬁ

vd+ 6

c—a
(c=b)(b—a) a) (c=b)(b—a) b) b a)

\/ (c—;)_(b—a) \/ (c=a)(b—a) a)(b a)

gbooobooboobgo

(QED)

[rem] cross ratio D 000000 OOO
O crossratio 1000000 Riemann 0000000 400 indexOOOOO0O Ry 000000000000
goooboooon
AO0O0O0O crossratio 0000000000 OOOOOO
Thm 2.2 (S. Bloch and D. Wigner)
0zeC(Im(2)>0)00000000000 crossratiod 00 simplex ADDO V(z) OO

V(z) =Im Ly(z) + log |z| arg(1 — 2)



O000000000000V(z) (Imz>0)0000000C—-{0,1}0000000000000OQO well-defined 0 O
CUuccO0UDODO0OUDOOOOOwWell-defined00000000Imz>0000000000000 arg(l —2)
000 —7w<arg(l—2)<7 0000

[pf]

0000 Prop2.100 simplex 0000000 00,0,1,20000000A00000 ccO0HM2OO0O0O0O0OCO
ooooooooooooooooodgogo,1,20 Eveiddd0O000OODOCOOOOODOOOODOOOOOOO

agood
01 = arg(z), 02 = arg <L> , 03 = arg <§> .
1—2 z

z
03
(91 02
0 1
Lz
1 R
1—z .
z—1 K
",.ai;g (ﬁz)
0 / / arg (1)
1 g
arg(l — 2) N\\ arg(2)
arg(z — 1) 0 L
FE 90000

0000
0061, 6,6:000000 ADDODODODDOOOODOOOOOOOOODOOOODOOOOODODOOOOOn
3
V(z) =D Alr)(28)
k=1
OO000O0O0A®6) O
0
A(G):/ log(2 sin u)du
0
oooobOoo00obO0obO0oOoooobOOoo0obooboooobOOobO ROOODO

=z .z ., 1
R ,sm92—2R, sm93—2R

> db =0

sin (91 =



00000000V (:) 00000000 oo0oUoooooooo

dV (z) = dA(61) + dA(62) + dA(6s)
= —log(2sin #1)df; — log(2sin H2)dfs — log(2 sin b5)db;

1—2 z 1
= —log (|—R|> df; — log <|_R|> dfs — log (}—{) (—dbr — db)

= —log |1 — z| df1 — log |z| dbs

1
= —log |1 — z|darg(z) — log |z| darg (1—>
z

= log |z|darg(l — z) — log |1 — z|d arg(z) - - - (29)

gooooooo
z d z
Lg(z):—/ log(l—w)—w :—/ log(1l — w) d logw
0 w

0

gooooo
dLo(z) = —log(l — z) dlog(z)
= —{log |1 — z| +iarg(1l — z)}d{log |z| + iarg(z)}
= —log |1 — z|d log |z| + arg(1 — z) darg(z)
—i{arg(l — z) dlog |z| + log |1 — z| darg(z)}
gooo

dlm Ly(z) = —arg(l — 2) dlog |z| — log |1 — z| darg(z)

000000002y 0oUio0ooooooooooo

V(z) =Im Ly(z) + log |z| arg(1l — z) - - - (30)

00000z—a(ee(0,1))000000V(:)00000000000000000000000V(2)—0(z— a)
0000000000000000000000000000000000 (30)0000000000000000

00@o)oooo0o0ooooooooooUo

V(e*?) = Im Ly (e*) = 2A(6).

00000000 =0 log |2| =log [e2?| =log 1=0000(30)00000ImLy(2) 000 000000000 =

00000000 =00z=e200000H} -0c000000000000000O0O




20
/ log(2 sinu)du
0

0
/ log(2sin2v)2-dv (u=200000)

[}

0 0
2/ log(2 sinv)dv — 2/ log(2 cos v)dv
0 0

0 ¢
2/ log(2 sinv) dv—2/ 1og{2cos(g—w>}(—dw) (v:g—wDDDD)

0 us

W)

0 3
2/ log(2sinv)dv — 2/ log(2 sin w)dw
0 -0

= 2A(6) + 2A (5) —2A (— - 9)

000000000000 0000OO(ref. 0OOOOOOOOOOOOODP.107)

A (g) =— /072' log(2sinu)du =0

goooon
V(z) = A(29)+A(——0)+A(——9) 2A(6)

oot =00ooobooon

goooooo
clame (29) 0000 C—{0,1} OO well-defined smooth closed 1-form 0 0 0O O
[ODO]logz, log(l1—2) 000000000

d d
dlogz = ?Z, dlog(l—z)= 1_,22
gogoogoo
d d
dlogzAdlog(l—z)= A l—Zz =0.
good
d log z = d(log |z| + i arg(z))
=d log |z| + idarg(z)
dlog(l —z) =d(log |1 — z| +iarg(l — 2))
=dlog |1 — z| +idarg(l — 2)
gogoogoo

0=dlogzAdlog(l—z)={dlog |z|+idarg(z)} A{d log |1 — z| +idarg(l — z)}
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[Dupont] Johan L. Dupont O O Scissors Congruences, Group Homology and Characteristic ClassesO
(World Scientific, 2001)

[Milnor] John Milnor O O On Polylogarithms, Hurwitz Zeta Functions, and The Kubert IdentitiesD
0 I’Enseignement MathématiqueO 29(1983),p.281-322
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TopologviEt A Seminar: abstract

Mostow rigidity and Simplicial Volume
SRR R SRR RHE LR 1AF ) it

§ 1. Mostow rigidity

Theorem (Mostow rigidity) Let M and N be connected, oriented
and complete hyperbolic n-manifolds with finite volume (n > 3). If
@' 1(M) — 7 1(N) is an isomorphism, then there exsists a unique
isometry ; f: M — N s.t. fx =¢@.

Mostow rigidity, algebraic version

Suppose I' and I' * are torsion-free discrete subgroups of Isom+H"
s.t. both H®T and HYT'’ have finite volumes (n > 3). If there
exsists an isomorphism @ : I' — I'’, I and I'’ are conjugate. 1.e.
dg € Isom+H"s.t. I'’=gI'g™

sERA D8t ( Non—compactZs b D& R4 L, closed’s & DICFRAVITFER 1

POSHEITRS, )

(D Ao @ r (M) = :(N) 20T, AE b E—FfT4
f:M — N g5,

(2) f:M — N #% universal cover ®[#® pseudo-isometry
¢ H* — H® iz lift 3%, pseudo—isometry & % isometry OHLED
Lo bDT, ERIFKDLEY,

Definition (pseudo—isometry)

Let X and Y be metric spaces, and ¢c1 >0, ¢z > 0 ; constants.

Then a map; f: X — Y is a ((c1, c2)-)pseudo—isometry.
&  Tfor all x1, x2 €X,
(1/c1)dx(x1, x2)—c2 < dy(f(x1), f(x2)) < ci1dx(x1, x2) |

(3) ¢: H® — HP #0H® = S OMOERIC 1 % 1 sl TiEgE, =i,
pseudo-isometry O E MK E B 2 AVUXEIEIINT /30D,

(£K1%. homeomorphism X 512(%. quasi—conformal map (2725
TW5, Mostow rigidity ®BIFEF & LT, Z® quasi—-conformal
map 728, #ixconformal map TH2Z L ar-T LW I HERH D, it
BT IERROME LN, T 0 S £/ MR D% S XS0
~OERDO T T— MMEEZ WD, Isom+H? & — RO BEHBEET RIS



[Fl—fiCT&, — oL #HET Riemann R o EH B SRR 5 Ak
HEHEThH L EEEATHBTH- T, ZORNE—RIRITTTH D L H
Isom+H® & (n-1)-wEkim 0% 4 [ 2 EAEE Conf(S2) & xR —H T
%, - T, Z® conformal map (Z%Hi3 % Isom+H" o4 AT
isometry F:M — N %#&#Tx%, )

(4) Gromov invariant % L < 1% simplicial volume (Z->\ ¢

The norm || - || on C«(X; R) is defined by

lcll=inf{Xlail ;c=>0; o01,02,...,0m : Ak > X ; continuous }

for ¢ € Cx(X; ).

Z® norm NAE R —HO EO pseudo- norm XD X HIZLTED D,

Definition (Gromov norm) For z € Hy (X ; R),

lz|==inf{|lcl;c€ ZkX;R) s.t. [c] =2z}

Let R= 7 or R and let M be a connected, oriented and closed
n-manifold. Then, Hn(M ; R) = R

HoM ; Z) o5t % M @ fundamental class & W [M] & Ei9 5,
[M]® Gromov norm || [M] || 2 M @ Gromov invariant % 7- 1%
simplicial volume &, BUF, || M| £33 %, Mostow rigidity
OFERIZIX, B (B o Rz 1T 5 Gauss-Bonnet O E# O —
R ITEA~DILHEE LW HROEHZ HW 5D,

Theorem (Gromov) Let M be a closed orientable hyperbolic
n-manifold (n > 2). Then, || M || = VolM)/v,

Where v, = suptvol(o) ; 0 is any straight n-simplex}

Remark - v,liregular ideal simplexdFRfEIZE L <, $/22 DL XIZ[RD,
IO L ERTOE, KR ICTHE, 1deal simplex?D k&% parameter ¢E
ZoEThHE, POSEHIZRDTDE LV, 3L TR, B¥EMET L
Iz Cideal simplex# 1 S0 & 725 X 5 ICHLE L CTRITIX, ZOFEE
LobachevskyBi## W CTEEXRT LIRS TH D,

proof of theorem) || M || < Vol(M)/v, (21370 # Ml 3438 & 72 % D THIE,
| M || > Vol(M)/v,, 135 5.

Let dV be the hyperbolic volume form of M. Then, for any straight
cycle Yrioi which realizes [M] ,

VoI = [y dV = Tri] wotdV < 3 i v,
Infimum # &V, v, CENEE L Z LICkY . koW REREES, |



<Simplicial Volume & i3 fafn>? >

simplicial volume O+ A —v & LClE, EilOEBLEZADLIRD . = A0 E
T D DICHER=A[IBOEBEOR/IMEE WD LD b, e LA =MESEIZH
W5 A E 1deal 72 b DTS T o 7z & & ORBERIE D = AT OEE &
ST U TH D, A%, closed 72 b0 LB 2 T2 T, 1deal 72 — A
THET S Z LT TEROOEN, non—compact 726 D2 simplicial
volume OEFRAILET UL, Bl 21X, A4 72H L LT, K % figure—eight
knot 342 &, SNK %, 2 ffl® hyperbolic regular ideal simplex %
Wt soT, || SNK =2 45,

Example: (i) || St||=0

4. degree k o5 ok:[0,1] —» S'; ok(t) = exp2k wit) &2 3,
ok(0) = ok(1) 2>, ZhiZcycle, 772 % Hn(Sh RocxEwn, [S =
[0 725, #oT|St] <17, 205 [ok] = k[SY] gy b
ISt <1k, %ol S'[=0 toHs, |

[FERIC LT, BRI h—F A TH 012722,
If M permits f: M — Ms.t. |deg(f)|>2, then || M || =0 .(easy)

(i) ¥g (g > 2) ; closed surface of genus g
dg & vertex N1 AnbRLEZAVIIHEILELS, 0L EMVDL AR
2-2x CHETH D, OO, £F. Yo% Figure 1 0 L5z,
1 213 oM E(12g-6) T THEIL T, 2o dual Z LiEkv, Zo
LE, BT, A (6g-8) oM E A Th 5, Figure 1 Tit, [
LD 320y EM D AbET, 1 2OZAFNRTETND, STH, Yg?
n-fold covering space %) n(g-1)+1 & . @ n—periodic map @ & &> TH
T %, ZHE D YneD+1— g &<, Figure 2 REORWIKTH %,
b, degp) =n THb, . Ynn+ iE. 2 2x Cn-1)+1) = 2-
2n x QCED = A THESND DT,
[Yell<@2nxCn — -2xF as n —
Lin, 20—5T, || Ygll = Vol(The (AL, ve=7)% Gauss—Bonnet
DEH 5 k VOl(Zg) =27 x (Zg) (k 1% Gauss curvature ; k =—1) &b
NEAIEN

I 5l Vol(S/ x= - 2 (%)
55, —o0oXEAEbEE,

[Yell=-2x ) =484
LD,



Figure 1

Figure2 Case n=3, g=2

(5) Gromov O FEHEHNT, DXD = &L &R,
6 #B)THLNTIE ¢:So  — Sw LFBHL. |Vovicva| B,
regular ideal simplex(-—% v | §~TOTEL S EIREIH 5 FLHEEK) 722
S5 o) o W) o) b 25 Ths, (Zhix, b xmfl, )

(6) (5)% v C Mostow rigidity MLl 4 58 S 2 DR, Z DELIC,
n>3 &0 EERHINTL b,

<2t e S RILD i >
Mostow rigidity i, FEABEA FEL 22 2 > O FRER N ke 24K (n > 3)
I¥1sometric TH 5 &V H RERNEERTH D, —FH, 2R/ILTIL, genus g



(g > 2)® topological closed surfaceY g DFF43 2 Wik L, B 1E
9 %, Teichmiller 2O FHE TR iX, Yg @ Teichmiiller z2
4; Teich) g 13R%® L (THFRAEITH D, ZOENIEZTHELDLDES Hn?
Mostow rigidity OFERIFEE D &5 5TV 25 23, MR ERH C Ok 2w
EHEIELRTILEEBETH D, ZOERIEA~OILFROER, HihZEf o &0 k5 e
WIS & WERIEERE ISR BIAD D D725 9 53? am, “BRkE” ThoH 716, Wih#
i, S0 WM ZEEHIALR Z LI TEARVDOER, TR LD FHN
conformal structure 72 5FFHIATZ &3 TE 5, LML 2 RIL T, KT
PMEF X B 7-0i0, MIREE ST L 720 . % 212 conformal structure I 7E7E
L2, o0 LitHZMNZ % &, 3-simplex OTEAIL, 4 272Dk LT,
Isom+(H?) = PSL(2, O HHiEix, 83 Thd, #D—F5T, 2-simplex &
18504 L Isom+(H?) = PSL(2, R) o di 13 4E1c 3 T Ly,
HUMZFREL 72 M 22N o straight simplex O KF ;

T:C---CT.:C---CThaC-+ — Tx:1deal simplex
EEZ D, 3WILLL BT, ROFUEA B Y ST,

Ti : regular & Tw: regular

L L. 2% Tk 1deal simplex (2 regular &) SETEWRE 22 S 72200,
2F Y Teo 1THIZ regular TH 5,

§ 2. Gromov invariant ® &z DILIE

We defined the Gromov invariant for connected, orientable and
closed (.e. “compact” and “without boundary”) manifolds. In this
section, we extend this definition to (1) disconnected manifolds,
(2) non- orientable manifolds,
(3) compact manifolds with boundaries ,(4) non-compact
hyperbolic manifolds with finite volumes ( For example S®\K ,
S*\L ,where K is the figure—eight knot etc. (hyperbolic knot), L is
the Whitehead link.) and (5) open manifolds.
(1) 1) IfM = UM;: ;(finitely) disjoint union and each M is
connected,then, let || M || be defined by || M ||:=Y || M|l .
(2) Let M be non— orientable. Then, there exsists a double
covering p : M’ — M s.t. M ’is orientable. So we define || M ||
by M| =M’ /2
Examples : Let P*(R) : (real) projective surface and K : Klein
bottle. Since P2(R) = S#/{=I}, || P2(R) || =1 S?|/2=0. Similarly,

K is represented as R?/<f, g>. Wheref, g: R? — R?;




f(x, y) = (x+1, y), g(x, y) = (x, y+1).
Since the natural projection R*<f, g2> — R*<f, g>is a double

covering, and R?/<f, g?> is homeomorphic to 2-torus T2,
IK[=[T]/2=0
(3) Let M be compact . Then, we define
M| := || [M, aM] ||

The case of “closed” is included in this definition by the natural
identification ; For M s.t. oM =2 , H«(M, 2 ; }) = H«(M ; ).

(4) Let M be non—compact hyperbolic manifolds with finite
volumes. Then, we define | M || := || Mcer ||
where Mcer := M\Mcusps (0Mcer consists of finite many tori.
FERIZ R @ section %, )

(5) If M is an open manifold, then there exsists a fundamental
cycle ¢ =) 1<i<0i0i s.t. locally finite 1.e. for any compact set KC
M, # { 0i; KNImage(oi) #2 } $ 0 . Then we set || ¢ || =Y ici<o|ail,
and define || M || :=inf{ || c | ; ¢ is a loc. fin. fundamental cycle}

Example: [[R'||=c0,[[R*[|=0m>2)

§ 3. Gromov'theorem DL

Gromov'theorem % 3 % tiZ[R Y . “non—compact orientable complete
hyperbolic manifolds with finite volume”|Z 5353 %, Margulis’
lemma (2 XY ROFEERG NS,

[Let X be a connected, orientable, non-compact complete
hyperbolic 3-manifold with finite volume. Then X has finitely
many cusps and any cusp of X is the torus cusp.J
So setting Xcer := X\Xcusps, Xcpr 1s a compact hyperbolic 3-

manifold with boundary 6Xcer which consists of tori. We call Xcer
the compactification of X.

LG TIRWE E AT ATRE R SRR DIEARY A 7 V2RO X HIZERT D, KT,
oXcer = U Ti(disjoint union of Ti: torus)izxf L <.

[0Xcerl:=YITil &%, Z#Loxt L CROM—ENRL Y 2o,

Lemma | [6Xcer] | =0

proof) | S* =0 »bEbHIHES. |

2T AT3RIETEZDD, nRTEOHAD cusp O MR V—IT,
Nx(0,0) (N is oriented Euclidean (n-1)-manifold)izfE2 <.



Euclidean manifold ®» Gromov invariant 78 0 (2725 Z & ZRH803,
LUF OimlE— MK T TH Y 32D, )

Proposition (1) Let Rbe R or Z. If M is a connected compact
orientable n-manifold, H.(M, 6M;R) = R
The generator [M, oM] of H.(M, 6M ; 7 ) is called the (relative)

fundamental class of M or (M, éM).
(2 [e] = M, oaM] = [ac] = [6M]

Definition
| [M, 6M] || o:= lminf { || [c] || ; ¢ is a straight cycle s.t.
KkK— o0

[c]=[M, &M] and ||dc <k}
Lem (L9, Xeericonw<, o ||[[-,0 1l oxZ22z T 5,
Theorem (The extension of Gromov’s theorem)

| [ Xcer, 6Xcer] || o= || [Xcer, 8Xcpr] || = Vol(X)/vs
§ 4. Mostow rigidity @ X v 582

Theorem (Mostow’s rigidity ; Strong version)

Let n >3, and let M and N be connected, oriented, hyperbolic
closed n-manifolds. If f : M — N is s.t. Vol(M) =|deg(f) | Vol(N),
then f is homotopic to a |deg(f)|-fold covering mapp:M — N.

§ 5. Bounded Cohomology

UF. R=R 45,

Definition

For c € C¥X ,R), we set | ¢l »:=sup{c(o) ; o € C(AX, X)}
A cochain ¢ € C*(X, R) is bounded © || c || » $ o

For BE H*X,R) ,weset ||B] .:=inf{| c]l .;[c]l=8}

A cohomology class B € H*(X , R) is bounded € || B || . «

Theorem || * || .in H*(X, R) is the dual of | - ||in H«X, R) .
ie. Ifa€ H«(X,R) and B € H*(X, R) are s.t. B(a) = 1,
lall IBll=1.

SERRICIE. BT O AN 2 EwFE T H Hahn—Banach o @ 42 v 5,
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A homology sphere has a link descripiton with a unimodular linking ma-
trix, so that, determinant = 41. A framed link in S? is called admissible
if it is unit-framed and algebraically split, so that, all linking numbers are
Zero.

It is well-known that there is a surjection from the set of admissible
links to the set of integral homology spheres. Habiro introduced a move
that preserves admissibility, called weak slide, see the following figure, and
showed a relation between admissible links and the surgery of homology

3-spheres.

t - t -

Slide k; over —kj, where each of the cot-q;le of bands may go arbitrarily.

Theorem Let £ and £ be admissible links in $%. (5%), and (S°); are home-
omorphic if and only if ¢ and { are related by a sequence of stabilizations

and weak slides.
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On Low Dimensional Topology

Gengyu Zhang, M1
Murakami Lab, Department of Mathematics, Graduate School of Science and

Engineering, Tokyo Institute of Technology

My major is low dimensional topology. Low dimensional topology studies topological
properties of low dimensional manifolds, which includes research on different
sub-branches, such as knot theory, graph theory and manifold theory etc. In the past
period | did some research on 2-irreducibility of spatial graphs, which is a joint work
with Prof. F. Lei and Prof. K. Taniyama. Here spatial graphs also include knots and
links. When we try to classify graphs, at the same time we classify some certain links.
But it uses only elementary geometric arguments. Sometimes geometry works better
than algebraic arguments, for example we can easily know Milnor links are not trivial
by geometric arguments instead of finite type invariants.

Since | came to Japan in the last October, | had many chances to attend a lot of
seminars on low dimensional topology, and from other people’s wonderful talks | know
more study directions about low dimensional topology. And | found that to obtain more
good results it is necessary to know algebraic invariants, also in some sense geometric
methods to study the knot theory also need the thorough understanding of algebraic
invariants. Since last October | read the book ‘Quantum Invariant of Knots, Links and
3-manifolds’, written by Prof. Ohtsuki for 6 months under the guidance of Professor
Hitoshi Murakami, only finishing reading the previous 4 chapters. That is a good book
which includes a lot of new results on quantum invariant, and | benefit a lot from it.

At present | am reading the papers on Khovanov homology, ‘Khovanov homology
and the slice genus’ by J. Rasmussen and ‘On Knovanov invariant for alternating links’
by E.S. Lee. Rasmussen introduced an invariant for knots by using Khovanov homology
and gave a Khovanov homology proof of the Milnor conjecture, which was first proved
by Kronheimer and Mrowka by using gauge theory. | hope | will understand completely
the subject as soon as possible, although it is really a difficult subject for me, and then
hope that I can use it to solve other problems in the low dimensional topology.
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F. Lei, K. Taniyama and G. Zhang, 2-irreducibility of spatial graphs, preprint.
J. Rasmussen, Khovanov homology and the slice genus, math.GT/0402131, 2004.
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