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For an ordered, oriented link in the 3-sphere, J. Milnor defined a family of
invariants, known as Milnor µ-invariants. For an n-component link, Milnor
invariant is specified by a sequence of numbers in {1, 2, . . . , n} and the
length of the sequence is called the length of the Milnor invariant. We give
formulas expressing µ-invariants of an n-component link in terms of the
HOMFLYPT polynomial as follows. If all µ-invariant of length ≤ k vanish,
then any µ-invariant of length between 3 and 2k+1 can be represented as a
combination of HOMFLYPT polynomial of knots obtained from the link by
certain band sum operations. In particular, the Milnor invariants of length
k + 1 can be always represented as such a linear combination. While the
formula does not hold for length 2k+2, by adding correction terms, we give
a formula for the µ-invariants of length 2k + 2. The correction terms can
be given by a combination of HOMFLYPT polynomial of knots determined
by µ-invariants of length k+1. In particular, for any 4-component link the
µ-invariants of length 4 are given by our formula, since all µ-invariants of
length 1 vanish.

This talk is based on two joint works with Jean-Baptiste Meilhan and Yuka
Kotorii.

1. ϛϧφʔෆมྔ
͜ͷઅͰ͸ɼϛϧφʔෆมྔͷఆٛΛड़΂ͨޙɼ஌ΒΕ͍ͯΔੑ࣭Λ͍͔ͭ͛͘ڍɼ࠷
๏Λ͔͍ͭ·ΜͰઆ໌͢Δɽํࢉܭɼϛϧφʔෆมྔͷʹޙ

1.1. ఆٛ

ΛGͱ͢ΔɽʢҎ܈ຊجབྷΈ໨Lʹର͠ɼLͷิۭؒS3\Lͷ޲໘S3಺ͷn੒෼༗ٿݩ3࣍
ͱ͢Δɽ܈Ͱ͋Δ΋ͷͱ͢ΔɽʣGqΛGͷ߱த৺ྻͷq൪໨ͷ෦෼޲ɼབྷΈ໨͸શͯ༗ޙ
ͭ·ΓɼG1 = GͰ͋Γɼ Gq = [G,Gq−1] (q ≥ 2)͸{aba−1b−1 | a ∈ G, b ∈ Gq−1} Ͱੜ
੒͞ΕΔGͷʢਖ਼نʣ෦෼܈Ͱ͋Δɽ͜ͷͱ͖ɼ৒༨܈G/Gq͸ɼnݸͷݩα1, . . . ,αn

Ͱੜ੒ੜ੒͞ΕΔ͜ͱ͕஌ΒΕ͍ͯΔ [3], [17]ɽ
͕ͨͬͯ͠ɼLͷୈ j੒෼KjͱύϥϨϧͳS3 \L಺ͷดۂઢ͕ද͢G/Gqͷݩλq

j͸ɼ
α1, . . . ,αnͰද͞ΕΔ (j = 1, 2, . . . , n)ɽ͜͜Ͱɼλq

jͷϚάφεల։E(λq
j)ΛͱΔɽͭ

·ΓɼE(λq
j)͸ɼ

E(αi) = 1 +Xi, E(α−1
i ) = 1−Xi +X2

i −X3
i + · · · (i = 1, 2, . . . , n)

Ͱ༩͑ΒΕΔඇՄ׵ͳnม਺ͷࣜܗతϕΩڃ਺ͱ͢Δɽू߹{1, 2, . . . , n}ͷݩΛ߲ͱ͢
Δ௕͞ qҎԼͷ਺ྻ I = i1i2...ik−1jʹର͠ɼE(λq

j)ʹ͓͚ΔXi1 ...Xik−1
ͷ܎਺ΛµL(I)
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ͱද͢ɽʢͨͩ͠ɼµL(j) = 0ͱఆΊΔɽʣ͜͜ͰಘΒΕͨµL(I)͸ɼ֤λq
jͷදࣔͷํ࢓

ʹґଘܾͯ͠·ΔͷͰɼҰൠʹ͸བྷΈ໨Lͷෆมྔʹ͸ͳΒͳ͍ɽ
ͦ͜Ͱɼ

∆L(I) = gcd

{
µL(J)

J͸ I͔Βগͳ͘ͱ΋1ͭͷ߲ΛऔΓআ͖
ΓΛ८ճͤͯ͞ಘΒΕΔ਺ྻ࢒

}

ͱ͠ɼµL(I)ͷ∆L(I)Λ๏ͱ͢Δ৒༨ྨµL(I)ΛͱΔ͜ͱʹΑΓɼབྷΈ໨ͷෆมྔΛಘ
Δɽ͜ΕΛϛϧφʔͷµෆมྔͱݺͿɽ·ͨɼ਺ྻ Iͷ௕͞Λϛϧφʔෆมྔͷ௕͞ͱ
Ϳɽϛϧφʔෆมྔ͸ݺ qʹ΋ґଘ͢ΔΑ͏ʹ͑ݟΔ͕ɼ௕͞ qҎԼͷϛϧφʔෆมྔ
͸ɼG/Gq′ (q′ > q)ͰಘΒΕΔ΋ͷͱҰக͢Δ͜ͱ͕஌ΒΕ͍ͯΔɽͭ·Γɼ਺ྻͷ௕
͞ʹ߹Θͤͯ qΛܾΊΕ͹ɼϛϧφʔෆมྔ͕ qʹґΒͣʹఆ·Δɽ

1.2. ϛϧφʔෆมྔͷੑ࣭

ϛϧφʔෆมྔʹؔͯ͠ɼ஌ΒΕ͍ͯΔੑ࣭Λ͔ͭز঺հ͢Δɽ

(1) n੒෼བྷΈ໨L = K1 ∪ · · · ∪Knͱ਺ྻ Iʹର͠ɼµL(I) = µ⋃
i∈{I} Ki

(I)͕੒ཱ͢
Δɽ͜͜Ͱɼ{I}͸਺ྻ Iʹؚ·ΕΔ੔਺શମͷू߹ͱ͢Δɽ͕ͨͬͯ͠ɼ਺ྻ
Ͱ͖Δɽࢹ΋ͭབྷΈ໨ͷ੒෼͸ແʹࣈΕͳ͍੔਺Λఴݱʹ

(2) ௕͞ 2 ͷϛϧφʔෆมྔ µL(ij)͸ɼLͷୈ i੒෼ Ki ͱୈ j ੒෼ Kj ͷབྷΈ਺
lk(Ki, Kj)Ͱ͋Δɽ͜ͷ͜ͱ͔Βɼϛϧφʔෆมྔ͸࣍ߴͷབྷΈ਺ͱ΋ݺ͹Εͯ
͍Δɽ

(3) (J. Milnor[17], A. J. Casson[2]) ϛϧφʔෆมྔ͸ɼབྷΈ໨ͷΠιτϐʔෆมྔ
Ͱ͋Γ [17]ɼ͔ͭɼίϘϧσΟζϜෆมྔͰ͋Δ [2]ɽ

(4) (K. Habiro[8]) ௕͞ kҎԼͷϛϧφʔෆมྔ͸ɼCkಉ஋ෆมྔͰ͋Δɽ͜͜Ͱɼ
Ckಉ஋ͱ͸ɼ༿ኍࢯ [8]ʹΑͬͯఆٛ͞ΕͨབྷΈ໨ͷہॴมܗʢCkมܗʣͰੜ੒
͞ΕΔབྷΈ໨ͷಉ஋ؔ܎Ͱ͋Δɽ

(5) (J. Milnor[16]) ਺ྻ Iʹಉ͡਺ؚ͕·Εͳ͍৔߹͸ɼµ(I)͸ϦϯΫϗϞτϐʔෆ
มྔʹͳΔɽ͜͜ͰϦϯΫϗϞτϐʔͱ͸ɼಉ͡੒෼ؒͷަࠩަ͔׵Βੜ੒͞Ε
ΔབྷΈ໨ͷಉ஋ؔ܎Ͱ͋Δɽ·ͨɼL͕ࣗ໌ͳབྷΈ໨ʹϦϯΫϗϞτϐοΫͰ͋
Δҝͷඞཁे෼৚݅͸ɼ܁Γฦ͠ͷͳ͍೚ҙͷ਺ྻ Iʹର͠ɼµL(I) = 0ͱͳΔ
͜ͱͰ͋Δɽ

(6) (T. Fleming and Y[6], Y[23]) ਺ྻ Iʹಉ͡਺͕ߴʑkؚ͔͠ݸ·Εͳ͍৔߹͸ɼ
µ(I)͸ɼࣗݾCkಉ஋ෆมྔʹͳΔ [6]ɽ͜͜ͰɼࣗݾCkಉ஋ͱ͸ɼಉ͡੒෼ؒͷ
Ckม͔ܗΒੜ੒͞ΕΔབྷΈ໨ͷಉ஋ؔ܎Ͱ͋ΓɼಛʹࣗݾC1ಉ஋͸ɼϦϯΫϗ
ϞτϐʔͱҰக͢Δɽ·ͨɼབྷΈ໨L͕ࣗ໌ͳབྷΈ໨ʹࣗݾC2ಉ஋Ͱ͋Δҝͷ
ඞཁे෼৚݅͸ɼಉ͡਺͕ߴʑ̎ճ͔͠ݱΕͳ͍೚ҙͷ਺ྻ Iʹର͠ɼµL(I) = 0

ͱͳΔ͜ͱͰ͋Δ [23]ɽ

(7) (J. Milnor[17]) n੒෼བྷΈ໨Lର͠ɼLͷ੒෼ͷύϥϨϧɾίϐʔΛ͔ͭزLʹ
Ճ͑ͯಘΒΕΔm੒෼བྷΈ໨ΛL′ͱ͢ΔɽߋʹɼL′ͷୈ i੒෼͸ɼLͷୈh(i)੒
෼ʹରԠ͍ͯ͠Δ΋ͷͱ͢Δɽ͜ͷͱ͖ɼµL′(i1, . . . , ir) = µL(h(i1), . . . , h(ir))͕
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੒ཱ͢Δɽ͜ΕʹΑΓɼ܁Γฦ͠ͷ͋Δ਺ྻʹؔ͢ΔLͷϛϧφʔෆมྔ͸ɼL

ͷ੒෼ͷύϥϨϧɾίϐʔΛLʹద౰ʹՃ͑ͯͰ͖ΔབྷΈ໨L′ͷϛϧφʔͷϦϯ
ΫɾϗϞτϐʔෆมྔͰ༩͑ΒΕΔ͜ͱ͕Θ͔Δɽ

(8) བྷΈ໨ L͕ڥքབྷΈ໨ɼͭ·Γɼ֤੒෼͕͍ޓʹަΘΒͳ͍༗ۂ޲໘ͷڥքʹ
ͳ͍ͬͯΔͱ͖ɼLͷϛϧφʔෆมྔ͸શͯ0Ͱ͋Δɽ

(9) ϛϧφʔෆมྔ͸ɼ௕͞2ͷ৔߹Λআ͖ɼ༗ܕݶෆมྔʹ͸ͳΒͳ͍ɽ

(10) etc.......

1.3. ϛϧφʔෆมྔͷํࢉܭ๏

͜͜Ͱ͸ɼϛϧφʔෆมྔΛ͢ࢉܭΔͱ͖ʹඞཁͳλq
iΛٻΊํʹ͍ͭͯɼ͔͍ͭ·Μ

Ͱઆ໌͢Δɽ͜Ε͸ɼMilnorͷ࿦จ [17]ͷதͰड़΂ΒΕ͍ͯΔํ๏Ͱ͋Δ͕ɼઆ໌͠
΍͍͢Α͏ʹଟগදݱΛม͍͑ͯΔɽ
L = K1 ∪ · · · ∪KnΛn੒෼བྷΈ໨ͷਖ਼ଇදࣔͱ͢Δɽ

♦ ֤੒෼Ki্ʹ 1఺ piΛબͼݻఆ͢Δɽpi͔ΒKiͷ͖޲ʹԊͬͯKiΛ 1प͠ɼ
௨աͨ͠ॱʹ֤ހʹϥϕϧai1, . . . , airiΛ͚ͭΔɽ͜͜Ͱɼri͸Kiͷݽͷ૯਺Ͱ
͋Δɽ

♦ ul ∈ {ajk | 1 ≤ j ≤ n, 1 ≤ k ≤ rj}Λހailͱހai(l+1) ͷؒͷϥϕϧͱ͢Δɽ͜ͷ
ͱ͖ɼail, ai(l+1), ul͔ΒͳΔަࠩ఺ͷූ߸Λ ε(l) ∈ {−1, 1}ͱ͢Δɽ

ͦ͜Ͱɼ
li = uε(1)

1 uε(2)
2 · · · uε(ri)

ri , li[j] = uε(1)
1 · · · uε(j−1)

j−1

ͱஔ͘ɽ(໌Β͔ʹ li = li[ri + 1]Ͱ͋Δɽ·ͨɼli[j]͸KiΛai1͔Βaij·Ͱ୧ͬͨͱ͖
௨ա͢Δ্ަࠩͷϥϕϧΛූ߸෇͖ͰಡΈऔͬͨ΋ͷͰ͋Δɽʣ
࣍ʹɼࣸ૾fΛҎԼͰఆٛ͢Δɽ

f(aij) =

{
(li[j])−1ai1(li[j]) (j ≥ 2)

ai1 (j = 1).

·ͨɼaij (1 ≤ i ≤ n, 1 ≤ j ≤ ri)Ͱੜ੒͞ΕΔࣗ༝͔܈Βα1, ...,αnͰੜ੒͞ΕΔࣗ༝
F܈ (n)΁ͷ४ಉܕ gΛ g(aij) = αiͰఆΊΔɽ
͜ͷͱ͖ɼλq

i (q ≥ 2)͸ɼ
λq
i = α−wi

i g ◦ f q−1(li)

ͰಘΒΕΔɽͨͩ͠ɼwi͸ g(li)ʹ͓͚Δαiͷ࣍਺Ͱ͋Γɼf q−1͸ fΛ q − 1ճ܁Γฦ
ͨ͠߹੒ࣸ૾ͱ͢Δɽ

஫ 1.1 (J. Milnor[17]) ৒༨܈G/Gq͸ҎԼͷදࣔΛ࣋ͭɽ

G/Gq
∼= ⟨α1, . . . ,αn | α1λ

q
1α

−1
1 (λq

1)
−1, . . . ,αnλ

q
nα

−1
n (λq

n)
−1, (F (n))q⟩
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஫ 1.2 ϛϧφʔෆมྔ͸ɼབྷΈ໨ͷਖ਼ଇද͔ࣔΒ“ཧ࿦্”͸؆୯ʹࢉܭͰ͖Δɽ͔͠
͠ͳ͕Βɼ࣮͠ࢉܭʹࡍΑ͏ͱ͢Δͱɼλq

i ͷจྻࣈͷ௕͞͸ɼqʹؔͯ͠ࢦ਺ؔ਺త
ʹେ͖͘ͳΔɽ͞Βʹɼ͔ͦ͜ΒϚάφεల։͢Δ͜ͱͰɼྔࢉܭ͸ലେͳ΋ͷʹͳ
Δɽ͕ͨͬͯ͠ɼԿͷ޻෉΋͠ͳ͚Ε͹ɼίϯϐϡʔλʔΛ༻͍ͯ͑͢͞ࢉܭΔ͜ͱ͸
ෆՄೳͰ͋ΔɽֶशӃେֶͷٱอࢁ఩ೋࢯɼ۝भۀ޻େֶͷࡔຊൺ࿊ࢯࢤͱߴിՅক
ʹΓฦ͕͠ଟ͍͜ͱ܁ɼʹྻࣈΕΔ௕͍จݱΔաఔͰ͢ࢉܭ͸ɼϛϧφʔෆมྔΛࢯ
஫໨͠ɼͦͷ܁Γฦ͠ͰจྻࣈΛ “ͨͨΉ”͜ͱʹΑΓɼʢབྷΈ໨ͷෳ͞ࡶʹ΋ΑΔ͕ʣ
q = 16ఔ౓·Ͱ͸े෼ʹࢉܭͰ͖ΔϓϩάϥϜͷ։ൃʹ੒ޭͨ͠ɽ

2. ϛϧφʔෆมྔͱΞϨΩαϯμʔଟ߲ࣜ
ΞϨΩαϯμʔଟ߲ࣜ͸ɼབྷΈ໨ͷิۭؒͷجຊ͔܈ΒಘΒΕΔɽ͕ͨͬͯ͠ɼϛϧ
φʔෆมྔͱਂ͍ؔ࿈͕͋Δͱ͑ߟΔͷ͸ࣗવͰ͋Δɽ࣮ࡍɼ͍Ζ͍Ζͳڀݚ੒Ռ͕
ใ͞ࠂΕ͍ͯΔɽͦΕΒͷத͔Β͔ͭزͷ݁ՌΛ঺հ͢Δɽ͜͜Ͱɼn੒෼བྷΈ໨ͷn

ม਺ΞϨΩαϯμʔଟ߲ࣜΛAL(x1, ..., xn)1ͱද͢͜ͱʹ͢Δɽ

ఆཧ 2.1 (K. Murasugi[18], N. Smythe[20], L. Traldi[21]) LΛ 2੒෼ͷབྷΈ໨ͱ͢Δɽ
਺ྻ [p+1, q+1] = 1, ..., 1, 2, ..., 2ʢ͜͜Ͱɼ1͸p+1ݸɼ2͸ q+1ݸʣʹର͠ɼ͕࣍
੒ཱ͢Δɽ

(−1)q
1

p!q!

(
dp+qAL(x, y)

dxpdyq
x=y=1

)
≡ −µL([p+ 1, q + 1]) mod ∆L([p+ 1, q + 1])

஫ 2.1 1, 2Λ߲ͱ͢Δ਺ྻ͸ɼඞͣ͠΋ [p+1, q+1]ͱ͍͏ܕͷ΋ͷ͚ͩͰ͸ͳ͍ͷͰɼ
͜ͷఆཧͰ༩͑ΒΕΔ2੒෼བྷΈ໨ͷϛϧφʔෆมྔ͸ɼ͘͝ݶΒΕͨ΋ͷͰ͋Δɽ

ఆཧ 2.2 (K. Murasugi[18]) 3੒෼ͷབྷΈ໨Lʹର͠ɼ͕࣍੒ཱ͢Δɽ

±
(
d3AL(x, y, z)

dxdydz
x=y=z=1

)
≡ µL(123)

2 + µL(112)µL(233)

−µL(113)µL(223)− µL(122)µL(133) mod ∆L(123).

ɼ∆(123)ʹߋ = 0ɼ͢ͳΘͪµL(ij) = 0 (1 ≤ i < j ≤ 3)ͷ৔߹͸ɼ͕࣍੒ཱ͢Δɽ

±
(
d3AL(x, y, z)

dxdydz
x=y=z=1

)
≡ µL(123)

2.

Ҏ্ͷఆཧ͸ɼಛघͳϛϧφʔෆมྔ͸ΞϨΩαϯμʔଟ߲ࣜͷ܎਺͔ΒಘΒΕΔ
͜ͱΛҙຯ͍ͯ͠Δɽ࣍ʹ঺հ͢ΔఆཧͰ͸ɼΞϨΩαϯμʔଟ߲ࣜͷ͋Δ܎਺͸ϛ
ϧφʔෆมྔͷ૊Έ߹ΘͤͰ༩͑ΒΕΔ͜ͱΛओு͍ͯ͠Δɽ

ఆཧ 2.3 ʢL. Traldi[22], J. Levine [13]) n੒෼བྷΈ໨Lͷ௕͞ k − 1ҎԼͷϛϧφʔ
ෆมྔ͕શͯࣗ໌Ͱ͋Δʢͭ·Γɼ௕͞ kͷϛϧφʔෆมྔ͕੔਺஋ΛऔΔʣͱ͖ɼ
AL(x1, . . . , xn)ͷx1 = · · · = xn = 1ʹ͓͚ΔςΠϥʔల։͸ɼ࣍਺ (k − 1)(n− 1)− 1

1Conway͕ potential functionΛఆٛͨ͠ͱ͖ʹ༻͍ͨ΋ͷ
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ະຬͷ߲Λؚ·ͳ͍ɽߋʹ࣍਺ (k − 1)(n− 1)− 1ͷ߲͸ɼdet(aij)/(xi − 1)ʹ౳͍͠ɽ
͜͜Ͱk ≥ 3ͷ৔߹

aij = (xi − 1)
∑

i1,...,ik−2

µL(i1, . . . , ik−2, j, i)(xi1 − 1) · · · (xik−2
− 1) (1 ≤ i, j ≤ n− 1)

Ͱ͋Γɼk = 2ͷ৔߹

aij =

{
−µL(ij)(xj − 1) (i ̸= j)

−
∑

r ̸=i µL(ir)(xr − 1) (i = j)

Ͱ͋Δɽ

஫ 2.2 ͜ͷఆཧ͔Βɼϛϧφʔෆมྔ͕ࣗ໌ͳΒ͹ɼΞϨΩαϯμʔෆมྔ΋ࣗ໌Ͱ
͋Δ͜ͱ͕Θ͔Δɽ͜ͷٯ͸ɼҰൠʹ੒ཱͤͣɼΞϨΩαϯμʔଟ߲ࣜʢ͹͔ΓͰͳ
͘ΞϨΩαϯμʔՃ܈ʣ͕ࣗ໌Ͱ͋Δ͕ɼϛϧφʔෆมྔ͕ඇࣗ໌Ͱ͋Δྫ͕஌ΒΕ
͍ͯΔ [5]ɽ

ίϯ΢ΣΠଟ߲ࣜͱϛϧφʔෆมྔʹؔͯ͠΋ɼ্Ͱ঺հͨ͠ఆཧͱಉ༷ͷ݁Ռ
([8],[4],[12],[13]) ͕஌ΒΕ͍ͯΔ͕ɼίϯ΢ΣΠଟ߲ࣜ͸ΞϨΩαϯμʔଟ߲ࣜͷಛ
ผͳ৔߹Ͱ͋ΔͷͰɼ͜͜Ͱͷ঺հ͸ল͘ɽ

3. ϛϧφʔෆมྔͱHOMFLYPTଟ߲ࣜ
ڀݚಉڞͱͷࢯԋऀ͸ɼMeilhanߨ [15]ͱখௗࢯډͱͷڞಉڀݚ [11]Ͱɼϛϧφʔෆม
ྔΛHOMFLYPTଟ߲ࣜΛ༻͍ͯද͢͜ͱΛࢼΈͨɽͦͷ݁Ռɼ௕͞kҎԼͷϛϧφʔ
ෆมྔ͕ফ͍͑ͯΔབྷΈ໨ʹର͠ɼ௕͞2k + 2·ͰͷϛϧφʔෆมྔΛHOMHLYPT

ଟ߲ࣜΛ༻͍ͯද͢͜ͱʹ੒ޭͨ͠ɽ

3.1. HOMFLYPTଟ߲ࣜ

͜͜Ͱ͸ɼHOMFLYPTଟ߲ࣜͷఆٛͱɼ݁Ռͷओுʹඞཁͳ࣭ੑ͔ͭزʹ͍ͭͯड़
΂Δɽ
བྷΈ໨LͷHOMFLYPTଟ߲ࣜ P (L; t, z) ∈ Z[t±1, z±1]͸ɼҎԼͷ2ͭͷنଇͰఆ·

ΔབྷΈ໨ͷෆมྔͰ͋Δɽ

(i) P (U ; t, z) = 1,

(ii) t−1P (L+; t, z)− tP (L−; t, z) = zP (L0; t, z),

͜͜ͰɼU͸ࣗ໌ͳ݁ͼ໨Ͱ͋ΓɼL+, L−, L0͸͋Δ3࣍ٿݩମͷ֎ଆͰ͸Ұக͠ɼ಺
ଆͰ͸ҎԼͷΑ͏ʹҟͳΔབྷΈ໨Ͱ͋Δɽ

L+ = ; L+ = ; L+ = .

r੒෼བྷΈ໨LͷHOMFLYPTଟ߲ࣜ͸ɼzʹ͍ͭͯ·ͱΊΔͱɼ࣍ͷΑ͏ͳܗ

P (L; t, z) =
N∑

k=1

P2k−1−r(L; t)z
2k−1−r
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ʹද͢͜ͱ͕Ͱ͖Δɽ͜ͷͱ͖ɼP2k−1−r(L; t) ∈ Z[t±1]ΛLͷ (2k − 1− r)൪໨ͷ܎਺
ଟ߲ࣜͱݺͿɽPm(L; t)ͷ t = 1ʹ͓͚Δɼl֊ඍ෼ΛP (l)

m (L)ͱ͔͘͜ͱʹ͢Δɽզʑ
ͷ݁ՌͰ͸ɼL͕݁ͼ໨ͷ৔߹ͷP (l)

0 (L)Λඞཁͱ͢Δɽ

஫ 3.1 (T. Kanenobu and Y. Miyazawa[10]) P (l)
m ͸࣍਺m+ lͷ༗ܕݶෆมྔͰ͋Δɽ

ಛʹɼP (l)
0 ͸࣍਺ lͷ༗ܕݶෆมྔͰ͋Δɽ͕ͨͬͯ͠ɼP (l)

0 ͸Cl+1ಉ஋ͷෆมྔͰ
͋Δɽ

HOMFLYPTଟ߲ࣜ͸݁ͼ໨ͷ࿈݁࿨ͷԼͰ৐๏తʹͳΔ͜ͱ͕ྑ͘஌ΒΕ͍ͯΔɽ
ಛʹɼ࠷௿࣍ͷ܎਺ଟ߲ࣜͰ͋ΔP0͸৐๏తͰ͋Δɽ͜ͷ͜ͱ͔Βɼ೚ҙͷࣗવ਺n

ͱ೚ҙͷ݁ͼ໨KɼK ′ʹରͯ͠ɼ

P (n)
0 (K♯K ′) = P (n)

0 (K) + P (n)
0 (K ′) +

n−1∑

k=1

(
n

k

)
P (k)
0 (K)P (n−k)

0 (K ′)

͕੒ཱ͢Δ 2ɽP (k)
0 ͸Ck+1ಉ஋ͷෆมྔͳͷͰɼ΋͠K͕ࣗ໌ͳ݁ͼ໨ͱCnಉ஋ͳ

Β͹ɼ
P (n)
0 (K♯K ′) = P (n)

0 (K) + P (n)
0 (K ′)

͕੒ཱ͢Δɽ
logP0(K; t)ͷ t = 1ʹ͓͚Δn֊ඍ෼Λ (logP0(K))(n)ͱද͢͜ͱʹ͢ΔɽP0͕৐๏

తͰ͋Δ͜ͱ͔Βɼ(logP0(K))(n)͸݁ͼ໨ͷ࿈݁࿨ͷԼͰՃ๏తʹͳΔɽͭ·Γɼ೚
ҙͷࣗવ਺nͱ೚ҙͷ݁ͼ໨KɼK ′ʹରͯ͠ɼ

(logP0(K♯K ′))(n) = (logP0(K))(n) + (logP0(K
′))(n)

͕੒ཱ͢Δɽ
·ͨɼ࣮ࡍʹඍ෼͢Δͱ

(logP0(K))(n) = P (n)
0 (K) +

∑

k1+···+km=n

n(k1,...,km)P
(k1)
0 (K) · · ·P (km)

0 (K)

ͱͳΔ͜ͱ͕Θ͔Δɽ͜͜Ͱɼӈลͷ࿨͸k1+ · · ·+km = nΛຬͨ͢શͯͷk1, ..., kmʹ
ؔͯ͠଍͠߹Θͤͨ΋ͷͰ͋Γɼn(k1,...,km)͸͋Δ੔਺Λҙຯ͢Δɽߋʹɼ(logP0(K))(n)

͸࣍਺nͷ༗ܕݶෆมྔͰ͋Δ͜ͱ΋Θ͔Δɽ

஫ 3.2 (logP0(K))(n)͕Ճ๏తͳ༗ܕݶෆมྔͰ͋Δͱ͍͏࣮ࣄ͸ɼ࣍અͰ݁ՌΛड़΂
Δࡍʹ͸ඞཁͷͳ͍৘ใͰ͋Δ͕ɼ݁Ռ͕੒ཱ͢Δҝʹ͸ຊ࣭తͳੑ࣭Ͱ͋Δɽ

3.2. ओ݁Ռ

ຊߨԋͷओ݁Ռʹ͍ͭͯड़΂Δɽ൥͞ࡶΛආ͚ΔͨΊʹɼ͜͜Ͱ͸ϛϧφʔͷϦϯΫɾ
ϗϞτϐʔෆมྔɼͭ·Γɼ܁Γฦ͠ͷͳ͍਺ྻʹର͢Δϛϧφʔෆมྔʹؔ͢Δ݁
ՌͷΈΛ঺հ͢Δɽ
L =

⋃n
i=1 LiΛ S3಺ͷ n੒෼བྷΈ໨ͱ͠ɼI = i1i2...imΛmݸͷҟͳΔ੔਺͔Βͳ

Δ{1, ..., n}಺ͷ਺ྻͱ͢ΔɽBIΛ͚͖ͮ޲ΒΕͨ2m֯ܗ, pj (j = 1, ...,m)Λmຊͷ
ɼʹߋԊͬͯॱʹ෇͚ΒΕͨ΋ͷͱ͢Δɽʹ͖޲͸∂BIͷࣈૉͳ∂BIͷลͰɼఴʹ͍ޓ
BI͸࣍2ͭͷ৚݅Λຬͨ͢Α͏ʹS3಺ʹຒΊࠐ·Ε͍ͯΔ΋ͷͱ͢Δɽ
2೚ҙͷ݁ͼ໨Kʹର͠ɼP0(K; t)͸ɼP0(K; 1) = 1ͱͳΔ tͷϩʔϥϯଟ߲ࣜͰ͋Δ
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(i) BI ∩ L =
⋃m

j=1 pjɽ

(ii) ֤pj͸Lijʹؚ·Εɼ pjͱLijͷ͖޲͸ٯʹͳ͍ͬͯΔɽ

͜ͷͱ͖ɼBIΛLͷ I༥߹ԁ൫ͱݺͿɽ·ͨɼIͷ೚ҙͷ෦෼ྻJʹର͠ɼ݁ͼ໨LJ

Λ
(
(
⋃

i∈{J} Li) ∪ ∂BI

)
\
(
(
⋃

i∈{J} Li) ∩BI

)
ͷดแͱͯ͠ఆٛ͢Δɽ

ఆཧ 3.1 (J. B. Meilhan and Y[15]) LΛ n੒෼བྷΈ໨ (n ≥ 3)Ͱɼ௕͞ kҎԼͷϛϧ
φʔͷϦϯΫɾϗϞτϐʔෆมྔ͕શͯ0Ͱ͋Δ΋ͷͱ͢Δɽ͜ͷͱ͖ɼm+ ͷҟݸ1
ͳΔࣗવ਺͔ΒͳΔ೚ҙͷ਺ྻ I (3 ≤ m+ 1 ≤ 2k+ 1)ͱ೚ҙͷ I༥߹ԁ൫ʹର͠ɼ࣍
͕੒ཱ͢Δɽ

µL(I) ≡
−1

m!2m

∑

J<I

(−1)|J |(logP0(LJ))
(m) (mod ∆L(I)).

͜͜ͰɼJ < I͸J͕ Iͷ෦෼ྻͰ͋Δ͜ͱΛҙຯ͠ɼӈลͷ࿨͸ Iͷશͯͷ෦෼ྻJ

ʹؔͯ͠଍͠߹ΘͤΔ΋ͷͱ͢Δɽ·ͨɼ|J |͸෦෼ྻJͷ௕͞ͱ͢Δɽ

͜ͷ݁Ռ͸ɼM. Polyak[19]ʹΑΔ௕͞3ͷϛϧφʔෆมྔµ(123)ͷ݁ՌΛΛେ෯ʹ
֦ுͨ݁͠Ռʹͳ͍ͬͯΔɽ
ఆཧ 3.1ʹ͓͍ͯɼϛϧφʔͷϦϯΫɾϗϞτϐʔෆมྔ͕ফ͍͑ͯΔͱ͍͏৚݅͸

ຊ࣭తͰ͋Δɽ࣮ࡍɼ௕͞ kҎԼ͕ফ͍͑ͯΔ৔߹ʹɼ௕͞ 2k + 2ͷϛϧφʔෆมྔ
͸ɼఆཧ 3.1ͱಉ͡ެࣜͰ͸ಘΒΕͳ͍͜ͱ͕ɼ࣍ͷྫ͔ΒΘ͔Δɽ

ྫ 3.1 ([15]) LΛ 2ͭͷϗοϓབྷΈ໨ͷ෼཭࿨͔ΒͳΔ 4੒෼ͷབྷΈ໨Ͱɼୈ 1੒෼
ͱୈ2੒෼ɼୈ3੒෼ͱୈ4੒෼͕ϗοϓབྷΈ໨Ͱ͋Δ΋ͷͱ͢Δɽ௕͞1ҎԼͷϛϧ
φʔෆมྔ͕ফ͍͑ͯΔͷ͸ఆ͔ٛΒ໌Β͔ͳͷͰɼ௕͞4(= 2× 1+ 2)ͷϛϧφʔෆ
มྔʹؔͯ͢͠࡯ߟΔɽ
਺ྻ I = 1324ʹର͠ɼ∆(I) = 1Ͱ͋ΔͷͰɼµL(I) = 0Ͱ͋ΔɽҰํɼI༥߹ԁ൫

1 2 3 4

BI

ਤ 1: L ∪BI

BIΛਤ 1ͷ༷ʹͱΔͱɼ

P0(LJ) =

{
2t2 − t4 if J = I,

1 if J ! I.

ͱͳΓɼ ∑

J<I

(−1)|J |(logP0(LJ))
(3) =

∑

J<I

(−1)|J |(P0(LJ))
(3) = 24

ΛಘΔɽ͕ͨͬͯ͠ɼఆཧ 3.1ͷެࣜͷࠨล͸0Ͱӈล͸1/2ͱͳΓɼ͜ͷ৔߹͸ɼެ
͕ࣜ੒ཱ͠ͳ͍͜ͱ͕Θ͔Δɽ
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Ҏ্ͷΑ͏ʹɼఆཧ 3.1͸௕͞ 2k + 2ͷϛϧφʔෆมྔʹରͯ͠͸੒ཱ͠ͳ͍͜ͱ
͕Θ͔ͬͨɽͦ͜Ͱɼ͋Δิਖ਼߲ΛՃ͑Δ͜ͱʹΑΓɼ௕͞ 2k + 2ͷ৔߹ʹ੒ཱ͢Δ
ެࣜΛ༩͑ͨɽ

ఆཧ 3.2 (Y. Kotorii and Y [11]) LΛn੒෼བྷΈ໨ (n ≥ 4)Ͱɼ௕͞kҎԼͷϛϧφʔ
ͷϦϯΫɾϗϞτϐʔෆมྔ͕શͯ0Ͱ͋Δ΋ͷͱ͢Δɽ͜ͷͱ͖ɼ2k+2ݸͷҟͳΔ
ࣗવ਺͔ΒͳΔ೚ҙͷ਺ྻ Iͱ೚ҙͷ I༥߹ԁ൫ʹର͠ɼ͕࣍੒ཱ͢Δɽ

µL(I) ≡ − 1

(2k + 1)!22k+1

∑

J<I

(−1)|J |(logP0(LJ))
(2k+1) − δL(I) (mod ∆L(I)).

͜͜ͰɼδL(I)ͷఆٛ͸লུ͢Δ͕ɼδL(I)͸བྷΈ໨LͷෆมྔͰɼIͷ௕͞k + 1ͷ෦
෼ྻʹର͢Δϛϧφʔෆมྔ͔Βఆ·Δ݁ͼ໨ͷHOMFLYPTଟ߲ࣜͷ૊Έ߹ΘͤͰ
༩͑ΒΕΔɽ

௕͞1ͷϛϧφʔෆมྔ͸ৗʹ0Ͱ͋ΔͷͰɼఆཧ 3.2ʹ͓͍ͯɼ௕͞4ͷ৔߹͸ϛ
ϧφʔෆมྔ͕ফ͍͑ͯΔͱ͍͏৚݅͸ෆཁͰ͋Δɽߋʹɼ͜ͷ৔߹͸ɼδ(I)Λ௕͞2

ͷϛϧφʔෆมྔΛ༻͍ͯهड़Ͱ͖Δɽ

ఆཧ 3.3 (Kotorii and Yasuhara [11]) LΛ 4੒෼ͷབྷΈ໨ͱ͢Δɽ͜ͷͱ͖ɼ1, 2, 3, 4

ͷฒ΂ସ͑ͰಘΒΕΔ೚ҙͷ਺ྻ I = i1i2i3i4ͱɼ೚ҙͷ I༥߹ԁ൫ʹର͠ɼ͕࣍੒ཱ
͢Δɽ

µL(I) ≡ − 1

48

∑

J<I

(−1)|J |P (3)
0 (LJ)

−1

2
µL(i1i3)µL(i2i4)(µL(i1i3) + µL((i2i4)− 1) (mod ∆L(I)).

஫ 3.3 ਺ྻ ij͕Iͷ෦෼ྻͳΒ͹ɼµ(ij)͸∆L(I)ͷഒ਺Ͱ͋Δɽ͕ͨͬͯ͠ɼఆཧ 3.3

ʹ͓͍ͯɼµ(i1i3)ͱµ(i2i4)ͷ͍ͣΕ͔Ұํ͕ۮ਺ͷ৔߹͸ɼิਖ਼߲͕∆L(I)Λ๏ͱ͠
ͯ0ʹͳΔ͜ͱ͕Θ͔Δɽ

௕͞ kҎԼͷϛϧφʔෆมྔ͕શͯফ͍͑ͯΔབྷΈ໨ʹؔͯ͠͸ɼ௕͞ k + 1ͷϛ
ϧφʔෆมྔ͕੔਺஋ΛͱΔ͜ͱ͸ఆ͔ٛΒ໌Β͔Ͱ͋Δɽ͜ͷΑ͏ͳɼඇࣗ໌ͳϛ
ϧφʔෆมྔͷ͏ͪɼ௕͞࠷খͷ΋ͷΛ “first non vanishing” ϛϧφʔෆมྔͱݺͿɽ
“first non vanishing” ϛϧφʔෆมྔʹؔͯ͠͸ɼఆཧ 3.1ΑΓ΋ߋʹ៉ྷͳެ͕ࣜಘ
ΒΕΔɽ

ఆཧ 3.4 (J. B. Meilhan and Y [15]) LΛn੒෼བྷΈ໨ (n ≥ 3)Ͱɼ௕͞ kҎԼͷϛϧ
φʔͷϦϯΫɾϗϞτϐʔෆมྔ͕શͯ0Ͱ͋Δ΋ͷͱ͢Δɽ͜ͷͱ͖ɼk + ͷҟݸ1
ͳΔࣗવ਺͔ΒͳΔ೚ҙͷ਺ྻ Iͱ೚ҙͷ I༥߹ԁ൫ʹର͠ɼ͕࣍੒ཱ͢Δɽ

µL(I) =
−1

k!2k

∑

J<I

(−1)|J |P (k)
0 (LJ) ∈ Z.
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஫ 3.4 ਺ྻ Iͷதʹಉ͡਺͕܁Γฦ͠ݱΕΔ৔߹ͷϛϧφʔෆมྔ͸ɼݩͷབྷΈ໨ͷ
֤੒෼ͷύϥϨϧɾίϐʔΛʢ܁Γฦ͠ͷճ਺ͱಉ͡ݸ਺ʣͱΔ͜ͱʹΑΓಘΒΕΔ
བྷΈ໨ͷϦϯΫɾϗϞτϐʔෆมྔͱ౳͘͠ͳΔ (1.2 (8))ɽ͕ͨͬͯ͠ɼҰൠͷϛϧ
φʔෆมྔʹରͯ͠΋্هͷ݁Ռͱಉ༷ͷެ͕ࣜಘΒΕΔ͜ͱ͕Θ͔Δɽ

஫ 3.5 ϛϧφʔෆมྔ͸༗ܕݶෆมྔͰ͸ͳ͍ (1.2 (10))ͷͰɼ্ड़ͷ݁Ռ͸ɼ༗ݶ
·ͳ౳ࣜΛ༩͍͑ͯΔɽົحݟෆมྔͰද͢ͱ͍͏ɼҰܕݶෆมྔͰͳ͍΋ͷΛ༗ܕ
ͨɼϛϧφʔෆมྔ͸ίϘϧσΟζϜෆมྔͰ͋ΔͷͰ (1.2 (4))ɼྔࢠෆมྔ͕ίϘ
ϧσΟζϜෆมྔΛ༩͍͑ͯΔͱݟΔ͜ͱ΋Ͱ͖Δɽ

3.3. ূ໌ͷྲྀΕ

Ͳͷఆཧ΋େ·͔ͳূ໌ͷྲྀΕ͸ಉ͡Ͱ͋Δɽ͜͜Ͱ͸ɼఆཧ 3.1ʹؔͯ͠આ໌͢Δɽ
·ͨɼઆ໌Λ؆୯ʹ͢ΔͨΊʹ I = 1, 2, . . . , nͱԾఆ͢Δɽ਺ྻͷ֤߲͸ɼབྷΈ໨ͷఴ
Λ෇͚ସ͑Δ͜ͱʹΑΓɼ͜ͷԾఆͰҰൠੑΛࣦ͏͜ࣈͰ͋ΔͷͰɼඞཁͳΒ͹ఴࣈ
ͱ͸ͳ͍ɽ
·ͣɼS3ͷབྷΈ໨Lͱͦͷ I༥߹ԁ൫BIʹର͠ɼBIͷۙ๣ΛऔΓআ͘͜ͱʹΑΓɼ

ɼγϦϯμʔD2ͯ͠ܗମ಺ͷλϯάϧΛಘΔɽ͜ΕΛɼগ͠มٿݩ3࣍ × [0, 1]಺ͷε
τϦϯάབྷΈ໨ lͱΈͳ͢ɽ
ετϦϯάབྷΈ໨ lʹ΋བྷΈ໨ͷ৔߹ͱಉ༷ʹϛϧφʔෆมྔ͕ఆٛ͞ΕΔ͕ɼετ

ϦϯάབྷΈ໨ͷ৔߹͸ɼ∆(I)Λ͑ߟΔඞཁ͸ͳ͘ɼµl(I)ࣗମ͕ෆมྔʹͳΔɽͭ·Γɼ
શͯͷϛϧφʔෆมྔ͸੔਺஋Ͱఆٛ͞ΕΔ [7]ɽ·ͨɼ͕࣍੒ཱ͢Δ͜ͱʹ஫ҙ͢Δɽ

µL(I) ≡ µl(I) (mod ∆L(I)), ∆L(I) = ∆l(I). (1)

஫ 3.6 ϛϧφʔෆมྔ͸ετϦϯάབྷΈ໨ͷ༗ܕݶෆมྔͰ͋Δ͜ͱ͕஌ΒΕ͍ͯΔ
[1],[14]ɽ͕ͨͬͯ͠ɼ஫ 3.4Ͱ͸ “Ұົحݟ”ͱද͕ͨ͠ݱɼετϦϯάབྷΈ໨ͷϛϧ
φʔෆมྔΛհ͢Δ͜ͱʹΑΓɼ༗ܕݶෆมྔͰ͋ΔHOMFLYPTଟ߲ࣜͱؔ࿈෇͚
ΒΕΔ͜ͱ͸ɼͦΕ΄Ͳົحͳ͜ͱͰ͸ͳ͍ɽ

ετϦϯάབྷΈ໨ͷϦϯΫɾϗϞτϐʔྨ͸ɼϛϧφʔෆมྔͰ෼ྨͰ͖Δ͜ͱ͕
஌ΒΕ͍ͯΔ [7]ɽߋʹɼ࣍ʹ঺հ͢ΔఆཧͰ͸ɼϦϯΫɾϗϞτϐʔྨͷ୅දݩΛ༩
͍͑ͯΔɽ
JkΛҟͳΔ k + ͷࣗવ਺͔ΒͳΔ਺ྻݸ1 j0, j1, . . . , jk−1, jk (1 ≤ j0 < jm < jk ≤

n, m = 1, . . . , k− 1) ͱ͢ΔɽJkͷ਺ྻ i0i1...ikͰ i0 < i1 < · · · < ik−1 < ikΛຬͨ͢΋
ͷʹର͠ɼaJΛ {i1, ..., ik−1}ͷஔ׵ͱ͢Δɽ͜ͷͱ͖ɼJ = i0aJ(i1)...aJ(ik−1)ik͸Jk

ͷݩͰ͋Δɽ(·ͨɼٯʹJkͷ೚ҙͷݩ͸ɼ͜ͷํ๏ͰಘΒΕΔɽ)

TJΛਤ 2Ͱࣔ͞Εͨɼࣗ໌ͳnετϦϯάབྷΈ໨1nʹର͢ΔCk-treeͱ͢Δ 3ɽ͜͜
Ͱɼ aJ ͸ɼஔ׵ aJΛ࣮͢ݱΔϙδςΟϒͳ k − 1ϒϨΠυͰɼҟͳΔετϦϯά
ؒͷަࠩ͸ߴʑ1ճͰ͋Δ΋ͷͱ͢Δɽʢ͜ͷΑ͏ͳϒϨΠυ͸Ұҙతʹఆ·Δɽʣߋʹɼ
ਤ 2ʹඳ͔Ε͍ͯͳ͍ 1nͷଞͷ੒෼͕͋Δ৔߹ɼͦΕΒ͸શͯ TJͷԼଆʹ͋Δ΋ͷ

3Ck-tree͸༿ኍࢯʹΑͬͯఆٛ͞ΕͨΫϥεύʔͷҰछ͕ͩɼ͜͜Ͱ͸ɼਤ 3Ͱࣔ͢བྷΈ໨ͷόϯυ
࿨ͷུਤͰ͋Δͱ͑ࢧࠩͯͬ͠ࢥͳ͍ɽ
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ͱ͢Δɽ·ͨɼTJͷ∗ҹ͕෇͍ͨลΛෛͷํ޲ʹ൒ͻͶΓͯ͠ಘΒΕΔCk-treeΛT−1
J

ͱ͢Δɽ
ͦ͜ͰɼVJͱV −1

J ΛͦΕͧΕTJͱT−1
J ͔Βɼਤ 3ʹैͬͨόϯυ࿨ͰಘΒΕΔnε

τϦϯάབྷΈ໨ͱ͢Δ.

ਤ 2: ετϦϯάབྷΈ໨VJ , V
−1
J

ਤ 3: Ck-treeͷද͢བྷΈ໨ͷόϯυ࿨.

ఆཧ 3.5 (Y[23]) nετϦϯάབྷΈ໨ l͸ɼབྷΈ໨ l1 × · · ·× ln−1ʹϦϯΫɾϗϞτϐο
ΫͰ͋Δɽ͜͜Ͱɼlk =

∏
J∈Jk

V xJ
J Ͱ͋Γɼ

xJ = µli(J) =

⎧
⎪⎨

⎪⎩

µl(J) if i = 1,

µl(J)− µl1···li−1(J) if i ≥ 2.

Ͱ͋Δɽ

஫ 3.7 2ͭͷετϦϯάབྷΈ໨ l1, l2ͷੵ l1 × l2͸ɼl2Λ l1ʹੵΈॏͶΔ͜ͱʹΑΓఆ
ٛ͞ΕΔɽ͜ͷੵ͸ҰൠʹՄ׵Ͱ͸ͳ͍ͷͰɼఆཧ 3.5ʹ͓͍ͯɼ֤ू߹Jkͷݩʹ͸
ࣙॻࣜॱং͕༩͑ΒΕ͍ͯΔ΋ͷͱ͢Δɽ

ࣜ (1)ΑΓɼҎԼͷ2ͭͷ͜ͱΛࣔ͢͜ͱʹΑΓɼఆཧ 3.1ΛಘΔɽ

(I) µl(I) ≡ xI (mod gcd{xJ | J < I, J ̸= I})͔ͭ∆l(I) = gcd{xJ | J < I, J ̸= I}.

(II)
−1

(n− 1)!2n−1

∑

J<I

(−1)|J |(logP0(LJ))
(n−1) ≡ xI (mod gcd{xJ | J < I, J ̸= I})

(I)͸ɼϛϧφʔෆมྔͷࢉܭͰൺֱత༰қʹಘΒΕΔɽ(II)ΛಘΔʹ͸ɼ༿ኍࢯͷΫ
ϥεύʔཧ࿦ɼ(logP0(LJ))(n−1)ͷՃ๏ੑ΍ͦͷଞͷHOMFLYPTଟ߲ࣜͷੑ࣭౳Λ༻
͍ͨʢগͳ͘ͱ΋ߨԋऀʹͱͬͯ͸ʣෳࡶͳٞ࿦Λඞཁͱ͢Δɽ·ͨɼ͜ͷ෦෼ͷٞ
࿦Ͱఆཧ͝ͱʹҟͳΔΞΠσΞ͕ඞཁʹͳΔɽ
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