
Wedge Decomposition of Polyhedral Products

େࡕ෎ཱେֶཧֶڀݚܥՊɹೖ޾ߐӈӴ໳

֓ཁ

ۭؒͷ௚ੵ X1 × X2 × · · · × Xm ͷҰൠԽͱͯ͠ Polyhedral Productʢଟ໘ମੵʣ͕ 1960೥୅ΑΓ͞ڀݚΕ
͍ͯ·͢ɽಛʹ 1990೥୅ॳ಄ʹ Davisͱ Januszkiewicz͕ٖτʔϥεଟ༷ମͷڀݚʹ Polyhedral Product
Λ༻͍ΔΑ͏ʹͳΓଟ͘ͷ஫໨ΛूΊΔΑ͏ʹͳΓ·ͨ͠ɽզʑ͸ Polyhedral Product ͷϗϞτϐʔܕʹ
ຯΛ࣋ͪɼPolyhedralڵ Product͕ݒਨۭؒͷ 1఺࿨ʹ෼ղ͢Δे෼৚݅Λ༩͑Δ͜ͱ͕ग़དྷ·ͨ͠ɽ͜͜
Ͱ͸ɼલ൒ʹ͜ͷڀݚͷഎܠͰ͋Δ Polyhedral Product ͱ୅਺ͱͷؔ࿈Λத৺ʹ͓࿩͠ɼޙ൒Ͱ shellable
complexͷ Alexander dualʹର͢Δ Polyhedral ProductZK(CX,X)͕ݒਨۭؒͷ 1఺࿨ʹ෼ղ͢Δ͜ͱ
Λɼ֤ Xi ͕࿈݁Ͱ͋Δͱ͍͏৚݅ͷ΋ͱͰূ໌͍ͨ͠ͱ͍ࢥ·͢ɽͳ͓ɼ͜ͷߨԋ͸ژ౎େֶͷ؛ຊେ༞ࢯ

ͱͷڞಉ͍͍ͯͮجʹڀݚ·͢ɽ

̍ɽPolyhedral Productͷఆٛͱྫ

͜ͷߨԋͰ͸ɼ୯ମෳମ K ͱ͸ৗʹ༗ݶͳந৅୯ମෳମΛҙຯ͠ɼ͠͹͠͹ͦͷزԿֶత࣮ݱͱಉҰ͢ࢹ
Δɽͭ·Γɼ

ఆٛ 1.1. ୯ମෳମ Kͱ͸͋Δ༗ूݶ߹ V = V(K)ͷ෦෼ू߹଒ K ⊂ 2V Ͱ࣍ͷ৚݅Λຬͨ͢΋ͷͰ͋Δɽ

(i) σ ∈ K͔ͭ τ ⊂ σͳΒ͹ τ ∈ KͰ͋ΔɽಛʹɼK ! ∅ͳΒ͹ ∅ ∈ KͰ͋Δɽ
(ii) V ͷ೚ҙͷݩ v ∈ V ʹରͯ͠ {v} ∈ KͰ͋Δɽ

V ͸௖఺ू߹ͱݴΘΕɼV ⊂ [m] = {1, 2, · · · ,m} ΛͱΔ͜ͱ͕ଟ͍ɽK = ∆V = V = 2V ͷͱ͖ɼK Λ୯ʹ
simplexͱ͏ݴɽ

͜ͷߨԋͰ͸ɼಛʹஅΒͳ͍ݶΓۭؒͱ͸ج఺Λۭ࣋ͭؒΛҙຯ͠ɼࣸ૾ͱ͸ج఺Λۭ࣋ͭؒͷؒͷج఺Λ

ʹ఺͸ۭ͕ؒԿͰ͋Ζ͏ͱ୯ج఺ʹҠ͢࿈ଓࣸ૾Λҙຯ͢Δɽج ∗ʹΑͬͯද͞ΕΔɽ

ఆٛ 1.2. V ⊂ [m]Λ௖఺ू߹ͱ͢Δ୯ମෳମ Kͱۭؒରͷू߹ (X,A) = {(Xi,Ai)}mi=1 ͕༩͑ΒΕͨͱ͢Δɽ

Kͷ୯ମ σʹରͯ͠

(X,A)σ = Y1 × Y2 × · · · × Ym, ͨͩ͠ Yi =

⎧⎪⎪⎨⎪⎪⎩
Xi for i ∈ σ,
Ai for i " σ,

ͱఆΊΔɽKͱ (X,A)ʹ෇ਵͨ͠ Polyhedral ProductZK(X,A)ͱ͸ɼ

ZK(X,A) =
⋃

σ∈K

(X,A)σ ⊂
m∏

i=1

Xi

ͱఆٛ͢Δɽ͢΂ͯͷ iʹ͍ͭͯ (Xi,Ai) = (X,A)ͷͱ͖ɼZK(X,A)ΛZK(X,A)ͱུ͢هΔɽ
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ྫ 1.3.

(i) K = ∆[m] ͷͱ͖ɼPolyhedral Product͸୯ʹ

ZK(X,A) =
m∏

i=1

Xi

ͱͳΔɽ

(ii) K͕ [m]Λ௖఺ू߹ͱ͢Δ཭ࢄෳମͷͱ͖ɼ

ZK(X, ∗) = X1 ∨ X2 ∨ · · · ∨ Xm,

ͭ·Γɼۭؒ Xi ͷ 1఺࿨ͱͳΔɻ
(iii) K = ∂∆[m] = {σ ⊂ [m] | σ ! [m]}ͷͱ͖ɼ

ZK(X, ∗) = {(x1, . . . , xm) ∈
m∏

i=1

Xi | at least one xi is the basepoint ∗}

ͱͳΓɼfat wedgeͱΑ͹ΕϗϞτϐʔ࿦ͰΑ͘ѻΘΕΔۭؒͰ͋Δɽ
(iv) K = ∂∆[m] Ͱۭؒͷू߹ X = {Xi}mi=1 ʹରͯ͠ɼCX = {CXi}mi=1 ͱ͓͘ͱ͖ɼ

ZK(CX,X) ≃ X1 ∗ · · · ∗ Xm ≃ Σm−1X1 ∧ · · · ∧ Xm

ͱͳΔ͜ͱ͕Porter[1965]ʹΑͬͯࣔ͞Ε͍ͯΔɽͨͩ͠ɼCX͸ۭؒXͷਲ਼CX = X×I/(X×{0}∪∗×I)
Λද͢ɽ

զʑͷڀݚಈػ͸ɼ͜ͷ Porter ͷࣄ࢓ΛͲ͜·Ͱ֦ுͰ͖Δ͔ʁͱ͍͏࣭໰ʹԠ͑Δ͜ͱʹ͋ͬͨɽ
ͦͯ͠ɼ͜͜Ͱ͸ઐΒZK(CX,X)ͷϗϞτϐʔܕΛ͢࡯ߟΔɽ

ྫ 1.4.

(i) ZK(D2, S1)ͱZK(CP∞, ∗)͸ toric manifoldsͷݱʹڀݚΕΔۭؒͰɼલऀΛmoment-angle complex,
Λऀޙ Davis-JanuszkiewiczۭؒͱΑͿɽ

(ii) C∗ = {z ∈ C | z ! 0}ͱఆٛ͢Δͱ͖ɼ

ZK(C,C∗) = Cm \
⋃

σ"K

{(z1, · · · , zm) ∈ Cm | zi1 = · · · = zik = 0 for σ = {i1, · · · , ik}}

ͱͳΓɼ෦෼ۭؒ഑ஔͷิۭؒͱͳΔɽͦͯ͠ɼ

ZK(C,C∗) ≃ ZK(D2, S1)

Ͱ͋Δ͜ͱ͕஌ΒΕ͍ͯΔɽ

̎ɽ୅਺͔Βͷ४උ

୯ମෳମ K͔Βछʑͷ୅਺͕ߏ੒͞ΕΔ͕ɼͦͷதͰ࠷΋ॏཁͳ΋ͷͷ 1ͭʹ Stanley-Reisner؀͕͋Δɽ
ҎԼʹ͓͍ͯ͸ಛʹஅΒͳ͍ݶΓ kʹΑͬͯ৐๏୯ҐݩΛ࣋ͭՄ؀׵Λද͢ɽͦͯ͠ɼͦΕ্ͷ࣍਺͖ͭଟ

߲ࣜ؀ k[v1, · · · , vm]Λ͑ߟΔɽͨͩ͠ɼdeg vi = 2ͱ͢Δɽ
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ఆٛ 2.1. [m]্ͷ୯ମෳମ Kͷ Stanley-Reisner ringʢ·ͨ͸ face ringʣͱ͸ɼ৒༨؀

k[K] = k[v1, · · · , vm]/IK

ͷ͜ͱͰ͋Δɽ͜͜ʹɼIK ͸ K ʹଐ͠ͳ͍୯ମ σ = {i1, · · · , is} ʹର͢Δ୯߲ࣜ vσ = vi1 · · · vis Ͱੜ੒͞ΕΔ

homogeneous idealͰ͋Δɽ

Stanley-Reisner ring ͷߏ଄Λ஌ΔͨΊʹɼTork[v1,··· ,vm]
∗ (k[K],k) ͱ Tork[K]

∗ (k,k) ͕ௐ΂ΒΕ͖ͯͨɽ͜͜
ͰɼtorsionՃ܈ͷఆٛΛ͍ࢥग़ͦ͏ɽM,NΛ RՃ܈ͱ͢Δͱ͖Mͷ Rࣗ༝Ճ܈෼ղ

· · ·→ Fi → · · ·→ F1 → F0 →M→ 0

ΛͱΓɼNͱͷςϯαʔੵΛͱΔͱ࠯ෳମ

· · ·→ Fi ⊗R N→ · · ·→ F1 ⊗R N→ F0 ⊗R N→ 0

͕ಘΒΕɼͦͷ i൪໨ͷϗϞϩδʔ܈Λ TorR
i (M,N)ͱॻ͘ɽͭ·Γɼ

TorR
i (M,N) = Ker(Fi ⊗R N→ Fi−1 ⊗R N)/Im(Fi+1 ⊗R N→ Fi ⊗R N).

Ұൠʹ TorR
∗ (M,N)͸ੵߏ଄Λ࣋ͨͳ͍͕ɼTork[v1,··· ,vm]

∗ (k[K],k)͸ҎԼͷΑ͏ʹ Koszul෼ղΛ༻͍ͯ k-୅਺
ͷߏ଄Λ༩͑Δ͜ͱ͕ग़དྷΔɽ

k ͷ k[v1, · · · , vm] Ճ܈ͱͯ͠ͷߏ଄͸ɼ֤ vi Λ 0 ʹҠࣸ͢૾ k[v1, · · · , vm] → k Λ༻͍ͯ༩͑Δɽ
Λ[u1, · · · , um]ʹΑͬͯ k্ͷ֎ੵ୅਺Λද͢ɽͭ·ΓɼΛ[u1, · · · , um]͸ k্ u1, · · · , um Ͱੜ੒͞Ε͍ͯͯɼ

࣍ͷؔࣜ܎Ͱఆٛ͞ΕΔɽ

uiuj =

⎧⎪⎪⎨⎪⎪⎩
0 if i = j,
−ujui if i ! j.

͜ͷͱ͖ɼR = Λ[u1, · · · , um] ⊗ k[v1, · · · , vm]͸࣍ͷΑ͏ʹͯ̎͠ॏ࣍਺͖ͭඍ෼୅਺ͷߏ଄Λ࣋ͭɽ

bideg ui = (1, 2), bideg vi = (0, 2),

dui = vi, dvi = 0.

Λi[u1, · · · , um] ʹΑͬͯ Λ[u1, · · · , um] ͷ௕͞ i ͷ୯߲ࣜʹΑͬͯੜ੒͞ΕΔ෦෼Ճ܈Λද͢ͱɼ࣍ͷΑ͏ͳ
શྻ͕ಘΒΕΔɽ׬

0→ Λm[u1, · · · , um] ⊗ k[v1, · · · , vm] d−→ · · · d−→ Λ1[u1, · · · , um] ⊗ k[v1, · · · , vm] d−→ k[v1, · · · , vm]→ k→ 0

ςϯαʔੵ ⊗k[v1,··· ,vm]k[K]ΛͱΔͱ࠯ෳମ

0→ Λm[u1, · · · , um] ⊗ k[K] d−→ · · · d−→ Λ1[u1, · · · , um] ⊗ k[K] d−→ k[K]→ 0

ΛಘΔɽ

Tork[v1,··· ,vm]
i (k[K],k) " Tork[v1,··· ,vm]

i (k,k[K]) =
Ker(Λi[u1, · · · , um] ⊗ k[K] d−→ Λi−1[u1, · · · , um] ⊗ k[K])

Im(Λi+1[u1, · · · , um] ⊗ k[K] d−→ Λi[u1, · · · , um] ⊗ k[K])

ΑΓɼ
Tork[v1,··· ,vm]

∗ (k[K],k) " H∗(Λ[u1, · · · , um] ⊗ k[K]; d)
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ΛಘΔ͕ɼӈล͕ੵߏ଄Λ࣋ͭͷͰ͜ΕʹΑΓࠨลʹੵߏ଄Λఆٛ͢Δɽ

ҎԼʹ͓͍ͯ͸ɼk ͸ମͰ͋ΔͱԾఆ͢Δɽ͜ͷͱ͖ɼ̎ͭͷ̎ॏ࣍਺͖ͭՃ܈ Tork[v1,··· ,vm]
∗ (k[K],k) ͱ

Tork[K]
∗ (k,k)ͷ PoincaréྻΛ

P(Tork[v1,··· ,vm]
∗ (k[K],k)) =

∑

i, j≥0

dimk Tork[v1,··· ,vm]
i (k[K],k) jtixj

P(Tork[K]
∗ (k,k)) =

∑

i, j≥0

dimk Tork[K]
i (k,k) jtixj

ʹΑͬͯఆٛ͢Δɽ1950೥୅ͷޙ൒ɼSerre͸ෆ౳ࣜ

P(Tork[K]
∗ (k,k)) ≤ (1 + tx)m

1 − tP(Tork[v1,··· ,vm]
∗ (k[K],k))

͕੒Γཱͭ͜ͱΛূ໌ͨ͠ɽͨͩ͠ɼෆ౳ࣜ ≤ ͸ରԠ͢Δ܎਺͝ͱʹ͓͍ͯෆ౳͕ࣜ੒Γཱͭ͜ͱΛҙຯ͢
ΔɽͦͷޙɼGolod͸্هʹ͓͍ͯ౳͕ࣜ੒ΓཱͭͨΊͷඞཁे෼৚݅Λ༩͑ͨɽ

ఆཧ 2.2(Golod[1962]). ౳ࣜ

P(Tork[K]
∗ (k,k)) =

(1 + tx)m

1 − tP(Tork[v1,··· ,vm]
∗ (k[K],k))

͕੒ΓཱͭͨΊͷඞཁे෼৚݅͸ɼTork[v1,··· ,vm]
∗ (k[K],k))ͷੵ͕ࣗ໌Ͱ͋Δͱͱ΋ʹɼ͢ ΂ͯͷ࣍ߴͷMassey

ੵ͕ࣗ໌Ͱ͋Δ͜ͱͰ͋Δɽ

Golod ʹҼΜͰɼ্ه౳ࣜͷ੒Γཱͭ୯ମෳମ K ͷ͜ͱΛ Golod ෳମͱ͍͏ɽ͞Βʹۙ࠷ɼBerglund-
Jöllenbeck͸࣍ͷ࣮ࣄΛূ໌ͨ͠ɽ

ఆཧ 2.3(Berglund-Jöllenbeck[2007]). ୯ମෳମ K͕ GolodͰ͋Δඞཁे෼৚݅͸ɼTork[v1,··· ,vm]
∗ (k[K],k)

ͷੵ͕ࣗ໌Ͱ͋Δ͜ͱͰ͋Δɽ

Ұํʹ͓͍ͯɼBuchstaber-Panov[2000], Baskakov-Buchstaber-Panov[2004], Franz[2006]Β͸ɼ࣍ͷఆ
ཧΛূ໌ͨ͠ɽ

ఆཧ 2.4. kΛମ·ͨ͸੔਺؀ Zͱ͢Δͱ͖ɼ୅਺ͱͯ͠ಉܕ

H∗(ZK(D2, S1); k) ! Tork[v1,··· ,vm]
∗ (k[K],k)

͕ଘ͢ࡏΔɽ

ैͬͯɼ୯ମෳମ K͕ k্GolodͰ͋Δ͜ͱΛূ໌͢Δʹ͸ɼίϗϞϩδʔ؀H∗(ZK(D2, S1); k)ͷੵ͕ࣗ
໌Ͱ͋Δ͜ͱΛূ໌͢Ε͹Α͍ɽಛʹɼZK(D2, S1)͕ݒਨۭؒͰ͋Ε͹ɼ͢΂ͯͷମ kʹ͍ͭͯ K͸ Golod
Ͱ͋Δɽͭ·Γɼ୯ମෳମ K͕ GolodͰ͋Δͱ͍͏୅਺తߏ଄Λௐ΂Δʹ͸ɼZK(D2, S1)ͷϗϞτϐʔܕΛ
ௐ΂Ε͹Α͍ͱ͍͏͕ࣄ෼͔Δɽ

̏ɽ૊Έ߹Θͤ࿦͔Βͷ४උ

୯ମෳମ͸૊Έ߹Θͤ࿦ͷ෼໺Ͱৄ͘͠͞ڀݚΕ͓ͯΓɼ࣍ͷΑ͏ͳछʑͷ୯ମෳମͷΫϥε͕ఆٛ͞Εͯ

͍Δɽ
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ఆٛΛ༩͑ΔͨΊʹ༻ޠΛ४උ͢Δɽ୯ମෳମ Kͱͦͷ௖఺ vʹରͯ͠ɼ

K \ v = {σ ∈ K | v ! σ},
linkK(v) = {σ ∈ K | v ! σ,σ ∪ {v} ∈ K}

ͱఆٛ͢ΔɽV ⊂ [m] ্ͷ୯ମෳମ K ͷۃେͳ୯ମʢsimplexʣͷ͜ͱΛ facet ͱ͍ݴɼσ ⊂ [m] ͕ K ͷ
missing faceͰ͋Δͱ͸ɼσͷڥք ∂σ = {τ ⊂ σ | τ " σ}͸ Kͷ෦෼ෳମͰ͋Δ͕ɼσ ! KͰ͋Δ͜ͱΛ͏ݴɽ
ෳମ K͕ pureͰ͋Δͱ͸ɼKͷ facetͷ͕࣍͢ݩ΂ͯ౳͍͜͠ͱΛ͏ݴɽ

ఆٛ 3.1. ୯ମෳମ K ͕ shiftedͰ͋Δͱ͸ɼK ͷ௖఺ू߹ʹ࣍ͷੑ࣭Λ΋ͭΑ͏ʹશॱংΛ༩͑Δ͜ͱ͕
ग़དྷΔ͜ͱΛ͏ݴɽ୯ମ σɼσͷ௖఺ iͱ j < iΛ೚ҙʹͱΔͱ͖ɼ(σ \ {i}) ∪ { j} ∈ K ͕੒Γཱͭ͜ͱΛ͏ݴɽ
ͭ·ΓɼK͕ shiftedͰ͋ΔͨΊͷඞཁे෼৚݅͸ɼKͷ೚ҙͷ୯ମʹ͍ͭͯɼͦͷ௖఺ΛΑΓখ͞ͳ௖఺ʹ
औΓͯ͑׵΋ Kʹଐ͢Δ୯ମʹͳ͍ͬͯΔΑ͏ͳશॱং͕ଘ͢ࡏΔ͜ͱͰ͋Δɽ

ఆٛ 3.2. ୯ମෳମ K͕ vertex decomposableͰ͋Δͱ͸ɼ࣍ͷ৚݅Λຬͨ͢͜ͱΛ͏ݴɽ

(i) K͸ simplexͰ͋Δɼ·ͨ͸
(ii) ࣍ͷ৚݅Λຬͨ͢௖఺ v͕ଘ͢ࡏΔɿ

(a) K \ vͱ linkK(v)͸ͱ΋ʹ vertex decomposableͰ͋Δɼ
(b) linkK(v)ͷ໘͸ K \ vͷਅͷ໘Ͱ͋Δɽ

ఆٛ 3.3. ୯ମෳମ K͕ shellableͰ͋Δͱ͸ɼKͷ facet σ1, · · · , σk Λ࣍ͷ৚݅Λຬͨ͢Α͏ʹॱং͚ͮΒ

ΕΔ͜ͱΛ͏ݴɿ͢΂ͯͷ 2 ≤ i ≤ kʹ͍ͭͯ

(
i−1⋃

j=1

σ j) ∩ σi

͕ pureͳ dim σi − ෳମͰ͋Δɽ͜ͷͱ͖ɼॱংݩ1࣍ σ1, · · · , σk Λ shedding orderͱݺͿɽͦͯ͠ɼ

(
i−1⋃

j=1

σ j) ∩ σi = ∂σi

ͱͳΔ facet σi Λʢ༩͑ΒΕͨ shedding orderʹؔ͢Δʣspanning facetͱ͍͏ɽ

ۭؒ X ͸ H̃i(X; k) = 0 for i ≤ n Λຬͨ͢ͱ͖ɼk ্ n-acyclic ͱ͍͏ɽn = ∞ ͷͱ͖ɼ୯ʹ k ্ acyclic
ͱ͍͏ɽ୯ମෳମ Kͱ੔਺ nʹରͯ͠ɼK⟨n⟩ ʹΑͬͯɼKͷ n࣍ݩҎ্ͷ୯ମͰੜ੒͞ΕΔ Kͷ෦෼ෳମΛ
ද͢ɽ

ఆٛ 3.4. ୯ମෳମ Kʹ͍ͭͯ͑ߟΔɽ

(i) ͢΂ͯͷ nʹ͍ͭͯɼK⟨n⟩ ͕ k্ n− 1-acyclicͷͱ͖ɼKΛ k্ sequentially acyclicͰ͋Δͱ͍͏ɽ
(ii) Kͷ͢΂ͯͷ୯ମ σʹ͍ͭͯɼlinkK(σ)͕ k্ sequentially acyclicͰ͋Δͱ͖ɼKΛ k্ sequentially

Cohen-MacaulayͰ͋Δͱ͍͏ɽಛʹ Kࣗ਎ k্ sequentially acyclicͰ͋Δɽ

ͦͯ͠ɼ͜ΕΒͷؒʹ࣍ͷ͕ؔ͋܎Δɽ

shifted =⇒ vertex decomposable =⇒ shellable =⇒ sequentially Cohen-Macaulay over Z
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͜͜ͰॏཁͳఆཧΛड़΂Δલʹɼ΋͏ 1ͭఆ͕ٛඞཁʹͳΔɽ

ఆٛ 3.5. V ⊂ [m]্ͷ୯ମෳମ Kͷ Alexander dual K∗ ͱ͸ɼ࣍ʹΑͬͯఆٛ͞ΕΔ୯ମෳମΛද͢ɽ

K∗ = {σ ∈ [m] | σc = [m] \ σ ! K}

ैͬͯɼσ ⊂ [m]ʹ͍͕ͭͯ࣍੒Γཱͭɽ

σ is a facet of K⇐⇒ σ ∈ K and if σ ! τ then τ ! K
⇐⇒ σc ! K∗ and if τ ! σc then τ ∈ K∗

⇐⇒ σc is a missing face of K∗

(K∗)∗ = KͰ͋Δ͜ͱΛ͑ߟΔͱɼ୯ମෳମ KΛهड़͢Δͷʹͦͷ facetΛࢦఆ͢Δͷͱmissing faceΛࢦ
ఆ͢Δͷ͕ಉ஋Ͱ͋Δ͜ͱ͕෼͔Δɽ

ఆཧ 3.6(Herzog-Reiner-Welker[1999]). K Λ [m] ্ͷ୯ମෳମͱ͢Δɽ΋͠ɼK ͷ Alexander dual K∗

͕ମ k্ sequentially Cohen-MacaulayͳΒ͹ɼK͸ମ k্ GolodͰ͋Δɽ

࣍ষͰड़΂ΔΑ͏ʹɼզʑ͸͜ͷఆཧΛZK(D2, S1)ͷϗϞτϐʔܕΛ͢ڀݚΔ͜ͱʹΑΓɼূ໌͢Δ͜ͱ
ʹ੒ޭͨ͠ɽ

4ɽओఆཧͱͦͷূ໌ͷΞΠσΞ

΋͏ 1౓ɼզʑ͕͢࡯ߟΔಛผͳ polyhedral productͷఆٛΛ͍ࢥग़ͦ͏ɽV ⊂ [m]Λ௖఺ू߹ͱ͢Δ୯
ମෳମ Kͱۭؒͷू߹ X = {Xi}mi=1 ͕༩͑ΒΕͨͱ͢ΔɽKͷ୯ମ σʹରͯ͠

(CX,X)σ = Y1 × Y2 × · · · × Ym, ͨͩ͠ Yi =

⎧⎪⎪⎨⎪⎪⎩
CXi for i ∈ σ,
Xi for i ! σ,

ͱఆΊΔɽKͱ (CX,X)ʹ෇ਵͨ͠ Polyhedral ProductZK(CX,X)ͱ͸ɼ

ZK(CX,X) =
⋃

σ∈K

(CX,X)σ ⊂
m∏

i=1

CXi

ͱఆٛ͢ΔɽಛʹɼZK(D2, S1) = ZK(CS1, S1)Ͱ͋Δɽ
·ͨɼI = {i1 < · · · < ik} ⊂ [m] ʹରͯ͠ɼX̂I = Xi1 ∧ · · · ∧ Xik , ͓Αͼ XI = {Xij}kj=1 ͱఆٛ͢Δɽ͞Βʹɼ

V ⊂ [m]্ͷ୯ମෳମ Kʹରͯ͠ɼ
KI = {σ ⊂ I | σ ∈ K}

ͱఆٛ͢ΔɽಛʹɼI ⊂ [m]͕ Kͷ simplexͳΒ͹ KI = ∆I ͱͳΓՄॖͰ͋Δɽ·ͨɼҎԼͷఆཧͰ͸ X̂∅ = ∗
ͱ໿ଋ͢Δɽ

͜ͷͱ͖ɼ͕࣍զʑͷओఆཧͰ͋Δɽ

ఆཧ 4.1. K Λ [m]্ͷ୯ମෳମͰ X = {Xi}mi=1 ͸࿈݁ͳ CWෳମͷू߹ͱ͢ΔɽK ͷ Alexander dual͕
shellableͳΒ͹

ZK(CX,X) ≃
∨

I⊂[m]

ΣKI ∧ X̂I

Ͱ͋Δɽ
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ఆཧ 4.2. K Λ [m]্ͷ୯ମෳମͰ X = {Xi}mi=1 ͸࿈݁ͳ CWෳମͷू߹ͱ͢ΔɽK ͷ Alexander dual͕
ମ k্ sequentially Cohen-MacaulayͳΒ͹

ZK(CX,X) ≃(p)

∨

I⊂[m]

ΣKI ∧ X̂I

Ͱ͋Δɽͨͩ͠ɼp͸ମ kͷඪ਺Ͱ͋Δɽ

ܥ 4.3. KΛ [m]্ͷ୯ମෳମͰ X = {Xi}mi=1 ͸࿈݁ͳ༗ݶෳମͷू߹ͱ͢ΔɽKͷ Alexander dual͕೚ҙ
ͷମ k্ sequentially Cohen-MacaulayͳΒ͹ɼ࣍ͷϗϞτϐʔಉ஋͕ଘ͢ࡏΔɽ

ZK(CX,X) ≃
∨

I⊂[m]

ΣKI ∧ X̂I

ܥ 4.4. K͸ܥ 4.3ͷ௨Γͱ͢ΔͱZK(D2, S1)͸ٿ໘ͷ 1఺࿨ʹϗϞτϐಉ஋Ͱ͋Δɽ

গ͠ྺ࢙Λɽ·ͣ࠷ॳʹ Grbić-Theriault[2004] ͕ K ͕ shifted ͷ৔߹ʹ moment-angle complex
ZK(D2, S1) ໘ͷٿ͕ 1 ఺࿨ʹϗϞτϐʔಉ஋Ͱ͋Δ͜ͱΛࣔͨ͠ɽͦͷޙɼGrbić-Theriault ͱզʑ͸
2013 ೥ʹ͜ΕΛҰൠͷ ZK(CX,X) ͷ෼ղʹ֦ுͨ͠ʢզʑͷ࿦จͰ͸֤ Xi ͸ඞͣ͠΋࿈݁Ͱͳ͍ʣɽ͜

͜ͰɼK ͕ shifted Ͱ͋Δ͜ͱͱɼͦͷ Alexander dual K∗ ͕ shifted Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δ͜ͱΛ஫ҙ
͓ͯ͘͠ɽ͞Βʹɼ2012 ೥ʹ Grujić-Welker ͕ K ͷ Alexander dual ͕ vertex decomposable ͷ৔߹ʹɼ
ZK(Dn+1, Sn) ໘ͷٿ͕ 1 ఺࿨ʹϗϞτϐʔಉ஋Ͱ͋Δ͜ͱΛࣔͨ͠ɽͱ͜Ζ͕൴Βͷূ໌ΛΑ͘ݟΔͱɼK
ͷ Alexander dual ͕ vertex decomposable ͷ৔߹ʹɼZK(CX,X) ܥ͕ 4.2 ͱಉ͡ܗͷ෼ղΛ࣋ͭ͜ͱ͕
෼͔Δɽ΋ͪΖΜɼ֤ Xi ͕࿈݁Ͱ͋Δ͜ͱΛԾఆ͢Δඞཁ΋ͳ͍ɽैͬͯɼ࣍ʹ௅ઓ͢΂͖՝୊ͱͯ͠ɼK
ͷ Alexander dual ͕ shellable Ͱ͋Δ৔߹΍ sequentially Cohen-Macaulay Ͱ͋Δ৔߹ʹ ZK(CX,X) ͷ
wedge decompositionΛ༩͑Δ͜ͱ͕ු্͢Δͷ͸ࣗવͳ͜ͱͰ͋Δɽզʑ͸֤ Xi ͕࿈݁Ͱ͋Δͱ͍͏৚

݅Λ༨෼ʹ෇͚Ճ͑Δ͜ͱʹΑͬͯɼ౰ॳͷ໨తΛୡ੒͢Δ͜ͱ͕ग़དྷͨɽ౰໘ͷޙࠓͷ՝୊͸ɼ֤ Xi ͕࿈

݁Ͱͳ͍৔߹Λ͢ڀݚΔ͜ͱɼಛʹ real-moment angle complexZK(D1, S0)͕෼ղ͢Δ͔Ͳ͏͔Λܾఆ͢Δ
͜ͱͰ͋Δɽ

ఆཧ 4.2, 4.3ͷূ໌ʹ͸ٕज़తͳಓ۩͕ඞཁ͕ͩɼجຊతͳূ໌ͷΞΠσΞ͸ಉ͡ͳͷͰɼͦͷΑ͏ͳ΋ͷ
Λඞཁͱ͠ͳ͍ఆཧ 4.1ͷূ໌Λ঺հ͢Δɽ·ͣɼ৽͍͠୯ମෳମͷΫϥεΛಋೖ͢Δɽ

ఆٛ 4.5. ୯ମෳମ K͕ k্ extractibleͰ͋Δͱ͸ɼ

(i) ͋Δ௖఺ vʹ͍ͭͯ K \ v͕ simplexʹͳΔ͔ɼ
(ii) Kͷ͢΂ͯͷ௖఺ vʹ͍ͭͯ K \ v͕ k্ extractibleͰ͋Γɼࣸ૾

ΣK→
∨

v∈[m]

Σ(K \ v)

Ͱ߹੒ࣸ૾
ΣK→

∨

v∈[m]

Σ(K \ v)→ ΣK

͕ k܎਺ͷϗϞϩδʔ܈ͷ߃౳ࣸ૾Λಋ͘΋ͷ͕ଘ͢ࡏΔ͜ͱͰ͋Δɽͨͩ͠ɼ্هͷӈଆͷࣸ૾͸แ
ؚࣸ૾ K \ v→ K͔Β༠ಋ͞Εͨ΋ͷͰ͋Δɽ

第６０回トポロジーシンポジウム講演集　2013年8月　於 大阪市立大学

123



Z্ extractibleͰ͋Δͱ͖ɼ୯ʹ extractibleͰ͋Δͱ͍͏ɽ͜ͷ৽͍͠ΫϥεΛ༻͍Δͱɼఆཧ 4.1͸࣍
ͷ 2ͭͷఆཧͷܥͱͯ͠ಋ͔ΕΔɽ

ఆཧ 4.6. KΛ [m]্ͷ୯ମෳମͰ X = {Xi}mi=1 ͸࿈݁ͳ CWෳମͷू߹ͱ͢ΔɽK͕ extractibleͳΒ͹

ZK(CX,X) ≃
∨

I⊂[m]

ΣKI ∧ X̂I

Ͱ͋Δɽ

ఆཧ 4.7. K Λ V ⊂ [m] ্ͷ୯ମෳମͰɼK ͷ Alexander dual K∗ ͕ [m] ্ͷෳମͰ͋Δͱ͢ΔɽK ͕
shellableͳΒ͹ɼK∗ ͸ extractibleͰ͋Δɽ

ఆཧ 4.6ͷূ໌ͷεέον. ·ͣɼK \ v͕ simplexͱͳΔΑ͏ͳ௖఺͕͋Δ৔߹͸ɼূ໌͕؆୯ͳͷͰ͜͜
Ͱ͸লུ͢Δɽ

ͦ͏Ͱͳ͍৔߹ΛҎԼͰ͸͑ߟΔɽ༩͑ΒΕͨ৚݅ͷ΋ͱͰ͸ɼ

ZK(CX,X),
∨

I⊂[m]

ΣKI ∧ X̂I

ͷۭ྆ؒͱ΋୯࿈݁Ͱ͋Δ͜ͱ͕༰қʹࣔ͞ΕΔͷͰɼmʹؔ͢Δؼೲ๏Λ༻͍ͯɼࣸ૾
∨

I⊂[m]

ΣKI ∧ X̂I → ZK(CX,X)

ͰϗϞϩδʔ܈ͷؒͷಉ૾ࣸܕΛ༠ಋ͢Δ΋ͷΛߏ੒͢Δɽ͜ͷͱ͖ɼJ.H.C. WhiteheadͷఆཧΑΓ্ࣸه
૾͸ϗϞτϐʔಉ஋ͳࣸ૾ͱͳΓূ໌͕ऴΘΔɽͦ͜Ͱɼ֤ I ⊂ [m]ʹରͯࣸ͠૾

ΣKI ∧ X̂I → ZK(CX,X)

ͰɼͦΕ͕༠ಋ͢ΔϗϞϩδʔ܈ͷؒͷ४ಉ͕૾ࣸܕඪ४తͳ΋ͷͱͳΔ΋ͷΛߏ੒͢Δɽ͜͜Ͱʮඪ४తʯ

ͱ͸Կ͔ɽ

Α͘஌ΒΕͨϗϞτϐʔಉ஋ࣸ૾

Σ(X1 × · · · × Xm) ≃
∨

I⊂[m]

ΣX̂I

ͷҰൠԽͱͯ͠ɼpolyhedral productZK(X,A)΋ 1ճݒਨ͢ΔͱɼΑΓখ͞ͳۭؒͷݒਨۭؒͷ 1఺࿨ʹϗ
Ϟτϐʔಉ஋ʹͳΔ͜ͱ͕஌ΒΕ͍ͯΔɽ

ఆཧ 4.8(Bahri-Bendersky-Cohen-Gitler[2010]). KΛ V ⊂ [m]্ͷ୯ମෳମͰ X = {Xi}mi=1 ͸࿈݁ͳ CW
ෳମͷू߹ͱ͢Δɽ͜ͷͱ͖ɼࣗવͳϗϞτϐʔಉ஋ࣸ૾

Σ
∨

I⊂[m]

ΣKI ∧ X̂I ≃−→ ΣZK(CX,X)

͕ଘ͢ࡏΔɽ

͜ͷͱ͖ɼࣸ૾
ΣKI ∧ X̂I → ZK(CX,X)

͕༠ಋ͢ΔϗϞϩδʔ܈ͷؒͷࣸ૾͕ඪ४తͰ͋Δͱ͸ɼఆཧ 4.8Ͱߏ੒͞Εͨࣸ૾͕༠ಋ͢ΔϗϞϩδʔ܈
ͷؒͷ४ಉ૾ࣸܕͱҰக͢Δ͜ͱΛ͏ݴɽ
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ఆཧͷূ໌ʹ໭Ζ͏ɽؼೲ๏Λ͏࢖ͱ֤ I ! [m]ʹରͯ͠ɼ߹੒ࣸ૾

ΣKI ∧ X̂I → ZK(CXI,XI)→ ZK(CX,X)

ΊΔ΋ͷͰ͋Δ͜ͱ͕ఆཧٻ͕ 4.8ͷࣸ૾ͷࣗવੑΑΓ݁࿦Ͱ͖ΔͷͰɼ࠷ऴతʹ

K ∧ X1 ∧ · · · ∧ Xm → ZK(CX,X)

ͰɺͦΕ͕༠ಋ͢ΔϗϞϩδʔ܈ͷؒͷࣸ૾͕ඪ४తͰ͋Δ΋ͷΛߏ੒͢Ε͹Α͍ɽͦͷͨΊʹɼ୯ମෳମͷ

แؚࣸ૾ K \ v→ K͕༠ಋ͢Δ polyhedral productͷؒͷࣸ૾

ZK\v(CX,X) = ZK\v(CXK\v,XK\v) × Xv → ZK(CX,X)

Λར༻͢Δɽͭ·Γɼࠨଆͷ߲ͷ ∗ × Xv ͱӈଆͷ߲ͷ CXv Λ 1఺ʹ௵͢ͱࣸ૾

ZK\v(CXK\v,XK\v) " Xv → ZK(CX,X)/CXv ≃ ZK(CX,X)

ΛಘΔɽ͜͜ʹɼY " X = (Y × X)/(∗ × X)Ͱ͋Δɽؼೲ๏ͷԾఆΑΓɼZK\v(CXK\v,XK\v)͸ݒਨۭؒΑΓɼ
࣍ͷϗϞτϐʔಉ஋ࣸ૾͕ଘ͢ࡏΔɽ

ZK\v(CXK\v,XK\v) " Xv ≃ ZK\v(CXK\v,XK\v) ∨ (ZK\v(CXK\v,XK\v) ∧ Xv)ɹ

ैͬͯɼࣸ૾

αv : ZK\v(CXK\v,XK\v) ∧ Xv → ZK\v(CXK\v,XK\v) " Xv → ZK(CX,X)/CXv ≃ ZK(CX,X)

੒͞Εͨߏʹೲతؼʹ੒Ͱ͖ͨɽ͞Βߏ͕

fv : Σ(K \ v) ∧ X̂[m]\v ∧ Xv → ZK\v(CXK\v,XK\v) ∧ Xv

ͱɼK͕ extractibleͰ͋Δ͜ͱͷఆٛΑΓɼࣸ૾

g : ΣK→
∨

v∈[m]

Σ(K \ v)

Ͱ߹੒ࣸ૾ ΣK → ∨v∈[m] Σ(K \ v) → ΣK ͕ϗϞϩδʔ܈ͷ߃౳ࣸ૾Λ༠ಋ͢ΔΑ͏ͳࣸ૾Λ༻͍ͯɼ߹੒
ࣸ૾

ΣK∧X̂[m] g∧1−−→
∨

v∈[m]

Σ(K\v)∧X̂[m] =
∨

v∈[m]

Σ(K\v)∧X̂[m]\v∧Xv
∨ fv−−→
∨

v∈[m]

ZK\v(CXK\v,XK\v)∧Xv
∨αv−−→Z K(CX,X)

Λߏ੒͢Δɽޙ࠷ʹ͜ͷࣸ૾͕༠ಋ͢ΔϗϞϩδʔ܈ͷؒͷࣸ૾͕ඪ४తͰ͋Δ͜ͱΛɼఆཧ ߏ͍͓ͯʹ4.8
੒͞Εͨࣸ૾ͷࣗવੑΛ༻͍ͯূ໌͢Ε͹ɼূ໌͸׬੒͢Δɽ !

ఆཧ 4.7ͷূ໌. mʹؔ͢Δؼೲ๏ʹΑΓূ໌͢Δɽm = 1ͷͱ͖ɼఆཧ͸໌Β͔ʹ੒Γཱͭɽ
m ≥ 2Ͱఆཧ͸ m − 1ͷͱ͖ਖ਼͍͠ͱԾఆͯ͠ɼmͷͱ͖΋੒Γཱͭ͜ͱΛূ໌͢Δɽ
K∗ \ v = linkK(v)∗ ͱ linkK(v)͕ shellableͰ͋Δ͜ͱΑΓɼؼೲ๏ͷԾఆΑΓ K∗ \ v΋ extractibleͰ͋Δɽ
∅∗ = ∆[m]ͱ {∅}∗ = ∂∆[m]͕੒Γཱͪɼ͜ ΕΒͷෳମ͸ extractible͔ͩΒ K͕௖఺Λ࣋ͭ৔߹ͷূ໌Λ͏ߦɽ
Björner-Wachs[1996]ʹΑΓɼshellableͳෳମͷϗϞτϐʔܕ͸Α͘෼͔͍ͬͯΔɽKͷ shellingΛ 1ͭ

ఆ͠ɼݻ ΓK Λ Kͷ spanning facetsͷू߹ɼ∆K = K \ ΓK ͱ͓͘ɽ͜ͷͱ͖ɼ∆K ͸ collapsible͔ͩΒ

K ≃ K/∆K = ∨σ∈ΓK Sdim σ
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ΛಘΔɽΓK ͷ facet͸ ∆K ͷmissing faceΑΓɼ

∆∗K = (∆K)∗ = K∗ ∪
⋃

σ∈ΓK

σc

ΛಘΔɽ͜͜ʹɼσc = [m] \ σͰ͋Δɽ
؆୯ʹ ∆∗K ͕Մॖͳ͜ͱ͕෼͔Δ͔Βɼ࣍ͷϗϞτϐʔಉ஋ࣸ૾͕ଘ͢ࡏΔɽ

ΣK∗ ≃ ∆∗K/K∗ = ∨σ∈ΓK Sdim σc
.

Björner-Wachs[1997]ʹΑΓɼK͕ shellableͳΒ͹ linkK(v)΋ shellableͰ͋Δ͜ͱ͕෼͔͍ͬͯͯɼKͷ
shelling orderΛ্ख͘ͱͬͯ linkK(v)ͷ shelling orderͰ࣍ͷ৚݅Λຬͨ͢΋ͷ͕ଘ͢ࡏΔ͜ͱ͕෼͔Δɽ

ΓlinkK(v) = {σ \ v | σ ∈ ΓK and v ∈ σ}.

ͦ͜Ͱ࣍ͷՄ׵ਤࣜΛ͑ߟΔɽ

∆linkK(v) = linkK(v) \ ΓlinkK(v)
⊂−−−−−→ linkK(v)

⏐⏐⏐⏐#
⏐⏐⏐⏐#

∆K = K \ ΓK
⊂−−−−−→ K.

K∗ \ v = linkK(v)∗ ΑΓɼ࣍ͷՄ׵ਤ͕ࣜଘ͢ࡏΔɽ

linkK(v)∗ ⊂−−−−−→ ∆∗linkK(v) −−−−−→ ∆∗linkK(v)/linkK(v)∗ ≃−−−−−→ Σ(K∗ \ v)
⏐⏐⏐⏐#

⏐⏐⏐⏐#
⏐⏐⏐⏐#

⏐⏐⏐⏐#

K∗ ⊂−−−−−→ ∆∗K −−−−−→ ∆∗K/K
∗ ≃−−−−−→ ΣK∗.

ͨͩ͠ɼlinkK(v)∗ ͱ ∆∗linkK(v) ͸ ∆
[m]\v ͷ෦෼ෳମͱͯ͠ Alexander dualΛ͍ͯ͑ߟΔ͕ɼK∗ ͱ ∆∗K ͸ ∆

[m]

ͷ෦෼ෳମͱͯ͠ Alexander dualΛ͍ͯ͑ߟΔ͜ͱΛ஫ҙ͢Δɽ
࣍ͷϗϞτϐʔಉ஋ࣸ૾

ΣlinkK(v)∗ ≃ ∆∗linkK(v)/linkK(v)∗ = ∨σ∈ΓlinkK (v) S
dim(([m]\v)\σ) = ∨σ∈ΓK ,v∈σS

dim σc

͕ଘ͢ࡏΔͷͰɼΣK∗ ≃ ∆∗K/K∗ = ∨σ∈ΓK Sdim σc
ͷ Sdim σc

͸ σ͔Β೚ҙͷ௖఺ vΛͱΔͱ Σ(K∗ \v) ≃ ΣlinkK(v)∗

wedgeҼ͔ࢠΒདྷ͍ͯΔ͜ͱ͕෼͔ΔɽҎ্ΑΓɼॴఆͷੑ࣭Λ࣋ͭࣸ૾ ΣK∗ → ∨v∈[m] Σ(K∗ \ v)Λߏ੒͢
Δ͜ͱ͸қ͍͜͠ͱͰ͋Δɽ !
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of Stanley-Reisner rings, available at arXive:1304.4722

第６０回トポロジーシンポジウム講演集　2013年8月　於 大阪市立大学

126


