
͍ͯͭʹඪଟ༷ମͷθʔλؔ਺ࢦଟ༷ମͷݩ3࣍
ɹ৽໵ాݪ (౦ۀ޻ژେֶ)∗

1. Introduction
3 ଟ༷ମͷݩ࣍ SL2(C) ඪଟ༷ମ͸ࢦ Culler-Shalen ([2])ʹΑΓಋೖ͞Εͨجຊ܈ͷ
SL2(C)දݱͷࢦඪͷͳ͢୅਺తू߹Ͱ͋Γɼඇѹॖۂ໘ͷߏ੒ͳͲॏཁͳԠ༻ͷ͋Δ
τϙϩδʔʹ͓͍ͯجຊతͳڀݚର৅Ͱ͋ΔɽҰํ༗ݶମ্ͷ୅਺ଟ༷ମͷہॴθʔ

λؔ਺ʢ߹ಉθʔλؔ਺ʣ΍ɼϦʔϚϯθʔλؔ਺ͷ୅਺ମ্ͷ୅਺ଟ༷ମ΁ͷҰൠ

ԽͰ͋Δ Hasse-Weilθʔλؔ਺͸਺࿦ʹ͓͍ͯॏཁͳڀݚର৅ͱͳ͍ͬͯΔɽ3࣍ݩ
ଟ༷ମͷ SL2(C)ࢦඪଟ༷ମ͸༗ཧ਺ମ্ఆٛ͞Ε͓ͯΓɼͦͷθʔλؔ਺ʹͲͷΑ͏
ͳزԿతɾ਺࿦తͳੑ࣭͕൓ө͞ΕΔ͔͸ڵຯਂ͍໰୊Ͱ͋ΔɽຊߘͰ͸ࢦඪଟ༷ମ

ͷఆΊΔہॴθʔλɼHasse-Weil ɼͦΕ͕ͲͷΑ͏ͳੑ࣭Λ΋͑ߟͷθʔλؔ਺Λܕ
͔ͭΛ͢࡯ߟΔɽ

ୈ 60ճτϙϩδʔγϯϙδ΢ϜͰͷߨԋͷػձΛ༩͍͖͑ͯͨͩ·ͨ͠৿Լণلઌ
ੜɼࠤഢमઌੜɼ·ͨୈ 60ճτϙϩδʔγϯϙδ΢ϜϓϩάϥϜ੹೚ऀͷօ༷ʹँײ
க͠·͢ɽ

2.εΩʔϜͷ Hasse-Weilθʔλؔ਺
ॴθʔλؔ਺ہ.2.1
X Λ༗ཧ੔਺؀ Z্༗ܕݶͷʢΞϑΟϯʣεΩʔϜͱ͢Δɽ۩ମతʹ͸ɼ༗ݸݶͷଟ
߲ࣜ f1, · · · , fr ∈ Z[T1, · · · , Tm]͕༩͑ΒΕͨͱ͢ΔɽFpn Λ pnݸͷݩΛ΋ͭ༗ݶମͱ͢

Δͱ͖ɼX ͷ Fpn ༗ཧ఺ͷू߹ X(Fpn)Λ f1, · · · , fr ͷ Fpn ʹ͓͚Δڞ௨ྵ఺ͷू߹ͱ͠

ͯఆٛ͢Δɿ

X(Fpn) :=
{
(a1, · · · , am) ∈ (Fpn)m | f1(a1, · · · , am) = · · · = fr(a1, · · · , am) = 0

}
.

͜ͷͱ͖ૉ਺ pʹ͓͚Δہॴθʔλؔ਺ʢ߹ಉθʔλؔ਺ʣͱ͸ҎԼͷࣜܗత΂͖ڃ
਺ͷ͜ͱͰ͋Δɽ

Z(X, p, T ) := exp
⎛
⎜⎜⎜⎜⎜⎝
∞∑

n=1

#X(Fpn)
n

T n

⎞
⎟⎟⎟⎟⎟⎠ ∈ Q[[T ]].

ྫ͑͹ f = T ∈ Z[T ]ͱ͠XΛ Z[T ]/( f )ͷఆΊΔΞϑΟϯεΩʔϜͱ͢Ε͹ɼ೚ҙͷૉ
਺ pʹ͍ͭͯ X(Fpn) = {0}. ͕ͨͬͯ͠ #X(Fpn) = 1Ͱ͋ΓZ(X, p, T ) = (1−T )−1ͱͳΔɽ

ʹॴθʔλؔ਺ʹؔͯ͠͸ଟ͘ͷ͜ͱ͕஌ΒΕ͍ͯΔ͕ɼಛہ X ͕༗ݶମ্ͷඇಛ
ҟࣹӨ୅਺ଟ༷ମʹͳ͍ͬͯΔͱ͖Weil༧૝ͱͯ͠஌ΒΕ͍ͯΔ݁Ռ͕͋Δɽͭ·Γ
XΛ༗ݶମ Fqʢq͸ૉ਺ pͷ΂͖ʣ্ఆٛ͞ΕͨඇಛҟࣹӨ୅਺ଟ༷ମͱ͢Δͱɼہॴ
θʔλؔ਺ Z(X, p, T )͸༗ཧؔ਺ɼಛʹ੔਺܎਺ଟ߲ࣜͨͪͷ঎ͱͯ͠ද͞Εɼؔ਺౳
ࣜΛ΋ͪɼϦʔϚϯ༧૝ͷྨࣅΛຬͨ͢ɽ·ͨ X ͕୅਺ମ্ఆٛ͞ΕͨඇಛҟࣹӨ୅
਺ଟ༷ମ Y ͷ reductionͱͳ͍ͬͯΔͱ͖͸Z(X, p, T )Λද͢ଟ߲ࣜͷ࣍਺Λ Y ͷϕο
ν਺ͱͯ͠ղऍग़དྷΔɽৄࡉʹ͍ͭͯ͸ྫ͑͹ [9]΍ [19], §6.1ͳͲΛࢀর͞Ε͍ͨɽ
ຊڀݚ͸Պݚඅ (՝୊൪߸:25001342)ͷॿ੒Λड͚ͨ΋ͷͰ͋Δɻ
Ωʔϫʔυɿࢦඪଟ༷ମ,θʔλؔ਺
∗˟ 152-8550౦ژ౎໨۠ࠇେԬࢁ 2-12-1ɹ౦ۀ޻ژେֶ৘ใཧڀݚֶ޻Պ
e-mail: harada.s.al@m.titech.ac.jp

第６０回トポロジーシンポジウム講演集　2013年8月　於 大阪市立大学

73



ۙ೥τϙϩδʔʹ͓͍ͯ΋ɼҐ૬ෆมྔͱͯ͠جຊ܈ͷ༗ݶମ্ͷදݱͷ਺Λௐ΂

Δߦ͕ڀݚΘΕ͍ͯΔʢcf. [11]ʣɽہॴθʔλؔ਺Λ۩ମతʹ͢ࢉܭΔ͜ͱ͸֤༗ݶ
ମ্ͷදݱͷ਺Λ͢ࢉܭΔ͜ͱʹରԠ͍ͯ͠Δɽࠓ X(Fq)Λଟ༷ମ M ͷجຊ܈ π1(M)
ͷ SL2(Fq)΁ͷදݱͷશମͷू߹ͱ͢Δͱ͜Ε͸ΞϑΟϯ୅਺తू߹ʹͳΔɽ·ͨ͜ͷ
৔߹X Λఆٛ͢Δଟ߲ࣜͨͪ͸੔਺܎਺ଟ߲ࣜͱͯ͠ͱΕɼૉ਺ٴͼͦͷ΂͖ʹΑΒ
ͳ͍ɼͭ·Γ X͸ Z্ఆٛ͞ΕΔʢcf. [22]ʣɽҰൠʹ X͸ඇಛҟͰ΋ط໿Ͱ΋ͳ͍ͷ
ͰWeil༧૝Λద༻͢Δ͜ͱ͸ग़དྷͳ͍͕ɼ༗ݶମ্༗ܕݶͳεΩʔϜʹରͦ͠ͷہॴ
θʔλؔ਺ Z(X, p, T )͸༗ཧؔ਺ʹͳΔ͜ͱ͸஌ΒΕ͍ͯΔʢ[3]ʣɽͦ͜Ͱ

Z(X, p, T ) = exp
⎛
⎜⎜⎜⎜⎜⎝
∞∑

n=1

#X(Fpn)
n

T n

⎞
⎟⎟⎟⎟⎟⎠ =

∏
i(1 − αiT )

∏
j(1 − β jT )

ʢαi, β j ∈ Cʣͱද͞Εͨͱ͢Δͱ

#X(Fpn) =
∑

j

βn
j −

∑

i

αn
i

ͱͳΔɽͭ·Γ Z(X, p, T ) ͷ༗ཧؔ਺ͱͯ͠ͷදࣔΛٻΊΔ͜ͱ͸֤༗ݶମ Fpn ্ͷ

π1(M)ͷදݱͷ਺ΛٻΊΔ͜ͱʹରԠ͍ͯ͠Δɽ

2.2. Hasse-Weilθʔλؔ਺
ͼ࠶ X Λ༗ݸݶͷଟ߲ࣜ f1, · · · , fr ∈ Z[T1, · · · , Tm] Ͱఆٛ͞ΕΔΞϑΟϯεΩʔϜͱ
͢Δɽ͜ͷͱ͖ X ͷ (Hasse-Weil)θʔλؔ਺Λલઅͷہॴθʔλؔ਺Λ༻͍ͯ࣍Ͱఆ
ٛ͢Δɿ

ζ(X, s) :=
∏

p: prime number

Z(X, p, p−s).

͜ͷͱ͖ ζ(X, s)͸ Re(s) > dim X Ͱઈରऩଋ͢Δ (cf. [25] or [19])ɽ

Example 2.1. f = T ∈ Z[T ], X = SpecZ[T ]/(T )ͱ͢Δ. ͜ͷͱ͖ Z(X, p, T ) = (1 − T )−1

ͩͬͨɽΑͬͯ

ζ(X, s) =
∏

p:prime

(1 − p−s)−1 = ζ(s).

͢ͳΘͪϦʔϚϯθʔλؔ਺ʹͳΔɽΑΓҰൠʹ X ͱͯ͠༗࣍ݶ୅਺ମ K ͷ੔਺؀
OK ͷఆΊΔΞϑΟϯεΩʔϜΛͨ͑ߟ৔߹ ζ(X, s)͸ K ͷ Dedekindθʔλؔ਺ ζK(s)
ͱͳΔɽ

Ұൠʹ Dedekindθʔλؔ਺ʹ͍ͭͯ͸ɼෳૉ਺ମ C্ͷ༗ཧؔܕ਺ʹղੳ઀ଓ͠ɼ
ద౰ͳ ΓҼࢠΛ͔͚ͯ׬උԽͨ͠΋ͷ͸ؔ਺౳ࣜΛ΋ͭ͜ͱ͕஌ΒΕ͍ͯΔɽ·ͨ s = 1
ͰͷΈ 1ҐͷۃΛ΋ͪɼͦͷཹ਺΋K ͷ಺ࡏతͳෆมྔΛ༻͍ͯهड़͞ΕΔɽ

Dedekindθʔλؔ਺ͱಉ༷ʹɼΑ͍εΩʔϜ X ʹର͠ ζ(X, s)͸ C্༗ཧܕʹղੳ
઀ଓ͠ɼద౰ͳ ΓҼࢠΛ͔͚ͯ׬උԽͨ͠΋ͷ͸ؔ਺౳ࣜΛ΋ͭ͜ͱ͕༧૝͞Ε͍ͯ

Δʢcf. [25], [19]ʣɽ͔࣌͠͠ݱ఺ͰҰൠʹղܾ͍ͯ͠Δͷ͸ɼۂઢͷ৔߹Ͱ΋༗ཧ਺
ମ্ͷପԁۂઢ͘Β͍Ͱ͋Γɼ೉͍͠໰୊Ͱ͋Δɽͦ͜ͰຊߘͰ͸۩ମతͳ ଟݩ3࣍
༷ମͷࢦඪଟ༷ମʹର͠ہॴθʔλؔ਺ɼHasse-Weilθʔλؔ਺ΛٻΊͨ݁ՌΛ঺հ
͠ɼͲͷΑ͏ͳؔ਺͕ݱΕΔͷ͔Λใ͍ͨ͠ࠂɽ
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ඪଟ༷ମࢦ.3
M Λ ඪଟ༷ମࢦͱ͢Δͱ͖ɼSL2(C)܈ຊجଟ༷ମɼπ1(M)Λͦͷݩ3࣍ X(M)ΛҎԼ
ͷू߹ͱͯ͠ఆٛ͢Δɿ

X(M) :=
{
χ : π1(M)→ C | χ = χρ ͸දݱ ρ : π1(M)→ SL2(C)ͷࢦඪ

}
.

X(M)͸୅਺తू߹ɼ͢ͳΘͪ༗ݸݶͷଟ߲ࣜͷڞ௨ࠜͷू߹ͱͯ͠ද͞ΕΔ͜ͱ͕஌
ΒΕ͍ͯΔʢ[2]ʣɽ

M ଄Λ΋ͭ৔߹ɼରԠ͢Δߏۂඋ૒׬͕ holonomyදݱ π1(M)→ PSL2(C)͕ڞ໾Λ
আ͍ͯҰҙʹଘ͢ࡏΔɽ͜ͷදݱͷ SL2(C)΁ͷ্࣋ͪ͛ͷఆΊΔࢦඪΛؚΉX(M)ͷ
໿੒෼ط X0(M) Λ૒ۂ੒෼ͱ͍͏ɽҰൠʹࢦඪଟ༷ମͷ࣍ݩͷৼΔ෣͍͸ෳ͕ͩࡶɼ
૒ۂ੒෼ʹͨͬݶ৔߹ҎԼͷ͜ͱ͕஌ΒΕ͍ͯΔɽ

Theorem 3.1 (cf. [26], Theorem 4.5.1). MΛΧεϓ nͷ׬උ૒ۂ ଟ༷ମͱ͢Δͱݩ3࣍

dim X0(M) = n.

བྷڮΊΔํ๏ͱͯ͠͸ɼ2ٻʹඪଟ༷ମΛఆΊΔଟ߲ࣜΛ۩ମతࢦදࣔΑΓ܈ͷ܈ຊج
Έ໨ͷ৔߹ʹ͸ Rileyͷํ๏ʢ[23]ʣɼ·ͨҰൠʹ González-Acuña, Montesinos-Amilibia
ʹΑΔํ๏ʢ[5]ʣͳͲ͕஌ΒΕ͍ͯΔɽ
ઌʹड़΂ͨΑ͏ʹɼݱঢ় Hasse-Weilθʔλؔ਺ΛҰൠʹௐ΂Δ͜ͱ͸ࠔ೉ͳ໰୊Ͱ

͋Δ͕ɼ·ͣࢦඪଟ༷ମʢͷ૒ۂ੒෼ʣ͕ͲͷΑ͏ͳ୅਺ଟ༷ମʹͳΔ͔Λௐ΂ɼͦ

ͷθʔλؔ਺Λௐ΂Δͱ͍͏ํ๏ΛͱΔɽࠓճ͸ಛʹجຊతͳ਺࿦త ଟ༷ମͷݩ3࣍
৔߹ʹ͍ͭͯओʹ঺հ͢Δɽ

ඪଟ༷ମͷఆٛଟ߲ࣜʹؔͯ͠͸ଟ͘ͷࢦ ଟ༷ମͷ৔߹ɼಛʹ݁ͼ໨ɾབྷΈ໨ݩ3࣍
ؔ͠ʹඪଟ༷ମͷ୅਺ଟ༷ମͱͯ͠ͷੑ࣭ࢦΕ͍ͯΔɽ͔͠͠͞ڀݚ͍ͯͭʹۭؒิ

ͯ͸ຆͲ஌ΒΕ͍ͯͳ͍ɽྫ͑͹τʔϥε݁ͼ໨ͷ৔߹ʢcf. [21]ʣ΍ 8ͷ݁ࣈͼ໨ͷ
৔߹ʢcf. [14]ʣɼ2݁ڮͼ໨ͷ͋Δ଒ͷ৔߹ʢ[17]ʣɼWhiteheadབྷΈ໨ͷ৔߹ʢ[13]ʣ
ͳͲʹ͓͍ͯͦͷΑ͏ͳ͕͞ڀݚΕ͍ͯΔɽ

4.۩ମྫ
਺࿦త ͕܈ຊجଟ༷ମͰ͋Γͦͷۂඋ૒׬ଟ༷ମͱ͸ɼݩ3࣍ commensurabilityΛআ
͍ͯɼෳૉૉ఺Λ།Ұͭ࣋ͭΑ͏ͳ୅਺ମ K ্ͷશͯͷ࣮ૉ఺Ͱ෼͢ذΔ࢛ݩ਺؀ͷ
͋Δ orderͷඃ໿ϊϧϜ 1ͷݩͷͳ͢܈ͱಉܕͰ͋Δͱ͖Λ͍͏ɽ਺࿦తଟ༷ମʹ͍ͭ
ͯͷߟࢀॻͱͯ͠͸ [18]͕͋Δɽ
θʔλؔ਺͸ಉྨܕʹରͯ͠ఆ·ΔෆมྔͳͷͰɼຊߘͰ͸ commensurabilityΑΓ
৚݅ͷ͍ڧಉྨܕΛ͑ߟɼͦΕΛ਺࿦త Ϳ͜ͱʹ͢Δɽݺଟ༷ମͱݩ3࣍
ۂඋ૒׬෇͚Մೳͳ͖޲ ଟ༷ମͷதͰΧεϓݩ3࣍ 0, 1, 2ͷ৔߹࠷খͷ૒ۂମੵΛ

Δ΋ͷ͸਺࿦తଟ༷ମͰ͋Δ͜ͱ͕஌ΒΕ͓ͯΓɼ਺࿦త͢ݱ࣮ ߹ଟ༷ମͷ৔ݩ3࣍
ʹ·ͣௐ΂Δ͜ͱ͸ҙٛͷ͋Δ͜ͱʹࢥΘΕΔɽ͜͜Ͱ͸Χεϓ 0, 1, 2ͷ৔߹ͷ͍͘
͔ͭͷ۩ମྫΛ͋͛Δɽ

4.1. 8ͷ݁ࣈͼ໨ͷิۭؒ

8ͷ݁ࣈͼ໨ͷ ໘ٿݩ3࣍ S 3 Ͱͷิۭؒͷجຊ܈ͷࢦඪଟ༷ମ͸Α͘஌ΒΕ͓ͯΓɼ

࣍ͷଟ߲ࣜͰఆٛ͞ΕΔC2 ಺ͷΞϑΟϯۂઢͰ͋Δʢcf. [14]ʣɿ

(x2 − y − 2)(y2 − (1 + x2)y + 2x2 − 1).
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͜͜Ͱ x2− y−2͸ C2಺ͷ์෺ઢͰ8ͷ݁ࣈͼ໨ͷجຊ܈ͷՄ໿දݱʹରԠ͢Δ఺͔Β
ͳΔɽҰํ y2− (1+ x2)y+2x2−1͸༗ཧ਺ମ Q্ͷପԁۂઢͰ͋ΓɼͦͷWeierstrassܗ
͸E : Y2 = X3−2X+1ɼಋख͸ 40 = 235Ͱ͋Δɽઌʹड़΂ͨΑ͏ʹɼۙ ೥ͷ Taylor-Wiles
ΒʹΑΔ୩ࢤ-ࢁଜ-Weil༧૝ͷղܾʹΑΓ༗ཧ਺ମ্ͷପԁۂઢͷ Hasse-Weilθʔλ
ؔ਺͸ରԠ͢Δอࣜܗܕͷ Lؔ਺ͱͳΔ͜ͱ͔Βɼͦͷੑ࣭Λௐ΂Δ͜ͱ͕ग़དྷΔΑ
͏ʹͳͬͨɽҎԼʹड़΂Δͷ͸ࢦඪଟ༷ମͷதͰط໿ࢦඪͷͳ͢෦෼ͷθʔλؔ਺Λ

Ίͨ݁ՌͰ͋Δɽٻ

Proposition 4.1 (Harada [8]). MΛ 8ͷ݁ࣈͼ໨ͷ ໘ٿݩ3࣍ S 3Ͱͷิۭؒͱ͠X(M)Irr

Λ Mͷ૒ۂ੒෼Ͱ͋Δପԁۂઢ E͔Β (x2 − y− 2) = 0্ͷ఺Λআ͍ͨ΋ͷͱ͢Δɽ͜
ͷͱ͖

Z(X(M)Irr, q, T ) = Z(Ep, q, T )(1 − T )2(1 −
(
20
q

)
T ).

͜͜Ͱ q͸ૉ਺ pͷ΂͖ɼEp ͸ପԁۂઢ E ͷ pͰͷ reductionɼ͢ͳΘͪ༗ݶମ Fp

Ͱۂͨ͑ߟઢͱ͢Δɽ

(
20
q

)
͸ϠίϏه߸Ͱ͋Δ.

্ͷ໋୊ʹΑΓ M ͷ Hasse-Weilθʔλؔ਺͸

ζ(X(M)Irr, s) =
∏

p

Z(X(M)Irr, p, p−s) =
ζ(E, s)

ζ(s)ζQ(
√

5)(s)

ͱͳΔɽͦͷ׬උԽΛ࣍Ͱఆٛ͢Δɿ

ξ(X(M)Irr, s) :=
4π(3s/2)+1

(10
√

2)sΓ(s/2)3
× ζ(X(M)Irr, s).

͜ͷͱ͖࣍ͷ݁Ռ͕ಘΒΕΔɿ

Theorem 4.2 (Harada [8]). ؔ਺ ζ(X(M)Irr, s)ٴͼͦͷ׬උԽ ξ(X(M)Irr, s)͸C্ͷ༗ཧ
ͨ·਺ʹղੳ઀ଓ͞ΕΔɽؔܕ ξ(X(M)Irr, s)͸࣍ͷؔ਺౳ࣜΛຬͨ͢ɿ

ξ(X(M)Irr, 2 − s)ξ(2 − s)ξQ(
√

5)(2 − s) = −ξ(X(M)Irr, s)ξ(s)ξQ(
√

5)(s),

͞Βʹ s = 1͸ؔ਺ ξ(X(M)Irr, s)ͷ 1Ґͷྵ఺ͱͳΓɼͦͷ܎਺͸ҎԼͷΑ͏ʹͳΔɿ

lim
s→1

ξ(X(M)Irr, s)
s − 1

= −AGM(ϕ,ϕ − 1)√
10 log(ϕ)

,

͜͜Ͱ ϕ = (
√

5 + 1)/2ɼAGM(ϕ,ϕ − 1)͸ ϕͱ ϕ − 1ͷࢉज़زԿฏۉΛද͢ɽ

Remark 4.3. 8ͷ݁ࣈͼ໨ͷAlexanderଟ߲ࣜ ∆K (T )͸∆K (T ) = T 2 − 3T + 1Ͱ༩͑Β
ΕΔ. ξ(X(M)Irr, ΕΔݱʹ(1 ϕ, ϕ − 1͸ Alexanderଟ߲ࣜͷࠜͷฏํࠜʹͳ͍ͬͯΔ͜
ͱ͕෼͔Δɽ·ͨ Alexanderଟ߲ࣜͷࠜΛ QʹఴՃͨ͠ମ͕Q(

√
5)Ͱ͋Δɽ

Remark 4.4. ξ(X(M)Irr, ΕΔ஋ݱʹ(1 log(ϕ)ʹ͍ͭͯ΋ҎԼͷΑ͏ʹ 8ͷ݁ࣈͼ໨ͷϗ
Ϟϩδʔ܈ͱͷ͕ؔ܎஌ΒΕ͍ͯΔɿ

log(ϕ2) = log m(∆K (T ))

= lim
n→∞

log(#H1(Mn,Z))
n

.

第６０回トポロジーシンポジウム講演集　2013年8月　於 大阪市立大学

76



͜͜Ͱm(∆K (T ))͸ Alexanderଟ߲ࣜ∆K (T )ͷMahlerଌ౓ɼ·ͨ Mn͸ 8ͷ݁ࣈͼ໨্
෼͢ذΔn࣍ͷ S 3 ͷ८ճඃ෴Λද͢ɽʢLaurentଟ߲ࣜP = P(t1, · · · , tn) ∈ C[t±1

1 , · · · , t±1
n ]

ʹରͦ͠ͷMahlerଌ౓ m(P)ΛҎԼͷ΋ͷͱ͢Δɿ

m(P) :=
∫ 1

0
· · ·

∫ 1

0
log |P(e2πt1

√
−1, · · · , e2πtn

√
−1)|dt1 · · · dtn.

Remark 4.5. ·ͨ AGM(ϕ,ϕ − 1)ʹؔͯ͠΋Mahlerଌ౓Λ༻͍ͯ࣍ͷΑ͏ʹهड़͢Δ
͜ͱ͕ग़དྷΔɽ

AGM(ϕ,ϕ − 1) =
1
2

(
d
dk

m(Pk)(
√

5)
)−1

.

͜͜Ͱ Pk ͸

x +
1
x
+ y +

1
y
− 4k

Ͱఆٛ͞ΕΔۂઢͰɼ೚ҙͷෳૉ਺ 4k ! 0, 1ʹର͠ପԁۂઢΛఆΊΔɽಛʹWeierstrass
͸ܗ

Em : y2 = x3 + 2m(2m − 1)x2 + m2x,

Ͱ༩͑ΒΕΔɽͨͩ͠ m = k2.

Remark 4.6. s = 2ʹ͓͚Δ஋͸

lim
s→2

(s − 2)ξ(X(M)Irr, s) =
75

2
√

5π2LE/Q(2)

ʢLE/Q(s)͸ E ͷ L seriesʣͰ͋Δ͕ɼ͜Ε΋ Pk ͷ Mahlerଌ౓Λ༻͍ͯද͢͜ͱ͕ग़
དྷΔɽR. Villegasʢ[27], TABLE 4ʣʹΑΓLE/Q(2) = L′E/Q(0) " m(P√−4/4)ͱͳΔ͜ͱ͕
਺஋తʹ͔֬ΊΒΕ͍͕ͯͨɼ࣮ࡍਖ਼͍͜͠ͱ͕Mellitʢ[20]ʣʹΑΓ͔֬ΊΒΕ͍ͯ
Δɽ·ͨ P√−4/4ͷఆΊΔପԁۂઢ͸ࢦඪଟ༷ମͷ૒ۂ੒෼Ͱ͋Δପԁۂઢ EͱಉܕͰ
͋Δ.

Ұൠͷʢ૒ۂʣ2 ࣌ݱઢ͔͸ۂ੒෼͕ͲͷΑ͏ͳ୅਺ۂඪଟ༷ମͷ૒ࢦͼ໨ͷ݁ڮ
఺Ͱ஌ΒΕ͍ͯͳ͍͕ɼ[17]ʹ͓͍ͯ͋Δछͷʢtwist݁ͼ໨ͨͪΛؚΉʣ2݁ڮͼ໨
ͷ଒ʹ͍ͭͯɼͦͷࢦඪଟ༷ମͷ૒ۂ੒෼͕௒ପԁۂઢʹͳΔͱ͍͏݁Ռ͕ಘΒΕͯ

͍Δɽ

4.2.਺࿦త བྷΈ໨ͷิۭؒڮ2

S 3 ʹ͓͚Δ૒ۂ 2 ໾Λআ͍ͯڞབྷΈ໨Ͱ਺࿦తͳ΋ͷ͸ڮ 3 ͭɼWhitehead བྷΈ໨ɼ
62

2, 62
3 Ͱ͋Δ͜ͱ͕஌ΒΕ͍ͯΔ ([4])ɽ

WhiteheadབྷΈ໨ɼ62
2, 62

3ͷ૒ۂ੒෼͸Thurstonͷ݁ՌʹΑΓ୅਺ۂ໘ΛఆΊΔɽ[13],
[12]ʹ͓͍ͯWhiteheadབྷΈ໨ٴͼ͍͔ͭ͘ͷ૒ۂ བྷΈ໨ʹରͯ͠ɼC3ڮ2 ಺ͷࢦඪ

ଟ༷ମͷ૒ۂ੒෼ͷP2(C) × P1(C)ʹ͓͚ΔίϯύΫτԽ͸P1(C)্ͷϑΝΠόʔߏ଄
Λ࣋ͭ͜ͱ͕͔֬ΊΒΕ͍ͯΔɽ

ͷه্ͨ· 3ͭͷ਺࿦త བྷΈ໨ʹ͍ͭͯ͸ɼͦͷڮ2 P1্ͷϑΝΠόʔߏ଄͸ conic
bundleߏ଄ɼͭ·Γ֤఺ͷϑΝΠόʔ͸ ઢʹͳ͍ͬͯΔ͜ͱ͕෼͔Δʢ[6]ʣɽ2ۂ2࣍
ʹΊΔͷ͕༰қͰ͋Δ͜ͱ͔Βɼ͜ͷੑ࣭ٻͱ͖༗ཧ఺Λͨ͑ߟମ্Ͱݶઢ͸༗ۂ࣍

ΑΓ͜ΕΒͷ૒ۂ੒෼ͷθʔλؔ਺ΛٻΊΔ͜ͱ͕ग़དྷΔʢ[24],[7]ʣɽ

第６０回トポロジーシンポジウム講演集　2013年8月　於 大阪市立大学

77



WhiteheadབྷΈ໨ɼ62
2, 62

3ͷ૒ۂ੒෼ͷC
3ʹ͓͚Δఆٛଟ߲ࣜ͸ҎԼͰ༩͑ΒΕΔɿ

f0 := z3 − xyz2 + (x2 + y2 − 2)z − xy,

f1 := z4 − xyz3 + (x2 + y2 − 3)z2 − xyz + 1,

f2 := z3 − xyz2 + (x2 + y2 − 1)z − xy

͜ΕΒͷ P2 × P1 ʹ͓͚Δ੪࣍ଟ߲ࣜ͸ɼ࠲ඪදࣔΛ (x : y : u, z : w)ͱ͢ΔͱҎԼͷ
Α͏ʹͳΔɽ

F0 := u2z3 − xyz2w + (x2 + y2 − 2u2)zw2 − xyw3,

F1 := u2z4 − xyz3w + (x2 + y2 − 3u2)z2w2 − xyzw3 + u2w4,

F2 := u2z3 − xyz2w + (x2 + y2 − u2)zw2 − xyw3.

͜ͷͱ͖ F0, F1, F2 ͷఆΊΔ୅਺ۂ໘͸P2 × P1 : (x : y : u, z : w) #→ (z : w) ∈ P1 ʹؔ͠

ͯϑΝΠόʔߏ଄Λ࣋ͭɽಛʹ֤ϑΝΠόʔ͸ conicͰ͋Δɽ

Theorem 4.7 (Harada [7]). WhiteheadབྷΈ໨ɼ62
2, 62

3 ͷࢦඪଟ༷ମͷ૒ۂ੒෼ΛͦΕͧ

ΕX0, X1, X2 ͱ͢Δͱ͖ Hasse-Weilθʔλؔ਺͸࣍ͷΑ͏ʹͳΔɽ

ζ(X0, s) = ζQ(
√

2)(s)ζQ(
√

2)(s − 1)2ζ(s − 2)(1 − 21−s)2.

ζ(X1, s) =
ζQ(
√

5)(s)2ζQ(
√

5)(s − 1)4ζ(s − 2)
ζ(s)ζ(s − 1)4 × (1 − 22−2s)2(1 + 2−s)

(1 − 51−s)2(1 − 5−s)2 .

ζ(X2, s) = ζ(s)2ζ(s − 2)(1 − 2−s).

਺࿦త བྷΈ໨ʹؔͯ͠͸֤ϑΝΠόʔ͕ڮ2 conicͰ͋ͬͨ͜ͱ͔Β۩ମతʹॻ͖Լ
͢͜ͱ͕ՄೳͰ͕͋ͬͨɼLandes͕͔͍ͭͨ͘͠ࢉܭͷྫ͕ࣔ͢Α͏ʹ૒ۂ བྷΈڮ2
໨ͷࢦඪଟ༷ମͷ૒ۂ੒෼͸Ұൠʹ conic bundleߏ଄Λ࣋ͭΘ͚Ͱ͸ͳ͍ɽ͔͠͠ P1

্ͷϑΝΠόʔߏ଄Λ΋ͭ͜ͱ͕෼͔Ε͹ϑΝΠόʔΛͳ͢୅਺ۂઢͷθʔλؔ਺Λ

༻͍ͯ૒ۂ Β͑ߟ੒෼ͷθʔλؔ਺Λॻ͖ද͢͜ͱ͕ՄೳͰ͋ΔͱۂབྷΈ໨ͷ૒ڮ2
ΕΔɽ

Question 4.8. Ұൠʹ૒ۂ ଄ߏ੒෼͸P1্ͷϑΝΠόʔۂඪଟ༷ମͷ૒ࢦབྷΈ໨ͷڮ2

Λ͔࣋ͭʁ

4.3.਺࿦తด ଟ༷ମݩ3࣍

ThurstonͷఆཧʹΑΓ૒ۂ ͸Χεݩ੒෼ͷ୅਺తू߹ͱͯ͠ͷ࣍ۂଟ༷ମͷ૒ݩ3࣍
ϓͷ਺ʹͳΔ͜ͱ͔Βɼ૒ۂด ΋؆୯Ͱ͋࠷଄͕ߏඪଟ༷ମͷࢦ߹ଟ༷ମͷ৔ݩ3࣍
Δͱ͑ߟΒΕΔɽ૒ۂด ଟ༷ମͷ৔߹ɼෳૉ਺ମݩ3࣍ C্ͷ୅਺తू߹ͱͯ͠͸૒
੒෼͸ۂ ɼ͢ͳΘͪݩ0࣍ 1఺ͱͳΓ৘ใΛऔΓग़͢ͷ͸೉͍͠ͱࢥΘΕΔɽ͔͠͠
͜ΕΛ༗ཧ੔਺؀ Z্Ͱ͑ߟΕ͹ ดۂͷ୅਺తू߹ͱͳΓ૒ݩ1࣍ ଟ༷ମͷෆݩ3࣍
มྔͱͯ͠ͷੑ࣭Λ൓ө͍ͯ͠Δ͜ͱ͕ظ଴͞ΕΔɽ

Լද͸Weeks manifoldʢମੵ࠷খͷ૒ۂ ดଟ༷ମʣͳͲମੵͷখ͍͞਺࿦తݩ3࣍
ด ͼͦٴඪଟ༷ମͷఆٛଟ߲ࣜࢦ໿طଟ༷ମͷதͷ͍͔ͭ͘ͷ৔߹ʹ͍ͭͯͷݩ3࣍
ΕΒͷθʔλؔ਺ͷྫͰ͋Δɽ
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M X(M)Irr(C)ͷఆٛଟ߲ࣜ ζ(X(M)Irr, s)
Weeks manifold T 3 − T − 1 ζKM (s)
Meyerhoff manifold T 4 − 3T 3 + T 2 + 3T − 1 ζKM (s)
m010 (-1,2) T 4 − 2T 2 + 4 ζKM (s)?
m003 (-4,3) T 4 − T 3 − 2T 2 + 2T + 1 ζKM (s)
m004 (6,1) T 6 − 7T 4 + 14T 2 − 4 ζKM (s)?
m003 (-3,4) T 6 + T 4 − 1 ζKM (s)

͜͜Ͱ KM ͸૒ۂଟ༷ମ Mͷ traceମ (ϗϩϊϛʔදݱͷ૾ͷ traceʹΑͬͯੜ੒͞ΕΔ
ମ)ɼX(M)Irr(C)͸ଟ༷ମ Mͷ SL2(C)ط໿ࢦඪͷͳ͢ط໿ࢦඪଟ༷ମɼζKM (s)͸ KM ͷ

Dedekindθʔλؔ਺ɽ?͸༗ݸݶͷૉ਺ pʹؔ͢Δ p−s ͷ༗ཧؔ਺ͷੵͷࠩΛআ͍ͯ

Ұகɼಛʹ༗ݸݶͷૉ਺Λআ͍ͯͦΕͧΕͷہॴҼ͕ࢠҰக͍ͯ͠Δ͜ͱΛҙຯ͢Δɽ

Ұൠʹ਺࿦త ଟ༷ମͷݩ3࣍ commensurabilityྨ͸ෆม࢛ݩ਺؀ͱෆม traceମʢϗ
ϩϊϛʔදݱͷ traceͷ 2৐Ͱੜ੒͞ΕΔ୅਺ମɼෳૉૉ఺Λͨͩ 1ର΋ͭʣͷ૊Ͱ෼
ྨ͞ΕΔ͜ͱ͕஌ΒΕ͍ͯΔʢ[18]ʣɽಛʹΧεϓΛ΋ͭ਺࿦త ଟ༷ମͷ৔߹ෆݩ3࣍
ม traceମ͸ڏ 2࣍ମɼෆม࢛ݩ਺؀͸ෆม traceମͷશ؀ྻߦͳͷͰɼΧεϓΛ࣋ͭ
਺࿦త ଟ༷ମͷݩ3࣍ commensurablityྨ͸ڏ 2࣍ମͰ෼ྨ͞ΕΔ͕ɼด ଟ༷ݩ3࣍
ମͷ৔߹͸ 3࣍Ҏ্ͷ୅਺ମ΋ݱΕෳࡶʹͳΔɽtrace ମ͸ෆม trace ମΛ෦෼ମͱ͠
ؚͯΉ͕ɼ૯࣮ମͷ৔߹΋͋ΓɼΑΓෳࡶͰ͋Δɽ

Question 4.9. ʢ਺࿦తʣด ଟ༷ମݩ3࣍ Mʹ͍ͭͯɼζ(M, s) ∼ ζ(KM, s)͔ʁ͢ͳΘͪ
༗ݸݶͷૉ਺Λআ͍ͯͦΕͧΕͷہॴθʔλؔ਺͸Ұக͢Δ͔ʁ

4.4.τʔϥε݁ͼ໨ͷิۭؒ
͜͜Ͱ͸ S 3ʹ͓͚Δτʔϥε݁ͼ໨ͷิۭؒͷAଟ߲ࣜͷఆΊΔθʔλؔ਺ʹ͍ͭͯ
ड़΂ΔɽA ଟ߲ࣜ͸ [1] ʹ͓͍ͯಋೖ͞Εͨࢦඪଟ༷ମٴͼ meridianɼlongitude ʹ෇
ਵ͢ΔۂઢͰ͋Γɼ૒ۂଟ༷ମͷ৔߹ʹ͸૒ۂମੵͱͷ͕ؔ܎༧૝͞Ε͍ͯΔͳͲڵ

ຯਂ͍ର৅Ͱ͋Δɽτʔϥε݁ͼ໨ͷ৔߹ɼࢦඪଟ༷ମͷఆٛଟ߲ࣜʹൺ΂Aଟ߲ࣜ
ͷ΄͏͕ΑΓ؆໌ͳܗΛ͓ͯ͠Γɼͪ͜ΒΛઌʹௐ΂Δ΄͏͕ద੾Ͱ͋ΔͱࢥΘΕΔɽ

ʢ·ͨτʔϥε݁ͼ໨ͷ SL2(Fq) දݱͷڞ໾ྨͷ਺ʹ͍ͭͯ͸ [15], [16] ࢉܭ͍͓ͯʹ
͞Ε͍ͯΔɽʣ

(s, t)τʔϥε݁ͼ໨ͷ Aଟ߲ࣜ͸ҎԼͷܗʹද͞ΕΔ͜ͱ͕஌ΒΕ͍ͯΔ (cf. [10])ɿ

A(L,M) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(L − 1)
(
−1 + (LMst)2

)
, if s, t > 2,

(L − 1)(−1 + LM2(2m+1)), if (s, t) = (2, 2m + 1).

͸ड़΂ͳ͍͕ࡉৄ [28]ʹ͓͚Δٞ࿦Λߟࢀʹ͢Δͱτʔϥε݁ͼ໨ͷ Aଟ߲ࣜͷθʔ
λؔ਺͸ҎԼͷΑ͏ʹද͞ΕΔ͜ͱ͕෼͔Δɽ

Proposition 4.10.

ζ(X(A(L,M)), s) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
ζ(T 2st − 1, s)

ζ(s − 1)3

ζ(s)2

1 − 21−s

1 − 2s , if s, t > 2,

ζ(T 2(2m+1) − 1, s)
ζ(T 4(2m+1) − 1, s)

ζ(s − 1)2

ζ(s)
, if (s, t) = (2, 2m + 1).
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͕ͨͬͯ͠ T n−1ͷఆΊΔθʔλؔ਺ΛٻΊΔ͜ͱ͕ग़དྷΕ͹ɼτʔϥε݁ͼ໨ͷθʔ
λؔ਺Λௐ΂ΒΕΔͷ͕ͩɼζ(T n−1, s)ͷੑ࣭ʹ͍ͭͯஶऀ͸·ͩ෼͔͍ͬͯͳ͍ɽҎ
Լʹ (2, 3), (2, 5) torus݁ͼ໨ͷ৔߹ʹ͍ͭͯͷྫΛ͓ͯ͛͘ڍɽ

Z(X6 − 1, p, T ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
(1 − T )2(1 + T )

, if p = 2,
1

(1 − T )2 , if p = 3,
1

(1 − T )4(1 −
( p

3

)
T )2
, if p ! 2, 3.

Z(X10 − 1, p, T ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
(1 − T )(1 − T 4)

, if p = 2,
1

(1 − T )2 , if p = 5,
1

(1 − T )10 , if p ! 2, 5, p ≡ 1 (mod 5),
1

(1 − T )2(1 − T 2)4 , if p ! 2, 5, p ≡ 4 (mod 5),
1

(1 − T )2(1 − T 4)2 , if p ! 2, 5, p ≡ 2, 3 (mod 5).

Z(X12 − 1, p, T ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
(1 − T )2(1 + T )

, if p = 2,
1

(1 − T )2(1 − T 2)
, if p = 3,

1

(1 − T )8(1 −
( p

3

)
T )4
, if p ! 2, 3, p ≡ 1 (mod 4),

1
(1 − T )6(1 − T 2)3 , if p ! 2, 3, p ≡ 7 (mod 12),

1
(1 − T )2(1 − T 2)5 , if p ! 2, 3, p ≡ 11 (mod 12).

Z(X20 − 1, p, T ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
(1 − T )(1 − T 4)

, if p = 2,
1

(1 − T )4 , if p = 5,
1

(1 − T )20 , if p ≡ 1 (mod 20),
1

(1 − T )2(1 − T 2)(1 − T 4)4 , if p ≡ 3, 7 (mod 20),
1

(1 − T )4(1 − T 2)8 , if p ≡ 9 (mod 20),
1

(1 − T )10(1 − T 2)5 , if p ≡ 11 (mod 20),
1

(1 − T )4(1 − T 4)4 , if p ≡ 13, 17 (mod 20),
1

(1 − T )2(1 − T 2)9 , if p ≡ 19 (mod 20).
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Z(X12 − 1, p, T )
Z(X6 − 1, p, T )

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1, if p = 2,
1

1 − T 2 , if p = 3,
1

(1 − T )6 , if p ! 2, 3, p ≡ 1 (mod 12),
1

(1 − T )2(1 − T 2)2 , if p ! 2, 3, p ≡ 5 (mod 12),
1

(1 − T 2)3 , if p ! 2, 3, p ≡ 7, 11 (mod 12),

Z(X20 − 1, p, T )
Z(X10 − 1, p, T )

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1, if p = 2,
1

(1 − T )2 , if p = 5,
1

(1 − T )10 , if p ≡ 1 (mod 20),
1

(1 − T 2)(1 − T 4)2 , if p ≡ 3, 7 (mod 20),
1

(1 − T )2(1 − T 2)4 , if p ≡ 9 (mod 20),
1

(1 − T 2)5 , if p ≡ 11, 19 (mod 20),
1

(1 − T )2(1 − T 4)2 , if p ≡ 13, 17 (mod 20).

(2, 3) ͼٴ (2, 5) torus ݁ͼ໨ͷہॴθʔλؔ਺ͷදࣔΑΓͦΕͧΕͷ Hasse-Weil θʔ
λؔ਺͸ 6࣍ɼ10࣍ͷʢΨϩΞͰͳ͍ʣ୅਺ମͷ Dedekindθʔλؔ਺Ͱ͋Δ͜ͱ͕
༧૝͞ΕΔɽ

Question 4.11. (s, t) torus݁ͼ໨ͷ Hasse-Weilθʔλؔ਺͸ st࣍ͷʢΨϩΞͰͳ͍ʣ୅
਺ମͷ Dedekindθʔλؔ਺ʹͳΔ͔ʁ·ͨରԠ͢Δ୅਺ମͱ torus݁ͼ໨͸ͲͷΑ͏
ͳؔ܎ʹ͋Δ͔ʁ
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[21] V. Muñoz, The SL(2,C)-character varieties of torus knots, Rev. Mat. Complut. 22 (2009), 489–

497.
[22] C. Procesi, Deformations of representations, Methods in ring theory (Levico Terme, 1997),

Lecture Notes in Pure and Appl. Math., 198, Dekker, New York, 1998, 247–276.
[23] R. Riley, Nonabelian representations of 2-bridge knot groups, Quart. J. Math. Oxford Ser. (2)

35 (1984), 191–208.
[24] S. Rybakov, Zeta functions of conic bundles and Del Pezzo surfaces of degree 4 over finite

fields, Mosc. Math. J. 5 (2005), 919–926, 974.
[25] J.-P. Serre, Zeta and L functions, Arithmetical Algebraic Geometry (Proc. Conf. Purdue Univ.,

1963), Harper & Row, New York, 1965, pp. 82–92.
[26] P. B. Shalen, Representations of 3-manifold groups, Handbook of geometric topology, North-

Holland, Amsterdam, 2002, 955–1044.
[27] F. R. Villegas, Modular Mahler measures. I, Topics in number theory (University Park, PA,

1997), Math. Appl., 467, Kluwer Acad. Publ., Dordrecht, 1999, 17–48.
[28] A. Weil, Numbers of solutions of equations in finite fields, Bull. Amer. Math. Soc. 55 (1949),

497–508.

第６０回トポロジーシンポジウム講演集　2013年8月　於 大阪市立大学

82


