
Covering map theory for graphs

দԼɹঘ߂ (౦ژେֶ)∗

1. ͸͡Ίʹ
άϥϑͱ͸ू߹V ͱɼV × V ͷ෦෼ू߹EͰɼʮ೚ҙͷ (x, y) ∈ V × V ʹର͠ɺ(x, y) ∈
E ⇒ (y, x) ∈ EʯΛຬͨ͢΋ͷͷ૊ (V,E)ͷ͜ͱΛ͍͏ɽ͕ͨͬͯ͠ຊߨԋʹ͓͚Δ
άϥϑͱ͸ɼඇ༗޲Ͱɼϧʔϓ͸͋ͬͯ΋Α͍͕ɼೋͭͷ௖఺ͷؒʹ͋Δઢ෼͸ଟ͘
ͯ΋ҰͭͰ͋ΔΑ͏ͳ΋ͷΛ͍͏ɽάϥϑG = (V,E)ʹର͠ɼV Λ V (G)ͱॻ͍ͯG

ͷ௖఺ू߹ͱ͍͍ɼEΛE(G)ͱॻ͘ɽάϥϑG,Hʹର͠ɼG͔ΒH΁ͷάϥϑͷࣸ
૾ͱ͸ɼ௖఺ू߹ͷؒͷࣸ૾ f : V (G) → V (H)Ͱ͋ͬͯɼ(f × f)(E(G)) ⊂ E(H)ͳ
Δ΋ͷͷ͜ͱͰ͋Δɽ
ҎԼͷ໰୊͸άϥϑཧ࿦ʹ͓͍ͯݹయతʹ͑ߟΒΕ͖ͯͨ໰୊Ͱ͋Δɽ

໰୊ 1.1. ೋͭͷάϥϑG,H͕༩͑ΒΕͨͱ͖ɼG͔ΒH΁ͷάϥϑͷࣸ૾͕ଘ͢ࡏ
Δ͔Ͳ͏͔ௐ΂Αɽ

ຊߨԋͰ͸ɼ·ͣ໰୊1.1ʹର͢ΔτϙϩδʔͷԠ༻ʹ͍ͭͯͷࠓ·ͰͷڀݚΛ঺հ
͠ɼͦͷ͋ͱߨԋऀͷϓϨϓϦϯτ [13]ɼ[14]ɼ[15]ͷ֓ཁΛड़΂Δɽ

2. ந৅୯ମෳମ
ຊߨԋͰݱΕΔҐ૬ۭؒͷ΄ͱΜͲ͸ɼந৅୯ମෳମͷزԿֶత࣮ݱͱͯ͠ಘΒΕΔɽ
ͦ͜Ͱຊઅʹ͓͍ͯந৅୯ମෳମͷఆٛͱ஌ΒΕ͍ͯΔ͜ͱΛɼຊߨԋʹඞཁͳൣғ
ͰҰ௨Γड़΂Δɽৄ͘͠͸ɺ[9]ͳͲΛࢀর͍͖͍ͯͨͩͨ͠ɽ
ந৅୯ମෳମʢҎԼɺ୯ମෳମʣͱ͸ɼू߹V ͱɼV ͷ༗ݶ෦෼ू߹ͷ଒∆Ͱɼʮ೚

ҙͷ σ ∈ ∆ͱ τ ∈ 2V ʹର͠ɼτ ⊂ σͳΒ͹ τ ∈ ∆Ͱ͋Δʯ͓Αͼʮ֤ v ∈ V ʹର͠ɼ
{v} ∈ ∆ʯͱ͍͏ੑ࣭Λຬͨ͢΋ͷͷ૊ (V,∆)Ͱ͋ΔɽV Λ (V,∆)ͷ௖఺ू߹ͱ͍͍ɼ
∆ͷݩΛ୯ମͱ͍͏ɽ͠͹͠͹V Λུͯ͠ʮ∆͸୯ମෳମʯͳͲͱ͍͏ɽ͜ͷදهʹ
͓͍ͯɼ୯ମෳମ∆ͷ௖఺ू߹͸V (∆)ͱද͢ɽ
∆1 ͱ ∆2 Λ୯ମෳମͱ͢Δɽ∆1 ͔Β ∆2΁ͷ୯ମࣸ૾ͱ͸ɼ௖఺ू߹ͷؒͷࣸ૾

f : V (∆1) → V (∆2)Ͱ͋ͬͯɼ֤σ ∈ ∆1ʹର͠ɼf(σ) ∈ ∆2͕੒Γཱͭ΋ͷͷ͜ͱͰ
͋Δɽ
ू߹V ʹର͠ɼR(V )ʹΑͬͯɼV Ͱੜ੒͞ΕΔࣗ༝R-Ճ܈Λද͢΋ͷͱ͢ΔɽR(V )ͷ

༗ݶ෦෼R-Ճ܈શମʹΑΔॱݶۃͷҐ૬ΛೖΕͯɼR(V )ΛҐ૬ۭؒͱΈͳ͢ɽ୯ମෳମ
∆ͱ∆ͷ୯ମσʹର͠ɼ∆σʹΑͬͯɼ{

∑
v∈σ avv ∈ R(V ) | av ≥ 0, v ∈ σ,

∑
v∈σ av = 1}

ͳΔR(V (∆))ͷ෦෼Ґ૬ۭؒΛද͢ɽ∆ͷزԿֶత࣮ݱͱ͸ɼ
⋃

σ∈∆ ∆σͳΔR(V (∆))ͷ
෦෼Ґ૬ۭؒͷ͜ͱͰ͋Δɽ∆ͷزԿֶత࣮ݱΛ |∆|Ͱද͢ɽ୯ମࣸ૾f : ∆1 → ∆2ʹ
ର͠ɼfͷఆٛ͢ΔR(V (∆1)) → R(V (∆2))Λ੍͢ݶΔ͜ͱͰɼ࿈ଓࣸ૾ |f | : |∆1| → |∆1|
͕ఆٛͰ͖Δɽ
൒ॱংू߹ͷ͜ͱΛϙηοτͱ͍͏͜ͱ͕ଟ͍ɽϙηοτPͷ෦෼ू߹ c͕PͷνΣ

ΠϯͰ͋Δͱ͸ɼ֤x, y ∈ cʹର͠ɼx ≤ y·ͨ͸x ≥ y͕੒Γཱͭ͜ͱΛ͍͏ɽϙηο

ຊڀݚ͸Պݚඅ (՝୊൪߸:254699)ͷॿ੒Λड͚ͨ΋ͷͰ͋Δɻ
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τPʹର͠ɼ௖఺ू߹ΛPͱ͠ɼ୯ମू߹ΛPͷ༗ݶνΣΠϯશମͷू߹ͱ͢Δ୯ମ
ෳମΛ∆(P )Ͱද͠ɼPͷॱংෳମͱ͍͏ɽ|∆(P )|ͷ͜ͱΛ୯ʹ |P |Ͱද͢ɽ
୯ମෳମ∆ʹର͠ɼ∆ \ {∅}ʹแؚؔ܎ʹΑͬͯॱংΛೖΕͨ΋ͷΛ∆ͷ໘ϙηοτ

ͱ͍͍ɼF (∆)Ͱද͢ɽ͜ͷͱ͖୯ମෳମ∆ʹର͠ɼ|F (∆)|͸ |∆|ʹࣗવʹಉ૬ʹͳΔ
͜ͱ͕஌ΒΕ͍ͯΔɽ
ຊߨԋͰ͸Ґ૬ۭؒʹର͢Δ༻ޠΛɼزԿֶత࣮ݱΛ௨ͯ͠ʢந৅ʣ୯ମෳମ΍ϙ

ηοτʹରͯ͠ྲྀ༻͢Δ͜ͱʹ͢Δɽྫ͑͹ɼʮ୯ମࣸ૾ f : ∆1 → ∆2͕ϗϞτϐʔಉ
஋Ͱ͋Δʯ͸ʮfͷزԿֶత࣮ݱ |f | : |∆1| → |∆2|͕ϗϞτϐʔಉ஋ࣸ૾Ͱ͋Δʯͱ͍
͏͜ͱΛҙຯ͢ΔɼͳͲͰ͋Δɽ

3. Lovász ͷۙ๣ෳମͱ Kneser ༧૝
τϙϩδʔʹ͓͚Δ໰୊ 1.1 ʹର͢ΔԠ༻͸ɼओʹҎԼʹड़΂Δάϥϑͷ࠼৭໰୊ʹ
ରͯ͠ߦΘΕ͖ͯͨɽ
ඇෛ੔਺nʹର͠ɼn௖఺׬උάϥϑKnΛV (Kn) = {1, · · · , n}ɼE(Kn) = {(x, y) ∈

V (Kn)2 | x ̸= y}ʹΑΓఆٛ͢ΔɽάϥϑGʹର͠ɺinf{n ≥ 0 | G͔ΒKn΁ͷάϥϑ
ࣸ૾͕ଘ͢ࡏΔ }ΛGͷ࠼৭਺ͱ͍͍ɼGͷ࠼৭਺Λχ(G)Ͱද͢ɽχ(G)Λܾఆ͢Δ
͜ͱΛɼάϥϑͷ࠼৭໰୊ (graph coloring problem)ͱ͍͍ɼݹయతʹ૊߹ͤ࿦ʹ͓͍
యతʹ͸Ҏݹ৭਺͕࠼༿ͷ༝དྷ͸ɼݴ৭໰୊ͱ͍͏࠼ΒΕ͖ͯͨ໰୊Ͱ͋Δɽ͑ߟͯ
ԼͷΑ͏ͳදݱΛ༻͍ͯఆٛ͞Ε͔ͨΒͰ͋Δɿʮઢ෼ͷ྆୺ͷ৭͸ҟͳΔΑ͏ʹɼά
ϥϑGͷશͯͷ௖఺ʹ৭Λ༩͑Δͱ͖ɼ࠷௿ݶඞཁͳ৭ͷݸ਺Λ࠼৭਺ͱ͍͏ʯ
άϥϑͷ࠼৭໰୊ʹτϙϩδʔΛॳΊͯԠ༻ͨ͠ͷ͸ Lovász Ͱ͋ΔɽLovász ͸ [10]

ʹ͓͍ͯɼҎԼʹड़΂Δۙ๣ෳମͱ͍͏୯ମෳମΛఆٛ͠ɼͦͷϗϞτϐʔෆมྔͱ
Λಋ͖ग़͠ɼੑ܎৭਺ͱͷؔ࠼ Kneser άϥϑͱ͍͏άϥϑͷ࠼৭਺Λܾఆͨ͠ɽ

ఆٛ 3.1. άϥϑGͱɺGͷ௖఺ vʹର͠ɼN(v) = {w ∈ V (G) | (v, w) ∈ E(G)}ͱఆ
ٛ͢ΔɽάϥϑGͷۙ๣ෳମN (G)Λɼ௖఺ू߹Λ{v ∈ V (G) | N(v) ̸= ∅}ͱ͠ɼ୯ମ
ू߹Λ

N (G) = {σ ⊂ V (G) | ♯σ< +∞ͰɼGͷ௖఺ vͰσ ⊂ N(v)ͳΔ΋ͷ͕ଘ͢ࡏΔ}

ͳΔʢந৅ʣ୯ମෳମͱఆٛ͢Δɽ

Lovász ͸ҎԼͷఆཧΛࣔͨ͠ɽ

ఆཧ 3.2. (Lovász [10] ) GΛάϥϑͱ͠ɼnΛ(−1)Ҏ্ͷఆ਺ͱ͢Δɽ͜ ͷͱ͖ɼN (G)

͕n-࿈݁ 1ͳΒ͹ɼχ(G) ≥ n+ 3Ͱ͋Δɽ

Lovászͷఆཧͷূ໌ͷํ๏͸ɺN (G)ͱϗϞτϐʔಉ஋ͳZ2-ෳମ L(G) (Lovaszෳ
ମ)Λߏ੒͠ɼG͔ΒKm ΁ͷάϥϑͷࣸ૾͕ଘ͢ࡏΔͳΒ͹ɼL(G)͕ର߹఺Λؚ·
ͳ͍mݸͷ෦෼ෳମͰඃ෴͞ΕΔ͜ͱΛࣔ͠ɼ Borsuk-Ulam ͷఆཧͷҰͭͷఆࣜԽ 2

ணͤ͞Δ͜ͱͰ͋Δɽؼʹ
Kneserάϥϑͱ͸ɺਖ਼ͷ੔਺ n, kͰɼn ≥ 2kͳΔ΋ͷʹର͠ɼV (Kn,k) = {σ ⊂

{1, · · · , n} | ♯σ = k}ɼE(Kn,k) = {(σ,τ ) | σ∩τ = ∅}Ͱఆٛ͞ΕΔάϥϑͰ͋ΔɽKneser

͸ [8]ʹ͓͍ͯKneserάϥϑΛఆٛ͠ɼχ(Kn,k) ≤ n−2k+2Λࣔ͠ɼχ(Kn,k) = n−2k+2

1 (−1)-࿈݁͸ʮۭͰͳ͍ʯ͜ͱΛҙຯ͢Δ΋ͷͱ͢Δɽ
2SnΛ (n+ ͷดू߹Ͱඃ෴͢ΔͳΒ͹ɼͦͷ͏ͪͷҰͭͷดू߹͸͋Δର߹఺ͷϖΞΛؚΉɼͱݸ(1
͍͏΋ͷͰ͋Δɽ
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ͱ༧૝ͨ͠ (Kneser༧૝)ɽ Lovász͸ N (Kn,k) ͕ (n− 2k− 1)-࿈݁Ͱ͋Δ͜ͱΛࣔ͠ɼ
ఆཧ3.2Λ༻͍ͯ Kneser ༧૝Λղܾͨ͠ɽ Kneser ༧૝ʹؔͯ͠͸ɺ Bárány ͕ [1]Ͱɼ
Greene ͕ [7]Ͱ Borsuk-Ulam ͷఆཧΛ༻͍ͨผূΛ༩͓͑ͯΓɼ׬શʹ૊߹ͤ࿦తͳ
ূ໌͸ Matoušek ͕ [12]ʹ͓͍ͯ༩͍͑ͯΔɽ
ۙ๣ෳମͷଞʹɼάϥϑͷ࠼৭໰୊΁ͷԠ༻͕͑ߟΒΕ͍ͯΔ୯ମෳମɼϙηοτ

ͱͯ͠ɼശෳମ΍ Hom ෳମͳͲ͕͋Δɽ͜ΕΒʹؔͯ͠͸ɼ[2]ɼ[5]ɼ[9]ɼ[11]ɼ[17]ɼ
[18]ͳͲΛࢀর͍͖͍ͯͨͩͨ͠ɽຊڀݚͱ͸ͦΕ΄Ͳ͕ؔ܎ͳ͍ͷͰৄ͘͠͸ड़΂ͳ
͍͕ɼఆཧ 3.2ͱΑͨ͘ࣅҎԼͷ݁ՌΛड़΂͓ͯ͘ɽ͜͜ͰɼHom ෳମͱ͸ೋͭͷά
ϥϑ GɼHʹରͯ͠ఆ·Δϙηοτ 3 Hom(G,H) Ͱ͋Γɼάϥϑ C2r+1 ͸ (2r+1)-α
ΠΫϧάϥϑʢྫ5.1.(2)ࢀরʣͰ͋Δɽ

ఆཧ 3.3. (Babson-Kozlov [3]) G ΛάϥϑɼnΛ (−1)Ҏ্ͷ੔਺ɼrΛਖ਼ͷ੔਺ͱ͢
Δɽ͜ͷͱ͖ɼHom(C2r+1, G) ͕n-࿈݁ͳΒ͹ɼχ(G) ≥ n+ 4 Ͱ͋Δɽ

Hom ෳମ͸ Lovász ʹΑΓఆٛ͞Εɼ্ͷఆཧ΋ Lovász ʹΑΓ༧૝͞Εͨɽ͜ͷ
ఆཧʹ͸ࡏݱɼ༷ʑͳূ໌͕༩͑ΒΕ͍ͯΔ͕ɼ[17]Ͱ༩͑ΒΕ͍ͯΔ΋ͷ͕؆୯Ͱ͋
Δɽࡏݱ͸͜ͷఆཧʹ͸؆୯ͳূ໌͕༩͑ΒΕ͍ͯΔ͕ɼ͜ͷ༧૝ͷղܾΛػܖʹ͠
ͯɼ2000೥୅ʹೖͬͯ࠼৭໰୊΁ͷτϙϩδʔͷԠ༻ʹؔ͢Δڀݚɼಛʹ Hom ෳମ
ʹؔ͢Δ͕ڀݚ੝ΜʹߦΘΕΔΑ͏ʹͳͬͨɽ

4. ຊڀݚͷ֓ཁ
ڀݚͨͬߦԋऀͷߨ [13]ɼ[14]ɼ[15]ͷ֓ཁʹ͍ͭͯड़΂Δɽߨԋऀ͸ਖ਼ͷ੔਺ rʹର
͠ɼr-ඃ෴ࣸ૾ɼ͓Αͼ r-جຊ܈ͳΔ֓೦Λఆٛͨ͠ɽr-ඃ෴ࣸ૾͸άϥϑͷࣸ૾ͷҰ
ͭͷΫϥεͰ͋Γɼr-جຊ܈͸ج఺෇͖άϥϑʹର͠ߏ੒͞ΕΔ܈Ͱ͋Δɽr-ඃ෴ࣸ૾
ͱ r-جຊ܈ͱͷؒʹ͸ɼτϙϩδʔʹ͓͚Δඃ෴ࣸ૾ͱجຊ܈ͱͷؔ܎ͱྨࣅͷؔ܎
͕ΈΒΕΔ͜ͱΛࣔͨ͠ɽͦͷҰͭ͸ɼr-جຊ܈ͷ෦෼܈ʹର͠ɼఆٛҬ͕࿈݁Ͱج
఺෇͖ͷ r-ඃ෴ࣸ૾͕ରԠ͢Δ͜ͱΛࣔͨ͠ఆཧ5.5Ͱ͋Δɽͦͯ͠ɼr-جຊ͕܈໰୊
1.1Λ͑ߟΔ্Ͱɼάϥϑͷࣸ૾ͷඇଘੑࡏΛࣔ͢͜ͱʹԠ༻Ͱ͖Δ͜ͱΛࣔͨ͠ɽ
ͦͯ͠ਖ਼ͷ੔਺ rʹର͠ɼLovász ͷۙ๣ෳମͷࣗવͳҰൠԽͰ͋Δ r-ۙ๣ෳମͳΔ

୯ମෳମΛఆٛͨ͠ɽ1-ۙ๣ෳମ͕ۙ๣ෳମͰ͋Δɽߨԋऀ͸ r-ۙ๣ෳମͷجຊ͕܈
(2r)-جຊ܈ͷ܈ʹ΄΅ಉܕʹͳΔ͜ͱΛࣔͨ͠ɽʢఆཧ7.1ʣ·ͨɼr͕ح਺ͷ৔߹ʹ͸
r-ۙ๣ෳମ͸ɼۙ๣ෳମͷ৔߹ͱಉ͡Α͏ʹͯ͠Z2-ಉมࣸ૾ͷ༗ແʹؼணͤ͞Δ͜ͱ
Ͱάϥϑͷࣸ૾ͷඇଘੑࡏΛಋ͘͜ͱ͕Ͱ͖Δ͜ͱΛࣔͨ͠ɽ

5. r-جຊ܈ͱr-ඃ෴ࣸ૾
Ҏ߱ɼਖ਼ͷ੔਺rΛݻఆ͢ΔɽຊઅͰ͸r-ඃ෴ࣸ૾ͱr-جຊ܈ͷఆٛΛ༩͑ɼͦͷجຊ
తͳੑ࣭ʹ͍ͭͯड़΂Δɽޙ࠷ʹ r-جຊ܈ͱɼr-ඃ෴ࣸ૾ͱͷؔ܎ʹ͍ͭͯड़΂Δɽ
GΛάϥϑͱ͠ɼv ∈ V (G)ͱ͢Δɽਖ਼ͷ੔਺ iʹର͠ɼV (G)ͷ෦෼ू߹Ni(v)Λ

N1(v) = N(v)ɺNi+1(v) =
⋃

w∈Ni(v)
N(w)ͱͯ͠ؼೲతʹఆٛ͢Δɽάϥϑͷࣸ૾

p : G → H ͕ r-ඃ෴ࣸ૾Ͱ͋Δͱ͸ɼ֤ v ∈ V (G)ͱ 1 ≤ i ≤ rͳΔ֤ iʹର͠ɼ
p : Ni(v) → Ni(p(v))͕શ୯ࣹʹͳΔ͜ͱͱͯ͠ఆٛ͢Δɽ

3 [9]Ͱ͸ϙηοτͱͯ͠Ͱ͸ͳ͘ɼඪ४୯ମͷ௚ੵͷ෦෼ෳମͱͯ͠ఆ͍ٛͯ͠ΔɽҰํͰ [6]Ͱ͸ϙ
ηοτͰఆ͓ٛͯ͠Γɼຊڀݚ [13]ɼ[14]΋ͦΕʹ฿ͬͨɽ͜ΕΒೋͭͷఆٛ͸༗ݶάϥϑʹରͯ͠
͸ಉ͡Ґ૬ۭؒΛ༩͑Δ͠ɼແݶάϥϑͷࡍ΋ͦͷϗϞτϐʔܕ͸มΘΒͳ͍ɽ
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ྫ 5.1. ҎԼʹ r-ඃ෴ࣸ૾ͷྫΛ༩͑Δɽ

(1) άϥϑGɼHʹର͠ɼ௚ੵάϥϑG×HΛɼV (G×H) = V (G)×V (H)ɼE(G×
H) = {((x, y), (x′, y′)) | (x, x′) ∈ E(G), (y, y′) ∈ E(H)Ͱఆٛ͢ΔɽάϥϑGʹ
ର͠ɼୈೋࣹӨK2 ×G → G͸೚ҙͷਖ਼ͷ੔਺ rʹରͯ͠ r-ඃ෴ࣸ૾Ͱ͋ΔɽG

͕࿈݁Ͱχ(G) ≥ 3ͳΒ͹K2 ×G͸࿈݁Ͱ͋Δ͜ͱ͕Θ͔Δɽ

(2) ඇෛ੔਺nʹର͠ɼn-αΠΫϧάϥϑCnΛɼV (Cn) = Z/nZɼE(Cn) = {(x, x±
1) | x ∈ Z/nZ}ͱఆٛ͢Δɽn ≥ 3ͳΒ͹ɼCn͸n֯ܗͷ௖఺ͱล͕ͳ͢άϥϑ
Ͱ͋ΔɽK3

∼= C3ʹ஫ҙͯ͠΄͍͠ɽ

nΛ3Ҏ্ͷ੔਺ɼkΛඇෛ੔਺ͱ͠ɼp : Cnk → Cnɺ(x mod.nk) &→ x mod.nͱ
ఆٛ͢Δɽ͜ͷͱ͖ҎԼ͕੒Γཱͭɽ

(i) n͕ح਺Ͱ͋Δͱ͢Δɽ͜ͷͱ͖ɼk = 1, 2ͳΒ͹ɼ೚ҙͷਖ਼ͷ੔਺ rʹର
ͯ͠p͸ r-ඃ෴ࣸ૾Ͱ͋Δɽʢ࣮ࡍɼn͕ح਺ͳΒ͹K2 ×Cn

∼= C2nͰ͋Δɽʣ
k ≥ 3·ͨ͸k = 0ͳΒ͹ɼp͸ (n− 1)-ඃ෴ࣸ૾Ͱ͋Δ͕ɼn-ඃ෴ࣸ૾Ͱ͸
ͳ͍ɽ

(ii) n͕ۮ਺Ͱ͋Δͱ͢Δɽ͜ͷͱ͖ɼk = 1ͳΒ͹ɼ೚ҙͷ੔਺ rʹରͯ͠ p

͸ r-ඃ෴ࣸ૾Ͱ͋ΓɼͦΕҎ֎ͷ৔߹͸ p͸ (n/2) − 1-ඃ෴ࣸ૾Ͱ͋Δ͕ɼ
(n/2)-ඃ෴ࣸ૾Ͱ͸ͳ͍ɽ

఺෇͖άϥϑج͍ͯͮͭ (G, v)ʹର͢Δ r-جຊ܈ πr
1(G, v)Λఆٛ͢Δɽ͜͜Ͱج఺

෇͖άϥϑͱ͸ɼάϥϑͱͦͷ௖఺ͷ૊ͷ͜ͱͰ͋Δɽ

ఆٛ 5.2. ඇෛ੔਺nʹର͠ɼάϥϑLnΛV (Ln) = {0, 1, · · · , n}ɼE(Ln) = {(x, y) | |x−
y| = 1}ͱఆٛ͢Δɻج఺෇͖άϥϑ (G, v)ʹର͠ɼLn͔ΒG΁ͷάϥϑࣸ૾ ϕͰɼ
ϕ(0) = ϕ(n) = vͱͳΔ΋ͷΛ (G, v)΁ͷ௕͞nͷϧʔϓͱ͍͏ɽ(G, v)ͷϧʔϓશମ
ͷू߹ΛL(G, v)Ͱද͢ɽϕ,ψ ∈ L(G, v)ʹର͠ɼҎԼͷೋͭͷ৚݅ (1),(2)rΛ͑ߟΔɿ

(1) ϕͷ௕͞Λnͱ͢Δͱɼψͷ௕͞͸ (n+2)Ͱɼ͋Δx ∈ {0, 1, · · · , n}͕ଘͯ͠ࡏɼ
ϕ(i) = ψ(i) (i ≤ x)ɺϕ(i) = ψ(i+ 2)ͱͳΔɽ

(2)r ϕͱψͷ௕͞͸ͱ΋ʹ౳͘͠ɼͦͷ௕͞Λnͱ͢Δͱɼ͋Δx ∈ {0, 1, · · · , n}͕
ଘͯ͠ࡏɼi ̸∈{ x, x+ 1, · · · , x+ r − 2}ʹର͠ɼϕ(i) = ψ(i)ͱͳΔɽ

(1)ͱ (2)rͰੜ੒͞ΕΔL(G, v)ͷಉ஋ؔ܎Λ≃rͱॻ͖ɼ঎ू߹L(G, v)/ ≃rΛπr
1(G, v)

Ͱදͯ͠ɼ(G, v)ͷ r-جຊ܈ͱఆٛ͢Δɽ

஫ҙ 5.3. r-جຊ܈ʹ͍ͭͯɼ͍͔ͭ͘ͷੑ࣭Λड़΂Δɽ

(1) r = 1ͳΒ͹ɼ৚݅ (2)r͸ϕ = ψΛҙຯ͢Δɽ͜ͷ͜ͱ͸ɼG͕ϧʔϓΛ࣋ͨͳ
͍ 4ͳΒ͹ɼπ1

1(G, v)͸GΛ௨ৗͷํݟͰ Ұʹ܈ຊجͷ࣌ͨݟCWෳମͱݩ1࣍
க͢Δ͜ͱΛҙຯ͢Δɽ

4͢ͳΘͪ v ∈ V (G)Ͱ (v, v) ∈ E(G)ͳΔ΋ͷ͕ଘ͠ࡏͳ͍͜ͱɽ
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(2) ϧʔϓϕʹର͠ɼ l(ϕ)Ͱ ϕͷ௕͞Λද͢΋ͷͱ͢Δɽ͜ͷͱ͖πr
1(G, v) → Z/2Z,

[ϕ] "→ (l(ϕ) mod.2)ɼ͸ well-defined ͳ܈४ಉܕͰ͋Δɽ͜ͷ֩Λπr
1(G, v)evͰද

͠ɼπr
1(G, v)ͷۮ਺෦෼ͱ͍͏ɽα ∈ πr

1(G, v)ʹର͠ɼα ∈ πr
1(G, v)evͷͱ͖ɼα

͸ۮ਺ݩͰ͋Δͱ͍͍ɼͦ͏Ͱͳ͍ͱ͖ح਺ݩͰ͋Δͱ͍͏͜ͱʹ͢Δɽάϥϑ
ࣸ૾ͷ༠ಋ͢Δ r-جຊ܈΁ͷ४ಉܕ͸ɼۮ਺ݩɾح਺ݩΛอͭɽ͜ͷੑ࣭͕άϥ
ϑͷࣸ૾ͷඇଘੑࡏΛ͍͏ͱ͖ʹຊ࣭తͳ໾ׂΛՌͨ͢ɽ

(3) r ≥ sͳΒ͹ɼʮϕ ≃s ψ ⇒ ϕ ≃r ψʯ͕੒ΓཱͭͷͰɼશࣹ४ಉܕ πs
1(G, v) →

πr
1(G, v)͕ଘ͢ࡏΔɽ

(4) α ∈ πr
1(G, v)ʹର͠ɼl(α) = inf{l(ϕ) | ϕ ∈ α} Ͱද͢ɽα,β ∈ πr

1(G, v)ʹର͠ɼ
dr(α,β ) = l(α−1β)ͱ͢Δͱɼdr͸ πr

1(G, v)্ͷ྆ଆෆมͳڑ཭Ͱ͋Δɽج఺Λ
อͭάϥϑͷࣸ૾ f : (G, v) → (H,w)ʹର͠ɼdr(f∗α, f∗β) ≤ dr(α,β )͓Αͼ
dr(f∗α, f∗β) = dr(α,β ) (mod.2) ͕֤α,β ∈ πr

1(G, v)ʹର͠੒Γཱͭɽ

ྫ 5.4. r-جຊ܈ͷྫΛ͛ڍΔɽ

(1) nΛ 3Ҏ্ͷح਺ͱ͢Δɽπr
1(Cn)͸ r < nͳΒ͹ ZͱಉܕͰɼr ≥ nͳΒ͹

πr
1(Cn) ∼= Z/2ZͰ͋Δɽn͕ 4Ҏ্ͷۮ਺ͳΒ͹ɼr < (n/2)ͷͱ͖πr

1(Cn) ∼= Z
Ͱɼr ≥ (n/2)ͷͱ͖πr

1(Cn)͸ࣗ໌Ͱ͋Δɽ

(2) (1)ΑΓπ2
1(K3) ∼= Z͕ͩɼ4Ҏ্ͷ੔਺nʹର͠ɼπ2

1(Kn) ∼= Z/2ZͰ͋Δɽ

r-جຊ܈ͱr-ඃ෴ࣸ૾ͱʹ͸ɼҎԼͷఆཧͷΑ͏ʹີ઀ͳ͕ؔ܎੒Γཱͭɽ͜Ε͸τ
ϙϩδʔʹ͓͚Δجຊ܈ͱඃ෴ۭؒͷؔ܎ͱྨࣅͷੑ࣭Ͱ͋Δɽ

ఆཧ 5.5. (G, v)Λج఺෇͖άϥϑͱ͢ΔɽҎԼͷೋͭͷ͑ߟ͍ͯͭʹݍΔɽ

Xr : ର৅͸ (G, v)্ͷɼఆٛҬ͕࿈݁ͳɼج఺Λอͭ r-ඃ෴ࣸ૾Ͱɼࣹ͸ (G, v)্
ͷࣹɽݍ఺෇͖άϥϑͷج

Yr : ର৅͸πr
1(G, v)΁ͷ୯ࣹ܈४ಉܕͰɼࣹ͸πr

1(G, v)্ͷ܈ͷݍͷࣹɽ

͜ͷͱ͖ɼXr → Yr, (p : (H,w) → (G, v)) "→ Im(πr
1(p))͸ݍಉ஋Λ༩͑Δɽ͢ͳΘͪ

ҎԼ͕੒Γཱͭɽ

(1) r-ඃ෴ࣸ૾p : (H,w) → (G, v)ʹର͠ɼπr
1(p) : π

r
1(H,w) → πr

1(G, v)͸୯ࣹͰ͋Δɽ

(2) pi : (Hi, wi) → (G, v) (i = 1, 2)Λ r-ඃ෴ࣸ૾ͰɼHi͸࿈݁ͱ͢Δɽ͜ͷͱ͖ɼج఺
Λอͭάϥϑࣸ૾ f : (H1, w1) → (H2, w2)Ͱɼp2 ◦ f = p1ͱͳΔ΋ͷ͕ଘ͢ࡏΔ͜ͱ
ͱɼIm(πr

1(p1)) ⊂ Im(πr
1(p2))ͳΔ͜ͱ͸ಉ஋Ͱ͋Δɽ͞Βʹɼ͜ͷΑ͏ͳ f͸ଘ͢ࡏ

ΔͳΒ͹ҰҙͰ͋Δɽ

(3) ֤πr
1(G, v)ͷ෦෼܈Γʹର͠ɼج఺෇͖ͷ r-ඃ෴ࣸ૾pΓ : (GΓ, vΓ) → (G, v)ͰɼGΓ

͸࿈݁Ͱ Im(πr
1(pΓ)) =Γ ͳΔ΋ͷ͕ಉܕΛআ͍ͯҰҙʹଘ͢ࡏΔɽ

ྫ 5.6. ্ͷఆཧͷྫΛ͛ڍΔɽ

(1) (G, v)Λج఺෇͖άϥϑͰɼG͸࿈݁Ͱχ(G) ≥ 3ͱ͢Δɽ͜ͷͱ͖ɼK2 ×G͸
࿈݁Ͱ͋ΓɼୈೋࣹӨ (K2×G, (1, v)) → (G, v)͸೚ҙͷਖ਼ͷ੔਺rʹରͯ͠r-ඃ
෴ࣸ૾ʹͳΔɽr-ඃ෴ࣸ૾ʹରԠ͢Δ πr

1(G, v)ͷ෦෼܈͸ɼۮ਺෦෼ πr
1(G, v)ev

ʹରԠ͢Δɽ
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(2) n Λ 3 Ҏ্ͷح਺ͱ͢Δɽ͜ͷͱ͖ɼr < n ͳΒ͹ɼπr
1(Cn) ∼= Z Ͱ͋Γɼ෦෼܈

kZ ⊂ Z ʹରԠ͢Δ r-ඃ෴ࣸ૾͸ Cnk → Cn, (x mod.nk) $→ (x mod.n) Ͱ͋Δɽ

(3) Kn͸n ≥ 4ʹରͯ͠͸π2
1(Kn) ∼= Z/2ZͱͳΔɽ͜ͷ͜ͱ͔Βn ≥ 4ʹର͠ɼKn

ͷ্ʹ͸࿈݁ͳ2-ඃ෴ࣸ૾͸ೋ͔ͭ͠ͳ͘ɼͦΕΒ͸Knࣗ਎ͱK2 ×KnͰ͋Δ
͜ͱ͕Θ͔Δɽ

6. άϥϑͷࣸ૾ͷඇଘੑࡏͱɼr-جຊ܈
ຊઅͰ͸ɼr-جຊ܈Λ༻͍ͯάϥϑͷࣸ૾ͷඇଘ͍͕͑ੑࡏΔྫΛ঺հ͢Δɽ
·ͣɼح਺αΠΫϧ΁ͷࣸ૾ͷ༗ແʹ͍ͭͯɼҎԼͷఆཧ͕੒Γཱͭɽ

ఆཧ 6.1. nΛ 3Ҏ্ͷح਺ɼrΛ nΑΓখ͍͞ਖ਼ͷ੔਺ɼGΛ࿈݁άϥϑͱ͠ɼG͔
ΒCn΁ͷάϥϑͷࣸ૾͕ଘ͢ࡏΔͱ͢Δɽ͜ͷͱ͖೚ҙͷح਺ݩα ∈ πr

1(G)ʹର͠ɼ
l(αk) ≥ kn (l(α) ͷҙຯ͸஫ҙ র)͕೚ҙͷඇෛ੔਺ࢀ(2)4.3 kʹର͠੒ཱ͢Δɽಛʹ
πr
1(G)ͷح਺ݩ͸ແݶҐ਺Ͱ͋Γɼχ(G) ≥ 3ͳΒ͹πr

1(G)͸ແ܈ݶͰ͋Δɽ

Proof. α ∈ πr
1(G) Λح਺ݩͱ͢Δͱɼf∗α ∈ πr

1(Cn) ΋ح਺ݩͰ͋Γɼ͕ͨͬͯ͠
l(f∗α) ≥ n͕੒Γཱͭɽπr

1(Cn) ∼= Zʹର͢Δ͔࡯ߟΒɼl(f∗(α)k) = l(f∗(α))kΛಘ
Δɽ͕ͨͬͯ͠ l(αn) ≥ l(f∗(α)k) ≥ nk ΛಘΔɽ

ಛʹ n = 3 ͷͱ͖Λ͑ߟΔͱɼC3
∼= K3͔ΒҎԼͷఆཧ͕੒Γཱͭɽ

ܥ 6.2. GΛχ(G) = 3ͳΔ࿈݁άϥϑͱ͢Δͱɼπ2
1(G)ͷ೚ҙͷح਺ݩ͸ແݶҐ਺Ͱ

͋Δɽ

ྫ 6.3. ఆཧ6.1ͷԠ༻ྫΛ͛ڍΔɽ

(1) άϥϑGʹର͠ɼg0(G) = inf{2n+1 | n ≥ 0͔ͭC2n+1͔ΒG΁ͷάϥϑࣸ૾͕ଘ
಺पͱ͍͏ɽҰํɼg0(G)حΔ}ͱఆٛ͢Δɽg0(G)ΛGͷ͢ࡏ = sup{2n+1 | n ≥ 0

͔ͭG͔ΒC2n+1΁ͷάϥϑࣸ૾͕ଘ͢ࡏΔ }ͱఆٛ͢Δɽਖ਼ͷح਺ n,mʹର
͠ɼn > mͳΒ͹ɼCn͔ΒCm΁ͷάϥϑͷࣸ૾͸ଘ͢ࡏΔ͕ɼCm͔ΒCn΁
ͷάϥϑͷࣸ૾͸ଘ͠ࡏͳ͍͔Βɼg0(G) ≥ g0(G)͕Θ͔Δɽg0(G)ΛٻΊΔͷ
͸ൺֱత؆୯ͳ͜ͱ͕ଟ͍͕ɼg0(G)ͷਖ਼֬ͳ஋ΛٻΊΔ͜ͱ͸Ұൠʹ͸೉͍͠
͜ͱͰ͋Δɽ

ఆཧ6.1Λ༻͍Δ͜ͱͰɼ೚ҙͷਖ਼ͷح਺n,mͰn ≥ mͳΔ΋ͷʹର͠ɼάϥϑ
Gn,mͰɺg0(G) = n͔ͭ g0(Gn,m)Ͱ͋Δ΋ͷΛߏ੒͢Δ͜ͱ͕Ͱ͖Δɽྫ͑͹ɼ
࣍ϖʔδͷਤ̍ͷάϥϑͷڥքͷ௖఺Λɼͦͷ఺ରশͳҐஔʹ͋Δ௖఺ͱಉҰࢹ
ͨ͠άϥϑΛGͱ͢Δͱɼg0(G) = 7ɼg0(G) = 5ͱͳΔɽ

(2) nΛඇෛ੔਺ͱ͢Δɽάϥϑ Gn ΛɼV (Gn) = {(i.j) ∈ Z2 | 0 ≤ i, j ≤ n}ɼ
E(Gn) = {((i, j)(i′, j′)) | |i− i′| + |j − j′| = 1}ͱͯ͠ఆٛ͠ɼάϥϑXnΛɼ֤
j ∈ {0, 1, · · · , n}ʹର͠ɼ(j, 0)ɼ(n, j)ɼ(n− j, n)ɼ(0, n− j)ͳΔGnͷ௖఺Λಉ
Ұͯ͠ࢹಘΒΕΔάϥϑͱ͢Δɽ

n͕ۮ਺ͳΒ͹χ(Xn) = 2Ͱ͋Γɼn͕ح਺ͳΒ͹Cn͔ΒXn΁ͷάϥϑͷࣸ૾
͕ଘ͢ࡏΔ͔Βχ(Xn) ≥ 3Ͱ͋ΔɽҰํɼπ2

1(X3) ∼= Z/2ZͰ͋Γɼn ≥ 5ͳΔح਺
nʹରͯ͠͸ɼπ2

1(Xn) ∼= Z/4ZͰ͋Δɽ͕ͨͬͯ͠n͕ح਺ͷͱ͖͸χ(Xn) ≥ 4
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ਤ1

Ͱ͋Δ͕ɼ࣮4ʹࡍ৭Ͱ࠼৭ՄೳͰ͋Δ͜ͱ͕Θ͔ΔͷͰχ(Xn) = 4͕Θ͔Δɽ

ҎԼɼnΛ5Ҏ্ͷਖ਼ͷح਺ͱ͢Δɽ࿈݁άϥϑGͰɼχ(G) > 2ɺπ2
1(G) ∼= Z/2Z

ͳΔ΋ͷΛ͑ߟΔɽ͜ͷΑ͏ͳGͷྫͱͯ͠ɼKm (m ≥ 4)΍ɼm ≥ 2k+ 2ͳΔ
ਖ਼ͷ੔਺m, kʹର͢ΔKneserάϥϑKm,kɼ͓Αͼ҆ఆKneserάϥϑSKm,kͳ
Ͳ͕͋Δʢޙड़ɽྫ7.6ࢀরʣɽ͜ͷͱ͖ɼG͔ΒάϥϑXn΁ͷάϥϑͷࣸ૾͕
ଘ͠ࡏͳ͍͜ͱ͕ ɼG͔ΒXn΁ͷάϥϑࡍΛൺ΂Δ͜ͱͰΘ͔Δɽ࣮܈ຊج-2
ࣸ૾ f : G → Xn͕ଘ͢ࡏΔͱԾఆ͢Δɽα ∈ π2

1(G) ∼= Z/2ZΛඇࣗ໌ͳݩͱ͢
Δͱɼf∗α͸π2

1(Xn) ≃ Z/4Zͷۮ਺෦෼ʹଐͣ͞ɼ͔ͭf∗(α)2 = 1Ͱͳͯ͘͸ͳ
Βͳ͍͕ɼͦͷΑ͏ͳݩ͸π2

1(Xn)ʹ͸ଘ͠ࡏͳ͍ɽ

(3) KneserάϥϑK2k+1,kͷ࠼৭਺͸ 3 Ͱ͋Δ͔ΒɼK2k+1,k͔ΒC3(∼= K3)΁ͷάϥ
ϑͷࣸ૾͸ଘ͢ࡏΔɽ͔͠͠ɼK2k+1,k͔ΒC5΁ͷάϥϑͷࣸ૾͸ଘ͠ࡏͳ͍ɽ
ɼࡍ࣮ g0(K2k+1,k) = 2k+1Ͱ͋ΓɼK2k+1,k ͷ௕͞ 2k+1ͷϧʔϓ͸ɼπ3

1(Kn,k)

ʹ͓͍ͯҐ਺͕ 2 ʹͳΔ͔ΒͰ͋Δ 5ɽ

(4) Ҏ্ͷྫ͸ɼάϥϑG͔Βح਺αΠΫϧCn΁ͷάϥϑࣸ૾͕ଘ͢ࡏΔͳΒ͹ɼ
r < nʹର͢Δπr

1(G)ͷح਺͕ݩແݶҐ਺ʹͳΔͱ͍͏ͱ͜ΖͷΈΛ͓ͯͬ࢖Γɼ
ఆཧͷओுʹ͋ΔΑ͏ͳ l(αk) ≥ nk ͕੒Γཱͭͱ͍͏௕͞ʹର͢Δ੍ݶ·Ͱ͸
ͳ͍ɽͦ͜Ͱɼ͜ͷϗϞτϐʔྨͷ௕͞ʹண໨͠ͳ͚Ε͹άϥϑͷࣸ૾͍ͯͬ࢖
ͷඇଘ͑ݴ͕ੑࡏͳ͍ྫΛ঺հ͢Δɽ

nΛ 5 Ҏ্ͷح਺ͱ͠ɼXnΛ (2)Ͱఆٛͨ͠΋ͷͱ͢Δɽ͜ͷͱ͖ɼπ2
1(Xn) ∼=

Z/4ZͰ͋Δ͔ΒɼXnͷ2-ඃ෴ࣸ૾ʹؔ͢Δීวඃ෴X̃nΛͱΔͱɼX̃nʹ͸Z/4Z
ఆΊΔάϥϑͷࣸ૾Λτ͕ݩΔɽZ/4Zͷੜ੒͢༺࡞͕ : X̃n → X̃nͰද͢ɽάϥϑ
ỸnΛɼV (Ỹn) = V (X̃n)× ZɼE(Ỹn) = {((x, i), (y, j)) | (i = j͔ͭ (x, y) ∈ E(G))

·ͨ͸ (x = y͔ͭ |i− j| = 1)͕੒Γཱͭ}ͱͯ͠ఆٛ͢ΔɽỸn΁ͷZͷ࡞༻Λɼ
Zͷੜ੒͕ݩఆΊΔࣸ૾͕ (x, i) (→ (τ(x), i + 2)Ͱ͋Δͱͯ͠ఆٛ͠ɼ͜ͷ࡞༻
ʹΑΔ঎άϥϑΛ ỸnͰఆٛ͢Δɽ͜ͷͱ͖ɼπ2

1(Yn) ∼= ZͰ͋Γɼͦͷੜ੒ݩΛ
αͱ͢Δͱɼl(α) = n+ 2Ͱ͋ΔɽҰํɼl(α4) = 8 < 3 · 4͔ͩΒɼYn͔ΒK3΁

5π3
1(K2k+1,k) ∼= Z/2Z ͱͳΔΑ͏ͳ͕͢ؾΔ͕ɼΑ͘Θ͔Βͳ͔ͬͨɽ
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ͷάϥϑࣸ૾͸ଘ͠ࡏͳ͍ɽΑͬͯχ(Yn) > 3 ͕ͩɼ࣮ࡍʹYn͕4৭Ͱ࠼৭Մೳ
Ͱ͋Δ͜ͱ͕Θ͔ΔͷͰɼχ(Yn) = 4Ͱ͋Δɽ

7. r-ۙ๣ෳମͱͷؔ܎
[15]ʹ͓͍ͯɼҎԼͷ r-ۙ๣ෳମͳΔ΋ͷΛఆٛͨ͠ɽ͜Ε͸ Lovász ͷۙ๣ෳମͷࣗ
વͳҰൠԽͰ͋Γɼr-ۙ๣ෳମͷجຊ܈͸ (2r)-جຊ܈ͱີ઀ʹ͍ؔͯ͠܎Δɽ·ͣఆ
ٛΛड़΂Δɽ

ఆٛ 7.1. GΛάϥϑͱ͢Δɽ͜ͷͱ͖ɼr-ۙ๣ෳମ (r-neighborhood complex)ͱ͸ɼ

Nr(G) = {σ ⊂ V (G) | ♯σ< ∞͔ͭ v ∈ V (G)Ͱσ ⊂ Nr(v)ͳΔ΋ͷ͕ଘ͢ࡏΔɻ}

ͳΔ୯ମෳମͱͯ͠ఆٛ͢Δɽ

ఆ͔ٛΒɼ1-ۙ๣ෳମ͸ Lovász ͷۙ๣ෳମN (G)ʹಉܕͰ͋Δɽ

ఆཧ 7.2. rΛਖ਼ͷ੔਺ͱ͢Δɽج఺෇͖άϥϑ(G, v)ͰN(v) ̸= ∅ͳΒ͹ɼπ2r
1 (G, v)ev ∼=

π1(Nr(G), v)ͳΔࣗવͳಉ͕͋ܕΔɽ

্ͷఆཧ͔ΒɼҎԼͷ͜ͱ͕Θ͔Δɽ

ܥ 7.3. GΛχ(G) > 2ͳΔάϥϑͱ͠ɼnΛ 3Ҏ্ͷح਺ͱ͢Δɽ͜ͷͱ͖ɼG͔Β
Cn΁άϥϑͷࣸ૾͕ଘ͢ࡏΔͳΒ͹ɼH1(N(n−1)/2(G);Z)͸ZΛ௚࿨Ҽࢠʹ࣋ͭɽ

ূ໌ͷ֓ཁɿG͔Β Cn ʹάϥϑͷࣸ૾ f ͕ଘ͢ࡏΔͳΒ͹ɼ܈४ಉܕ πn−1
1 (G) →

πn−1
1 (Cn) ∼= Z ͕ଘ͢ࡏΔɽχ(G) > 2 ͔ͩΒ πn−1

1 (G) ͸ح਺ݩΛؚΈɼ͕ͨͬͯ͠
πn−1
1 (f) ͸ඇࣗ໌Ͱ͋Δɽπn−1

1 (G)ev͸πn−1
1 (G)ͷࢦ਺2ͷ෦෼͔ͩ܈Βɼπn−1

1 (G)ev͔
ΒZͷࣸ૾Ͱɺඇࣗ໌ͳ΋ͷ͕ଘ͢ࡏΔɽ͜ͷ͜ͱ͸πn−1

1 (G)evͷΞʔϕϧԽ͕ZΛ௚
࿨Ҽࢠʹ࣋ͭ͜ͱΛҙຯ͢ΔɽΑͬͯఆཧ6.2͔ΒओுΛಘΔɽ

ิ୊ 7.4. p : G → H Λ (2r)-ඃ෴ࣸ૾ͱ͢ΔͱɼNr(p) : Nr(G) → Nr(H) ͸ඃ෴ࣸ૾
Ͱ͋Δɽ

ఆཧ6.2ͱ্ͷิ୊Λ߹ΘͤΔ͜ͱͰɼr-ۙ๣ෳମͷ্ͷඃ෴ࣸ૾͸ɼ(2r)-ඃ෴ࣸ૾
ʹΑΓ׬શʹ೺ѲͰ͖Δ͜ͱ͕Θ͔Δɽͭ·Γɼ͕࣍Θ͔Δɽ

ఆཧ 7.5. rΛਖ਼ͷ੔਺ɼ(G, v) Λج఺෇͖ͷάϥϑͰ G ͸࿈݁ɼN(v) ̸= ∅ ͱ͢Δɽ
͜ͷͱ͖ҎԼ͕੒Γཱͭɽ

(1) χ(G) = 2 ͱ͢Δɽ͜ͷͱ͖ج఺෇͖ۭؒ (Nr(G), v)ͷ্ͷج఺෇͖ͰఆٛҬ͕
࿈݁ͳඃ෴ࣸ૾ͷͳ͢ݍ͸ɼج఺෇͖άϥϑ (G, v)ͷ্ͷج఺෇͖ͰఆٛҬ͕࿈
݁ͳ (2r)-ඃ෴ࣸ૾ͷͳ͢ݍʹಉ஋ʹͳΔɽ

(2) χ(G) ≥ 3 ͱ͢Δɽ͜ͷͱ͖ج఺෇͖ۭؒ (Nr(G), v)ͷ্ͷج఺෇͖ͰఆٛҬ͕
࿈݁ͳඃ෴ࣸ૾ͷͳ͢ݍ͸ɼج఺෇͖άϥϑ (K2 × G, (1, v)) ͷ্ͷج఺෇͖Ͱ
ఆٛҬ͕࿈݁ͳ (2r)-ඃ෴ࣸ૾ͷͳ͢ݍͱಉ஋ʹͳΔɽ

ྫ 7.6. ۙ๣ෳମʹؔ͢Δطଘͷ݁Ռͱఆཧ6.2͔ΒΘ͔Δ͜ͱΛ·ͱΊΔɽ

(1) άϥϑGʹର͠ɺάϥϑG+Λ

V (G+) = V (G) *{∗}ɺE(G+) = E(G) ∪ (V (G)×{∗} ) ∪ ({∗}× V (G))
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ʹΑΓఆٛ͢Δɽ͜ͷͱ͖ɼN (G+)͸N (G)ͷݒਨʹϗϞτϐʔಉ஋Ͱ͋Δ͜
ͱ͕஌ΒΕ͍ͯΔɽʢྫ͑͹ রʣχ(G)ࢀ[5] ≥ 3ͰG͕࿈݁ͳΒ͹ɼN (G)͸࿈݁
Ͱɼ͕ͨͬͯ͠N (G)͸୯࿈݁Ͱ͋Δɽ͕ͨͬͯ͠π2

1(G) ∼= Z/2ZͰ͋Γɼ͜ͷ
ͱ͖G+ͷ্ͷ࿈݁ͳ2-ඃ෴ࣸ૾͸G+ࣗ਎ͱK2 ×G+ͷΈͰ͋Δɽ

(2) Lovász͸Kn,k͕n ≥ 2kͷͱ͖ɼN (Kn,k)͕ (n− 2k − 1)-࿈݁Ͱ͋Δ͜ͱΛࣔ͠
ͨɽ·ͨɼ҆ఆKneserάϥϑSKn,kΛ

V (SKn,k) = {σ ⊂ {1, · · · , n} | ♯σ = kͰɼi ∈ σͳΒ i+ 1 ̸∈ σɽ}

E(SKn,k) = {(σ,τ ) | σ ∩ τ = ∅}

ʹΑΓఆٛ͢ΔɽSchriver͸N (SKn,k)͸ (n − 2k − 1)-࿈݁Ͱ͋Δ͜ͱΛࣔ͠ 6ɼ
χ(SKn,k) = n − 2k + 2Λࣔͨ͠ɽ͜ΕΒͷ݁Ռ͔Βɼn ≥ 2k + 2ͳΒ͹ɼKn,k

ʢSKn,kʣͷ Ͱ͋Γɼͦͷ্ͷܕ͸Z/2Zʹಉ܈ຊج-2 2-ඃ෴ࣸ૾͸ͦΕࣗ਎ͱɼ
K2 ×Kn,kʢK2 × SKn,kʣͷΈͰ͋Δ͜ͱ͕Θ͔Δɽ

r͕ح਺ͷ࣌͸ɼLovászͷۙ๣ෳମͱಉ༷ͷख๏ʹΑͬͯɼr-ۙ๣ෳମͷτϙϩδʔ
Λൺ΂Δ͜ͱͰάϥϑͷࣸ૾ͷଘࡏΛௐ΂Δ͜ͱ͕Ͱ͖Δɽ

ఆٛ 7.7. rΛਖ਼ͷ੔਺ɼGΛάϥϑͱ͢ΔɽϙηοτBr(G)Λ

{(σ,τ ) | σ,τ ͸V (G)ͷ༗ݶ෦෼ू߹Ͱɼ֤ v ∈ σʹର͠ τ ⊂ Nr(v)}

ͱఆΊΔɽॱং͸ʮ(σ,τ ) ≤ (σ′, τ ′) ⇔ σ ⊂ σ′ ͔ͭ τ ⊂ τ ′ʯʹΑͬͯఆΊΔɽ

୯ମෳମ∆ʹର͠ɼF∆Ͱͦͷ໘ϙηοτΛදͨ͠ɽʢ2અΛࢀরʣ

ิ୊ 7.8. άϥϑGʹର͠ɼBr(G) → FN (G), (σ,τ ) -→ σ͸ϗϞτϐʔಉ஋ࣸ૾Ͱ͋
Δɽಛʹ Br(G) ͱ Nr(G) ͸ಉ͡ϗϞτϐʔܕΛ࣋ͭɽ

r ਺Ͱح͕ g0(G) > r ͳΒ͹ɼBr(G) ͸ࣗ༝ Z2-ۭؒͱͳΔɽάϥϑ G ͱ H Ͱɼ
g0(G), g0(H) > rͳΔ΋ͷ͕༩͑ΒΕͨͱ͖ɼ Br(G) ͱ Br(H) ͷୈ̍ Stiefel-Whitney

ྨͷႈ͕͍ͭ 0 ʹͳΔ͔Λൺ΂Δ͜ͱʹΑΓɼG͔ΒHʹάϥϑͷࣸ૾ͷඇଘ͍͕ࡏ
͑Δɽ࣮ࡍʹ࣍ͷΑ͏ͳྫ͕͋Δɽ

໋୊ 7.9. n, k, rΛਖ਼ͷ੔਺Ͱɼn > 2kɺ(n − 2k)r = k − 1Λຬͨ͢΋ͷͱ͢Δɽ͜
ͷͱ͖ɼ֤ v ∈ V (Kn,k)ʹର͠ɼN2r−1(v) = V (Kn,k) − {v}͕੒Γཱͭɽ͕ͨͬͯ͠
g0(Kn,k) = 2r+ 1Ͱ͋ΓɼN2r−1(Kn,k)͸ (♯V (Kn,k)− 2) = (

(
n
k

)
− ໘ʹಉ૬ٿͷݩ࣍(2

Ͱ͋Δɽ

্ͷ໋୊Λ༻͍Δ͜ͱͰɼҎԼͷ͜ͱ͕Θ͔Δɽ

ܥ 7.10. n, k, rΛਖ਼ͷ੔਺ͱ͠ɼn > 2kɺ(n− 2k)r = k − 1Λຬͨ͢΋ͷͱ͢Δɽ͜
ͷͱ͖ɼح಺प͕ (2r+1)Ҏ্ͷάϥϑGͰɼ♯V (G) <

(
n
k

)
Λຬͨ͢΋ͷʹର͠ɼKn,k

͔ΒG΁ͷάϥϑͷࣸ૾͸ଘ͠ࡏͳ͍ɽ

্ͷΑ͏ʹಛघͳάϥϑͷ৔߹ʹ͸ɼ r-ۙ๣ෳମͷϗϞτϐʔܕΛ͢ࢉܭΔ͜ͱ͕
Ͱ͖Δ͕ɼҰൠʹ͸ͦͷϗϞτϐʔܕΛܾఆ͢Δ͜ͱ͸ඇৗʹ೉͍͠ɽ

6ΑΓ͘ڧɼBjörner ͱ Longueville ͸ [4]ʹ͓͍ͯN (SKn,k)͕ Sn−2kʹϗϞτϐʔಉ஋Ͱ͋Δ͜ͱ
Λ͍ࣔͯ͠Δɽ
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