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of multiplicity varieties
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multiplicity variety ƱԠƹǕǔᆰ᧓ଈǛݰλƠᲦཎࣱૠƷᚘምƱࣖဇǛᎋݑƢ

ǔᲨǇƨƦƜưƷኵӳƤႎ᩿ͨǛਁЈƠƯᲦǦǧǤȈ˄ƖƷ vector partition
function Ʊ volume function Ǜܭ፯ƠᲦƦǕǒƷଢᅆπࡸǛɨƑǔᲨƞǒƴᲦ

volume function Ʊឬ࠹˴᧙ૠᛯƱƷ᧙ǘǓǛᛯƣǔᲨ

1. Multiplicity variety ƱȆȳǽȫᆢᘙྵƷЎᚐ

1.1. բ᫆Ʊಒᙲ

G ǛҥᡲኽǳȳȑǯȈҥኝȪȸ፭ᲦT ǛಊٻȈȸȩǹƱƠᲦg, t Ǜ G, T ƷȪȸ࿢Ღg∗,

t∗ ǛƦǕǒƷӑݣƱƢǔᲨƠƹƠƹᲦϋᆢǛဇƍƯ t∗ ⊂ g∗ ƱǈƳƢᲨG Ʒ g∗ ǁƷ˷

᨟ˤ˺ဇƴǑǔλ ∈ t∗ (⊂ g∗) Ʒ៽ᢊǛ Oλ ưᘙƢᲨλ1, . . . ,λn, µ ∈ t∗ ƴݣƠᲦഏƷǑ

ƏƳՠᲢǷȳȗȬǯȆǣȃǯՠƋǔƍƸǱȸȩȸՠƱԠƹǕǔᲣǛᎋƑǔᲨ

MG = (Oλ1 × · · ·×Oλn) //G := {(x1, . . . , xn) | x1 + · · ·+ xn = 0}/G,

MT = (Oλ1 × · · ·×Oλn) //µT := {(x1, . . . , xn) | p(x1 + · · ·+ xn) = µ}/T.

ƨƩƠ p : g∗ → t∗ ƸࢨݧưƋǓᲦG ƸႺᆢᆰ᧓ƴݣᚌႎƴ˺ဇƢǔǋƷƱƢǔᲨƜ

ǕǒƷᆰ᧓ǛዮᆅƠƯ multiplicity variety ƱǑƼᲦཎƴࢸᎍǛ multiple weight

variety ƱԠƿᲨ

ƦƷӸЭƸᲦ࠹˴ႎ᣽҄܇ƴƓƚǔᆰ᧓ƱᘙྵƷࣖݣƴဌஹƢǔᲨP (⊂ t∗) Ǜ G Ʒ

ǦǧǤȈ఍܇ᲦP+ ǛૅᣐႎǦǧǤȈƷᨼӳƱƠᲦλ1, . . . ,λn ∈ P+, µ ∈ P ƷئӳǛ

ᎋƑǔᲨBorel-WeilƷྸܭƴǑǓᲦλi Ǜᡫǔ˷᨟ˤ៽ᢊ Oλi
ƸᲦλi Ǜஇ᭗ǦǧǤȈ

ƴǋƭ G ƷଏኖᘙྵVλi
ƴࣖݣƢǔᲨǇƨᲦႺᆢ Oλ1 × · · ·×Oλn ƸȆȳǽȫᆢᘙྵ

Vλ1⊗ · · ·⊗Vλn ƴࣖݣƢǔᲨƜƷƱƖᲦՠ MG Ƹɧ٭ᢿЎᆰ᧓ (Vλ1⊗ · · ·⊗Vλn)
G ƴࣖݣ

ƠᲦMT ƸǦǧǤȈƷ᣻ᙐࡇǛᘙƢ [Vλ1 ⊗ · · ·⊗Vλn : Cµ] := HomT (Cµ, Vλ1 ⊗ · · ·⊗Vλn)

ƴࣖݣƢǔᲨƜƜư Cµ ƸǦǧǤȈ µ ǛǋƭT ƷᲫഏΨᘙྵưƋǔᲨ

λ1, . . . ,λn ƓǑƼ µ ƷӕǓ૾ƴǑǓˮႻ׹ƕಮŷƴ٭ǘǔƨǊᲦƜǕǒƷᆰ᧓Ʒࣱ

ឋƸ᩼ࠝƴᐻԛขƍᲨ

բ᫆ 1.1. MG, MT ƷȈȝȭǸȸȷ࠹˴ƴƭƍƯᛦǂǑᲨ

ଏჷƷᜂኽௐǛƜƜưЗਫƢǔƜƱƸƠƳƍƕᲦ̊Ƒƹ G ƕ A ưᲦӲ׹ Oλi
ƕࢨݧ

ᆰ᧓ǍǰȩǹȞȳٶಮ˳ƷئӳƷ MG ƴƭƍƯƸᲦ[14], [11] ˌᨀᲢƋǔƍƸӞχႎƳ

ɧࡸ٭ᛯƷ૨ᏦưƦǕˌЭƴǋᲣᲦƍƘƭƔƷƜƱƕᛦǂǒǕƯƍǔᲨཎƴ G = SU(2)

ƷئӳƕؕஜႎƳ̊ƱƳǔᲨǇƨᲦn = 1 ƷƱƖƷ MT ƸᲦ[12] ˌᨀweight variety

ƱԠƹǕƯƍǔᲨn = 2 ƷƱƖƸdouble weight varietyƱԠƹǕᲦG = SU(3) Ʒئ
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ӳƴSuzuki [17, 18] ƴǑǓᛇƠƘᛦǂǒǕƨᲢ1.4ራӋༀᲣᲨƱƸƍƑᲦǇƩ৖ƕ˄ƍ

ƯƍƯƍƳƍƜƱƷ૾ƕٶƍᲨ̊ƑƹȩǰȩȳǸȥᢿЎٶಮ˳ǍࣇЎ࠹˴ႎƳࣱឋǋ

᩿ႉƍƱ࣬ǘǕǔᲨ

ƞƯᲦƜƜưբ᫆ƴƠƨƍƷƸᲦM = MG,MT ƷǳțȢȭǸȸʩӎᆢᲦཎƴཎࣱૠ

RR(M) =

∫

M
eωTd(M) ƓǑƼ vol(M) =

∫

M
eω = lim

k→∞

1

kd

∫

M
ekωTd(M)

ƷᚘምưƋǔᲨƨƩƠᲦω Ƹ M ƷǷȳȗȬǯȆǣȃǯ࢟ࡸᲦTd(M) Ƹ M Ʒ Todd

Ღdࡸ࢟ Ƹ MƷᙐእഏΨưƋǔᲨ̊Ƒƹ vol(M) ƕ M ƷȈȝȭǸȸƴƭƍƯᲢƦƜ

ƦƜᲣᝅ݈ƳऴإǛԃǉƜƱƸᲦ1.3ራưᛟଢƢǔᲨ

ǷȳȗȬǯȆǣȃǯՠƷǳțȢȭǸȸʩӎᆢƴ᧙ƢǔɟᑍᛯƱƠƯᲦJeffrey-Kirwan

ƴǑǔ residue formula [9] ǍᲦMartinƴǑǔᆢЎπࡸ [13] ሁƷ৖ඥƕჷǒǕƯƍǔƕᲦ

঻ŷƸᆰ᧓ƷဌஹƴბႸƠᲦRR(M), vol(M) ǛᘙྵƷᚕᓶưᚕƍ੭ƑǔᲨቇҥƷƨ

ǊᲦM Ƹ๖ǒƔƱˎܭƠᲦǇƨƋǒƔơǊᢘ࢘ƳദૢૠǛ λ1, . . . ,λn ∈ P+, µ ∈ P ƴ

ƔƚƯƓƘᲨƜƷƱƖᲦɥưᡓǂƨᆰ᧓ƱᘙྵƷࣖݣᲢཎƴGuillemin-SternbergƷܭ

ྸ [5]ᲣƔǒഏƕࢽǒǕǔᲨ

RR(MG) = dim(Vλ1 ⊗ · · ·⊗ Vλn)
G, vol(MG) = lim

k→∞

1

kd
dim(Vkλ1 ⊗ · · ·⊗ Vkλn)

G,

RR(MT ) = [Vλ1 ⊗ · · ·⊗ Vλn : Cµ], vol(MT ) = lim
k→∞

1

kd′
[Vkλ1 ⊗ · · ·⊗ Vkλn : Ckµ].

բ᫆ 1.2. ɥࡸƷӫᡀǛ qG(λ⃗), vG(λ⃗), qT (λ⃗, µ), vT (λ⃗, µ) ƱᚡƢᲨƜǕǒǛӧᏡƳᨂǓ

ଢᅆႎƴᘙƤᲨ

ɟƭƷᐯ໱ƳǢȗȭȸȁƸᲦਦ೅Ǜဇƍǔ૾ඥưƋǔᲨWeylƷਦ೅πࡸǛဇƍƯ

Vλ1 ⊗ · · · ⊗ Vλn Ɣǒ࣏ᙲƳऴإǛࢽǑƏƱƢǔƱᲦᇹ 2ራưᡓǂǔ vector partition

functionƓǑƼvolume functionƷᎋݑǁƱݰƔǕǔᲢ2.4ራӋༀᲣᲨɟ૾ᲦVerlinde Ʒ

πࡸǛဇƍƨКƷǢȗȭȸȁǛ1.5ራưᡓǂǔᲨ

1.2. ̊ᲴG = SU(2) Ʒئӳ

G = SU(2) ƷƱƖƸᲦɟᑍƷ λ1, . . . ,λn, µ ƴݣƠƯᲦqG(λ⃗), vG(λ⃗), qT (λ⃗, µ), vT (λ⃗, µ)

ƕൔ᠋ႎƖǕƍƳ࢟ƴ൭ǊǒǕǔᲢ[22] ሁǛӋༀᲣᲨ̊Ƒƹ vG(λ⃗) ƴƭƍƯᲦഏƕ঺

ǓᇌƭᲨᲢƨƩƠᲦΛ1 ƸؕஜǦǧǤȈᲦα1 = 2 Λ1 ƸҥኝȫȸȈưƋǔᲨᲣ

ྸܭ 1.3. i = 1, . . . , n ƴݣƠᲦλi = miΛ1 =
mi

2
α1 Ტmi ∈ 2Z>0) ƱƠᲦM = m1 +

· · ·+mn ƱƓƘᲨƜƷƱƖᲦd = n− 3 ưƋǓᲦvG(λ⃗) ƸഏƷᲭᡫǓƴᘙƞǕǔᲨ

(1) vG(λ⃗) = − 1

2(n− 3)!

∑

ε1,...,εn

ε1 · · · εn
(
ε1
m1

2
+ · · ·+ εn

mn

2

)n−3

,

ᲢԧƸ ε1
m1

2
+ · · ·+ εn

mn

2
> 0 ǛǈƨƢ (ε1, . . . , εn) ∈{± 1}n μ˳ƴǘƨǔᲣ

(2) vG(λ⃗) =
4Mn−3

πn−2

∞∑

p=1

∏n
i=1 sin

πmip
M

pn−2
,

(3) vG(λ⃗) =
4

π

∫ ∞

0

∏n
i=1 sinmix

xn−2
dx.
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λ1 = · · · = λn ƷƱƖᲦ(1)ƸᲬΨ࢟ࡸƷɧࡸ٭ᛯƴ᧙Ƣǔ Hilbert ƷӞχႎƳኽௐ

ƱขƘ᧙ᡲƢǔᲢ[16] ሁǛӋༀᲣᲨG = SU(3) ƷئӳƷ (1)Ʒ᫏˩ƴƭƍƯƸ [19] Ǜ

ӋༀƷƜƱᲨǇƨᲦ(2)(3)Ʒɟᑍ҄ƕ1.5ራưࢽǒǕǔᲨ

1.3. volumeƔǒǘƔǔƜƱ

MG, MT ƷǷȳȗȬǯȆǣȃǯ࢟ࡸǛᚡᡓƠǑƏᲨǇƣ λ ∈ t∗ ƱƠᲦ˷᨟ˤ៽ᢊ

Oλ ɥƷǷȳȗȬǯȆǣȃǯ࢟ࡸᲢKirillov-Kostant-Souriau ᲣǛࡸ࢟ ωλ ƱᚡƢᲨG Ʒ

Oλ ǁƷ˺ဇƷȢȸȡȳȈϙ΂ Φλ ƸѼԃϙ΂ Oλ ↪→ g∗ ưƋǔᲨG Ʒ᨞ૠǛ l ƱƠᲦ

Λ1, . . . ,Λl ǛؕஜǦǧǤȈƱƢǔᲨλ = p1Λ1 + · · · + plΛl ƱᘙƢƱƖᲦpi ̸= 0 ƳǒƹᲦ

Oλ ɥƷ᧍2࢟ࡸ ωΛi
Ʊϙ΂ ΦΛi : Oλ → g∗ ƕܭǇǓᲦ

ωλ = p1ωΛ1 + · · ·+ plωΛl
, Φλ = p1ΦΛi + · · ·+ plΦΛi

ƕ঺ǓᇌƭᲨƜǕƔǒᲦMG ƷǷȳȗȬǯȆǣȃǯ࢟ࡸωG Ƹ

ωG =
n∑

i=1

(pi,1zi,1 + · · ·+ pi,lzi,l) (zi,j ∈ Z2(MG))

Ʒ࢟ƴƳǔᲨƞǒƴᲦµ ∈ t∗ Ǜ µ = x1Λ1+· · ·+xlΛl ƱᘙƢƱƖᲦDuistermaat-Heckman

ƷྸܭƷች݅҄Ტ[6] ӋༀᲣƔǒᲦMT ƷǷȳȗȬǯȆǣȃǯ࢟ࡸ ωT Ƹ

ωT =
n∑

i=1

(pi,1zi,1 + · · ·+ pi,lzi,l) + x1γ1 + · · ·+ xlγl (zi,j, γk ∈ Z2(MT ))

Ʒ࢟ƴƳǔᲨƠƨƕƬƯᲦഏƕࢽǒǕǔᲨ

ԡ᫆ 1.4. (1) vol(MG) Ƹ pi,j Ʒٶ᪮ࡸưƋǓᲦʩӎᆢ

∫

MG

z1,1
d1,1 · · · zn,ldn,l Ʒ൐᧙

ૠƴƳǔᲨ

(2) vol(MT ) Ƹ pi,j, xk Ʒٶ᪮ࡸưƋǓᲦʩӎᆢ

∫

MT

z1,1
d1,1 · · · zn,ldn,l γe1

1 · · · γel
l Ʒ൐

᧙ૠƴƳǔᲨ

ኒ 1.5. G = SU(2) ƷئӳᲦ(1)1.3ྸܭƔǒ MG ƷƢǂƯƷʩӎᆢƕǘƔǔᲨMT ƴ

ƭƍƯǋӷಮưƋǔᲨǑǓɟᑍƴ G = SU(l + 1) ƱƠᲦӲ˷᨟ˤ៽ᢊOλi
ƕ U(l +

1)/(U(1)× · · ·× U(1)× U(ki)) ƷˮႻ׹ǛǋƭƱˎܭƢǔᲨƜƷƱƖᲦH∗
DR(MT ) ƕ

ʈඥႎƴ zi,j, γk ƨƪưဃ঺ƞǕǔƜƱƕᅆƞǕǔᲨǏƑƴᲦvol(MT ) ƕ pi,j, xk Ʒٶ

᪮ࡸƱƠƯφ˳ႎƴ൭ǇǔƳǒƹᲦMT ƷƢǂƯƷʩӎᆢƕǘƔǔᲨƢƳǘƪᲦҾྸ

ႎƴƸ R ̞ૠǳțȢȭǸȸƷ࿢ನᡯƕǘƔǔƜƱƴƳǔᲨ

1.4. ̊ᲴSU(3)Ʒ double weight variety

G = SU(3) ƱƢǔᲨSuzuki [17, 18] ƸᲦdouble weight variety MT = (Oλ1 ×Oλ2)//µT

ƷǷȳȗȬǯȆǣȃǯ˳ᆢ vol(MT ) = vT (λ1,λ2, µ) ǛᛇƠƘᛦǂƨᲨཎƴᲦ

(1) µ ƕ λ1 + λ2 ƴᨩ੗ƢǔalcoveƴޓƢئӳ

(2) µ ƕ 0 ƱӷơalcoveƴޓƢئӳ
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ǛᎋƑᲦvol(MT ) ƱƠƯྵǕǔƢǂƯƷࡸǛൿܭƠƨᲨƜƜư alcoveƱƸᲦࢨݧ p :

Oλ1 ×Oλ2 → t∗ ƷദЩ͌ƷᨼӳƷᡲኽ঺ЎƷƜƱưƋǔᲨλ1, λ2 ƕѣƘƱᲦalcoves Ʒ

ᣐፗǋಮŷƴ٭ǘǔᲢഏ׋ӋༀᲣᲨ
λ₁+λ₂  　 　

ቇҥƷƨǊ λ1,λ2 ∈ t∗++ = R>0Λ1+R>0Λ2 ƱˎܭƠᲦλ1 = pΛ1+qΛ2, λ2 = rΛ1+sΛ2,

µ = xΛ1 + yΛ2 ƱƓƘᲨ

(1) µ ƕ λ1 + λ2 ƷžჇɦƷſalcove ƴޓƢئӳᲦ

vol(MT ) =
1

12
(p+ r − x)3(−p+ 2q − r + 2s+ x− 2y)

ƕ঺Ǔᇌƭ ([18, Corollary 4.1])Შኒ 1.5 ǛဇƍƯ MT ƷȝǢȳǫȬٶ᪮ࡸ Pt(MT ) Ǜ

൭ǊǔƱᲦഏƷ࢟ƴƳǔᲨ

Pt(MT ) = 1 + 2t2 + 2t4 + 2t6 + t8 = (1 + t2)(1 + t2 + t4 + t6) (= Pt(P1) · Pt(P3)).

(2)ƴƭƍƯᲦ̊Ƒƹ 2q > p > q, 2s > r > s, p > q + r ƷئӳƸᲦ

vol(MT ) =
1

2
(2q − p)(2r − s)(2s− r)(r + s)

ưƋǔ ([18, Section 4.3, Case (Va)])ᲨƜǕƔǒᲦPt(MT ) = 1 + 3t2 + 4t4 + 3t6 + t8 Ʊ

ƳǔᲨƢǂƯƷئӳǛᛦǂƯᲦഏǛࢽǔᲨ

ྸܭ 1.6 ([21]). G = SU(3), λ1,λ2 ∈ t∗++ ƱƢǔᲨµ ƕ λ1 + λ2 ƴᨩ੗Ƣǔ alcove ƴ

ƢƱƖᲦMTޓ = (Oλ1 ×Oλ2)//µT ƷȝǢȳǫȬٶ᪮ࡸƸ (1 + t2)(1 + t2 + t4 + t6) ư

ƋǔᲨɟ૾Ღµ ƕ 0 ƱӷơalcoveƴޓƢƱƖᲦMT ƷȝǢȳǫȬٶ᪮ࡸƸ

1 + 3t2 + 4t4 + 3t6 + t8 ǇƨƸ 1 + 6t2 + 10t4 + 6t6 + t8

ưƋǔᲨ

1.5. Verlinde ƷπࡸƷࣖဇ

ϐƼ G Ǜ᨞ૠ l ƷҥᡲኽǳȳȑǯȈҥኝȪȸ፭ƱƠᲦqG(λ⃗) ƴݣƢǔКᆔƷᘙᅆǛݰ

ƘᲨW ǛȯǤȫ፭Ღ∆+ ǛദȫȸȈƷᨼӳᲦθ Ǜஇ᭗ȫȸȈᲦQ ǛȫȸȈ఍܇ᲦQ∨ Ǜ

ǳȫȸȈ఍܇ƱƢǔᲨǇƨᲦP++ = Z>0Λ1 + · · ·+ Z>0Λl, ρ = Λ1 + · · ·+ Λl ƱƢǔᲨ

ȬșȫƱԠƹǕǔദૢૠ m Ǜܭ׍ƠᲦPm
+ := {x ∈ P+ | (x|θ) ≤ m} ƱƓƘᲨƨƩƠ

(·|·) Ƹ೅แϋᆢưƋǔᲨλ, µ,ν ∈ Pm
+ ƴݣƠᲦȕȥȸǸȧȳ̞ૠƱԠƹǕǔૠ Nν

λ,µ ƕ

ǇǔᲨƦǕƸᲦVλܭ ⊗ Vµ ƷଏኖЎᚐ

Vλ ⊗ Vµ =
∑

ν∈P+

nν
λ,µVν
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Ʒ̞ૠ nν
λ,µ ǛᲦm ƴࣖơƯݲƠ̲ദƢǔƜƱƴǑǓࢽǒǕǔᲢ[27] ሁǛӋༀᲣᲨȬș

ȫ m ƕҗЎٻƖƍƳǒƹᲦN ν
λ,µ = nν

λ,µ ƕ঺ǓᇌƭᲨɟ૾ᲦVerlinde ƷπࡸƱƠƯ

Nν
λ,µ =

∑

x∈Pm
+

a(λ, x)a(µ, x)a(ν, x)

a(x)

ƕ঺ǓᇌƭƜƱƕჷǒǕƯƍǔᲨƨƩƠᲦλ, µ ∈ Pm
+ ƴݣƠᲦ

a(λ, µ) : = (
√
−1)|∆+||P/(m+ g)Q∨|− 1

2

∑

w∈W

ε(w) exp

(
−2π

√
−1

m+ g
(λ+ ρ|w(µ+ ρ))

)

a(µ) : = (
√
−1)|∆+||P/(m+ g)Q∨|− 1

2

∑

w∈W

ε(w) exp

(
−2π

√
−1

m+ g
(µ+ ρ|w(ρ))

)

ưƋǔᲨƨƩƠ g Ƹӑݣ Coxeter ૠưƋǔᲨƜǕƔǒഏƕࢽǒǕǔᲨ

ԡ᫆ 1.7 ([20]). m ≥ (λ1 + · · ·+ λn|θ) ƷƱƖᲦഏƕ঺ǓᇌƭᲨ

qG(λ⃗) =
∑

µ∈Pm
+

a(λ1, µ)a(λ2, µ) · · · a(λn, µ)

a(µ)n−2
.

m = k(λ1 + · · ·+ λn|θ) ƱƠƯ

1

kd
QG(kλ1, . . . , kλn) =

∑

µ∈Pm
+

1

kd

a(kλ1, µ)a(kλ2, µ) · · · a(kλn, µ)

a(µ)n−2

ƷಊᨂǛƱǔƱᲦഏƕࢽǒǕǔᲨ

ྸܭ 1.8 ([20]). λ1, . . . ,λn ∈ Q ∩ P++ ƱƠᲦn − 2 > l, n ≥ 5 ƱˎܭƢǔᲨΛ =

λ1 + · · ·+ λn, d = (n− 2)|∆+|− l ƱƓƘƱƖᲦഏƕ঺ǓᇌƭᲨ

vG(λ⃗) =
|P/Q|
|P/Q∨| · (Λ|θ)

d ·

⎛

⎝
n∏

i=1

∏

α∈∆+

2 sin
π(λi|α)
(Λ|θ)

⎞

⎠
∑

µ∈P+

∏n
i=1 χµ

(
exp −2π

√
−1λi

(Λ|θ)

)

(∏
α∈∆+

2π(µ+ ρ|α)
)n−2 .

දॖ 1.9. ԡ᫆ 1.7, ྸܭ 1.8 ƸƦǕƧǕᲦໜƭƖྶ᩿ɥƷײ࠯ G ੗ዓƷȢǸȥȩǤᆰ

᧓ƴݣƢǔ Verlinde ƷπࡸᲦWitten Ʒ˳ᆢπࡸƱǄǅӷơ࢟ǛƠƯƍǔᲢ[28] ӋༀᲣᲨ

ƜǕƸᲦƜƷȢǸȥȩǤᆰ᧓ƕ multiplicity variety MG ƱǷȳȗȬǯȆǣȃǯӷႻư

ƋǔƱƍƏʙܱᲢ[8])ƱૢӳƠƯƍǔᲨǇƨƜƷʙܱƔǒᲦλi ƕ P+ − P++ ƴޓƢئ

ӳƴǋ᫏˩Ʒπࡸƕ঺ǓᇌƭƸƣưƋǔᲨƠƔƠᲦƦǕǛኵӳƤႎƴႺ੗ᚰଢƢǔƜ

ƱƸưƖƯƍƳƍᲨƳƓᲦqT (λ⃗, µ) Ǎ vT (λ⃗, µ) ƴݣƠƯƸᲦƜƷǑƏƳሁࡸƸჷǒǕ

ƯƍƳƍᲨ

ɟᑍƴᲦλi ƕ ρ Ʒǹǫȩȸ̿ƷئӳᲦӫᡀƕൔ᠋ႎƖǕƍƴƳǔᲨ

̊ 1.10. G = SU(3), λ1 = m1ρ, . . . ,λ n = mnρ (mi ∈ Z>0) ƱƠᲦM = m1 + · · ·+mn

ƱƓƘᲨഏƕ঺ǓᇌƭᲨ

(1) vG(λ⃗) = 26 · (2M)3n−8
∑

p,q∈Z>0

∏n
i=1 sin

πmip
2M sin πmiq

2M sin πmi(p+q)
2M

(πp · πq · π(p+ q))n−2

(2) vG(λ⃗) =
26

π2

∫

x,y≥0

∏n
i=1 sinmix · sinmiy · sinmi(x+ y)

(xy(x+ y))n−2
dxdy

第６０回トポロジーシンポジウム講演集　2013年8月　於 大阪市立大学

139



2. Vector partition function Ʊ volume function
2.1. Vector partition function

α1, . . . ,αN Ƹ Rd ƷƋǔ఍܇ƷΨưᲦƢǂƯƕ Rd ƷƋǔҞ᧏ᆰ᧓ᲢؾမƸҾໜǛᡫǔ

ឬ᩿࠯ᲣƴޓƢƱˎܭƢǔᲨ∆ = (α1, . . . ,αN) ƱƓƘᲨλ ∈
N∑

i=1

Z≥0αi ƴݣƠᲦ

P∆(λ) := ♯{x = (x1, . . . , xN) ∈ (Z≥0)
N | x1α1 + · · ·+ xNαN = λ}

Ǜ vector partition function ƱԠƿᲨP∆(λ) Ʒ൐᧙ૠƸ

∑

λ

P∆(λ) e
λ =

1
∏N

i=1(1− eαi)

= (1 + eα1 + e2α1 + · · · ) · · · · · (1 + eαN + e2αN + · · · ).

ưƋǔᲨƨƩƠ λ ∈
N∑

i=1

Z≥0αi ƴݣƠƯ࢟ࡸႎƳǂƖ eλ ǛᎋƑᲦᆢǛ eλ1eλ2 = eλ1+λ2

ưܭǊǔǋƷƱƢǔᲨǇƨ h ∈
N∑

i=1

R≥0αi ƴݣƠᲦ

X∆(h) := {x = (x1, . . . , xN) ∈ (R≥0)
N | x1α1 + · · ·+ xNαN = h}

ƱƓƖᲦpartition polytope ƱԠƿᲨP∆(λ) Ƹ X∆(λ) ϋƷ఍܇ໜƷ̾ૠƴ˂ƳǒƳ

ƍᲨƢƳǘƪᲦ

P∆(λ) =
∑

x∈X∆(λ)∩ZN

1

ưƋǔᲨƞǒƴ y = (y1, . . . , yN) ∈ RN , m = (m1, . . . ,mN) ∈ ZN ƱƠᲦ

P∆(λ, y) :=
∑

x∈X∆(λ)∩ZN

e−(x1y1+···+xNyN ), P∆(λ;m) :=
∑

x∈X∆(λ)∩ZN

N∏

i=1

((
mi

xi

))
,

P∆(λ, y;m) :=
∑

x∈X∆(λ)∩ZN

(
N∏

i=1

((
mi

xi

))
e−xiyi

)

Ʊܭ፯ƢǔᲨƜǕǒǋ vector partition function ƱዮᆅƢǔᲨƜƜư

((
m

x

))
=

{(
m+x−1

x

)
(m > 0 ƷƱƖ)

(−1)x
(−m

x

)
(m ≤ 0 ƷƱƖ)

ưƋǔᲨܭ፯Ɣǒ

P∆(λ) = P∆(λ, 0 ; 1), P∆(λ, y) = P∆(λ, y; 1), P∆(λ;m) = P∆(λ, 0 ;m)

ưƋǔᲨǇƨᲦP∆(λ, y;m) Ʒ൐᧙ૠƸ

∑

v

P∆(λ, y;m) eλ =
1

∏N
i=1(1− e−yieαi)mi

ưƋǔᲨˌɦᲦm = (m1, . . . ,mN) ∈ ZN ǛǦǧǤȈƱԠƿᲨ
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2.2. Volume function

ɥᚡƷᡲዓ༿ǛᎋƑǔᲨh ∈
N∑

i=1

R≥0αi ƴݣƠᲦ

V∆(h) :=

∫

X∆(h)

dµ, V∆(h, y) :=

∫

X∆(h)

e−(x1y1+···+xNyN )dµ

Ʊܭ፯ƢǔᲨƨƩƠᲦdµ Ƹឬ᩿࠯ {(x1, . . . , xN) ∈ RN | x1α1 + · · ·+ xNαN = v} ɥƴ

ᐯ໱ƴܭǇǔยࡇưƋǔᲨ

ƞǒƴᲦǇƣƢǂƯƷ mi ƕദƷئӳƴ

V∆(h;m) :=

∫

X∆(h)

N∏

i=1

xmi−1
i

(mi − 1)!
dµ, V∆(h, y;m) :=

∫

X∆(h)

N∏

i=1

(
xmi−1
i

(mi − 1)!
e−xiyi

)
dµ

Ʊܭ፯ƢǔᲨmi Ʒɶƴ ≤ 0 ƷǋƷƕƋǔƱƖƸᲦ᩼ᆢЎ᧙ૠƷॖԛƮƚƕբ᫆ƱƳ

ǔᲨm ∈ Z≤0 ƴݣƠᲦ

xm−1

(m− 1)!
: = δ(|m|)

x (=žx = 0 ƴӨǛਤƭȇȫǿ᧙ૠƷ |m| ᨞ݰ᧙ૠſ)

ƱܭǊǔᲨƜǕǒƷᆢƓǑƼᆢЎƴƭƍƯഏƕ঺ǓᇌƭᲢ[10], [7] ӋༀᲣᲨ

ᙀ᫆ 2.1. h ƕ C(∆) =
N∑

j=1

R≥0αj ƷƋǔ chamberᲢܭ፯ƸɦᚡӋༀᲣƴޓƢƱˎܭ

ƢǔᲨƜƷƱƖᲦmi Ʒɶƴ ≤ 0 ƷǋƷƕƋǔئӳƴǋᲦhyperfunctioin ƋǔƍƸ

distribution ƱƠƯᆢ

N∏

i=1

xmi−1
i

(mi − 1)!
Ʒ X∆(h) ǁƷСᨂƕ well-defined ưƋǓᲦᆢЎ

V∆(h;m), V∆(h, y;m) ǋ well-defined ƱƳǔᲨ

ƭǇǓᲦh ƕ C(∆) ƷƋǔ chamber ƴޓƠƯƍǔƳǒƹᲦmi Ʒദ᝟ƴ᧙ǘǒƣ

V∆(h;m), V∆(h, y;m) ƕܭ፯ƞǕǔᲨV∆(h), V∆(h, y), V∆(h;m), V∆(h, y;m) ǛዮᆅƠ

ƯᲦ(vector partition) volume function ƱԠƿᲨƳƓᲦchamber Ʒܭ፯ƸഏƷᡫ

ǓưƋǔᲨ

፯ܭ 2.2. {1, . . . , N} ƷᢿЎᨼӳ J ƴݣƠᲦC(J) =
∑

j∈J

R≥0αj ƱᚡƢᲨƜƷƱƖᲦC(J)

ƷσᡫᢿЎƨƪƸᲦІᥤƴǑǔ C(∆) ƷЎлǛɨƑǔᲨƦƷЎлƴƓƚǔӲ d ഏΨᥤ

ƷϋᢿǛ C(∆) Ʒ chamber ƱԠƿᲨ

2.3. ഭӪƳƲ

vector partition function Ǎ volume fuction ƸᲦ᩿૾ٶƔǒƷѣೞƴؕƮƍƯಮŷƳᄂ

ᆮƕƳƞǕƯƍǔᲨ૨ྂᲢƷɟᢿᲣƱƠƯᲦ[4], [2], [3] ǛਫƛǔᲨǇƨɥᡓƷǑƏƴᲦ

ƦǕǒƸІ˳Ʒ఍܇ໜƷ̾ૠǍ˳ᆢƱǈƳƢƜƱƕưƖǔƨǊᲦƦƷᄂᆮǋԃǊǔƳ

ǒƹᲦƞǒƴᧈƍഭӪǛǋƭƜƱƴƳǔᲨ

ƱƜǖưᲦvector partition function Ǎ volume function ƴ᧙Ƣǔ૨ྂƷٶƘƸᲦǦǧ

ǤȈ m = (m1, . . . ,mN) ǛᎋॾƠƯƍƳƍᲨܱᨥᲦαi ƨƪƷɶƴӷơǋƷƕƋƬƯǋ

ཎƴૅᨦƸƳƍᲨƦƜư mi ƕ ≥ 2 ƷئӳƸᲦαi Ǜ mi ̾᣻ᙐƞƤƯ ∆ ƴԃǊƯƓ

ƚƹǑƘᲦڼǊƔǒƢǂƯƷ mi Ǜ 1 ƱƠƯǋɟᑍࣱǛڂǘƳƍƷưƋǔᲨƠƔƠƳ
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ƕǒ঻ŷƸᲦǦǧǤȈ m = (m1, . . . ,mN) ǛٻЏƳȑȩȡȸǿƱƠƯᛐᜤƠᲦƞǒƴ

mi Ʒɶƴ᝟ƷǋƷƕƋǔئӳǋ᣻ᙲᙻƢǔᲨƳƓ [4] ưƸᲦƢǂƯƷ mi ƕദƷئӳ

Ʒ V(λ;m) ƕᎋݑƞǕƯƍǔᲨឬ࠹˴᧙ૠᛯƱƷ᧙ᡲƴƭƍƯƸᲦ2.6ራưᛯƣǔᲨ

2.4. ̊ᲴϐƼ multiplicity variety ƴƭƍƯ

ˌɥƷಒࣞǛဇƍǔƱᲦ1.1ራƷ qG(λ⃗), qT (λ⃗, µ) ƸഏƷǑƏƴᘙƞǕǔᲨ

qG(λ⃗) =
(−1)|∆+|

|W |
∑

w1,...,wn∈W

ε(w1) · · · ε(wn)P∆+

(
n∑

i=1

wi(λi + ρ)− (n− 2)ρ ; n− 2

)

qT (λ⃗, µ) =
∑

w1,...,wn∈W

ε(w1) · · · ε(wn)P∆+

(
n∑

i=1

wi(λi + ρ)− nρ− µ ; n

)
.

ǇƨᲦvG(λ⃗), vT (λ⃗, µ) ƴƭƍƯƸᲦ̊ƑƹƢǂƯƷ λi ƕ P++ ƴޓƢƳǒƹᲦ

vG(λ⃗) =
(−1)|∆+|

|W | ε(w1) · · · ε(wn)
∑

w1,...,wn∈W

V∆+

(
n∑

i=1

wi(λi) ; n− 2

)

vT (λ⃗, µ) =
∑

w1,...,wn∈W

ε(w1) · · · ε(wn)V∆+

(
n∑

i=1

wi(λi)− µ ; n

)

ƕ঺ǓᇌƭᲨƳƓ λi ∈ P+−P++ ƱƳǔ i ƕƋǔئӳƸᲦvG(λ⃗) Ƹ᝟ƷǦǧǤȈǛǋƭ

volume function ǛဇƍƯᘙƞǕǔᲨƜǕƕ᝟ƷǦǧǤȈǛᎋƑƨѣೞƷɟƭưƋǔᲨ

2.5. Brion-VergneƷπࡸƷɟᑍ҄

Brion-Vergne [2] ƸᲦP∆(λ, y), V∆(h), V∆(h, y) ƴݣƢǔƖǕƍƳଢᅆπࡸǛɨƑƯƍ

ǔᲨƜƷኽௐǛᲦǦǧǤȈ m ƕƋǔئӳᲢཎƴ᝟Ʒ mi ƕƋǔئӳᲣǁਘࢌƢǔᲨኽ

ௐǛᡓǂǔƨǊƴᚡӭǛݰλƢǔᲨ

፯ܭ 2.3. • {1, . . . , N} ƷᢿЎᨼӳ σ ƕ ∆ ƷؕࡁưƋǔƱƸᲦ(αj | j ∈ σ) ƕ Rd

ƷؕࡁưƋǔƱƖǛƍƏᲨ∆ Ʒؕࡁμ˳ƷᨼӳǛ B(∆) ƱᚡƢᲨ

C(∆) Ʒ chamber γ ƴݣƠᲦσ ∈ B(∆) ư γ ⊂ C(σ) ǛǈƨƢǋƷμ˳ƷᨼӳǛ

B(∆, γ) ƱᚡƢᲨ

∆ ƷᢿЎᨼӳ ∆′ ƴݣƠƯǋᲦӷಮƴB(∆′), B(∆′, γ) ǛܭǊǔᲨ

• σ ∈ B(∆) ƴݣƠᲦዴ࢟ϙ΂ vσ : Rd → RN Ǜ vσ(αj) := wj (j ∈ σ) ưܭ፯ƢǔᲨ

ƨƩƠᲦ(w1, . . . , wN) Ƹ RN Ʒ೅แႎƳؕࡁưƋǔᲨ

ǇƨᲦ࠯ᘍ᩿ٶ˳

{
∑

j∈σ

tjαj

∣∣∣∣∣ 0 ≤ tj ≤ 1 (j ∈ σ)

}
Ʒ˳ᆢǛ µ(σ) ƱᚡƢᲨ

ƞǒƴᲦG(σ) = (⊕j∈σZαj)
∗ /(Zn)∗ ƱܭǊǔᲨ

• σ ∈ B(∆), j ∈ σ ƓǑƼ k /∈ σ ƴݣƠᲦܱૠ cjk Ǜαk =
∑

j∈σ

cjkαj ưܭǊǔᲨ

ྸܭ 2.4 ([24, 25]). I = {i |mi > 0}, J = {i |mi ≤ 0}, ∆′ = (αi | i ∈ I), M =

m1 + · · ·+mN ƱƢǔᲨǇƨᲦ∂j =
∂

∂yj
ƱဦᚡƢǔᲨ
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(1) λ ∈
N∑

i=1

Z≥0αi ƕ C(∆′) ƷƋǔ chamber γ ƴޓƢƱƠᲦƞǒƴJ ̸= ∅ ƷƱƖƸᲦ

λ−
∑

i∈J

liαi ∈ γ (∀li = 0, . . . , |mi|) ƱˎܭƢǔᲨƜƷƱƖഏƕ঺ǓᇌƭᲨ

P∆(λ, y;m) =
∑

σ∈B(∆′,γ)

∏

j∈σ

(
−∂j +mj − 1

mj − 1

)
×

⎛

⎝e−⟨y,vσ(λ)⟩

µ(σ)

∑

g∈G(σ)

e2πiλ(g)
∏

k/∈σ(1− e−2πiαk(g)e−yk+
∑

j∈σ cjkyj)mk

⎞

⎠ .

(2) h ∈
N∑

i=1

R≥0αi ƕ C(∆) ƷƋǔchamber γ ƴޓƢƱƢǔᲨƜƷƱƖഏƕ঺ǓᇌƭᲨ

V∆(h, y;m) =
∑

σ∈B(∆′,γ)

1

µ(σ)

∏

j∈σ

(−∂j)mj−1

(mj − 1)!

(
e−⟨y,vσ(h)⟩

∏
k/∈σ(yk −

∑
j∈σ cjkyj)

mk

)
,

V∆(h;m) =
1

(M − d)!

∑

σ∈B(∆′,γ)

1

µ(σ)

∏

j∈σ

∂
mj−1
j

(mj − 1)!

(
⟨y, vσ(h)⟩M−d

∏
k/∈σ(−yk +

∑
j∈σ cjkyj)

mk

)
.

දॖ 2.5. ƢǂƯƷ mi ƕ 1 ƷƱƖƸᲦƍƣǕǋ Brion-Vergne [2] ƷኽௐưƋǔᲨǇƨ

ƦƷئӳᲦλ, h ƕ γ Ʒ᧍Ѽ γ ƴޓƢƱƖƴǋӷơπࡸƕ঺ᇌƢǔᲨӷಮƴᲦƢǂƯƷ

mi ƕദƳǒƹᲦλ, h ∈ γ ƷƱƖƴǋӷơπࡸƕ঺ᇌƢǔᲨ

ኒ 2.6. ྸܭ 2.5 (2)Ʊ2.4ራƷࡸƔǒᲦvG(λ⃗), vT (λ⃗, µ) ƷᘙᅆࡸƕࢽǒǕǔᲨ

2.6. ឬ࠹˴᧙ૠᛯƱƷ᧙ǘǓ

Rn ϋưᲦɟᑍƷˮፗƴƋǔឬ᩿࠯ᣐፗ H1, . . . , HN ǛᎋƑǔᲨƜƷƱƖᲦƜǕǒư׊

ǇǕƨஊမƳ᪸؏ƸƪǐƏƲ

(
N − 1

n

)
̾ƋǔᲨRn Ʒࡈ೅Ǜ (u1, . . . , un) ƱƠᲦᲫഏ

ࡸ fj = fj(u1, . . . , un) ǛဇƍƯ Hj ƕ fj = 0 ƱᘙƞǕƯƍǔƱƢǔᲨࡈ೅٭੭Ǜ଀Ƣ

ƜƱƴǑǓᲦf1 = u1, . . . , fn = un ƱˎܭƠƯǑƍᲨǇƨᲦj = n + 1, . . . , N ƴݣƠᲦ

fj = x0j + x1ju1 + · · ·+ xnjun ƱᘙƢᲨ

r1, . . . , rN ∈ Z ƱƠᲦH1, . . . , HN ư׊ǇǕƨஊမƳ᪸؏ D ƴݣƠᲦ

FD : =

∫

D

N∏

j=1

f
rj
j

rj!
du1 · · · dun

=

∫

D

ur1
1

r1!
· · · u

rn
n

rn!

N∏

j=n+1

(x0j + x1ju1 + · · ·+ xnjun)rj

rj!
du1 · · · dun

Ʊܭ፯ƢǔᲨƨƩƠᲦrj ƕ᝟ƷئӳƸᲦ2.2ራƷǑƏƴ f
rj
j /rj! Ƹȇȫǿ᧙ૠƷݰ᧙ૠ

Ტƴ fj ǛˊλƠƨǋƷᲣƱᚐ᣷ƢǔᲨƜƷƱƖᲦF = FD(xij) ƸᲦഏƷ (1)(2)(3)Ɣǒ

Ƴǔឬ࠹˴૾ᆉࡸኒ E ′(n+ 1, N + 1; r)Ტ[1] ӋༀᲣƷᚐƴƳǔƜƱƕᅆƞǕǔᲨ

(1)
n∑

i=0

xij
∂F

∂xij
= rjF (j = n+ 1, . . . , N)
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(2)
N∑

j=n+1

xij
∂F

∂xij
= −(ri + 1)F (i = 0, . . . , n)

(3)
∂2F

∂xij∂xpq
=

∂2F

∂xiq∂xpj
(i, p = 1, . . . , n, j, q = n+ 1, . . . , N)

ǇƨƜƷ૾ᆉࡸኒƸᲦGelfand-Kapranov-Zelevinsky ƴǑǓݰλƞǕƨGKZ૾ᆉࡸኒ

Ტ[15] Ӌༀ) ƱƠƯǋᘙƞǕǔᲨഏƕ঺ǓᇌƭᲨ

ԡ᫆ 2.7 ([26]). r1, . . . , rn ∈ Z≥0, rn+1, . . . , rN ∈ Z>0 ƱˎܭƢǔᲨƜƷƱƖᲦ{FD} Ƹ

ឬ࠹˴૾ᆉࡸኒ E ′(n+ 1, N + 1; r) Ʒᚐᆰ᧓ƷؕࡁƴƳǔᲨ

දॖ 2.8. ឬ࠹˴᧙ૠᛯƴƓƍƯƸᲦri /∈ Z ƷƱƖǛᎋƑǔƜƱƕٶƍǑƏưƋǔᲨƦ

ƷئӳᲦᆢЎር׊ D ǛžȄǤǹȈȷǵǤǯȫſƴ̲ദƢǔƜƱƴǑǓ FD Ǜܭ፯ƢǔᲨ

FD Ƹɟᑍ҄ƞǕƨឬ࠹˴᧙ૠƋǔƍƸǰȩǹȞȳٶಮ˳ɥƷឬ࠹˴᧙ૠƱԠƹǕǔ

Ტ[1] ӋༀᲣᲨ

ƞƯᲦ࣏ᙲƳǒƹ fi Ǜ −fi ƴӕǓƔƑƯᲦஊမƳ᪸؏ D ƕ

u1 ≥ 0, . . . , un ≥ 0, fj ≥ 0 (j = n+ 1, . . . , N)

ưᘙƞǕǔƱƢǔᲨd = N − n ƱƠᲦRd ƴƓƍƯ

αi = (−xi n+1, . . . ,−xiN) (i = 1, . . . , n), αn+1 = (1, 0, . . . , 0), . . . ,αN = (0, . . . , 0, 1),

h = (x0n+1, . . . , x0N)

ƱƓƘᲨƞǒƴ mi = ri+1 (i = 1, . . . , N) ƱƢǔᲨƜƷƱƖᲦFD Ƹvolume function

V∆(h;m) ƴɟᐲƢǔᲨ

ྸܭ 2.9 ([26]). r1, . . . , rn ∈ Z ƴݣƠᲦFD Ƹ(2)2.4ྸܭƷᇹʚࡸƷ࢟ƴᘙᅆƞǕǔᲨ

FD Ƹ xij Ʒஊྸ᧙ૠưᲦཎƴ x0n+1, . . . , x0N Ʒٶ᪮ࡸƴƳǔᲨƦƷࣱឋƸᐻԛขƍᲨ
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