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A HEEGAARD FLOER HOMOLOGY FOR BIPARTITE SPATIAL
GRAPHS AND ITS PROPERTIES

YUANYUAN BAO

ABSTRACT. We discuss a way to define a Heegaard Floer homology for bipartite spatial
graphs, and give some properties for this homology.

1. INTRODUCTION

The Heegaard Floer homology for knots and links defined by Ozsvath and Szabé [5, 7],
and independently Rasmussen [8] has made great impacts on the study of knot theory.
In this paper, we attempt to extend their idea to define a Heegaard Floer homology
for spatial graphs, which are generalizations of knots and links. Manolescu, Ozsvath
and Thurston [3] redefined the Heegaard Floer homology for links in the 3-sphere S3.
They used grid diagrams for links instead of Heegaard diagrams, and their definition is
combinatorial. Extending the idea in [3], Harvey and O’Donnol announced that they
have defined a combinatorial Floer homology for spatial graphs in S3. The preprint of
their work is not available yet.

Our definition in this paper is only for balanced bipartite spatial graphs in a closed
oriented 3-manifold. It turns out that, just as the Heegaard Floer homology for links, our
definition is a special case of sutured Floer homology defined by Juhdasz [2]. Therefore
it will be helpful to compare with [2] when reading this paper. We also use many facts
about multi-pointed Heegaard diagrams established in [7].

Heegaard Floer type homology is basically defined on a Heegaard diagram. In Sec-
tion 2, we define the Heegaard diagram for a bipartite spatial graph. Then in the case
the ground 3-manifold is S3, we provide a method for constructing a Heegaard diagram
for a balanced bipartite spatial graph G from a proper graph projection of G on S?. In
Section 3, we define our Heegaard Floer homology for balanced bipartite spatial graphs.
In Section 4, some properties of this homology are given.

2. HEEGAARD DIAGRAMS

Definition 2.1. A graph G is called a bipartite graph if its vertex set V is a disjoint
union of two non-empty sets Vi and V5, so that there is no edge connecting vertices from
the same V; for i« = 1,2. We denote the graph by Gy, v,. If |Vi| = |Va], G is called
balanced.

In this paper, we do not consider those graphs with isolated vertices.
The splitting V' = V1 [[ V2 is not necessarily unique. But when G is connected, it is
very easy to see the following lemma.

2010 Mathematics Subject Classification. Primary 57M27 57TM25.
This work was supported by Platform for Dynamic Approaches to Living System from the Ministry
of Education, Culture, Sports, Science and Technology, Japan.



FEOO0RINMNRAY—Y YRV LEEE 2013F8A RN KRHILKE
YUANYUAN BAO

Lemma 2.2. If a bipartite graph G is connected, then the choice of Vi and Vs is unique
without considering the order of Vi and V5.

Given a compact closed oriented 3-manifold M, we can consider a smooth embedding
of a graph G = (V, F) into M, the vertices of V' corresponding to points in M and the
edges of F corresponding to pairwise disjoint simple arcs in M. We call the isotopy class
of such an embedding a spatial graph in M and still denote it by G if no confusion is
caused. All manifolds considered below are assumed to be compact and oriented and we
work in the P.L. category.

Definition 2.3. Suppose Gy, v, is a balanced bipartite spatial graph in a closed 3-
manifold M. A quartet (3, a, 3, z) is called a Heegaard diagram for Gy, y, if it satisfies
the following.

(i) X is an oriented genus ¢ closed surface, which is called the Heegaard surface.
a = {ag, a0, o4t and B = {By, B2, -+, Ba} are di-tuple and ds-tuple of
oriented simple closed curves on ¥ respectively, and z = {21, 29, -+, z,,} is an
m-tuple of points in ¥\ (e U B), called basepoints. Here |V;| = d; — g + 1 for
¢ =1,2 and m is the number of edges of Gy, v;.

(ii) Attaching 2-handles to ¥ x [—1,0] (resp. X x [0, 1]) along e« C 3 x {—1} (resp.
B C X x{1}), we get a (d; — g + 1)-punctured (resp. (ds — g + 1)-punctured)
handlebody which we call Uy, (resp. Ug). We cap off the 2-sphere components
of Uy and Ug, except X in the case ¥ = S?) to get handlebodies U, and U_g
respectively. Then U, Uy, (0} Up is the 3-manifold M. The orientation of ¥ is
induced from that of Uy, which in turn is inherited from that of M.

(iii) For each vertex v € Vi (resp. U € V,) whose valency is [ (resp. s), there
is a smooth embedding ¢, : (\421 AL 2,1} — (B\a, z) (resp. 1y,

(\;21,{1,2, -+, 8}) = (X\B,z)). The images of ¢, for v; € Vi (resp. 1y,
for u; € V3) are disjoint from each other except at endpoints. Moreover,

(UUz‘GVl Im(gpvi))U(quEVQ Im(¢u3)) iS GVl,VQ‘ Here we puSh Im(%z) (reSp. Im(%@))
slightly into Uy (resp. Ug).

Any balanced bipartite graph has such Heegaard diagrams. When Gy, y, is balanced,
namely |V;| = V3|, we naturally have d; = ds.

In the case M = S3 we extend the idea in [4] and provide an algorithm to construct
a Heegaard diagram for a balanced bipartite graph from its graph projection on the
2-sphere S2. Consider a spatial diagram D C S? for a given balanced bipartite spatial
graph Gy, 1, C S We assume that D is connected.

(i) Take a tubuler neighbourhood of D in S3. Tt is a handlebody and its boundary

is the Heegaard surface .

(ii) For each crossing of D, introduce an a-curve following the rule in Figure 1 (B).
The diagram D separates S? into several regions. Choose a region and call it
Bo. For each region except (3, introduce a B-curve which spans the region as in
Figure 1 (A).

(iii) For each vertex u € V5 with valency [, introduce [ — 1 a-curves and [ basepoints.
Introduce a B-curve for all but one vertices in V5, which enclose all the base
points at that vertex. See Figure 1 (C).
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(©)

FiGURE 1. The Heegaard diagram associated with a graph projection.

By a standard argument in Morse theory, we have the following theorem. The proof
is analogous to that of [2, Proposition 2.15].

Theorem 2.4. Two Heegaard diagrams (3, a, 3,z) and (X', a’, 3, 2") for a given bal-
anced bipartite spatial graph Gy, v, can be connected by a finite sequence of the following
moves:

(i) Isotopies of a-curves and B-curves which are disjoint from the basepoints;
(ii) Handleslides among a-curves (resp. B-curves) which keep away from the base-
points;
(iii) (De)stabilizations.

Definition 2.5. For a Heegaard diagram (X, a, 3, z), let Dy, Dy, -+, Dy denote the
closures of the components of ¥\(aUB). A domain is of the form D = 3" | a;D; with
a; € Z. D is a positive domain if a; > 0 for 1 < i < h. D is a periodic domain if 0D
is a sum of a-curves and B-curves and n.(D) = {0}. Here we use n,(D) to denote the
local multiplicity of D at p € ¥\(aU B) and n (D) = {n,,(D),n,,(D),--- ,n, (D)}.

Definition 2.6. A Heegaard diagram is said to be admissible if every non-trivial periodic
domain has both positive and negative local coefficients at the Heegaard surface.

The following Proposition is essentially a corollary of [2, Corollary 3.12]. Here we
prove it in a different way.

Proposition 2.7. If Hi(M,Z) = 0 and the balanced bipartite spatial graph Gy, v, is con-
nected, then there is no non-trivial periodic domain on the Heegaard diagram. Therefore
any Heegaard diagram of Gy, v, is admissible.

Proof. Suppose the closures of the components of ¥\ c are {4y, As, - -+ , Ag_g+1}, and the
closures of the components of ¥\ 3 are {By, Bs, -+ , By_g+1}. Then by [7, Sequence (4)]
any periodic domain has the form
d—g+1
i=1

for a;, b; € Z. The pieces A; and B; correspond to vertices in Vi and V5 respectively, and
basepoints correspond to edges in E. Choose a spanning tree for GG, which is always a
path passing through all vertices of G. Orient the path so that it starts from a vertex
in V7 and ends at a vertex in V5. Label the elements in V;, V5, and E so that when
we travel along the path we meet v € Vi,uy € Vo,vp € Vi,us € Vo, - Jvg_g41 €
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Vi,ug—g+1 € Vo and cross e, eg, -, €2q-24+1 With e; € E. In other words, we can
relabel {Al,AQ, s 7Ad—g+1}7 {Bl,Bg, s 7Bd—g+1} and z so that Z29i—1 € AZ N Bz for
1<i<d-—g+1and 290 € BN A4y for 1 < i < d— g. By the condition that
Ny (P) = 0, we have a; +b; = 0 for 1 < ¢ < d — g+ 1, and by the condition

that n,, (P) = 0, we have a; + b;41 = 0 for 1 < ¢ < d — g. Therefore there exists
a constant ¢ so that a; = cand b, = —c for all 1 < ¢ < d— g+ 1. Then we have
P =", A + b,B;) = (30 9+1A ST B) = ¢(2 - %) = 0. O

In particular when M = S3, the Heegaard diagram constructed after Definition 2.3 is
always admissible in the case that Gy, y, is connected. But when it is not connected,
the Heegaard diagram obtained is usually not admissible.

Later on, we will see that not all Heegaard diagrams can be used in the definition
of Heegaard Floer homology. The Heegaard Floer complex is only well defined on an
admissible Heegaard diagram. In fact, even though the condition of Proposition 2.7 is
not satisfied, we can always make a Heegaard diagram admissible by isotopies of 3-curves
supported in the complement of z. The proof can be found in [7, Proposition 3.6] and
[2, Proposition 3.15]. Moreover, two admissible Heegaard diagrams can be connected by
Heegaard moves so that the intermediate Heegaard diagrams are all admissible. From
now on, we only work with admissible Heegaard diagrams.

3. HEEGAARD FLOER COMPLEX

Most terminologies and notations are inherited from [6]. Let (3, e, 3, 2) be an ad-
missible Heegaard diagram for the balanced bipartite spatial graph Gy, y, in the closed
3-manifold M. Define

Sym4(x) = %*4/5,,
Ta = (C(1XOé2X"'XC¥d)/Sd
and Tg = (B x By X -+ x B4)/Sa,

where Sy is the symmetric group with d letters.

Following the method in [6], we can show that Symd(Z) is a smooth manifold, and
that a complex structure j on ¥ naturally endows Sym? (3J) an almost complex structure
Sym?(j), with respect to which T, and T are totally real submanifolds of Sym?(%).

We can suppose that T, and Tg are in general position, which means that they
intersect transversely.

Definition 3.1. Let =,y € T, N Tg, a Whitney disk connecting x to y is a continuous
map v : D — Sym?(¥) so that u(—i) = 2, u(i) = y, u(e;) C Tq and u(ey) C Tg. Here D
is the unit disk, e; = {z € 9(D)|Re(z) > 0} and es = {z € I(D)|Re(z) < 0}. Let m(x,y)
be the set of homotopy classes of Whitney disks connecting x to y.

Given a ¢ € 7(z,y), let D(¢) := X! n,,(¢)D; be the associated domain, where p; is
an arbitrary point in int(D;) and npz(gzﬁ) is the algebraic intersection number ¢! ({p;} x
Sym?!(¥)). Let M(¢) be the moduli space of pseudo-holomorphic representatives of
¢ € m(x,y) and M\(gb) = M(¢)/R be the unparametrized moduli space. Also, let

w(¢) denote the Maslov index of ¢. When pu(¢) = 1 the space M\(Qb) is a compact
zero-dimensional manifold (]2, Corollary 6.4] and [6, Theorem 3.18]).
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Definition 3.2. Let CFG(X, e, 3, z) be the vector space over F := Z /27 generated by
points in To N Tg. Also define a linear map

0:CFG(Y,a,8,2z) — CFG(E, a,8,2)

T > EM(9) -y,

YE€TaNTg pema(x,y),u(¢)=1,n2(¢)={0}

where .M (¢) is the number of elements in M (¢) modulo 2. That the right-hand side
has only finitely many non-trivial terms follows from the admissibility of the Heegaard
diagram.

Theorem 3.3. (i) (CFG(XZ, @, 3, 2),0) is a chain complex. Namely 9* = 0.
(ii) The homology of the chain complex above is a topological invariant of Gy, vy,
denoted by HFG(S?, Gy, v,)

Proof. (i) This is analogous to [6, Theorem 4.1]. (ii) With Theorem 2.4 in hand, the
proof follows from [6, Section 7~ 11]. O

Remark 3.4. When G is not connected, the splitting V' = Vi [[ Vo is not unique and
the homology depends on the splitting. When G 1is connected, the choice of Vi and V;
is unique. In fact, if (X, o, B, 2) is a Heegaard diagram for Gy, v,, then (=X, 3, a, z)
is a Heegaard diagram for Gv,yv,. There is a canonical chain isomorphism between
CFG(X, o, 3, 2z) and CFG(=X, 8, , z). Therefore when G is connected, the homology
only depends on the topology type of G.

Define the set
S = {(z1, 22, -+, 24)|w; € a; N Py for some o € Sy}.

Then it is easy to see that there is a canonical identification between T, NTg and S.
We do not distinguish these two sets sometimes. Given x,y € S, choose a multi-path
a C Ufil a; connecting x to y, and a multi-path b C U;j:l B; connecting y to x. Then
a+ b is a one-cycle in X. The homology class [a + b] € Hy(M\v(G),Z) does not depend
on the choice of a and b, where v(G) is the interior of a regular neighbourhood of G C M.
This is because for different ¢’ and ¥/, the difference (a+b) — (a’ +b') is a union of some
a-curves and (B-curves.

Definition 3.5. Given z,y € Tq N Tg, choose a and b as above. Then we define a
relative grading A : T, N Tg — Hi(M\v(G),Z) by the formula

Ax) = Aly) = la+ ] € Hi(M\V(G), Z).

Lemma 3.6. If A(x)—A(y) # 0, then the subset of elements in o (x,y) with n,(¢) = {0}
18 empty.

Proof. 1f there exists a ¢ € m(x,y) with n, = {0}, then the associated domain D(¢) is an
empty domain connecting x to y. Then A(z)—A(y) = 0D(¢) =0 € H;(M\v(G),Z). O

We can define a relative Z/2Z-grading on CFG(X, e, B, z) in the following way. As
we said in Definition 2.3, the orientation of ¥ is inherited from that of M. We orient the
Q-curves aq, g, - -+, ag and the B-curves By, By, - - - , fq arbitrarily. Then Sym%(%), Tq
and Tg have the orientations which are induced from the product orientations of 3*¢,
ap X ag X - X ag and By X By X -+ X [, respectively. For a generator x € T, N Tg,
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FIGURE 2.

the sign of the intersection gives its grading in Z/27Z = {+1, -1}, and we denote it by
sign(z).
Identify x € To NTg with (21,29, - ,24) € S, where x; € oy N B,(;) for some o € Sy.
Denote the sign of the intersection point x; in ¥ by sign(x;). Then we have the relation
dd—1
sign(z) = %sign(a) [T, sign(z;) (see [1, Lemma 2.12]).
We see that the differential in CFG(3, a, 3, z) preserves the grading A and change
the relative Z/2Z-grading. So we have the following splitting.
Theorem 3.7. (CFG(Z, «, B, 2),0) splits along H,(S*\v(G),Z). Namely
CFG(Z, 0, B,2) = P CFG(E a8 2,9).
i€H1(S3\v(G),Z)
We have
HFGj(SgaGVLVQ) = @ HFGj(SgaGVLVQai)a
1€H1(S3\v(G),Z)
for j =+1,—1.

Remark 3.8. The relative gradings do not depend on the choice of Heegaard diagrams.
Definition 3.9. The Fuler characteristic for CFG(X, e, 8, z) is

X(CFG(Z, e, B,2)) == Y sign(x)- A(z).

:EGTOL O’H‘ﬁ

4. PROPERTIES
Proposition 4.1. For the balanced bipartite spatial graph Gy, v,,
HFEG(M?, Gy, v,) = SFH(M? \ v(G), ),

where SFH(M? \ v(G),~) is the sutured Floer homology with the meridian anuuli of all
edges as the sutures.

Proof. The proof follows directly from the construction of these two homologies. 0
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FIGURE 3.

Proposition 4.2. For the balanced bipartite spatial graph Gv, v, if Gv, v, has two ver-
ticesv € Vi and u € Va connected by an edge e € E with valencies d(v) =1 and d(u) > 1,
then HFG(M, Gy, v,) = 0.

Proof. Removing the edge e and the vertex v from Gy, v,, we get a new graph G’, which
is not balanced anymore. But we can still consider its Heegaard diagram

Hl = (E7a, - {a17 T 7ad—1}7/8, = {/317 T 7ﬁd}7zl - {217 T 7zm—1})7

where d — g+ 1 = |V3| and m = |E|, the number of edges in Gy, 1,. By applying [2,
Proposition 3.15], we can show that H’ is isotopic to an admissible Heegaard diagram.
In fact, the essential condition needed in the proof is that elements of o’ (resp. 3’) are
linearly independent in Hy(X\ 2/, Z).

Therefore we can assume that H’ itself is admissible. Suppose z € z is a basepoint
corresponding to an edge adjacent to v in G’. Then

H = Hlﬂ(T’ {a07a6}7{/30}720)
= (ZﬂTa o = a, U {0407 Oéé]}aﬁ = ﬁ, U {60}7 z = Z, U {ZO})a

where the connected sum takes place near z, is a Heegaard diagram for Gy, y,. A
periodic domain P for H is disjoint from z and zp, so it must be supported in 3. This
means that P is a periodic domain for H’, having both positive and negative local
multiplicities. Therefore H is admissible as well. From H we see that To, N Tg = 0, so
HFG(M, Gy, v,) = 0. 0

Proposition 4.3. Suppose Gy, v, is a balanced bipartite spatial graph in the integral
homology 3-sphere M, and Iy, v, is a subgraph of G which has the same component
number as Gy, v,. Then there is a filtration so that HFG(M, Gy, v,) is the associated
graded homology of HEG(M, Iy, v,) with respect to this filtration.

Proof. We only need to consider the case that I is obtained from G by removing a non-
separating edge e. Suppose now that He = (3, o, 8, 2) is a Heegaard diagram of G.
Then H; = (3, a0, 3, 2\ {2.}) is a Heegaard diagram for I, where z, corresponds to the
edge e. By using the method in the proof of [2, Proposition 3.15], we can make Hg
admissible by isotopy moves of 3-curves. When we apply the method, we can only use
the basepoints in z\ {z.}, while keeping the basepoint z. away from the winding regions.
In this way H; becomes admissible simultaneously. We still use Hg and H; to denote
the admissible Heegaard diagrams after the isotopy moves.
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Now CFG(H¢) and CFG(H|) have the same generating set T, N Tg. By definition,
given a generator x € Ty N Tg, the differential of CFG(H) is

o) = > ST M)y

yETaNTg ¢Em2(z,y).u(¢)=
N\ {ze} (P)= {0}

= Z@'(y)

where 8z($) = ZyGT NTg Z pems(z,y),n(d)=1, jjj\//Y(¢) Y. Here we use the fact that if ¢ c
“ Mo\ {z¢} (B)={0}nze (¢)=i

ma(z, y) has a pseudo-holomorphic representative, then n,(¢) > 0 for any p € ¥\ aaUS.
Moreover, Jy coincides with the differential 9% in CFG(Hg).

Since M is an integral homology 3-sphere, we have H,(M\v(G),Z) = 79¢) = 790 o
Z{m.), where Z{(m.) is a summand generated by the meridian m, of e whose orientation
is induced from that of ¥. (The boundary of a disk neighbourhood of z, on ¥ is m,.)
Here g(G) = 3% | 9(G:) with g(G;) the genus of v(G;). For 2 € T, NTg, their grading
difference in CFG(Hg) is

AC(2) = A%(y) = [a+ b € Hi(M\v(G), Z) = Z°D @ Z(m.),

where a and b are the muti-paths in > connecting = to y along o and y to = along 3,
respectively. The grading difference in CFG(Hj) is

Al(x) = AT(y) = [a+ ] € 220,

In fact, A’(z) — Al(y) is the projection of A%(x) — A%(y) onto ZID). We define a new
grading B : ToNTg — Z on CFG(H) by requiring that B(z)— B(y) is the projection of
A%(z) — A%(y) onto Z(m.). Then if 9;(z) # 0, B(z) — B(9;(z)) = i for x € T, NTg and
i > 0. With respect to the grading B, the associated graded homology of (CFG(H/), 0r)
is HFG(M, GV1,V2)'

U

4.1. Euler characteristic. Friedl, Juhdsz and Rasmussen in [1] defined a torsion in-
variant for sutured manifolds and showed that it is the Euler characteristic of the sutured
Floer homology. We see from Proposition 4.1 that the homology we defined in this paper
is a special case of sutured Floer homology. By referring the construction in [1], we give
a combinatorial interpretation of the Euler characteristic of the homology in the case
that M = S% and G is connected. Precisely, we show how to define it from a graph
projection on the 2-sphere S2.

In this paper, we only construct it for the case that |Vi| = [V5] =1 (e.g. the 0 graph).
Let G = ({u,v}, E = {e1,ea, -+ ,em}) be such a spatial graph, and D be one of its
graph projections on S%. The projection D divides S? into several regions. Mark the
regions adjoining w by *. Supposing there are n crossings {ci, ¢, - ,¢,} on D, then
it is easy to see that there are n regions Ri, Rs,---, R, which are not marked by *
(see Figure 6). Each crossing point adjoins four regions. A state of D is a bijection
s {e,e9,- 0 ,eny = {Ry, Ry, -+, R,} so that each crossing is mapped to a region
adjacent to it. We use black dots in the corners to indicate the bijection. See Figure 4
for an example.
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FIGURE 4. There are five states for this projection.

Orient each edge so that it directs from u to v, and assign an variable ¢; to each edge
e; for 1 < i < m. For each state s, define sign(s) to be the sign of the permutation

of the subindices of {Ry, Ry, - - , R,} induced by s, and let m(s) := [], m: ) where
s(c;

) is defined by the rule in Figure 5.
Ci Ra tA Rb

R. R,
m'=t, m"'=-1

m

Rc Rt/
m> = -t,| m* =]

R. R,

FIGURE 5.

We define the Laurent polynomial 7(t1, %2, - -+ , ) := > sign(s)m(s). Then
T(ti, o, tm) € ZH (S®\ v(G), Z),
where H (S?\ v(G),Z) = (t1,to, -+ ,tm|tita -ty = 1).
Theorem 4.4. Up to an overall multiplication of :I:tf,:l:tQi, <o, HtE | the polynomial

m’

7(t1,ta, -+ ,tm) coincides with the Euler characteristic of HFG(S?, G).

Example 4.5. For the graph projection in Figure 4, we see there are five states. State
s1 sends (c1, ¢, ¢3, ¢4, C5) to (Ro, R3, Ry, Ry, Rs), so it has sign(s;) = —1. Similarly, we
see that sign(se) = sign(ss) = 1 and sign(ss) = sign(s4) = —1. By the rule in Figure 5,
we calculate m(s;) for 1 <i < 5. We get m(s1) =3, m(se) = 1, m(s3) = to, m(sy) = t3
and m(ss) = t3. Therefore T(ty,ta,t3) = —t3 + 1 —ty — t3 + t3.
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Covering map theory for graphs
W ML (BERRE)

1. XL ®IC

T 7BV E, VXVOHERELGET, MEED (z,y) € VX VIZXH U, (z,y) €
E = (y,x) € B] 2ii7=3H00M (V,E)YDZ L&\, Lizh > TREHIZET S
7778l FEMT, V=—T7iEH->TH LW0D, ZODTHMDMIZH B8715% <
TH—DOTH2EI2BEDENVDS. 777G = (V,E)IxflL, VEV(G) EVWTA
DIEHMEGE VY, E2EG) EL. 797G HIZHL, GRHHADT T TDE
e, HAEAOHOGH f:V(G) - V(H)TH->T, (f x )(E(G)) C E(H) 7%
2H5DDI L TH5.

PUR ORI 7HERICE W THBIIZEZ o T E-METH 5.

BfE 1.1. —2DF I3 7 G HW5Z26W2 &, GRS HANDT T 7 DEMSRDIFEHET
LM E D NN K.

AFEHTIE, FITRELLIIET S MR Y —DsHIZDOWT DS £ TOMEEBN
L, TO»Li#EEEZEDO TV TV > h[13], [14], [15]| OMEEZER S,

2. MIRBARER

AHH CHNBMMEMDIZE A Z1E, HMRPERERORMPENET L LTRONS.
ZZTARENIZB W THIRBEARERDOER LA ONT WS Z & %, ARGHEIZ 264 #pH
TEOBRARS, FHLULIE, R EEBBLTWALEA,

S EARER (DUF, BARER) ik, £BEVE, VOBRBIESDKEAT, [T
HDOoeAkre2ViZdl, rcoolr e ATHD] BLXOY [KoeVITHL,
v} e Al LWH HEZMZTEODM(V,A)ThHb. Vi (V,A)DHEMEGL VL,
ADTZEHEEE VS, LIFUIEV 280 T TARBEEER] R ws. ZoRLIZ
BT, BAEKRADTHMAESITZV(A) &RT.

Ay & Ny ZHRAEEIRE TS, Ay S A ~NDREGH LT, THRESGDOHDGH
f:V(AD) = V(A)THoT, Hoc AL, flo) € Mg BRI DHDD I LT
H5.

ABVIZHL, RVIZE->T, VTERINSHHR-MFEEZETH DL TS5, RV D
AR R-MBERARIC & BIEMROAAHZ2 AN T, RYV) Z2AiAH22M & Az, HRER
AEADBERIZHL, A i2E-T, {ZUEU%UER(V)|GUZO,U€U,Zv60av:1}
7% RVA) iz &2 RS, A DRMAPHER LIE, U,n A 225 RVA) D
HANMHEMDZ L TH D, ADRMFHFERZ |A| TRT. BRGHf: A — AT
U, fOEHRTZRVEAED o RV(AD) ZHIRT 2 Z 8T, WEEE|f]: |A1] = |A]
NEHRTE 5.

BIEREEDZ L2 REY WS ZEeNEL W, Ky h POWKES R PDOF <
AV THDH e, Br,yccllHl, o <yFEide>ydKbroZ %205, Ky

AHFZ2 ISR (PR 5:254699) DB 2 2T 72 DTH 5,
*T153-8914  HAEUERHE BB 3-8-1 RAURZERZF B AR 2207kl
e-mail: tmatsu@ms.u-tokyo.ac.jp
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MPIZHL, HREGEZPEL, BEREGZ POARF =1 V2ROEA L T 5 HiIR
k% A(P)THRL, POIEFERE VS, [AP)| DI &% HIZ|P|TXKT.

BARERAIZRL, A\ {0} IcBEBRIZE->TERZ ANZED%2 ADHE ALY b
LW\, FA)TEYT. Z0r SREEERAIZHL, [FA)|IX|ANCHRICFAMIZR S
ZENHoNTWS,

AGEE CIIAAMZERNIC N 2 HEEZ, BAFHERZEL T (HR) BEEERD R
v M UTHRATAZ 21235, FlzIE, TBAERES f A — Ay B EME—F
BTHB ] 1E [f ORFEOESR | f] 2| A = |A| BHRE FE—[AEEHTH S| &\
I L EREKT S, RETH5.

3. Lovasz DiEfE#EAF & Kneser 18
MRBY =28 2MELL IR T 2L, FIZAFNICRRS 75 7 0RAMEIC
XNUTiITbhTE .

AR IZH L, nlHRSEMS 77 K, 2 V(K,) ={1,--- ,n}, B(K,)={(z,y) €
V(K |2 £y} C & DEBETS. 257G, inf{n>0|Ghd Ky~ DI 57
BEBRPGFET S 2 GORHEE W, GORAEEE (G) TXT. x(G) 2IkET S
L%, 777 D¥ARME (graph coloring problem) & W\, dHIZHIGEFRIZE W
TEZAONTEAMETHS. RAOMEL WS SEOHKIE, ORI HEIZIZL
TOEIBERHAZHNTERSINZNSTH S : [FRH OO EIIRLS K51, 7
FJ7GEORTOHEMIMEE5 R 5L E, RIBBBEZADHEBEZEZEAHE NS ]

77 7 DFAMBIZ bR Y — 2O TIGH L 7Z0DIE Lovdsz TH 5. Lovdsz 13 [10]
IZBWT, BINICHRRDEHEERE WS BREREZEEL, TOFEPE-—FLEE
e OBBREEZEZHL, Kneser 7778 W57 7 70RO ERE L.

E&K 3.1. 777G &, GOHFvIZHL, Nw)={weV(G)| (v,w) € E(G)} £ &
£95. VI T7GOERMFBEERN(G) %2, HRESZ{veV(G) | Nw) A0} &L, B
5%

N(G)={oc CV(GQ) |fo< +0 T, GOHEFvTo C Nw)R5LDNVFHET 5}

w5 (%) BREREEET 5.
Lovész I ZPA TN DEH %2R U 7=,

EH 3.2. (Lovdsz [10] ) G& 27 I 7, L, n%& (1) AEOERETS. ZOLE, N(G)
Mn-E@fE 1 72061, x(G)>n+3ThH5.

Lovéasz DEHDFEAD FHiEIE, N(G) & FRE b Y —[AfEZR Zo-1EIK L(G) (Lovasz &
1K) 2 Ml L, G256 K, ~NDT 77 DEBPIFIET B701F, L(G)PNEREEE
RO mEOMAERTHEI NS Z %R L, Borsuk-Ulam OEELD —DDE A2
REIELZLTHS.

Kneser 77 7 &%, EOBHE n, kT, n > 2k25BDITL, V(K,) = {0 C
{1,---,n} |to =k}, E(Kni) ={(o,7) |oNT =0} TEFEINET T T7ThH5. Kneser
IZ[8]1ZHBWT Kneser 77 72 EHE L, x(Knx) < n—2k+2%RU, x(K,x) = n—2k+2

L(—1)-fE 1 [TV Ze2E®RT 26027 5.
26" % (n+ 1) HOHEATHET 24561, TOOIHbD0—DOMEREHINEHORT 2EL, &
WHELDTH 5.

12
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& FRU 7z (Kneser PA]). Lovasz i N (K,x) 7Y (n—2k—1)-EfETH S Z L 2RL,
P 3.2 % W T Kneser PAEZMER U7, Kneser FAUCEAL TIX, Bardny 23[1] T,
Greene 7% [7] T Borsuk-Ulam OEMZHWZHGEEZ 52 TE D, SER2ICHATRNLR
FEHIE Matousek 23 [12] IZBWTHAT\W5.

TR DMIZ, 75 7 ORAFEANDIGHNE Z 5T\ S BEER, Ry b
L UT, FEARP Hom @Az 2055, Zns LT, [2), 5], 9], [11], [17],
(18] 7 E 22U T\ 2 & v, AR & X2 NE EBIRD R WD TEEL < 1k~ 72
WA, EHL32 & KU ORERZBRTEL. 22T, Hom R Z=207
77 G, HZHUTEEZ SRty b3 Hom(G, H) THY, 777 Cyyy 1F(2r+1)-Y
A INTZ7 (H51.(2) ) TH5.

EH 3.3. (Babson-Kozlov [3]) G #2757, n% (—1) A LD, r 2 EOEH LT
5. ZD&ZE, Hom(Cory1,G) Mn-EifEm 51X, x(G)>n+4 TH5.

Hom #iRIE Lovasz IZE D EFZRI N, FOEMHE Lovasz IZE D FPREINZ. 20
EFUZIXBUE, B2 ARG 5NT VAR, 17 THEASNTWVWSHONEHETH
5. BAERZOEMIZIXRAIEABEZ 5N TWED, ZO TR Z Iz L
T, 2000 FARIZA > THAEAD RO Y —DIGHIZEd 2%, 2 Hom
BT AMENBEANITDONDE DI o7z,

4. KIFRDOBE
A DT o 75T [13], [14], [15] DBEEIZ D WTHRR 5. Gl X 1E DB r 176
U, r-EGHR, BLEr-RARLRIMSE2ER L. r-HESHRIET T 7 DESLRD—
DDIITATHY, r-EHARIIEEAMNE TS 7R UBRKEINIBTH S, r-WEES
AR ORNICIE, bMRBY—IIB I 2 WEE SR L AR ORELR & O EL%
DALNDEZEERUZ. TO—DIE, r-JARBEOMORIIN L, ©HIEHELE TH
RN ED r-WBEGEINIET DI 2RULZEH S TH L. T UT, r-HAREH R E
11%2#&E25% LT, 79 70EBROIEFENZRT I LITRHTESZ L 2R LT
Z U TCIEDEE r iIZH U, Lovasz OEEERD BRZ: — AL TH % r-iifGEEKR 5
BARERZER L 72, 1EEGRINEEERTH 5. G L r- O EEAR DI ARTED
2r)-FABEORHIZIZRBIC R B Z L 2R U7z, (FHLT.1) £72, r BEBOLEITIE
AR, EEEARDEGE LA L &SI U T Z-RABHOEEIZRES TSI L
T I 7DEBROIGHEMEZELS Z N TEEHI L %2R U

5. r-BEARE & r-1IRBER

PARe, EOBEr 2[EET 5. AEHiCEr-WEEHRE r-EABHOEREL G5 X, TOER
MZRMEEIZ D WTIRR B, RRIC r- B, r BTG L OBBRIZOWTHERS.
Gar77&L, veV(Q)e&dd. EOBEIIZTL, V(G) DIHIES N,(v) &
Ni(v) = N()y Niz1(v) = Upenyy N(w) & UTRMMICEERT 2. 75 7 OEHK

p:G = HPWr-EGHETHI L, Ko V(G) 21 <i<rR3&ilCHL,

p:N;(v) = Ni(p(v)) PEHBINTRB L L UTERT 5.

39| ClEAREy b LTTRAL, HERKDERMOIMIEARE LTERLTWVWS. —TI6] TR
Yy FCEZELTED, AW%E[13], 14 b2z, TS DDOEBIIERS 7 7L T
WXRIUAAMEMZ 52560, BRI T7OBEZDORE FE—RIZEDL SRV,

13
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Bl 5.1. LARIZ r-#EEHOHIZ 5.2 5.

(1) 757G, HIZRLU, B 7Gx H%, V(GxH)=V(G)xV(H), E(G x
H) = {((z,y), (@",9)) | (z,2') € E(G),(y,y') € E(H) TE#T 3. /77 GIT
WU, HHY K, x G — GREZEDIEOEE r cN LT r-WEE%TH 5. G
DHEFET Y (G) > 351X Ky, x GIREFTH D Z L1 bh 5

(2) FEBEnIZHL, n-YA2o2NVTFT7C, %, V(C,) =Z/nZ, EC,)={(z,z+
)|z €Z/nZ} LEFHTD. n>37%6I1F, C,ldnAROIEHMELNRTIT T
Thbd. K32 C3IZERLTIELL.

n% 3L LRI, kEIFAEHEL, p: Cu — Che (r mod.nk) — x mod.n &
EF:zTDH., TOEZLURDED D,

(i) nDEHHTHZLTD. ZDLE, k=1,272561F, (ETEDEDEL r iz
UCpldr-#EEHRTH L. (B, nhaflikh oK, x 0,2 C,, TH5.)
k>3F73k=0%561%, pld(n—1)-HEGHRTH DD, nHEGHTIE

AN
(i) n MEHTHZ LT 5. ZDEE, k—lﬁ%f EEOEK r iz LTy
Fr-EEHRTHY, TNLSNDG X (n/2) — 1-HBEHRTH M,

(n/2)-WB B4 TITR N,

DOWTHEHMMNES T 7 (G,0) 1T 5 r-HARE (G 0) ZEHET S, T THEM
MHETI7Lk, 777 ZOTHMADHMDZ L THS.

T 5.2. FEBEBnIZNL, 7597 L, %2V (L,) ={0,1,--- ,n}, E(L,) = {(z,9) | |2—
y| =1} LEHET S, BEAMNET T 7 (Go) i/ L, L, 256 GANDT T 7EH o T,
0(0)=pn)=0v&%5HD% (G)NDEInDIL—TE V5. (G,v) DIV— TR
DEL% L(G,v) TKRT. 0 € L(G,0) 2L, MTFTDZ2D%M4:(1),(2), 2525 :

(1) DRI EnETEE, YyOEIIE(N+2)T, b2 {0,1,--- ,n} BHFIELT,
p(@) =) (1 S x)s (i) =y(i+2) &5,

(2), Y DEIREBIZEHELL, TOESEnLTEE, B {0,1,--- n} A
FHELUT, ig{z,z+1,- z+r=2HTHL, oi)=v() &Kk5.

(1) & (2), TEKRE NS L(G,v) DRfEREFRE ~, b EE, BEALG,v)/ ~ % 7(G,v)

TEHUT, (Go)Dr-EARLERTS.

ER 5.3, r-EATHIOWT, WS OhDOMEERBRRS.

(1) r=1%26lX, &£HQ2), Fe=0vaEKTE. ZOI LXK, GPV—T2FR

WIS IE, 7l(G o) 1 G R EED RS T 1RIE OW 8k & H 7 B O SRR —
BB LA EKT 3.

19 bboeV(G) T (v,v) € E(G) BDLDMBFMAL BN L.

14
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(2) V=T plZHL, l(p) T DRIZEXTEDETSH. ZDLE71(G,v) — Z/2Z,
[¢] = (I(¢) mod.2), & well-defined Z#HHERTTH L. Z DK% 77 (G, v)ey TK
U, 7 (G,v) DEEERT & WD, aenl(G)IZRL, aenl(Gu),DEE, a
FEBOTTH L LWV, LTI TRVWEEFHEILTHLL VI ZLIlT . 7577
GHROFLES 5 r-BAHAOHERTLL, MH0T - St R>. ZOMWEDNS
T DEBOIEGFHENZ WD & SITARER 5 E %2 7T,

(B) r>skold, T~ = o= ] BEOIDODT, REER (G, v) —
(G, v) BFET 5.

(4) a € 7 (G,0) IR L, I(a) =inf{l(p) | p € a} TKT. a,f € 7} (G,v) TR,
do(a,B) =l(a™1B) 2L, d iZn(G,v) EOMMUALZE#HTHD. Hu%x
ROT I ITDEMRf . (G,v) = (Hw)ZHLU, d(f, f.8) < d(a,f) BLT
d(fea, f.8) = d(a,8) (mod.2) &, € 7} (G, v) IZX LK Y L.

5l 5.4. r-BARREOHIZZET B,

() nZz 3 Eo#HHE TS, 7(C,) IFr < niﬁ% EZ BT, r > ni2H X
T (Cn) = Z2Z2THB. n 4L EOBELSIX, r < (n/2) D& Ea(C,) =7
T, r>(n/2)D& E(C,) IZHHATH 5.

(2) (1) &0 7d(K3) XZ7ZH, A EOEHEn Iz L, n3(K,) X Z/2ZTH5.

r-3EARE L - WEGHR L ITIE, ITOREBO X S BRIV 2D, T b

RO Y —IZBT L EARE L AR ORER EHUOMETH 5.
EE 5.5. (G) 2 BpfffErI778d5. LFROZDODOEIZDOWTEZS.

X, NRIZ(G,v) LD, EFREAERE R, 2R r-BEEHRT, #E(G,v) L
&7 7 DE DS,

Vo NRIT (G, 0) ~DOHESPRFHERTLT, $HE 7] (G, v) LOREDE D .

ZDEE, X =Y, (p: (Hyw) = (G,v)) = Im(x](p)) ZEFREZEZA5. $72b5
PUR2ECD 7D,
(1) r-#EB G p: (Hw) — (G,v)IZX U, 7l(p): nl(H,w) = 7 (G,v) ITHEHNTH 5.
(2) pi: (Hj,w;) = (G,v) (i =1,2) &2 r-$7BGHR T, H13dkiE 95, 20L&, B
75:4%“375 7%’{%(}0 : (Hl,wl) — (HQ,U)Q) T, P2 © f =P1 tfdté%)@b)ﬁﬁj—él et
&, Im(ni(p1)) C Im(n}(p2)) %25 T L IZAMETH S, 51T, TDXI%A fIFFILET
55X —HTH5.
(3) & (G,v) DERAFETITXN L, FHRNME D r-#E S G pr : (Gr,vr) = (G,v) T, Gr
(FEHE T I (7} (pr) = %225 OHAABZRWT —REITFEET 5.

5l 5.6. FEOEMHOE%E2IT 5.

(1) (Gv) 23EMNESS5 7T, GREKTY(G)>3LT5. ZDLE, Ky, xGlk
HAETH O, B S (K x G, (1,v) = (G, 0) IHMEEDIEDEER r IZX LT r-#
BERIZIL D, r-EGBRIIHINT 5 7 (G,v) DERSEEE, BBEHRD 77(G,v)ey
IZHIEY 5.

15
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(2) n % 3LALDOHHETE. Z0LE, r<n2old, n(C,) XZ THYH, HWoHE
k7 C Z TR T B r-#EBEEBRIE Cop — Cp, (z mod.nk) — (z mod.n) TH 5.

(3) Kpldn > 412 UCknd(K,) 2 Z/22.27%%. ZOIZehb5n > 428U, K,
O FIZIXERE R - MEERIZT O UL, TIolR K, BB Ky x K, TH5
ZEenbhins.

6. 757 DEBRDIEFEREMELE, r-EXEF

AETIE, r-BEAREZHAWT S S 7DEHOIEEMEDNZ D62 BNT 5.
9, AEI A I2NVADEHLDOEEIZONT, ITOEHIE D7D,

EE 6.1. nZ3UEDHFH, rZ2n L O/NIVIEDORE, GZEFETI 7L, @D
5C, NDT T TDERPFIET DL TS, ZOLELEOAEITa € 7](G) 1T L,
[(aF) > kn (I(o) OERIZFE 4.3(2) 28) WMEROIEEBE L IT Ukird 5. KR
7(G) DEHITCIZERMETH Y, ((G) > 3451 (G) I FERNTH 5.

Proof. a € w(G) & mweI5 L, fia € 7(C,) BAHILTH Y, LhoT
[(fea) > n DD LD, 7f(Cy) = ZIZTHTBEREDNS, [(fo()k) = [(fi(a)k 215
5. Lo Tl(a®) > 1(f()f) > nk 2155. O

FRHZn=3DL&%2FAdL, C3 X K3 oA TNOEMMNHED LD,

% 6.2. G x(G) =312 7 7L35L, 12(G) DAEEDGHICIT IR LT
HD.

5l 6.3. THL6.1 D HF %2 21T 5.

(1) 777 GIZHL, go(G) =inf{2n+1|n > 05D Oy, 25 GAND T T 7 EARDUF
95} EERTD. ¢o(G) 2 GOHEWRAE WS . —7H, ¢°%G) =sup{2n+1|n >0
MO GWS Copiy NDT T TEBRPIFET D} LEET D, EDOFB n,m X
U, n>mAEolX, C, 06 C, DT I T7DEBRIIFHET BN, C, 056 C,~
DT 57 DEHRIFFELBRND S, 60(G) > ¢°(G) D2 5. go(G) ZRKD 2B D
ZHEI R Z 2 DB WD, ¢O(G) DIEMEREZRD D Z L1 —MITIZHE L W
ZeThb.

EH61ZHWSZ LT, EEDEDTHHE N, mTn>mB25DIINL, 757
Gnm Ty 90(G) =n 2D ¢%(Gpp) THEHDEMRT 2 NTES. HlZIE,

L9 78GLT2L, go(G) =T, °(G)=5t7%5.

(2) n 2K LT L. 777G, %, V(G,) = {(ij) € Z* | 0 < 4,5 < n},
EG,) ={((i, )@ ) [ i =+ |j—j1=1} e LTEEL, /77X, %, &
je{0,1,--- iz, (5,0), (n,5), (n—j.n), (0,n—3) %3G, DIESZF
—fHLTRONET T T LT 5.

n MBI SIX(X,) =2TH O, nDHFHLSIXC, 76 X, ~NDT T 7 DEMH
WIFAET B0 6 x(X,) > 3THD. —/, m1(X3) ZZ/2LTHY, n > 5785w
NI UTI, 73(X,) X Z/A4AZTHD. Lo TnBaEo L Eidy(X,) >4

16
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X1

THDH, EBIZABTEATRETH DL LD REDT(X,) =4Dbh 5.

DT, nZ5L EOEDHFHE TS, #EES 77 G T, x(G) > 2. 7i(G) X Z/2Z
RBEDEEZS. ZOE5BGOHE LT, K, (n>4)%, m>2k+27%45
EDEEE m, kX35 Kneser 77 7 K i, 8 XOLE Kneser 77 7 SK,, 1, 78
EWRHDL (Bdk. BT . D&, GhoHTTT7 X, DT T T DEMLED
FIELRWZ &0 2 HAREHREZ . Thhb., EE, Gho X, ~"NDT 77
BARf G — X, WEIETDEINET S, acniG) 2 Z/2Z %#FHELTE T
5L, fildnd(X,)~Z/AZ DEEERPTEE T, 2D fi(a)? =1 THRLS TR
570D, D & S A TtIE a2(X,) (TIRAFAE L 7R,

(3) Kneser 77 7 Ko 11 DHAAEIL 3 THED O, Kopp14 220 C3(X K3) DT T
T DEZIIFET S, UL, Ky 5 Cs DT T 7 DEBITFEL R,
FBR, go(Kopy1x) =2k+1THY, Kopprp DEI 2k+1 D=7, 7(Kup)
WZBWTH N 2 125056 TH 50,

4) BLEDHNE, 757 GhoRBYA IV C, "D T T ELEWBEET D7 512,
r < niZN9 S (G) DABITCPEBABUIZ LD WS & ZA5DAEM-TED,
FHDOERIZH S L5742 1(a%) > nk KD IO L WS BEXITHT 2HIRE TIE
fioTwirw., 22T, ZOFE N E—HOEIIZEHLRITNWLS Z 7 DEH
DIEFEHEMDE Z W Z BN T 5.

n% 5 UEDHFHEL, X, & (2) TEHELALDIDET S, ZDLE, 11(X,) =
ZIALTH BN S, X, D2-WEGHRET R EHREX, 2L 5L, X, ITIXZ/47
WEFS B, Z/AZLDERTHED S TS 7 DELE 1 X, —» X, TKY. 757
Y&, V(Yy) =V(Xy) xZ, E(Yn)={((z,7),(y,9)) | (0 =92 (z,y) € E(G))
Fd(r=y2)i—j|l=1)DHOID} L LTEET S, YV, ~"DZDOIEH*%,
Z DHEBICINED D BRI (v,4) v (1(2),i +2) THILLUTEHRL, ZDOIEH
IZE BRI ST7RY, CTEETS. ZDLE, 12(Y,)XZTHY, TOEETE
alTdL, l(a)=n+2TH5. —F, l(a*)=8< 347205, Y, 75 Kz~

S (Kopsrp) 2 LJ20 L7585 EDRENT B, k< bhdahor,
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DT T TEBIIFIEL RV, o Tx(Y,) >3 124, EBIZY, B4t TR AR
THBIENDNBDT, x(V,)=4Th5.

7. r-iEEE K & DR

(151128 WT, UFD b5 k25 D%2EH Lz, T L Lovasz DILEEEDH
Rie—BALTH O, rEEEROREAREEL (2r)-EARE BB ICERLTWS. £TE
BREBRD.

EETL GEII7L95. ZDLE, r-iEfEHER (r-neighborhood complex) & 13,
N(G)={c CV(G) |to< cocDv e V(G)To C N, (v) 725 DIFIET 5, }
725 BRERE UTERT 5.

EFEN S, 1-EFEERIE Lovasz OEFEEARN(G) IZAETH 5.

T 7.2. r2 EOBHEL TS, EAMNET T 7 (Gv) TNW) #0851, 727(G,0) e =
T (N (G),v) 725 BRRFEDH 5.

LOEHMPS, UTFTDOZ &b s.

2 73.GEXG) >245777L L, n&3ULOFAHKLTE. ZOLE, Ghb
Cp D5 T DEBDFAET 572 51F, Hy(Np1)2(G); Z) 13 Z 2 EREFITH 2.
DR : G2 5 C, 1205 7 DER f BFET 74 51F, BEERR 71(G) —
N C,) 2L BEIET S, x(G) > 2 EhS N G) BAEB iR AR, LEMoT
p (f) WEIEEWTH B, 1) H Q) 1E 1) H(G) DIRE2 DEBAEELE DS, 717 (G) ey B
5 ZDEM4T, FAWPREDODBEFELET S, ZOZ L a @) DT —NIUALNZ ZTE
MAFICRHOZ L 2EKT 5. o TEHM620 6 FEERG5. O
WET4.p:G—H% 2r)-WEGEEETDL, N(p): N (G) — N,.(H) 1347855
THd.

62 L EOWi#EZEDLES I LT, riEEERO LOBESH®IX, (2r)-BE5 4
LK DERIIHETE I LD b0b. 20, X¥brs.

EE 7.5. r ZIEORE, (Gv) 2HANEDT T 7T G 13K, Nv) #0 &3 5.
ZDEELNRAKY LD,

(1) x(G) =2 &F5. ZD& EEEZE/ (N.(G),v) D EDERST & TERIED
AR WEEBR O TEIL, HANET T 7 (G, v) D OIS & TE g LE
7 (2r)-WAEBAD 2 TBIZFEIZ 72 5.

(2) x(G) >3 &35, ZD& EEME2E/- (N.(G),v) D EDERST & TERIED
S RME TGO TEIE, EAMNES T T (K x G, (1,v) O LEOHELGRMNET
TERIMAHAE 72 (2r)- BB R D750 9 18 & FEIZ R 5.

Bl 7.6. EEERIZEET ZBEFORREEE 620 50N D I b2 i dD.
(1) 72 7GIZH/HL, 797G %

V(GT) =V(G)U{x} . E(GT) = E(G)U(V(G) x{x}) U ({x}x V(G))
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ICEDEHRTS. Z0LE, NGHENG) OBREBIZRENE—HMETHZ Z
ENRONTWS. (FIZIX B 2H) y(G) > 3TGMERRSIE, N(G) Ik,
T, UEDPoTN(G) ZHEERETHS. LW >Tri(G) 2 Z/ZTHY, TD
EEGTDLOEKER 2 WETHRIEIGTHE L Ky x GTDATH 5.

(2) Lovasz i3 K,y n > 2k D& &, N(K,p) 2 (n—2k—1)-EFETHEZ L E2RL
7z. £72, ZEKneser 777 SK,\ %

V(SKnr)={ocC{l,---,n}|to=kT, icobit+lgo. }
E(SK,x)={(o,7)|onT =0}

IZE D EET S, Schriver I N(SK, ) & (n— 2k — 1)-8EFETHDZ & %ZRLSO,
X(SKpp) =n—2k+2%mU7%. TNSDRERNS, n>2k+27061F, K
(SK,p) D2-FEARILZ2Z \ZHFITHY, ZD LD 2-WEERIIZTNEAT L,
Ky x Knp, (Ko X SKpp) DATHDI EDDNS.

r EOIEIE, Lovész DILHER L FARROFIRIC L o C, r-THERD hRa Y —
ZHANDZETY I 7 DEGROFELZTAND LN TES.
EETT7.r2 L0, G2I7I77235. Ry MB.(G)%
{(o) | o7 BV(G) DERFEIEET, FveolZH LT C N, (v)}
CEDDS. HFE T(o7r)<(o",7) & cCo MD7rC7] ITLoTEDS.
BAEIKRAIZYL, FATZOHAEY 2R UZ. 2H 22K)

WE 7.8. 777 GIZHL, B.(G) = FN(G),(0,7) — o l3FEME—[AHEEHRTH
5. K2 B.(G) & N(G) RAEILUARE FE—HZED.

r BET go(G) > r 2561, B.(G) lFHH Z,-%EME 5. /97 G & HT,
90(G),90(H) > r23EDR 526Nz %, B.(G) & B.(H) D% 1 Stiefel-Whitney
FOEPNND 0 IZREPELERDZZLIZED, GP6 HIZT T 7 DELDIEFEI N
2%, EBIZRD XS0 H 5.

RE 7.9. n,k,r ZIEOET, n>2k (n—2k)r=k—-1%fi9dd0Ded5. Z
DEE, Kve V(EKup)lZHU, Noy1(v) = V(Kup) — {v} WO D. ULERoT
9o(Knp) =2r +1TH Y, Nopy (K o) 13 1V (K p) — 2) = ((7) — 2) KITDERE 2 [FI4H

LomEEHNSZ LT, UFTDIZ bbb,

% 7.10. nk,r ZEOBHEL, n>2k (n—2k)r=k—1%2H~3ddDLT 5. T
D& E, AHNAMB(2r+ 1)U EDZZT7GT, tV(G) < (}) 2T HDITHL, K,y
Mo GANDT T T DEHIIFEL R,

D &SRR T 7 DGEIZIE, rlfEERORE NIRRT S Z 2D
TELD, —RIZXZTOFRE N —BEZIRET LT L ITIEEIZH L .

6 X i<, Bjorner & Longueville % [4] IZEWT N (SK, ) B S" 2k IZFE PE—FHETHL Z &
ZRLUTWAS.
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Characterizations of Lie groups via finiteness
conditions on their zero-dimensional subgroups

Dikran DIKRANJAN (Udine University, Italy)*!
Dmitri SHAKHMATOV  (Ehime University, Japan)*?
Jan SPEVAK (J. E. Purkinje University, Czech Republic)*3

1. Compactness-like properties in topological groups

In this section we recall definitions of well-known compactness-like properties connec-
tions between which are summarized in the diagram below. (None of the arrows in this
diagram are reversible.)

totally minimal minimal
compact locally compact ——— locally minimal
w-bounded — = locally w-bounded complete

countably compact — locally countably compact — sequentially complete

l l

pseudocompact —— locally pseudocompact

i l

precompact —— locally precompact

Recall that a topological space X is:

w-bounded if the closure of every countable subset of X is compact,
countably compact if every countable open cover of X has a finite subcover,
pseudocompact if every real-valued continuous function defined on X is bounded.

A topological group G is locally w-bounded (locally countably compact, locally pseu-
docompact) if it has an open neighbourhood U of its identity element whose closure U
is w-bounded (countably compact, pseudocompact, respectively). We say that a topo-
logical group is (locally) precompact if its two-sided uniformity completion is (locally)
compact. Recall that a topological group G is called sequentially complete if every
Cauchy sequence in G with respect to the two-sided uniformity of G converges to some
element of G [14, 15].
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Recall that a topological group G is called minimal if every continuous isomorphism
f: G — H, where H is Hausdorff topological group, is a topological isomorphism [28].
A topological group G is said to be totally minimal if all Hausdorff quotients of G are
minimal. Clearly, all compact groups are (totally) minimal. Easy examples show that
the converse does not hold in general. Nevertheless, a somewhat weaker implication
holds in the case of abelian groups:

Fact 1.1 (Prodanov and Stoyanov; see [9]) A minimal abelian group G is precompact.

A common generalization of locally compact groups and minimal groups was pro-
posed by Morris and Pestov. A topological group (G,7) is locally minimal if there
exists a neighborhood V' of ¢4 such that whenever o C 7 is a Hausdorff group topology
on G such that V is a o-neighborhood of eg, then o = 7 [24]. We refer the reader to
2, 3] for some recent progress in this area.

2. Principal results
Definition 2.1 For a topological group G, consider the following conditions:

(Z) every closed zero-dimensional subgroup of G is discrete,
(Z,,) every closed zero-dimensional metric subgroup of G is discrete,
(Zem) every compact metrizable zero-dimensional subgroup of G is finite.

Remark 2.2 One may wonder why this definition omits the following natural condi-
tion:

(2) every compact zero-dimensional subgroup of G is finite.

It turns out that this property is equivalent to Z,,,. Indeed, the implication Z.— %,
is trivial, and the converse implication easily follows from a result in [22].

The three properties from Definition 2.1 are ultimately related to Lie groups, as
the following proposition shows:

Proposition 2.3 For every topological group G, the following implications hold:
Lie — & — %, — %, (1)

We study in detail the question of when these implications can be reversed, for
various classes of groups that are close to being compact.

Our first result shows that the three properties from Definition 2.1 are equivalent
for locally w-bounded groups.

Theorem 2.4 For a locally w-bounded group G the following conditions are equivalent:
(i) G is a Lie group;
(ii) G satisfies Z;
(iii) G satisfies 2 ;
(iv) G satisfies Zopm.

Corollary 2.5 A locally w-bounded group without infinite compact metric zero-dimensional
subgroups s a Lie group.

Since Lie groups are locally compact and locally compact groups are locally w-
bounded, we get the following characterization of Lie groups in terms of their closed
zero-dimensional compact metric subgroups.
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Corollary 2.6 A topological group is a Lie group if and only if it is locally w-bounded
and has no infinite compact metric zero-dimensional subgroups.

Even a locally compact version of this corollary is new.

Corollary 2.7 A topological group is a Lie group if and only if it is locally compact
and has no infinite compact metric zero-dimensional subgroups.

One cannot replace “locally w-bounded” by “countably compact” in Theorem 2.4
and Corollaries 2.5 and 2.6; see Example 3.1.

Theorem 2.8 For a locally minimal, locally precompact abelian group G the following
conditions are equivalent:

(i) G is a Lie group;

(ii) G satisfies Z;

(1ii) G satisfies %, .

Moreover, if G is additionally assumed to be sequentially complete, then the follow-
ing condition can be added to this list:

(v) G satisfies Zopm.

Since minimal abelian groups are precompact by Fact 1.1, the conclusion of our
next corollary follows from Theorem 2.8 and the fact that precompact Lie groups are
compact.

Corollary 2.9 For a minimal abelian group G the following conditions are equivalent:
(i) G is a compact Lie group;
(ii) G satisfies Z;
(iii) G satisfies Z,,.

As we shall see in Example 3.6(ii), one cannot add 2, to the list of equivalent
conditions in Corollary 2.9 and cannot drop the additional assumption of sequential
completeness in the final part of Theorem 2.8.

Since Lie groups are locally compact (so, locally minimal) and satisfy property 2,,,
Theorem 2.8 gives the following characterization of abelian Lie groups:

Corollary 2.10 An abelian topological group group G is a Lie group if and only if G
18 locally minimal, locally precompact and all closed metric zero-dimensional subgroups
of G are discrete.

Since compact groups are minimal and precompact discrete groups are finite, Corol-
lary 2.9 yields a characterization of compact abelian Lie groups:

Corollary 2.11 An abelian topological group is a compact Lie group if and only if it
is minimal and has no infinite closed metric zero-dimensional subgroups.

Our third theorem extends Theorem 2.8 beyond the abelian case.

Theorem 2.12 For a connected, locally minimal, precompact sequentially complete
group G, the following conditions are equivalent:

(i) G is a compact Lie group;

(i) G satisfies Z;

(iii) G satisfies Z5,;

(iv) G satisfies %, .
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Example 3.1 below shows that local minimality cannot be omitted in Corollary 2.10
and Theorem 2.12.

Corollary 2.13 A connected topological group is a compact Lie group if and only if it
1s sequentially complete, precompact, locally minimal and all its compact metric zero-
dimensional subgroups are finite.

The particular version of our results deserves special attention.

Corollary 2.14 Let G be a countably compact minimal group satisfying Zom. If G is
either abelian or connected, then G is a compact Lie group.

Indeed, G is precompact and sequentially complete. Now the conclusion of this
corollary follows from Theorem 2.8 (in the abelian case) and Theorem 2.12 (in the
connected case).

The property Z has been well studied in functional analysis.

Remark 2.15 The additive group of a Banach space B has property 2 (equivalently,
property Z,,) if and only if B contains no subspace isomorphic to co; see [1, Theorem
4.1]. In particular, the additive group of the Hilbert space has property 2 (equivalently,
property %) [16].

Since the additive group of the Hilbert space is locally minimal and (sequentlially)
complete, it follows that local precompactness of G cannot be omitted from the as-
sumptions of both Theorem 2.8 and Corollary 2.10, minimality cannot be replaced
with local minimality in Corollaries 2.9 and 2.11, and precompactness of G is neces-
sary in Theorem 2.12 and cannot be dropped from its Corollary 2.13.

The following curious “automatic closedness” result is of independent interest.

Theorem 2.16 Let G be a subgroup of an abelian Lie group K. If G satisfies Z,,,
then G is closed in K ; in particular G is a Lie group itself.

One can consider the weaker versions of the three conditions 2, %, and 2.,
from Definition 2.1 obtained by replacing the word “subgroup” with the word “normal
subgroup”. The following example shows that (with the trivial exception of purely
“abelian” results) most of our results spectacularly fail for these weaker versions of the
three properties.

Example 2.17 Let L = SO3(R) be a compact connected simple Lie group. Then G =
LN is a compact connected metric group without non-trivial closed zero-dimensional
normal subgroups, yet G is not a Lie group. Indeed, by a well-known theorem of
Hofmann [23], a closed zero-dimensional normal subgroup of a connected compact
group must be central, and the conclusion follows from the fact that G' has the trivial
center.

It is worth mentioning here the TAP property from [26] defined by requiring that
no sequence in a topological group is multiplier convergent; see [12]. This property
is weaker than NSS [26], and therefore, is possessed by every Lie group. Since TAP
groups satisfy Z,,,, the results in this section can be applied to obtain characteriza-
tions of (compact) Lie groups in terms of multiplier convergence of sequences; see our
forthcoming paper [13].
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3. Examples distinguishing %, Z,, and Z.,,
In this section we exhibit a series of examples showing that the arrows in (1) are not
reversible in general.

Example 3.1 Under Continuum Hypothesis, there exists a countably compact con-
nected abelian group which satisfies 2 but is not Lie. In order to get such an example,
we shall need the notion of an HFD set. Recall that a subset G of T“! is called an HFD
set (an abbreviation for hereditarily finally dense) provided that for every countably
infinite subset X of G one can find an ordinal o < w; such that ¢,(X) is dense in
T«\*, where g, : T** — T“*\® be the natural projection defined by g.(h) = h lwi\a for
h € T«.

(i) It is known that every HFD subset of T is hereditarily separable, countably
compact, connected and does not contain any non-trivial convergent sequences.

(ii) We claim that every HFD subgroup G of T satisfies % but is not Lie. Indeed,
let N be an infinite closed zero-dimensional subgroup of G. Fix a countably infinite
subset X of N. Let K be the closure of N in T“'. Since N is a closed subgroup of
the countably compact group G, it is countably compact as well. Therefore, dim K =
dim N = 0 by Tkachenko’s theorem ([30]). Since G is an HFD subset of T“1\*, there
exists an ordinal o < w; such that ¢, (X) is dense in T“*\*. Since K is a compact group
containing X, it follows that g,(K) = T“'\®. Since continuous homomorphic images of
compact zero-dimensional groups are zero-dimensional, we conclude that T*\* must
be zero-dimensional, in contradiction with its connectedness. This finishes the proof
of the fact that G satisfies 2. Since G contains no non-trivial convergent sequences,
G is non-metrizable, and so cannot be a Lie group.

(iii) Tkachenko [29] gave an example, under the Continuum Hypothesis, of an HFD
subgroup of T“*.

It follows from our next proposition that local minimality of G cannot be omitted
in Theorem 2.8.

Proposition 3.2 For every infinite abelian group G there exists a zero-dimensional
sequentially complete precompact group topology T on G such that (G,7) satisfies 2,
but does not satisfy Z .

Proof: Indeed the group G# (this is G equipped with its Bohr topology) is an infi-
nite zero-dimensional [25] non-metrizable group, every infinite subgroup H of which is
topologically isomorphic to H#, so H is not metrizable. Therefore, G¥ satisfies 2,
but does not satisfy 2. Finally note that G# is always sequentially complete [14, 15].

Under additional set-theoretic axioms, one can even strengthen precompactness to
countable compactness in a counter-example to the implication Z,,— % .

Example 3.3 (i) If G is an infinite zero-dimensional group without non-trivial con-
vergent sequences, then G satisfies 2, but does not satisfy 2. Indeed, since G has
no non-trivial convergent sequences, it satisfies Z;,. Since G is infinite and zero-
dimensional, it does not satisfy Z.

(i) Let G be dense pseudocompact subgroup of Z(2)¢ without non-trivial convergent
sequences constructed in [27]. It follows from (i) that G is a pseudocompact abelian
group which satisfies 2, but does not satisfy Z .

(iii) Under Martin’s Aziom, there exists a countably compact abelian group which
satisfies Z,, but does not satisfy Z. Indeed, let G be an infinite Boolean countably
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compact group without non-trivial convergent sequences built by van Douwen under
the assumption of MA [18]. Since G is a countably compact group of finite exponent,
G is zero-dimensional; see [7]. The rest follows from item (i).

This example shows that “w-bounded” cannot be weakened to “countably compact”
in Corollary 2.5, even in the “global” version.

Example 3.4 There exists a pseudocompact abelian group satisfying Ze, which does
not satisfy Z,,. Indeed, let G be a pseudocompact abelian group of cardinality ¢ such
that G contains an infinite cyclic metrizable subgroup /N and all countable subgroups
of G are closed; such a group is constructed in [31, Theorem 2.8|. Since N is countable,
it is a closed zero-dimensional subgroup of G. Since N is metrizable, G does not satisfy
Zm. 1t follows from [31, Corollary 2.7 that all (countable) compact subgroups of G
are finite. Thus, G trivially satisfies Z.,,.

The reader may want to compare the next proposition with Proposition 3.2 and
Example 3.3.

Proposition 3.5 Conditions %, and Z.,, are equivalent for locally precompact, se-
quentially complete groups. In particular, these two conditions coincide for countably
compact groups.

Proof: Let G be a locally precompact, sequentially complete group. The implication
Zn—Z.m is established in Proposition 2.3. To prove the reverse implication suppose
that G does not satisfy Z,,. Then G has a non-discrete closed zero-dimensional metric
subgroup N. Since N is a closed subgroup of G, it is locally precompact and sequen-
tially complete. Since N is also metrizable, N is complete. Being also locally pre-
compact, N is locally compact. Being a non-discrete locally compact zero-dimensional
group, N contains an infinite open compact subgroup C', by van Dantzig’s theorem.
This shows that G does not satisty Z,,.

Item (ii) of our next example shows that sequential completeness in Proposition 3.5
is essential, while Example 3.8(ii) shows that local precompactness is essential as well.

Example 3.6 (i) Every non-discrete countable metrizable group G satisfies %y but
does not satisfy Z,,. Indeed, since infinite compact groups have size > ¢, all compact
metric subgroups of GG are finite, so G satisfies Z.,,. Furthermore, G itself is zero-
dimensional, so fails to satisfy Z,.

(ii) Let G' be any countably infinite minimal metric abelian group (one can take,
for example, Q/Z as G see [17, 28]). Then G is a (precompact) minimal abelian group
satisfying %, but failing Z,,. Indeed, G is precompact by Fact 1.1. Since G is infinite,
it is non-discrete. The rest follows from item (i).

Remark 3.7 (i) If continuous homomorphisms from a topological group G to R sep-
arate points of GG, then G contains no non-trivial compact subgroups; in particular, G
satisfies Z,,,. Indeed, assume that K is a non-trivial compact subgroup of G. By our
assumption, there exists a continuous homomorphism f : G — R such that f(K) is
non-trivial. Since f(K) is compact, this contradicts the fact that R has no non-trivial
compact subgroups.

(ii) It follows from (i) that the additive group G of every topological vector space
over R has mo non-trivial compact subgroups; in particular, G satisfies %, .
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Example 3.8 (i) The complete metric group RY satisfies %o but does not satisfy Z;,.
Indeed, since Z" is an infinite non-discrete closed zero-dimensional subgroup of RY, the
group RY fails property Z;,. The rest follows from Remark 3.7(ii).

(ii) The additive group G of the Banach space cy is a locally minimal (sequentially)
complete metric abelian group satisfying Z.,, but failing %,,. Indeed, G satisfies Z,,,
by Remark 3.7(ii). On the other hand, G does not satisfy 2, by Remark 2.15.

It is worth noticing that the group RY from item (i) of this example is not locally
minimal; see [8, Example 7.44].

All examples constructed so far are abelian. We shall now produce a series of ex-
amples which are minimal groups G close to being abelian (actually, they are nilpotent
of class two, i.e., G/Z(G) is abelian). In order to do so, we shall need the following
general theorem inspired by and extending [8, Lemma 5.16].

Theorem 3.9 Let m > 1 be an integer and let X be an infinite precompact abelian
group with exp(X) = m. Let K = T[m]. Then the discrete Pontryagin dual D = X"
of X acts on K x X via automorphisms (t,z) — (t+ x(z),z), (t,x) €e K® X, x € D.
The resulting semi-direct product Lx = (K x X)X D is a minimal group group with
the following properties:

(i) K x X is an open subgroup of Lx, so Lx is locally precompact;

(i) if X is connected then m =0 (i.e., K =T) and ¢(Lx) =T x X (in particular,
Lx is locally connected if and only if X is locally connected);

(#i) Lx is locally (countably) compact if and only if X is (countably) compact;

(iv) Lx is locally w-bounded, whenever X is w-bounded;

(v) Lx is locally pseudocompact if and only if X is pseudocompact;

(vi) Lx satisfies satisfies 2 (resp., Zp. Zom) if and only if X satisfies satisfies
Z (resp., Zn. Zem);

(vii) Lx is a Lie group precisely when X is a Lie group.

(viii) Lx is (sequentially) complete precisely when X is (sequentially) complete.
(iz) Lx has no convergent sequences if and only if X has no convergent sequences and
m > 0;

(x) Z(Lx) = K and Lx/Z(Lx) = X x D, so Lx is nilpotent (of class two).

Our first group of examples shows that one cannot omit “abelian” in Theorem
2.8 and its corollaries, or replace it by the slightly weaker property “nilpotent”. More
precisely, we give an example of a minimal locally precompact (consistently, also locally
countably compact) nilpotent sequentially complete group satisfying %, that does not
satisfy Z.

Example 3.10 (i) Take X to be an infinite precompact Boolean group without non-
trivial convergent sequences (this can be easily obtained by taking X to have the
Bohr topology X# as in Proposition 3.2). Then Lx is a locally precompact minimal
sequentially complete nilpotent group that satisfies 2, but does not satisfy 2. Since X
has no non-trivial convergent sequences, X is satisfying %, and satisfies %Z,,. According
to Theorem 3.9, Lx has the desired properties.

(ii) Under the assumption of MA, there exists a locally countably compact minimal
nilpotent group that satisfies %2, but does not satisfy 2. Indeed, one can take as X a
Boolean countably compact group without non-trivial convergent sequences mentioned
in Example 3.3(iii). Then Lx becomes locally countably compact, in addition to the
rest of properties from item (i).
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Item (i) of the next example should be compared with Theorem 2.12, and item (ii)
should be compared with Corollary 2.13.

Example 3.11 (i) Under the assumption of the Continuum Hypothesis, there exists a
locally countably compact locally connected minimal nilpotent group which satisfies Z
but is not Lie. Indeed, take as X the connected countably compact HFD subgroup of
T“ constructed in Example 3.1. According to (ii), (iii) and (vi) of Theorem 3.9, the
group Ly has the desired properties as X satisfies 2.

(ii) There exists a locally pseudocompact locally connected minimal sequentially com-
plete nilpotent group which satisfies %, but is not Lie. According to [20, Corollary
5.6], every abelian group of size < 22" admitting a pseudocompact group topology, ad-
mits also a pseudocompact group topology without non-trivial convergent sequences.
On the other hand, every divisible pseudocompact group is connected by a theorem
of Wilcox [33], while every connected compact group is divisible [23]. Hence, every
connected compact abelian group of size < 2% admits a connected pseudocompact
group topology without non-trivial convergent sequences. Take any abelian connected
pseudocompact group X without convergent sequences (to this end one can use as a
starting connected compact abelian group the circle T). Clearly, X is sequentially com-
plete. By items (ii), (v), (vi) and (viii) of Theorem 3.9, L is a locally pseudocompact
locally connected minimal sequentially complete nilpotent group which satisfies 2,
but is not metrizable, hence not Lie.

4. Open questions

We do not know whether one can extend Theorem 2.16 to the non-abelian case.

Question 4.1 If a subgroup G of a Lie group K satisfies %, must then G be closed
in K7 Is this true at least when K is compact?

Question 4.2 Is there a pseudocompact (totally) minimal (abelian) group which sat-
isfies Z,.,,, but fails Z,,?

Question 4.3 (i) Does there exist a ZFC example of a countably compact (abelian)
group which satisfies 2, but does not satisfy 27

(ii) Does there exist a pseudocompact (totally) minimal (abelian) group which
satisfies Z,,, but does not satisfy 27

(iii) Must a countably compact (totally) minimal group satisfying 2, also satisfy
7

It is not known if every countably compact minimal group contains a non-trivial
convergent sequence; see [11, Question 7?]. Note that a counter-example to this ques-
tion would be a countably compact minimal group that satisfies 2, but is not a Lie

group.

Question 4.4 (i) Does there exist a pseudocompact abelian group G which satisfies
Z but is not metrizable (and thus, is not a Lie group)? What is the answer if one
additionally assumes that G is sequentially complete?

(ii) Does there exist a ZFC example of a countably compact abelian group which
satisfies 2 but is not metrizable (and thus, is not a Lie group)?

(iii) Must a pseudocompact (totally) minimal (abelian) group satisfying 2 be a
Lie group?

(iv) Must a countably compact (totally) minimal group satisfying 2 be a Lie group?
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The answer to Questions 4.3(iii) and 4.4(iv) is positive when the group in question is
either abelian or connected; see Corollary 2.14. We conjecture that the totally minimal
versions of Questions 4.3(iii) and 4.4(iv) both have a positive answer.

Conjecture 4.5 A countably compact totally minimal group satisfying Z.., is a Lie
group.

Our next remark collects some comments that may be useful in the proof of this
conjecture.

Remark 4.6 (i) A countably compact totally minimal group G contains every normal
closed metrizable subgroup N of its completion K. Indeed, as G is totally dense in K,
the intersection N N G must be both countably compact and dense in N. Since N is
metrizable, it must coincide with N. So, G must contain the metrizable closed normal
subgroup N of K.

(ii) Let G be a countably compact totally minimal group satisfying Z,,,. Then the
center Z(G) is both countably compact and totally minimal, so by the theorem from
[10], Z(G) is compact. By Theorem 2.4, Z(G) is a Lie group. Therefore, in order to
prove Conjecture 4.5, it suffices to show that the quotient G/Z(G) is a Lie group.

(iii) A totally disconnected countably compact totally minimal group satisfying Zem
is torsion. Being a totally disconnected countably compact group, G is zero-dimensional
[7]. Under these circumstances %, implies that all (closed) metrizable subgroups of G
are finite. To see that G is torsion, it is enough to see that all cyclic subgroups of G are
metrizable. By Tkachenko’s theorem [29], the completion K of G is zero-dimensional
as well, so the neutral element ey has a base of neighborhoods formed by open sub-
groups of K. Hence, G has the same property. In particular, every cyclic subgroup of
G, having the topology generated by open subgroups, must be metrizable.
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kk % 72 FE1E HI] Lefschetyz fibration & Z 3V & OFERK IZ D
WT

P Y (SR AR

1. F

Lefschetz fibration i%, S. Lefschetz MRS 2 N 2 6l FBe & U TEA U 7z (Lef-
schetz pencil IZHKT 2) R TH S, 1970 FFAREZ A S 1980 FAUTH T, T 1 D
Lefschetz fibration (I#EMHEHE O ~ B0 ¥ — DRFSFEIZ B W CTEMER 22588 2 - L 72 2
& T, ZDEREWEMNFRIET Nz BT, 1998 4F, 2RD Donaldson[7] & Gompf[10] D H
IZ & o T, Lefschetz fibration & 4 X5t > TV 7 T 4w 7 LRk GERIb 7 2 KL A%
R D A RICEBRAK) DEFELBRDH S iz T -

EE 1.1 EREOHAXTY Y TV I T4y 7 ZRIEX ITHL, HBm > 0FEL T

X#mCP? — S? 1% Lefschetz fibration & 725 ([7]). ¥iZ, FE#K g D Lefschetz fibration
X =Y, (g>2,h>0)1ZHUL, X IZ¥ v TV o T 1y 7 iEEEFD ([10]).

ZZTCPIECP?P DR EZMIZLAZHDTH Y, X IdEE A OA AT 2R T, &
12BNz D % 2B, 42K50 bR T U —128 W T Lefschetz fibration DAL Z D
RERARRAL L, BIEBIERIITON TV S,

X T, Lefschetz fibration & HH O BEBFERED H 5 BRI E NG L TWS Z &
PHIGNTWS. DF b, BEEFERHOM AT EER T, # L\ Lefschetz fibration X 4
Ry VTV I T4y 7 Skk % REIZHINT 52 Z LN TE L. “BRZ2 IR 4 RIGERRIK
D BRG] Z WS D Z & TARITERIRDRREZFTARK 57 L WD LGOI ERIZH N
T, ZDHEFEIX Lefchetz fibration DI D1 DL FZ K 5. F72, BAAFEEE O REIM:
BEARG IR Y —OWEPEWIZGHTES RN RERBHD1IOTH S,

FlTB R 72 K 51T, Lefschetz fibration (& (#3) RECGEMH2» S Ao Y —IZEA X
N7-. 59 % & EENRBEEATDOHINE T2\ Lefschetz fibration B4 U 5133 Tdh 5.
o % [FEEA] Lefschetz fibration] L WFERZ &129 5. AFETiE, Bk LD IEER]
Lefschetz fibration DR RCFEM S %, EEH HE OBEDSEE KX Z T, BEEHHEOME
HHZLEEIC L DB A S L.

2. Lefschetz fibration

F 31X UIZ, Lefschetz fibration & BT O GRS T 2 REMEE2ERS. &
DEEL IX[13], [10], [18) R EZEBFIZL TV EZ\W.  ARTIE, HTL 525
K, BRIZ O~z REL THL.

2.1. Lefschetz fibration & €./ KO X —

X #HME4ARTERRE L, S, 2B g OEREATHEE 3 5.

¥ —177— KN : Lefschetz fibration, GARFERE, JEEH]
* T 278-8510 FZEWREFH i (Ll 2641 (4 S 3F)
e-mail: monden_naoyuki@ma.noda.tus.ac. jp
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EFE 2.1. CMREHR [ X — S2IPROEME (1), (2), (3) Zliil=d & &, f% (5% LD)
i g D Lefschetz fibration & L5

(1) fIXEBRMEDHSE b, ..., b, € SPEFED, fli-1s2— (b1, pup 1E 5% — {b1, ..., by}
EDCHE, R >TWD,

(2) BREIT7AN—f1b) ZHEL DD R p, € X 2FKiD. £/, &p, DR D T
pi, b 2D T B JRFTEFBEIERE (21, 20), w DMFAEL, fldw = f(z1,20) = 23+ 22
CRRIND. Tz, RAFTEBZBENED A M S X, SPOEE LWL TW5.

(3) % F1(5) (b S) 1XEI L2 UK (—1) BRI 2 & % 72\ (REHEN).
Zq
f

1: FHEL g D Lefschetz fibration D1 A —.

1 1 FHEL g D Lefschetz fibration
DAA=TV%RLTWVD

ER 2.2, AT, O ZDEZE
Mz S2e Ui, S2ofbvizC™
a7 hEREMYE & LTH &
W, FOEE, XX CO®Ha vy
NET4RTERFIR L R0 | EHRITIE
bi,...,by € IntY, 0X = f1(0%) &
WHFMEZEMZS. o

/

1A Lefschetz fibration % (ZRIMIZ) EFK T 5. IEAI Lefschetz fibration 7 1 #iT
BAR 7 ZRBEEAT D Lefschetz fibration TH 5. K TIX, bR Y —IZOAHNS
Lefschetz fibration, 2 % 0 JEIEH] Lefschetz fibration (Z 2 \W T DFER Z NI 5

& 2.3. T g © Lefschetz fibraion f; : X, — S?2ERI & 1%, FHE g D Lefschetz
ﬁbratlon fa: Xo — CP' (Xo IR, $15 f ILERIER) L& 2 £ D850 HiH
BARH X, — Xo, h:S? 5 CP'FAEL, ho fi = foo HDKDLDE EE WS,

S? E® Lefschetz fibration & BARFEEED “positive relator” X053 5. AR, Z Dffi
DY T, TDOHHZEHISENRS.

¥, DA & Z R OWA FRMHEGER2ARO L Z Diff . X, & U, ‘IE%%@Q idy, (T isotopic 7&
%@ KD75¢ Diff L X, DI HEE Diff (3, £ B<. 2D % M, := Diff | 3, /Diff %,
%Y, DEREH LTS t. (e M,) TE, EOHFEAth#R cIZih- f:EF’Iﬂ% Dehn twist
%3?%’9"

F 2.4. GHEHEM, D nfElD Dehn twist DFEDY L, - - - tete, = 1 22T & &,
te, legles

% positive relator & FE.X%,

[:X — S?ZEF 2.1 D Lefschetz fibration £ 5. by € S? — {by,...,b,} ZH &
U, f—# ¢ f71(b) = 3, (A FEMH) 2RO TEH L. (1) &0 52— {b,...,b,}
EDY, HWONFEESS? — {by,...,b,} - BDiff (X, 2FEZXB5ILNTES. ZOHH
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B S, TNZENDOEAREO M [ [F T G4
Uy (S?—{by,...,b,}) = m(BDiff,2,) = mo(Diff , 2,) = M,

DFBEIND (AT, € m(S? —{b,...,b,}) DAY &y — + DIHIZHEL,
V0 € My, DFEYpld o — ¢ DIEIZHET. L7225 T, Uy IXKHERBIEH L 705). T ;
ZfOE/ FOI—REF PR,

v EZER 1DES7b, DAZEFIN—TETE. THE FMHE2) LD, Ui(y) id S,
D & 5 FAAPHHIAR ¢; 1277 > 724 & Dehn twist ¢, £ 725, F¢R 7 714 35— 1) 1
1 (bo) DHAEAHAR o1 (c;) Z 1 RUCHET Z 2 TRONDS. 2D ) ZRET 74
N 71l DEBY A VIVEER. Ul kD vy, = LI, - byt =1L
2%, &Ko THIE g D Lefschetz fibration 7* 5 M, D positive relator ¢, - - - to,t., PMF5H
N7z, HIZ, M, D positive relator t,, - - tete, (IZX L, D? x 3,12 nffD 2-handle & “ I
FLBEETSHILITED, D? EOEE g D Lefschetz fibration Z k3 56 Z L N TE
%. X 517, positive relator THDZ &5 D x B, 2 BT 5 LN TE, 2 Lo
# g D Lefschetz fibration S HEEK S 11 5.

PLEDRRIZENT, [l (by) & X, L DR —WH% 52 2WAFREPL—T v, ..., %
DHLY /A 5 &, 13545 positive relator I% positive relator ¢, -« - te,tq, (Z[FREH:
#% (simultaneous conjugation) X ¥ Z I (elementary transformation) % A BRIl L 7=
HEDITR->TWVWS.

2.2. Lefschetz fibration M4l

Z ZTIE, WL DD HEfER 72 Lefschetz fibration & £ 3UIZ X9 5 positive relator % i##
19 %. TDDIZHERBHEIREHELTEZ .
C1,C2y .oy Cogy1 2B 2D X 5728, NOHFMEAMIRRE 5. Z DI, RD 8g + 41D
Dehn twist D h, 1& M, D positive relator TdH 5.
h

g = (t01t02 e 't02gt32g+1t02g o 't02t61)2 (: 1)

positive relator h, IZXf I3 DL g D Lefschetz fibration X — S22 & X 5 &, X
CP?(4g + 5)CP? T % (cf [12)).

2: %%‘LEF%EE,%% C1y. .., C241, dgg_l, €29—1-

g DMEEL (resp. W) D& E, By, By, ..., By, ¢ (vesp. a,b) X 3 (resp. ¥ 4) DX S
723, NOHBFEAMRR L 5 5. g AMEE (resp. W) D & &, KD 29+ 41 (resp. 2g + 10
flil) @ Dehn twist DR % mck, & &< &, mck, 1Z M, D positive relator TH 5.

(tpotp, - tpte)®  (=1) (g:18E)
mcky = N
(teots, tp,taty)” (=1) (g: @K,
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4

3. WMLEMIR By, ..., By, (¢85 [ 4: MR By, ... By, a,b (9: 470

35 D positive relator 1%, g = 2 DHEITMAFERK 18] IZ X W T N, &I,
Cadavid[4], Korkmaz[17] IZ X D HIN7IZ g > 3DGEICHEI Nz, £Z T, AT
positive relator mck, (203 5L g D Lefschetz fibration % fH#{ g DA fibration
CIERZ 229 5. FE g DA fibration D 2ZE[] 1L g DMEEK (resp. AE) D & &,
Sg/2 X S244CP? (resp.X (g-1)/2 X S248CP?) LA AT H 5.

Z OFfid Lefschetz fibration DHIZERITH 2 Z L AHI SN T WS,

3. ERBEZHAE LWL RTERRIKDIERN

Lefschetz fibration f : X — S2FEIEHITH S Z L 2R_ 12k, TX DEEEE % -
2N 720 THBE FRSFAIEG TRV 22 RrEIEEW. 22T, 22EMICESE
Mg % R 72 I WS D IEIE A Lefschetz fibration (2B 2551 2N T 5.

3.1. £TRNFEBEEE CTERBE A F/-WIEIER Lefschetz fibration

278 ANIE BLEAE ©, HFENEIE % £7 7272\ Lefschetz fibration (% Ozbagci-Stipsicz, Ko-
rkmaz (Z £ DK X 7z, £ DEE, Lefschetz fibration @ “R2LE"TH 5B [ 7 741 /N—
M ZHWTWS., £ZT, $T 77 A N—HDEZREZRNT 5.

EE 3.1. fi: X; — 5% (i = 1,2) ZHEE g D Lefschetz fibration, D; C S* % f; DIEH]
EDAZELHBE U, 2, € 0D, % & 5. [AE ZEDIWMOFEM @« f7l (1) = f7  (a2)
&, M EEPITT BMAHEMOD, — 0Dy TX, — f7 (IntDy) & Xy — f5 H(IntDy) % i
FHDT7 7 AN—FEEZRED LD ITAE D HLETEHE S NATEE g D Lefschetz fibration
% filofo: Xif,Xo > S2EEE 1L LD TRLE LT 7 A N—FE IR,

T ALIZBWVT, o DEY AIZE D X1, X OMAHEIZZET 5. 3HITIEZDO &
SUPIEFANT B, 72, i1 (x) 2 fo ) 2, £ 0 o XGEEREM, DL L AT
ZEMNTES. f1, LIZTHINT 5 positive relator 2 ZNZE L, -ty tg, - tq, B

m

&, [illp fo IZX IS B positive relator (F b, -« - te, b -+ - toay) £ 785

KD & D7 TARTCEEPEZEEZ R0V LD+ 0%M] Do TVWS.

I 3.2 (Ozbagci-Stipsicz, [21]). Lefschetz fibration X,, — S* 2 m(X,,) = Z & Z,
iz E, X, 3 (ME2WOBATH)ERME2ZHAE LR,

Ozbagci-Stipsicz [21], Korkmaz [17] (3 fEBRAE D IE EHI Lefschetz fibration Z #E U 7z.

EHE 3.3 (Ozbagci-Stipsicz [21] (¢ = 2), Korkmaz [17] (9 > 3)). ¢ >2& LU, f, &
g DA fibration £ 975, ¢1,...,0,01 € M, & EFSEIE m(X,) =Z®Z, &
2827 7 AN [yt 1 o1 X = S* 2135, £oT, X, I3IEHRMEEF -
A (REHL 3.2).
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g=2DEE, ¢ =t (c; 13X 2 DHEFPHMKR) THD. ¢ >3DELE, o1,..., 052
T ZNEND D HMEAIFRIZI o 72 Dehn twist, ¢, 13 d % HAEEAHHKRIZI > 72 Dehn
twist DnETH 5.

3.2. REEMNBEERLE TERBEEF -2 WIEIER Lefschetz fibration

Fintushel-Stern[9] 1&, 42273 Bl T #I 8 MG & §7 72 72\ Lefschetz fibration % H§ %
U7z, £ OIEIEHIVE, RD 2 RouE R ABORAT 2 D HEE I ik 3 5 AFE 2 1
WTORENT. BT, e, 0 ZTNTNBHERMEGE 2 R DA MM 4 XTSIk X O A A
T — R EBE L, = (0+e)/d (€EZ), K2 =30 +2e (€Z) 2 BK.

EH 3.4 (cf. [10]). HEHECHUNSESRIITHE S OAZRDHM (s, K2) 11X (1), (2) D&
b oD &7z d.

(1) 2xn =6 < K < 9xi (xn, K2 > 0), (2) (xa, K?) = (n,0) (n € Zso).

KRz, RO —MARERMEIX (1) 2H723. (1) O, BLoLREFEAZZNTN
Noether %%, Bogomolov-Z[f-Yau A& & .5,

RHEHUZ WS & 1F e A EOEBHHEIE — R IERII TH 0, RIZFHDL WS
RTHDH. —MBMERIMADOALZEDH (v, K?) DIFEHBZFANS Z & 2 —ixEE
FRHEOMEFERE & 5.

Fintushel-Stern (XD & 5 72 JEIEH] Lefschetz fibration % ik U 7=.

£ 3.5 (Fintushel-Stern [9]). g > 312X U, f#% g D Lefschetz fibration X — S? T,
X FHEFER/NARTE S > TV I T 19 7 B RRIKT Noether A% (& &8 3.4(2)) %
Wiz XV DONREIET S, Lo T, X IFEEMER R0\ (BHE 3.4).

FE 3.6. EH 3.5 D Lefschetz fibration (£ % 2 DD IEH| 7 Lefschetz fibration & 7 7
A N—FRfREINE. UL, TN ST T 5 positive relator 1K1 SV TWZRW,

4. Lefschetz fibration O sE5RE

LEOHIBIRY , FHAIEERIOGEORERIFF ST W, LA L, TEH fibration
OHFEZFBEIZHR T AL E] o, REMPEZEE Z 7220 2 LR BIEE
HITH B Z b 57< & Lefschetz fibration WIEIERTH B Z L 2RI I DT
5. ZOHITIRZEDED WHlZENT S, 2T Tidg>2LRETS.

4.1. F/ ROI—DEEHZ

[ER fibration DHIGEFFIEIZ R 5 A Z & D 5 D B IEIEA] Lefschetz fibration D
#ll %L, “E FEI—DESHZ" L WS Smith[23] BEH D 7-BEIZ LD ES
NTWS. IR R K (FOLHERLRT), THEET K (JUNRT:) & 35 O Bl DA% [14]
T, €/ eI —DESHMIORICIZHFZMN T TOEHEZLERD.

EE 4.1 BHREFEM, 2BV T L, -ty =ty ty, THDI2ETEH. ZDLE,
ola;) = a; Z729 ¢ € M, XU, BEEEOBEBRAN S tay " tan, = Coy) ** to(bm)
D ONLD. U, VEZNZTNNL DDA E D Dehn twist DFE & U,

Vitg, -+ ta, U =1
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DD LD (D E D, positive relator TH5) &35 &, EFROBEBRANS
Vg toomU =1

EIRD, Vg, - topmU B 7z positive relator £ 725 . Z O#EZ BRI, - t,, =
tyy - by, ICE D TR SKEBEHZ LT

Fuller IZ€/ P I —DESHZIZE RO K 5 2 FHE 3 D Lefschetz fibration D4
ERERRUTZ. g=38 U, c1...,cr,ds, e5 X 2 DBMPARIARE T2 &, (t, - t) =1
MO LD, Z DOBIRINIT chain BIFR (t,,te,te,)? = taste, ICE D (IdTRUS72) EE
Bz ZRDESITH>Z LT, HUWHEBRRZES.

(1 :) (tcl T tCG ) M= (tcl tCZ tCs )4tC4 tcs tCQ tCl tCs tC4 tCS tCQ tCG tc5 tc4 tCs (tcl to tCG ) 10
= tgstestestestertertestestestestestestestes(tey = teg)'  in M.

BAID “="1F, BIRR bt te, = b leten, tete, = tete, (|0 —j| > 1) Z HHWTER
T 5. B ATEK- K LI K [8] 1%, Fuller DFEIED —ML, 25V IZERZE/ R
I-DESHMAIT L OBRZ LB ZFEERKLTWS.

4.2. IEfl fibration D #hEE=EE

IEH] fibration OMIEEZRIEZ MM U & 5. S 2R, C, %2Rk OEFZIR (C) =
Yp) &9 5. EHIBE f S — Cp DHEE g DIEH] fibration Td 5 & 1%, A PRAE D fr 5
T 7 AN=ZRWTHE g DEZHFRR TN b 2255 . g DIEH
fibration f : S — Cp (T U, AR 2 DDALE xf, K7 2REEKT 5:
Xp=xn—(g—1(k-1), Kj=K"—8(g—1)(k-1).

AEBEDNRT (x5, K7) DIFAEHRZ A% Z & % ER fibration D MMEEFFE & .5
(X = 0 DRBEFRFMHX fORET 7 AN=NOK] THEILWHONTWNS.
Xf 7é 00) Z %, Pcﬁ

A=K} /Xy
Z fo20—7 IR, EH fibration DHIFEZIZDOWTRD Z I SN T WS,
EHE 4.2. g OIEA fibration f: S — Cp XU, (xy, K7) &R ZMmZT .

(1) x5 > 0 (Beauville [3]), (2) K} > 0 (Arakelov [2]),
(3) (4 —4/9)x; < K} < 12x; (Xiao [29]).
(3)DALE (4—4/g) <\ LEEHZ, 20—-TFEX LT,

4.3. Lefschetz fibration D A A0 — 7

&L g D Lefschetz fibration f: X — S*IZH U TH, FBRKICHAIRAER xf, K7, Ay
NEZRINDG:

Xr=xn+(g—1), K;=K+8(g—1), X\ =Kj/x;s

FE%03,4,5 D “FEBIE IR Lefschetz fibration 1%, 156 D A1 — T NEH—7R K [15)],
[16], Chen[5] DAER % i 7z 727 X, FEIERITH 2 Z & WA 5. Smith[23] 1, ZD

36



FeombRAY—Y Yy RIVALFERE 2013F8A R ARHIIKAF

FHEE AMERAET AL OB OIEERIMEZ R U 72, ke A BH -7k LAk — K [8] 1, k&
DAETA1IEH TR S OFEE 3, 4,5 DBIOIEEAMEZ /R L TWS. BEHELEK [11]
HHG DR U 723, 4 DFIOIEERIM: % FkkD ik TR U7z

Lefschetz fibration O #IFEFZRIREIZ DO WTRDO Z 2 BHI ST W5,
il 4.3. Ml g D Lefschetz fibration f: X — S*IZH U, (xf, K7) EK 279

(1) x5 > 0 (Smith [23]),  (2) K} > 4g — 4 (Stipsicz [26]),
(3) K7 < 10x; (Ozbagci [20]).

TR T DR 2 D Lefschetz fibration, FEE g DEFE I Lefschetz fibration [ A 0 — 7
AREXZWZTZENRMONT WS, 2N DHFELFEH 4355, Lefschetz fibration
DHFEFITER 4.2 DIEA fibration DHFGEEIZE TN T WL D TIRBRWA L FRERTE
5. EBE ROELS5ZERFRHRINT V.

F#8 4.4 (Hain cf.[1] Question 5.10, [8] Conjecture 4.12). g > 3I1ZX U, (LR DL g
O Lefschetz fibration & A0 — 7 AERX L — 4/g < N\, 2727

UL, Balt, T 4.4 DRBIDSHER X 107z ([19]). EHL 4.2 5> 5 IEHI Lefschetz fibration
Z AR =T ARERZNH 72T DT, 216 1EIEER] Lefschetz fibration T 5.

EIE 4.5 (M. [19]). g > 3128 L, 4 —4/g >\ ; L7255 g D Lefschetz fibration A°
EREFET 5. Lo T, TNSIIIFEEMTH 5.

AERH OB, 2.2 8D h, 12X )3 5 Lefschetz fibration & 32 “LEFL R L >TT7 7 4
N—FIL, 1851 5 positive relator Z #HJEZEE L 726 DI lLantern relation] (Z & %
BEEMZINTE 5. ZOXNINT 5 Lefschetz fibration D A0 — 72 FHRNE L Wvw. O

5. (—1)-tI#r %= FFDIEIE R Lefschetz fibration

EFE 5.1. Lefschetz fibration f : X — S2IZL, s: 5% - XMW fos = idg %
T E sk fOMTE WS, [s(S?)]? = k ([s(S?)] € Hy(X)) %723, D% D,
5(S?) = SPOHOKEBD LD L X, 5% k-YIl L IEX.

(—1)-YIWr % £ D 5% LD Lefschetz fibration & “Lefschetz pencil” & [E#B4 % EIZ,

7 7 A N—=FNZ BT 5 Lefschetz fibration DR ER E ART I ENTE 5. ZOHIT
&, (—1)-UIWr & KD IEER] 7R Lefschetz fibration (2R84 255 R 2 #1095

5.1. (—1)-BI#7 % D Lefschetz fibration

EIEL DI, (—1)-YIWr % 7D Lefschetz fibration, Lefschetz pencil & 42Xt > 7L 7
T AV I SRRDOREBREZHNA L2V, X &2 OB R4 TIGERIR, B={z,..., 20}
ZETHRWERMED X Ofifkh, X, 2 g D C> A MEMmE 3 5.

E& 5.2. X 2 g D Lefschetz pencil DiEE 2 FFD & 1k, C#HEHR f: X - B —
S2IRDEAM (1), (2), (3) 2T L EE WV,

(1) % x; € BOEHEIZBWT, fIFHEAC? - {0} - CPHIZHEITH 5,
(2) fIXEREDEFUED,, ... b, € S>%FH, fH(b)UB (be S?— {by,...,b,}) 1%
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X DR ERRIETH Y, f~H(b)UB XX, 7%, B% base locus £\ 5.

(3) & f7Hb) IZHEL DDA R p; € X KD, K p, DJE D T, pi, by T 55
TR ZIERE (21, 20), w DMEEL | fldw = f(21,20) = 22 + 22 LFRRINDE. 5
ZJRFTEREENED DM EIE X, SPOME LWL TNS.

XD Gompf[10] & Donaldson[7] DFER KL D, ARTGY >V TV I T 149 7 ZHRIKE Let-
schetz pencil D& 72 BERAVHIA U 7=

EIH 5.3 (cf. [10]). C°FAFFALRTERIKX DY v TV I T 0w VHEERRDZ

& & Lefschetz pencil D& 2> Z L IBETNRMETH 5.

Lefschetz pencil DEZRE N SLATFD I 03005 (EF% 5.2 DELFITHED).
EZE 5.4. X DFE g D Lefschetz pencil DR§i&EZ K> & &, X @ |B| [9] blow up
Xt|B|CP? iA%< &b |B| OB XD (—1)-LIWr & KO/ g D Lefschetz fi-
bration DG & FD. WIZ, (—1)-UIlr & K D g D Lefschetz fibration X' — S?IZ
XU, X' Off[a] 72D blow down X 1ZFE# g D Lefschetz pencil D& % FiD.

T 5.3 & “%,” ED Lefschetz fibration Def & A % L EH 1.1 %215 5.

FAZH IR ATz X 51T, (—1)-YIWr & 7D Lefschetz fibration (£ 7 7 4 /N—FUZ B 1 51
JREFE (D WVIEB/NENDED) THD. ZOHEHFEIL ROTHNPSHES .

EIH 5.5 (Stipsicz [27], Smith [24]). S? E® Lefschetz fibration A% (—1)-t]kr % £ 272
SIET7 7AN—HEUTHREAARETH 5.

5.2. (—1)-tI#fr = DIEIERI Lefschetz fibration DK

JHEITHI T U7z & 512, [IEH Lefschetz fibration ZEDIZ U o727 7 14 /N—FZ & » JEIE
Al Lefschetz fibration M8 55 . ZOHEENSRKRO HRLMELREL 5.

B 5.6. fEE D Lefschetz fibration |Z 1IEHI 72 Lefschetz fibration 22U >T7 7 1
N—HTAHZLTHESNEN?

M 5.6 DEEHZ2MEE L U T, Smith[22] 187 7 A N—FHISfRA T BE T2 M5
W1 % K572 70\ WL 3 D Lefschetz fibration Ol % #5k U 7z. Smith, Stipsicz IZEHM 5.5
DRELT, RO XD REH 5.6 D &0 RNGENMEE 5 2 7=

% 5.7 (Stipsicz [27], Smith [24]). FEIEHI Lefschetz fibration T (—1)-tI¥r 2> H D
DEREFAET 5. EHE 55 &0, TN 7 7 A N—HDEARTEETH 5.

B 5. 7DFEICIZFEE 54 LM 1.1 2HWTE D, BRI positive relator 1352 5
NTWARW, 72, HORZH -1 DUEi 2 b, 2220 HEFERGE % K 7272\ Lefschetz
fibration (ZXfJ&9 % positive relator D BARGIL, EHDMBR D BOH > T\, [14]
TIZER 1.1 2 WA WER 5.5 ORI 722 BRI 2 5 2 72

£ 5.8 (Kobayashi-Hamada-M, [14]). g > 415U, (=1)-UIkr 2 Kb, 228MICE
FhEIE & Fr 72 70 WHEL g D Lefschetz fibration (2 X ity 9~ % #EFRAME positive relator % 5-
21z £oTC, INSIFEH 55D 77 A N—HIDEARRETH 5.

(—1)-UIlr 2 £ b, m(X) = 1 &£ 72 B IFIEA] Lefschetz fibration X — S? (M9 %
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positive relator T, 2N E TIZHI SN T WA DI 4.1 i, 4 i TR 7z Fuller DHF, sz
AEG-K A KOBHDOATH D, TNO6D T 74 N—DFEHIL3,4,5 TH - 7293,
FESIFELALITH U THMET S e TE .

EIE 5.9 (Kobayashi-Hamada-M, [14]). g > 31ZR U, (=1)-UIEr 2 55 | 4222[HH3 B
f& 72 FEEL g DIEIEHI Lefschetz fibration (ZX)&3 % positive relator % 5-Z 7z, EHL 5.5
£, INSET7 7 AN—HDEAARETDHS.

FE 5.10. UL LAY S, Smith, i@k ABHK-7K Rk — K, EH 5.9 D%, 222/_ICHE
FREE R R0 E S D bh o TV,

IR 5.11. EHL 5.8, 5.9 L HE 5405, g > 4125 UHEBRAE D JE IEH] Lefschetz pencil
DIFEN LD Y | g > 3 TiEHEKEIEER] Lefschetz pencil DIFED LD 5.

EM 5.8, 5.9 DFERHDOMINE. EH 5.8(resp. &H 5.9) TIX, g > 4(resp. g > 3) LA LD
TEEL g DIRA fibration(resp. 2.2 #iD by IZXF )59 % Lefschetz fibration) (2, & % BIfR=
IZXDNRU S ES WA ZITD T TCREMMP LD Z, £ 755 (resp. AU — T AEA%E
Wi7-X W) b DEES. T 3.2(resp. THL 4.2) 225, FEFERIDHES . (—1)-LIkrDTF
RSN SO ERBEHOMBRAEEZEZ S L Thhrb. O

AR TIEFEIZIEIER] Lefschetz fibration DRI DWW T X7z, Zizxt U [FEIE
HI] Lefschetz fibration (23X} 3" % positive relator (£ E D & 5 RHEHZFFON 7| LW
S MV DOIHMEREZ L (EEDRIBZRD ) bhroTWRW. 72, [ED K S 4 positive
relator IZXf )3 % Lefschetz fibration 2’ IERITH 5707 ] LRIWDEZH D\, filx
I, Siebert-Tian[28] I%, My @ potisive relatior t., ---t., B Tei, ..., ¢, 1&% TIETHER
Ty teyyevoste, WMo ZHERKT 5] 7261, XFI5T 2 FHE 2 D Lefschetz fibration (& 1E Al
THHI %KL LML, g > 3 THRHEOFERPE D ZDONE S Dbh o TVAR.
BREREBCRME bR Y —DOEXHLUMEZ EHEHOSETCRT IOREL T - HH
FFZIDEIE ZAIZHEHENT WS XS AN T 5.
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FEE 1 OHAIERL 7Y 2y VR E IR T B4R TE
FEARICOWT
R (CRIRY: (CARFF RSS2 PD))*

B =
HARER L 7 2 oy W IR X A RTe2AD B 2 TOTERIAND R 73 B4 T,
FERLOETT 7 A= 0L O OFN 2T DTHD, &
TOBMATTCHEZREEDTR LGS T 7 AN ETHS. AFETIE, C
DELLDHWY A ZIVICER TS LICKD, 77 AN—DFEAVNE VE
ML 7 2w VRO, %M E UTHNSS A o2 k% 08T % )
HEICDOWTHRERT .

1. F

HHRRL 7 > 2y VR AT 5 2 TotEREAND R B/ T, iR s
UCAVEHT O BRFERRE LT ¥ oy VRRA UDFTE T, EHICT 7 AN —D FR
0 YRR DO KIS T2 D 2 KT “HA” THEEDTH 2. TDHHRI,
Auroux-Donaldson-Katzarkov [1]1C & D, near-symplectic #&E IS BT 5 7 7 A 73—
MG e U CEASNIRRL T > 2y VRO S BN T 0ED E LT, Baykur [2]1C
KOoTERESNLEEDTHA. L7y YHREFRKIC, HEMFREL 7> oy YV RIEE
/ FaI—KBZN U THAGDRINCHKS TENTEEH, TO—)/iTETOAI
G A JOTPAZ AN BRIRER L T 2 2y IR ZIFE T 5 L0 D T M [14] TRENT
B0, TV T v VERELNTAE USRIV L T 2y VIR EITRE S 2
THEVITENMENTNS.

—T 7 AN—OMBZ HA T LICKD, HMRFRL T Y 2y Y KO ERTE
%. Kas [10] & Moishezon [12]{ZMIC, BRi EOME 1 DL T2 2y VRO RZEHIE,
FaEMhE E(n) 27 a—7 v 7 LI DICHITFRHTH S EVWH T eZRmLT0s ! &
DEHDO—f b & UT, M1 OHMERL T > 2y VHICE T 5 ROEH 21572
EHE 1.1 (H. [8]). A NOZHAIREE 1 OHAMEERL 7> 2y VT, ANVEMETTOH
R mzdisb, L7 Y oy VRREZ AR DL DZFFET 5 ¢

1. #kCP*#(1 — k)CP?, 772U, 0<k<l—1;

2. 157 x §%;

3. S x S34SHICP?, 7721, SiES? FEoDS?H ;

4. L#ICP?, 72721, LiEPao (13|l &> TEBSNIASUTERIKL, HB VI L.

WIS, [ X* — S?2ANEHEd © HRESR A2 R DR OHMRRL 7 2y YR E L,
[RRFOLT Y oy VRRRNOEEZ I L5, COLE, %M X & ERLOZARARD
WD EWITERTSH 5.
AW R (FREE5:24-993) DB EZ I8 DTH 5.
* T 560-0043 ARBUFEHHREHRILIT 1 — 1 RBORSEBRADIFERECA S
e-mail: k-hayano@cr.math.sci.osaka-u.ac.jp
web: http://cr.math.sci.osaka-u.ac.jp/ k-hayano/index_jp.html
TSI E DR, HEORK L OL T oy Vi, E(n)% T 0—7 v 7 U0 % B
L7 vzywReE, L7y VRELUTHA (TabEELRE) THEHEWVWS TLeZRLTVS.
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AR 1.2, T (St x 83) 2 Z DRIt v TERT. Paolc K> TEZRSNIZHIAK L,
L idwdng, Stx S, 4 z2R&E T2 HDAENMFEICIh> TFRifiziTHo 2 &
KKK DELN, 2 DDERRARDZEITFMZIT S BROKROENICER T 5. nHaro &
X2 DEIFEL L, & L IIMATETH 20, nhMEED & & TN M FEMHTIE R
<, FEBRL, I RAE U HGERFTAT 2D, LIEAE U REEZEFR LR,
EE 1.3, FE OFMEIRL 7 Y oy VRO RZEM O FER I Baykur-$ifH [4] 1<
BOTHIOTHROFONTED, FEMS I, BHEES 4 D0tk X DR 1 OB
RERL 7Y 2y VIR TAEETT O HRRAZF DS DOZHAT S &, X Z2FRMET
H—7 v 7F UL, #nCP*#mCP? LWHFEMICRZ LS T ERRELTWS. £t
EE 11, L7 oy VREREDMEBD DR WS (6], BZEMN A Y RS2 FT
KIZLE [7) TRBIREN TV,
ATOREIIROED TH 5. £ITHE2MTREL T 2y Y H, HHRIERL 7> xy
VIHOEEZ G Z, Huwitz U1 Z7IVRYE WS, BHMEEEL 7 oy VEMBIESN
% i _EOHAIPHIEROG| 2 EA T 5. T HICTDOFERHWTHMEERL 7> oy VR
%, BRI O THASDRMICH S TENTELZ LWV T eERTHL. B3
T EEH OO Z AT %, FHCH 2 THEA Uz Hurwitz U1 7 VRS %, T5E
MOFFIICTEA T 2 HEICERZ B W TEHIAT 5.
2. B RL Vv YREZDE/ FOZ—
DU, ARTCEZHRAEEETER, sy, dEA5 I \7 - Thade L, ZRAD
A EORZAFIIEIGTEERTEDET B, FZHRAEOHOBRIIETAMO TH S
ERET B. ZHIRDOEL f - M — NITHL, Crit(f) T f OFRRAEARZET,
b5, Crit(f)={pe M | df,: TyM — Ti, N FEHTHEN} LT 5.
2.1. FEL 7V Iy YREEMFRL 7V 1y YR
FIREL TV oy YIRICENS 2 O EAREET 5.
EE 2.1. [ X' = D2 B A Q0D 5 2 T RIAND D EHEL, p e
Crit(f) £ 9 5.

L pDEDD, pZFmE T2 X DREICHETT 2EERINE (21, 22) &, f(p) D
JEO DT DOMEIHES 2 ER[IVERRES DN EN, TORFEERICKD fALLR
DEXINCKEND L&, peL Ty VHFER (Lefschetz singularity) &9

(217 22) = 21%9.

2. pDED D, pZlFERE TS X OERREIE (L, z,y,2) &, f(p) DIEDDYDFE
FTEAE (s, w) D e, TORFBEICED fRLULTOXSICEKEND L E, pZ
AE(EHY B E R (indefinite fold singularity) &9

(taxaya Z) = (tle + y2 - Zz)‘

ER 2.2. AXTCERIED 5 2 TTTZBARND A GG f - X — 52 DRDSFA 72 i
g ¥, f[ZREL 7Y 1Y YR (broken Lefschetz fibration) &\ 5

L flEL Ty oy VRRAR EANEMEST O HFERER U R Tzaw
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2. f~1(0%) = 9X.

ANEMEIT O HRF RS2 IR WL T 2 2y V2RI, L7212y YR (Lefschetz
fibration) &1 95.

KRR L T2 v VRICEINS 2 O EADO RN EEEZ R TV, £3L7
Yy VRER R X NOEREORNERD, ZTOBREEIRES %%, EHIE L i
FUEZ S S8 o 2, RO NS f OEFFMEZ ZE RV E 21 E % (K1 ESR).
COBEICI> T fOIERIT 7 A= 1T 7 AN—IE DT T & & (BRI, f2z
IEHERICHIRE U7e & O DIKFE M H 28K & D, B a OFENT 8)UIGE H T
Fi6 BT, ZOEDHERZ HOTIEAI T 7 A N—Z R8T 7 A )N—13h DT %), 1EH]
T 7 AN— DB B HHEHRR 3, REERT 7 AN—ICERELI L F 1 RICHENS. C
D& ZHNZHMPAMIR c 2, L7 2y VHERDHERY A 7 IV (vanishing cycle
of Lefschetz singularity) &9, JHEY A 7 )VIEIERIE & H5FUE 2 55 508 o DHLD
HIHAFS B, EZ2—DREET S &, JHMT A 7LDV b E—BIIERT 7 13—
DIEDTTT (DF D IKEZAOED 7)) Ik 5750, Edbd K51 U TIR 5N % HiflEA
RO FE—FHOZ & &, HRY A Z7IVEMESRT LT 5.

e B

: : : / :
Qo (@}

L Jet L7 oy VKRR, A ANEMEST O HRFE AL

NEMETT O HREEA 2RI X D 1T 2Rk L 20, ZDBE SO 10t %
ik L7525, e O BRHRAOB L 1 ITERICS b2 a2z—D L % (K14
Zi). L7 Yoy YRRADGG ERMC, ERT 7 A=l allih> TRET 7 A
N=ISEDT B L, AT 7 A 3N— EDH 2 BHEAR c DRHE T 7 A 3—"T 1 fUCil
N, TOBFHRT 7 AN—7210#9 2 LIHWKT 5. D& ZHNLHMEAM cZ, &
EfE Y B ERDHERBY 1 71U (vanishing cycle of indefinite fold singularity)
EWVS. NEMETTO HRERAOHEWY A 7)VD7 A4V FE—HHE, Hahb—REITE
x0, TNLHWY A VIV EMES.

[ Xt — SPEKm EORRL T 2y Y REL, CpZ; C X TENENfDOLT
Ty VR, NEMST 0 B RASRZERT LT 5. UTOES 2wz T EARE
95

a. Zp3HKT, flz, (FHEGT
b. fOT7AN— (7505 1 mOHG) 13384,

Z, ZETIRNE ¥, Zffa X0 vf(Z;) DA E NI FE TRICERTE 2 DO
Dy ¥ DICHEIL, & SICREMET Y BRSO R AR & &b D, —50
PPUMARE CIEEWZIHIEICT 2728, IFANEIEA, L7 Y oy VRHRADBIIINATERI L 2T 5.
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Mt Dy, EDO—T 7 A /N—DREEUE, 5O D EO—T 7 A /N— DR L D
B E1TRELES (K22M). f~YDy) (resp. f71(D,;)) % f D higher side (resp.
lower side) &\ 9.

2: R L 7 ¥ 2y VRO T 7 A N—, KR E O

EE 2.3 FEL TV YK f: X = 2% a, bRz L, EHICRDZEM e &
it E, [fRBEMEFRL 7Y v YR (simplified broken Lefschetz fibration)
EWno.

c. ZpMRETIHRWEZE, Cp & f Dhigher sidelCEFENS.
F7z, higher sidelCZENZ T 7 A \—DME g %, fDIEE (genus of f) & 9.

SEE 2.4, F LHICERAISED, (THED 4 DO ERED RS R L 7 2 Vi
HRTHENS CEMHBENTED, FBEIOMS, MEOBHf: X1 5 S2db 5 H
WL T Yz VIREREREY 7 THB LS T ERENTVS (FEL & [14]
% BIR).

2.2. B R L 7 v VRO Hurwitz 1 7 LR

[ Xt = SPAEMENT O B R R 2RO g ORMKRL 7 2y Y RE L, C =
{p1,....p &%, p e X*7% f D higher side DIFICEENZEAMEE L, F—H
[ Hp) =X, Z2EET 5 (272U 3, ($FE g OFAfHTH). p & AEMIT O HEER A OB
£(Z;) FOEERT, £(Z)) LRI b B 0 DL D, £ p b py BT
HIEEARDES 2B SHE ; 2, o & a;(i # §) EpUNTIERDET, pOEbDIC
... g DN OIECRKEEHE D ISR & 512 & 3 (R2B). Millich/c@h, ch
5OBEIXZNZENORELDIERY 1 7V e,er,...,q C [ p) 23S, 252%. TOX
T L TERENBERT A 7LD (c;cq, ..., ) W TEL, TDH%Z fDHurwitz
B4 7 I1VRS (Hurwitz cycle system) &9,

Mod(X,) Z % g DAl X, OFA&SERE, I745bbH, X, OM I ZHE DM FHEE
BoOAY FE—HEUNLEAEET 3. X, NDIER %ﬁif@ﬁﬁlﬁﬂﬁ@%‘/ E—%4
clcxfL, Mﬂ(x)fc%ﬁoméwﬁgﬁéMM() FohEE 9 5. HE[HMY
®, : Mod( ¥)(c) = Mod(X, 1) ZRDKIICEHKT S - i@jgo € Mod(%,)(c) l&xt

SARITIE Mod(S,) DRMEEIXEBROBKELITERT20DLT 5.
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U c DREIT ¢ DIERGESS ve Z2IRDRELT - 2, - X, 2%, TEeZRDOMNH
S, \ ve ICHAWT R ZFAE T 5. 5, \VC@ZO@F‘??'E}Z NCENZTNMRZAGD
g 172H’C T@ﬁ%ﬂfﬁﬁ%%udf%ﬁ@% PERE U= MO A EAR T DA Y F E—Si%
d.(p) € Mod(2, 1) & T 5 (K3BH).

TKX‘HIIII;FQWKx

3: HE[ARY @, DIEFR.

3, NOHAEAMKRO Y P E—FH o L, BEEROITL, € Mod(X,) ZRD XK 5
ICEFET B 1 t. DRFETTE cDIERBEBEICE 2D, c 2D c DIREIT ¢ & BEliIC
1 HTRDLBME FRDO XS ICERT . LILEOSED S M FHESLD A F ¥ —

‘r(l \ tc ‘r(l ?
», )T
6 ~

X 4: Dehn twist 2R3 2 M2 [FIFHERD c DJE O TORET-.

W —EICEXD, TZcldih® Dehn twist W0 9. XOEHIC K D, BMFEEL
7y YRz, Huwitz VA Z7IVRINZN U THAGDENICH S TENTES W
5 MDD,

EE 2.5 (1, [2]). f: X* = S22 ANEMT O BN R R 2 F DM g OB R L 7
Iy VYR, W= (ca,...,q)ZTDHuwitz V1 7IVRIEST S, TOEE, DIF
VNP RYAC SN

t, t., € Ker(®,). (1)

I, B, NOBFIEAMERDY] (c; ¢, ..., o) DGR (1) 279 & &, TR g O HiflikeE
1/7 VvV X = S2T, fSE5NS Huwitz 51 ZIVRIID (c;ch,. .., a)
LR BEDIMFET S,

AE 2.6. f O Hurwitz ¥ ZIVRIN W, 1338 a,aq, ..., oq ER—8 f1(po) = T, D
O FIHAFT S, LHELEDNSLIRD 2 DODOERE L UCZF DM D2 2RI,
Hurwitz ¥ 7 )VRINCEHN D HEY A 7 VDA b E—FEIZ f OEBSHE (4 K RMEEE)
PH—RICEXS !

(E) (¢;...,cisciprs-) = (6o s cipns b (i) o)

(C) (esery..ye) = (h(e);h(cr), ..., h(a)) (b € Mod(%,)).

-t

c_ 1...

WIS g B 3UETHBNIE, & (1) 27z 3 HAPATTRR DI D kD 2RI K 5 [FIME
s, HARL T Y oy VROFERSEN—RICEE S ([3]). MBI 2L NO5E

12 (E) 2 IEFZEH (elementary transformation) &\, 2 (C) Z hIC X 2 [ERFH1E (simul-

taneous conjugation) &\ 5.
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— T 7 A N—ICEIN A RIS 9 LR Gluck twist IC K D, Hurwitz Y1 7))L
RN ZEZ B eI T 7 AN—hgZ 22T 5 LM TEEM (T DL T RZEM O
DFMFHEZEULG%), TOLRBICKDIGEENE T 7 A 7/ \—hhd 3 BEEH# Gluck
twist DFEDOATO B EDFEC T TIRE D, ZTOHECHEZTNZE N 1 (Diff *(T?)) =~ 722
R (Diff(S?%)) = Z/2Z D5 LR,

3. EEEDIEAD I

TER 1.1 DA OFEEIH (1 OBRIRFR L 7 > o WIRORZEM O 8) 1, LT
¥y VREENOMBICE T A RANEIC K DTS, LT Y oy YRR R 2R TR WIES
FEERZEONY Rz e D, —ROGEIET 7 A —kidZRE FE—IC K
DZE LTk, MYEFIMCKO LTy oy VRRAOMEEZRS . &8 1.1 O
5 DRERA (FRICH 2 2K LD, FE OB L 7 > oy Y I HOMR) 1&, TN
FEOREIFE SR OO FMiZziid T &M TES XD I Huwitz Y1 7 I)LRI|D
iz 524, TOWRMZRIT2HMFRL 72 2y Y RIMFET S 0S5 T L2, E
M 2.5 72 HWTRT.

f:X — S?7%, RNEMEHT0 B RAZR O OHMKRL 7o 2y YR ET 5.
HE 2.6 THEANZED, f O Hurwitz Y1 7 )VRINGIE a,a; RE—H f~(po) = T? D
O HIHRAFT BHY, 2 D053 f O Hurwitz VA 7 IVRYIE, 1TE261CH B 2
HOZEE (E) & (O)ICXOBOHSDTH o7, BMEAKRDYID, £ (E) & (C)I
XBEMEEE, F¥— b (chart) EFHENSEM T I T Z2HNTERT T ENTES (5
U EFIAIL 9] Z25R). HMEAIROS DEERZ F v+ — b ZHWTER R LI & &,
oo, DED DR, 7570 HRH OEBNCESWVRZ 5N, XF—HOHD 5
DS T T T DFHHZERICEMEZ 5NEDT, (BE) & (C)ICHNT % IR R
BRZNRE WS TEMWAREICTRD. TORREEH 2.5 2 HNT, ROHiEZAEHT
HTEMTE%.
fEE 3.1 ([6]). f: X — S? 2 AEMET 0 BREAZFR DR ORFIRERL 7> 2y
YIREL, fOLT Yoy RERADHEY A 7 )VIdETAREMNTH % (null-homotopic
TREWV) TS, TOLE, Haa; ERI—H [~ (py) =TT, X9 5 fOHurwitz
YA TIWRINDPROK S5 EDOMFIET S !

(ciey.o ety (c), ...t (c), (2)
r{#D c

12120, ¢, did Hi(T?72) DRGSR 2K T 2 PR TH O, ron, 3BETH 5.

COMBEY, M OBMEFRL 7> oy VO Huwitz Y1 7 I)VRINICIE, (2)
DX 7 FEER” L \NZ B EDDIEENDN B, WCHETFICr,n 252 T (2)IcH
% X O IR AR OS2 52 TE, ZTNDWEH25I1CH B0 (1) 2z L ES
T, 1 EERE (D) ICHRT 2 SO Z212 313 TH 5. 51 (2) WL (1) Zi
17297280, ron ICBAT 208 T0&FEFEHIETDOO SRV, F—F ADEHSH
REOMES &, T 1 7V ey Fboafige OBRZHWS C &I X D ROz R
TTENTE, BTRAESICEMLIZRT DI INTHOTHS.

> b —F ADFGSERE Mod(T?) 1 SL(2,Z) LR TH D, EHICPSL(2,Z) = SL(2,Z)/{+I} IFHH
722+ 7/37 L ARITH S EWVH TENVHISNTNS. TOHMBEOEDORBEZBHICH T &)
TEHLEWVSH T EN, fi#E3.2DFHHTHWENTVA.
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f#iRE 3.2. ¥ (2) MM (1) Tz &L, THICs > 08 RETS. TDEE, IO
IVAC AT

A slF2lAE(THRDBE1ITERY)
B. n; — i1 M 1,2,300WIT NI D i VDR EE—DFEHET S |
C. FINT 281 OHGRRE L 7 2 v RO4ZE X B,

EE 1.1 DEFDOIROFEADBIES | FEL 1 OHMEFRL 7> oy VRORZEWE LT
RS2 2R EIRET S (TNTREDTEIREND). f: X = S2EREMEITO
HEFE SR RO 1 O¥AIRFRL 7o 2y VREL, IADOL 7Y oy VR R A E R
DEAET B.

Case 1: | = 0D &EE | f D2 higher sidef~1(Dy,), lower sidef (D)) &, &
ST O R RO BROEFEOMG [ (v f(Z) BT H T ENTEZN, LTz
VRS R R WV E WS RGEN S,  f D higher side, lower side (& ZFNZF N D? x T2,
D? x S LW FHTH 5. T HIC, ANEMETTO HREAIEAEMDE— AR ED 1
UZEEIHEAIZT T ENTE, 2O eZHCNUE, [~ (vf(Z)) %= D? x T? I %
fEl&, round 2-handle DD FHEEFETH 2 L5 T EAVRE S (round handle
R, TNERTHES O HEEA L DOBRICOVWTEEL R 2] 28T X). MU EoT &
MHRZEM X DN RV REESNS. 295 LTELNDAEEEDH N> RV
fRICHIGT B 1—E ¢ KA EETHIE, h—YitEICX D NAZBMICTZ T LT,
X1E S, PaoDEFAL, £7213 L), S#S' x SEOWVTNHOEWMPFEATHZ &S
T ENbhB.

Case 2: |1 EDEE T fHRY A 7 IVIIARENTIZIZNL T2 oy VR
MEREHOLE, (—1)-HEZEGE f ORRT 7 AR—MFET 5 L0 5 T EAbh 5.
COERMIICIR> T, 77AN—EZRBAENETO—R TV TES LWV T EMA
SENTEL, THIKTOHETL 7Y oy VREOMET 1 D3 ¢, TN TIRiNE
DIREICIHETE, TRZ/RTENTES.

fOL Ty zy VREESOMRY 1 7 IVINETARENTH S L INET 5. DL X
B3.1KD, fOHurwitz VA ZIVRINE (2) DX I3 ERETES. rH0ThEY
CARET B, TDEZIHMT A 7 IV, A O HRRE SR OIEMY 1 7 )V L FATIC
BAHL Ty VR EDFEEL, FRCCORRAIZRTE FE—IC X D lower side ICF
I EMNTZES. Lower side D—f% 7 7 A /N—IZEKITH O, ERAIN OO HHE
#RIE null-homotopic THZM 5, HIDEIE LIRS, 77 AN—MEZREENE T
n—2o L, L7Yzy VRERSOMEZ 1 D5 T N TES. TNTRWED
REIC S T & ERDES.

rMN0DGEEEEZS. TDOEEs>0THD, EHICHIE32XD s >2T, XI&
HEETHO, I5HZiDFEEL, En —nga D 1L,2,300ITNMNICKED. TODE
M1DEZE, fDHurwitz YA Z7IVRINCEI (E) 2L, r V0 THRWERICHET
THLWVWHIT DS, EZh2DbXx, XHS? LD S? Rz EEmN T E LTER,
C OS2 FMNC KO, T 7 AN G2 REENEMO R T ENTE, £
DFRERL T2 o VRER SO 2 DS T T N TES. TN TRWIEDIEIS
RESEDZTENTES. AN3DLE, REME—IWKEST f%Z, HRY A Z7ILH

6 ZDEMFICDWTREL AL [5] D 289 X—T 2 H I
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null-homotopic T % achiral L 7 ¥ = VR (T2 D BJRAINIC (21, 20) — 2122
ERINBFEN) ZROBBRICEILT AT EMNTES. TDEE 2 DHIOBEE L [AkE
Difkam CTA—RD V L[ARDE 2, T 7 A N—HEZ IR BN EMiT &M TE
B, TOEZHINMHFRO B AR AN 2 DHIDEm CHNIZE D L3RR DIEICAES
7e&, CP?AERERIR Y & ULTBINSG. DLEOEIEICK D LT Y oy YRR LA OHED
1 DDIROHHIFFRL 7> 2y VR 2155 2 N TE, RNEOIGEICTE S ¥ TER
ZRtH S 52 ENTES. TNTEMLLDERPDOFRARENS.

EHE 1.1 ORIFOERDEADBIEE : CNE TOGRDOH T, 7 7 A /\—hiidzlrRb 7%
Mo LTz YRR S THIEDNW S D BNz, WIS C OBEDEE 5
KO ICHAMPAMBROFNZHL D, ER2.5 DM (1) Wil E N5 C Lzl g, &
H11ICH B K LICHARER L 72 2y YR 2T 5 &M TES (EF 251K
D, &M (1) 27z g BAPAROY D H S AR R L T > oy V2K TE 5 &
WO ZEICHERT D). UEXOEMLIDOFFEOFRERE N,

SE X
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4 RIS REN D TR O 2 & BAEERE
B (KU

1. Introduction

B[22 b Ry —DWIRDRR L ZIGIHT, & 54RIEDETLHEIE L 2> Tl
iz 54T 2080 EC 5, D RG ELTIRERRO @Y DRGTNH 5 ¢

(1) ZDinEE & Rk,

(2) HHTAID> & SRR~ DEBR L H7e T,

COZODOHRGTORITIFREREBOVH S, S 2, M % 4XIU%RIEL L, e :
S—M%SDMNODHDIAALT S, ¢ % S EOEFEH TR AT FHSE
BRETHE, (1) DEITTIE e(S) & eogp(S) LIERALHITHZ%, (2) DRI TIZ e
Eeog LIFEIYHZ->TLED., 2F0D, (1) & (2) DHITDENIZS LRIy
FIHER SR Z T H 50, ZNTRERVICHOKRETES, —F, RAFENFRaY—
DIHFEICE WTIX, LIFLIL isotopic b DZFRL ERETIENHL I ENS, T
ZTd, isotopic BEMREZME—HT S LT 5, S LA FRMHER ¢ MEFE
& & isotopic THIUXHS D IZ eo ¢ 1F e & isotopic ThH 5. L, HiHE S D4R
TLERRIE M ~DEDIAA e & S FDOEEGR L isotopic Tl A RIMHEGE ¢
Teop D e & isotopic RO DVFAET H0E ) D TH 503, EERIHAET 5.

Example 1.1. (tube trick) S x [-1,1] IZHOAFNPAMAOET 2 E%T 5. %2

O——=>0

Q;ﬁ\h OEVAVAS0)

1: Tube trick

D E o BAEHETER ¢ T, ZOEALERE N 2353 x {0} ATH 1 D (1) DRETH
2500H5LT5H, 22T, NZz2ERAZEELDOK 1 D@D S3 x [-1,1] NTZ
32, 27, Px{0} o, N% (1)25 3) D@EHIChL S, Z20%, N Lo

AR I RIS (R 5:24540096) DR ZZ T 72 b DTH 5,
2010 Mathematics Subject Classification: 57Q45, 20F38
¥ —7 — I ! knotted surface, 4-manifold, mapping class group
* T 278-8510 T-HEWREF L 2641
e-mail: hirose_susumu@ma.noda.tus.ac. jp
web: http://www.ma.noda.tus.ac. jp/u/suh/
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DDV annulus A IZD2WT, N\ int A Tldt=0, intA Tld ¢ >0 &% BBRIC
BT 5. ke, t:98x[-1,1] = [-1,1] ZFE2Wo~OFE LTS, T5L, (4)
IZH DY, N %2 ACBII2RENETMICR2RICERTE S, ®miBIC, $°x {0}
DPT, N % (4) 225 (6) D@D ICRL S, Zno—#HOZBIZL, cllih>72[H0
Dehn twist Z 5] Zf 27,

Example 1.2. JERFR3IRHRO L2 ELLT 5, 2 RGN —F A T? 1%, #E W C
DS Lo =2 +7Zv/-1ICXBERBRTIEDHRKS., 22T, p) 21 & V-1
Z ZODRI L T % Weierstrass D o B35, Thbb,

1

-+ — 5.

uELZ\:{O} { (z —u)? Y }
DD, T? = C/Ly DFEM [2) KNLT, o(2]) =[1:9(2): p(z)] LEDZZ &
kD, T? ZEFHE $Ecﬁzzu:y]HL%)eCﬂ{momHmﬁwﬁ
U EDHER, ZOMOARDBEIIERFE SRR > TwE, 22T, ¥ Ly %
0<t<1ZEPRIRA=F =L LTLZ+L(V-1+1t) EEBTZ L, Zrucfhe,
RS 3 RihARAS CP?2 WTEZL, t=1 TRIKMIZH L DEFTICIE 23, C D%l
] D HALIXASE D 5 T2 Lo HMEAAR {[t] |t € [0,1]} 123> 72 Dehn twist 230 &
BIINn3,
AGEEE T, EELo 2B Dk 4 RITHHRIRICHE DA F 172 BARRIAT O isotopic 72281
WX hEIEFE 203l EoJEHHABBRICOWTIHNT 5.

2. BIREERTE
1] Z A0 RIS ko 2ROy FHGR2ED & 7% Diff, (5) &
L, Z® isotopy HOL§THEE S OBGERRE LW, M(S) TRY. 7, WSAHT
ANFTREPHIE S L Iy R GG D % $HEZ Diff(S) &£ L, %D isotopy
Dl THD S OB L WX, M(S) TET. BB, 2T ¢ lF o O ¢ %
EHSE2bDET S,

§1 Ti%, PHENIE S @ 4 RILEHEIE M ~DDIAA e : S — M & S ORI
HEM ¢ T, ¢ HEIZ S EDOHEFEE L isotopic TlE7Z\ 23, eo¢ 2% e & isotopic

2 201280 L7203, T0 & &isotopy fAIRER (B Z1F, [20] % [46, §3.1] = S
ﬁi)ibi%i@iﬁ THMHER D T Ols =9 LRD2DDOVHEET D, 22T, X
DEBNEET S e 2PN S OWITHIRE 4 KILLHRIE M ~ DI AlRE R B & 3A
AET S, S ORI FEMHER ¢ 5% e-extendable & X, XROKXZA[H#aIZT 2 M
Lo FHES © DHEETE I ETH S,

S —<— st

ol e

S —< g4,
b LD, ¢, 0 DYHNIT isotopic TH D, I 51T, ¢ Dle-extendable THIUL, ¢ D3
e-extendeble TH 5 Z LD 5. > T, ¢ BRET 2 GHHERE M(S) DIT [¢] D3

e-extendable TH 5 Z &%, ¢ D e-exendable THD Z & EFERSED S I ENT
5. B, ATTIE, [peMS) DI LD ¢ EHELSZLELET S,
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Remark 2.1. Fitd & Z n[fgor AMHEETlE 7% S FAHER & L 72556 D e-extendability
122> T Shicheng Wang K65 [8, 33] BWHEZL TV 5,

BURCIE, FRICHS 2R D WREBDSHREPERIIHMATELBEDET S,

3. BEREHOEKSR
3.1. FE {1 ATEEPAMEI D BER O £RR

2: The right Dehn twist about ¢

3: Humphries’ generators of M(X,)

Y, 2 g AWM, Thbb g lMD2X00 1 —F A2 L TR S 15 il
MET 5, ¥, EOHMPAIE ¢ 12> 7 right Dehn twist & 1%, X2 cHinn<
Wb EIIZ, cTY, ZYIDHE, 1HALY, ROALELZILICLDEES T, I
DI E 2RO FEMAGEHRD 2 L Th 5. GEER M(E,) 2HRMED Dehn twist
IS DAEI NS LD Dehn [6] 12X DRI N, ZD#, Lickorish [30] 12X D FHER
S 7z, Humphries [22] (%, X3 (Z#fid 7z BEFPHEIFR 1290 > 72 Dehn twist 12 & D
M(E,) BERENS T E, 612, Dehn twist 12 &k 248701 29 + 1 ML ERFETH
52 RN

HEIERE M(Z,) IOV TOIEARNZFRIC OV, FlZIE, [2], [10], [24], HA
FEDSCHERE L CiE [43] RIEHBR T ED (1] 22 k.

3.2. MEMFAROTREFMEDOESRMBHEDOLERTR

N, 2T g OmZ AT AR, 7405 g O F V2 @i L TR 5
nahm e 5. N, LOHEMPAMIR ¢ DIEHEEEE A annulus (resp. Mbius band) T
bH5bHLEEc % Acircle (resp. M-circle) &ML, A-circle ¢ 123> 7z Dehn twist %2 ¢,
EEE, twist DRL D DFH%E cDZIXDRAITET Z & LT %, Lickorish [31, 32]
1X, M(N,) %3 Dehn twist DA TIZAER S 37, Dehn twist & Y-homeomorphism
EMEN B EHRTERRINS Z 2R LTWS, 22T, Y-homeomorphism D7EFE
9% 1m % M-circle, a Z A-circle T, HLWIZ—RTHIICED>T0REHDE
$%., KCN, Z mUa DIEAAR, $T4hbbm OIEAERE TH 5 Mobius band &
a DFFETH % annulus D plumbing £ T5., TDELE, K IE3—2RDHW7 Klein
bottle & [AMHTH 2. K4DFRIC, K ODEFRZMEL 2D M Za Iih>THSE
% N, LOFRMEEH Y,, . Z Y-homeomorphism & M-S,
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m

@)

4: M with circle indicates a place where to attach a Mobius band

Chillingworth [5] I M(N,) DWEBRAERTH S L2R L TED, BAEMICERRZ
RKOTw5. —75, Birman & Chillingworth [3] (& N, DA E T A[AE 7% 2 HPEE ~D
BHROFKS LT 2 Hwigmic X D M(N,) OFRAERSZ KO TS, RGEEHTIE,
Szepietowski [44] 1T & 2 RDEKAZ 5,

g is even g is odd

5: Generators for M(N,).

Theorem 3.1. [44, Theorem 3.3] ay,...,a,-1, b; (1 < j < g/2), my_y ZK5DLE
Do N, LOBFEARE $2, ZDEE, to,.. te, ity (1<5<9/2), Yiny 10,
23 M(N,) Z2E$ %

4. FRENZIEDHIAMICTDOWVWT
4.1. MEFIFAIRLRIES
3RILERIAIZ g D 1-handle 286 L TR oM EMITAIREa v %7 + 3RIu%hk
& Hy %2 3RFTTINY RIVE LS, MJITEEREG ENIEREG [21] I2X D Hy D ST ~DH#
DIAHDBIZ up to isotopy T—EHTHS I EIRINTV 5, HORAAR st : X, — 5*
D st(S,) 3 ST ITHOIAENT3RILNY PR Hy DEHRTH 2 & &, st 2R
B2 A LSS

PARKIET S D HUHRE 22 B4 KICEIEIR M ~DHLDIAR e 23, LD X € Hy(M;7Z) 12D
WTe(Yy)-X = X-X mod 2 Z2fREHIARE - I L TiliZc§ & &, e d3characteristic
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THDEV), SDMEFIIATEED & & Rokhlin [39] 12 & D L, S DA E [T AAREZR
56 % &I T Guillon & Marin ([11], [35)) 12 & D, ZRERX q. : Hi(N,;Z2) — Zy
DERI N C 2 S IFORAENLMAMRE L, D2 M IZZODAENAE 1T
AREHHTEC 0D = e(C) »2 N, L Vb DET S, D DIV FLVE vp LT3
&, Upleey & solid torus TH Y vp DHPULZ b L ICHIHES RSN T2 6D LT
5. B, COHWLIER vp DAPHED LD HIZL SR NI EBRSNT RS, Ny, (C)
Z Ny IZ8BI1T2 C DIEABEE L §25 &, e(Ny,(C)) 1& vpleey WD L 7 annulus
b L < 13 Mobius band 127> TE D, n(D) TLELTE A vplee) PEHILD S & T
D e(Ny,(C)) DHEFRL D DEEL2ES, D-e(Ny) % D & e(N,) D mod-2 LR,
Self(C) Z C ® mod-2 AHCARE, 2x & 2x [n]y =[2n]y TEELSHHZ, — 7, &
T5., ZDOLEE, n(D)+2xD-e(Ny)+2xSelf(C) (mod 4) 1 C ® mod-2 homology
B [O] DAIKET 2 EBHoNTED, B q : H(S;Z) —» 72y %

([C]) =n(D)+2x D -e(F)+2x Self(C) (mod 4).
TEDD., ZOEH q B"ROFEXZ7- T LITHERLTE L.
Ge(z +y) = ¢e(@) + qe(y) +2 X (T - Y)2,

ZIT, (z -y ld o &y DD mod-2 ZEBTHSL. £72, ¢ DEELD, ¢ €
Diff, (3,) 2¥e-extendable % 56X ¢ 23 ¢, ZIRDO 2 &, Thbb, (EED v € Hi(X,;Zs)
WAL T qe(du(2)) = qe(z) DR SED T EDSDD 5,

FRHER 2 BOIA A st - B, — S U3, Hy(S%Zy) =0 X D characteristic TH % DT,
g WEF->TED, LFHDOEELD ¢ € Diff  (X,) 29 st-extendable 7% 51X ¢ % ¢ %
RO D05, HHHLT 5.

Theorem 4.1 ([36] (g = 1), [14] (g > 2)). &, LOME Z RO FMHER ¢ 25 ¢u
2RO EX, ¢ DY e-extendable TH 572D DMEAFFAE > T3S,

ORI, [7], [27] ® 28] DREIREZ D LT, g4 ZTRD M(X,) DO ER
EHCRE BARINIC R ®, Z315 D8 st-extendable TH B Z & 25 LICXDRE
ni.

4.2. MZE}IRARRRGE

4 XJGERIAN S* = D*U D* N S = oD* OIREANEfE 2 S3 x [—1,1] &7, HOIA
H 0s: Ny — ST IZDWT os(N,) C 8% x [-1,1] B 6DIRICE>TW B L E, os &
o-standard &PES2, (21, Definition 3.5.1] IC&>T, 0s(NN,) 1 unknotted belonging
to the knot type of Fy_ya)(g/2) EMENT V2, %28, [t] 1d n <t Zii/ TRADHE
BDOZLTHS,

UINARsE R E PR T4 RS REOWEIRIEHRIC O W T, (1997 &, REZTRY) T
Rokhlin @ 2 KXJEZA Y well-defined TH % Z &5 Rokhlin DEME%Z F IICHICRZ % & 9 &I ik
SN R DFEFE / — b D3http:/ /www.math.nara-wu.ac.jp/personal /tsuyoshi/1997 /yukio /yukio.htm
Do BN ET,

2w t =0 128 S band DIAENETHL TH % “p-standard” HoIAHA (“p” 13 “parallel” %
HKT 2) IZOWTEZEL TV, Bhkkd LR whhnro7(16]. &b oMRERYPE IS —
T, WNHREACERER2 S, I TERL MOV TH#ERT 2L IIC7 PN ZAZ2HE
#7722 %, Theorem 4.2 273§ 2 LW TE, “pstandard” DETIZE Z X EMDIARTH > 7z
DT, “o-standard” & 41T 7z,
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-1<¢t<0 =90
g is odd giseven
59
0<t<1 t=1
g is odd gis even g is odd gis even
\///
g ]

6: The motion picture of the o-standard embedding of N, into S*.

CDMOIAH 0s: N, — S* 1F characteristic TH D, X6 TED &N7z Hi(Ny; Zs)
DIEIE {21, ..., 2y} TR LT os(@aio1) = +1, qos(12;) = =1 DX D > T 5, 2K
R qos DIEFEL LD ¢ € Diff(N,) 2% os-extendable 7% 513 ¢ 3 q,s ZIRDZ D30NS
DS, Wb LT B,

Theorem 4.2. [17, Theorem 1.2] N, LR FEMHER ¢ 2% ¢, 2RO L IE, ¢
D3 os-extendable TH 572D DA E > T0 5,

ZOEMD, [38] % [45] DIEREE S LI g ZIRD M(N,) DEBAHEDER SR %
BHARIIZEKR S, Z11 523 os-extendable TH 5 Z & #fiffrd 5 2 LICLDRENK, %
B, M(N,) DEBITHET Hy(Ny; Zo) ~DIEHDBEYITSH 2 b DD 7% §HTHE To(Ny) O
AIRAEADI[45] TRO SN TV 223, R, HEHEIEFREFE (18] 12k D, Ty (N,)
DT — L & RNVERRR DR D S Tz,

5. 4 RITZHRIEAD flexible RHME
COfiTIET E L TRE R & DILHEZE [19] 12D TR 3,

BAtIE S O HOHEE 4 ROCHREIE M ~DHDIAHA e A3 flexible & 1%, fEED ¢ €
M(S) %% e-extendable TH B Z L TH S, Pll2n0ELICOIEEED, CP2PHD
FERFEE 3 KR X flexible TH . X 512, [15] T, CP2NDIEFE 4 X HH
Y, DEDIAAD flexible TH 2 Z LAWRINTV S, B8, n>3 PEAHOES, Ik
RS n Zh#R 1% characteristic TH 5 72 flexible 121372 52\ D38, n > 4 DMBEEK D
A, FERFEL o REEERDS flexible 20 & ) D IXFEFE ORI LR Y Kfigkch 5, —H, S* N
DEARNANZ T characteristic TH B Z &6, fig 1 M EofFREAHmo S* ~DH#
DAL flexible TlEZe\>, S* DA D 4 RIGEERIEA~D flexible 2 &IAARDELEIC
DWTRDEMZIRL 72,

Theorem 5.1. [19, Theorem 3.1] 4 XIL% kIR M 23 CP?, CP2, S? x S?, H&HMihim
E(n), dLIE, Znoodfiflie 2 e, EEDEAMME S D M ~OD flezible 723
DIABRDID 5,

FEDOEBICE T B ARITGEEAENIC, 2 ODREWINIZ D % 2 RIGERE T 1 4 T
WD 2 S DBETE L, Z DR RDIEATfE X, TROEHOSE 2R3 4K
TLERIRTH 2 2 L0265 LR DOEEDIME .
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Theorem 5.2. [19, Theorem 3.3 and 3.4] M % 4 RILHHkiE, D* % M ND 4RXJC
BRikEL, 512, H%Z oM \intDY)YND Hopf link (EFIX, Ezample 5.3 % ZH)
9%, bLY HHD» M\intD! NORZH 6%\ 2 OMBEOER L k> Twb 745
X, EEOPHE S D M ~O flexible 72 DIAARDID 5,

FEDEBRIX, FEFRIC flexible BHIDIAA ¢ : S — M 2K T 5 EICX DRI
N, PIZIE, S =3, ODEERROMIHEKT 2. £§, 3Xounv Pk Hy %
O(M \ intD*) = 5% ~EFHERICHLOIAL:, bbb, 8(M\intD4)\H DEAEDY H,
EAMETH 2 &) ICHMORAT, 0H, EOMEEDE p DO(M \ intD*) IZB T 5 iLt5 B3

SR

X 7:

ZL D, M7TOKICOH, \ intB? I 1AL 17z band 286 L CTHRHiZ 57 LW
K. 08 1% O(M \ intD*) IZE )} % Hopf link TH 206, EHOKELD M\ intD?
ND22ODM#ED, & Dy, TODLUDy) =05 £%2bD03H%. S =S5 UD;UD,
EL, e® N, DM ~NDHDIARTe(N,) =5 £LH>5T03bDETE, M3DK

°© ®)>e®) = ®)

X 8:

HHMPAMA c 2 D B LIE Dy, D EZWEHRE AT EICKD, KSDEEIC, ¢ Ditfi%
Hopf band & 9% Z ED5HK S, TELD Example 5.3 12X D ¢ IZ¥#y> 7z Dehn twist 23
e-extendable TH D Z EB3bsb, TN kD, e Hflexible TH D Z EDIRI NI,

Example 5.3. (Hopf band trick) X9 I2H 2D S3 NICHOAEFN /T =27 A

C —— C

Positive Hopf band Negative Hopf band
9:

% Hopf band EWFQY, ZOHIR L LCTEE 54 H%Z Hopf link LW-5. 2 Hopf
band (L 72435 T Hopf link ) IZIE 5@ D Db D23H 523, Z ZTIEZXHIL 2\, Hopf
link (X, Hopf band # 7 74 /S—& L, core &£ 7Z&->TWLAEHHKR ¢ IZih>72 1A D
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Dehn twist €/ F 2 3 — &7 3 fiber link TH 5. Tbb, S2 LOFRMEEMHR f T
f(B) =B, flp=t. £ VESFEH idgs & isotopic b DVFHET S, 2T, B
% ARTUERE D OBER S% N Hopf band, B W% D ONEB~IL ZAZ DD
Z B, ZD core % ¢c LT 5, f & idgs £EDMED isotopy ZHHTZ Z &Itk h D
DFEMER ¢ THEEEM idps & isotopic TH D ¢ops = idop,, ¢op =t. £7%DHD

I 51T, B 7 4 RITERIRN D o7 Z2EARIE D up to “stabilization” T flexible
rbhrsd, Tihbb,

Theorem 5.4. [19, Theorem 4.1] PAfHIE S O HEH; 2 4 ROTEERIE M ~DIEED
MDA e IZX LT, ZD stabilization (M#S? x S?,e(S)#S5? x {p}) 1& flexible T
b5,

ZoEMIE, S EOEREOHMEAMKR c lIcx LT, 2naBRL T 2HOAETNL
M2 & D, Norman-8K trick ([37],[42]) ZH\5 Z & Te @ D BT 2 IEHEEHED
BN TwsMEZ 1 [ENCEH% L, Hopf band trick (fl 5.3) Zi#EMH T 5 Z LITK DR
INns,

6. S* AD knot LIHIEDIES, &V, Dehn filling ICDWT
DLETIE, 4RILERIEND H % KT unknotted 72T Z # > TV 72, Knot L 7zHH
M (£ S2,RP?) IZOWTHERORMED D 2755, BERH T, EEOHBIEY, KO
H?D spun ® twisted spun IZOWTOAFIRBESN TS, 4k, #OH (S, k) @
spun % twisted spun &%, p € S3\ k IZDWT(S? x Stk x S1) & px St CTFAii
T3, Thbb px S O D3 xS & 2 x D? CEEMALC LIckoTHRRN
5 SEHND 2RI —F A T? DHDIAHLTH S, F—7 A CHD spun % twisted
spun _EDFEMHEGBRD extendability (&2 TEEMIE—KIC X 2558 [26) 23H D, %
Flx [13] THDFEH D spun % twisted spun IZHAEE L 72,

Y, DMDAZR e : 8, — M IZ2WT, S =e(X,), S D M B2 IEALEFZ
N(S), E(S)=M)\ int N(S) £FET. IN(S) » 5 IE(S) ~DI & 2T % [FHE
Gz fEEL, M(S, f) :E(S)gN(S) LiEs, S IZivo7 f 12X % Dehn filling &
WSS, A — G [25, 26] (X F— 7 AfEOHD spun *° twisted spun ¥y 72 Dehn
filling IZ2WTHELZL T3, —H, M NOME S 122WT M = M(S, f) 2MEED
FIZRLTHED D L &, reflexive & WX, FEEIF AL [40] 13 52 x S? WICHEER
fH D reflexive Z2BRAIDIDIAAZRER L TV 5, I 51T, ¢ > 2 DYf, Hillman K&
TNHIRIK [21] DMEEDOBODIAZ e : X, — M 73 reflexive TH S Z EZRL TV 5,

7. RERREIRE
Problem 7.1. 3, FOFRMGBDOE ¢ T qq ZROBDITH LT, S LOFHRM
BDEHR & T st(S,) ZRAELELTRS, Plym,)=0¢ %2 SDDFET 507

[Z DRJ#EIE, Darryl McCullough KRB —KD 5 DEFADEM Z JTITHRE L
7o, wbliX, A HIR Nielsen HEIRTE, |

Problem 7.2. l®iAH e : ¥, — ST ITXHL T

Et(e) ={p e M(Z,)| ¢ \& e-extandable TH % }.
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EEDD, qo & qu D Arf ANEBDI—ET LI D6, ¢ & qu FFAMETHD, EF(e) X
M(Z))qst] DESTEE BT D, ED K72 M(Z,)]qe] DEIEE S ITHLTEH(e) =
S LR BHDIAR e DIFET B ?

[Hi(Xg; Zo) ~DOIERIZBIL T, LEd & FfDREZ I RIFIAK [29] 2354 L T 5, |

Problem 7.3. Theorem 5.2 DA% Al $ 4 RouHbkik M 17wl T, X %
Hy(M;Z) characteristic TIZ7R\W EARET 5. ZOK;, T RE% g IS LT flexible
BHDIABe : X, — M T le(S,)] =X € Hy(M;Z) L% 5 bDWHEAET 5002

Problem 7.4. {20 HEEE MO W TREZREA 4 ROTEMRIA M T S* LHMETR VLY
DKL, EEDOEHI D flevible ¥ DIAARVHAET 50> ?

[H L 11/8 FH [34] BIEL JHUE, M 13CP? CP2, S? x S?, K3 i+ WD
DA 7z K3 A O#EAS ] & homeomorphic TH 5 (FIZIX, [41] D 247 R—=T %
2 k) . ]

Problem 7.5. HUHE T TTREZRPA 4 KOULERIF M ~ ORI S DM DAL e I
2V, bLb e M(S) D e-extendable TH B 51F eo¢ X e & isotopic D>?

(M = S* DBE1R, Cerf [4] EFAMOEGRICLD, HEMNICHRTE S I L2, 1k
BEBERICXDEMHINTw 5,
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2RIL7T LA K EF v — bERR
BRHT (B

1. FUSHIC

2RILT VA FiFF v — P EMEN LA ZHOTRT I ENTES, BUICT v—
FFEIRDEA I N DL 19924 [5] T, EREOHM2IIG7 L A FidF v — FRRZ2H
DIE, BLY, 220F v — D LEIEE (Fr— L) TEHIAEI L ER
EZHEM 207 LA F2RT LRI N, 20O TR THiEZFH 2 RXou 7
LA FZERT200F ¥ — MIF v — FEEDIITED A1 2HEHINLZDIE 1996
M THD, ZOEIT2RIL7 VA FAY THH TH2 I L2REL T, 1996
R0 ICHEHA R 2067 L A FDE ) Fu S =23y, Fv— bRRZHE
Y BIIEES Bdpote, 2D, HMEFREOCHDIEIC2RIL7 LA F2fi) & &
CIEHRI ARG A DT WRPDVEL %2, 2D 7dI2F v — P RO B{L D%
fToT&, 2RILTVAFEF Y — FERRICODOVTRMETF AR =2 VR T 4
[4, 9] THRLID, ZOHRDERE L TF v — O BILOMENE L EF->TELD
THRIZOWKNTHN LW ER S, HHTIIINE TOWRICET 29— A%
o7 & BARIAARZEAE IR RURBAERNE « INER) & HETHIFE L T2 1EHIZ: 2 k007
LA FOF v —FFRRICBET 25D 19 20T 5. 20071 FICHERLLE/, Fo s —
ZFRNT 5T v — FEER[15] X [19] DFEREL 2> TV 223, GEIHERML Z 9 2D T
#ET 2, 27V A FORERRHICBAL TIE, 22T LBRZD, FEIE G
i [14]) EVEERRK S NAEFE N7 OB 10 EZ ML CHE 2v», 2O PHREDFFIZ
FAT[17] & [19] 1> THER S LT\ 5,

2. 2RTTTLAR
D%, D3 % 276t s L, 6B DY x D3 72 6 BIKr ~ DR % pr; : DI x D} — D?
ERT. mEARBEL, X, % D?OEMFE LA mBEORLZZNEOESLET S,

EE 2.1 D? x D ICHOAF N S BROGME AT EE, REm D 2Kt
TLALF (3 2XITm 7LV4F) w9,
(1) W pry : D? x D} — D} % SICHIBR L 7 GARDBBE m DIy IEGRTH 5.

(2) SNA(D? x D) =0SND3x D3 =X,,x9D3TdH 5,

(1) D EEMR%E ng . S — D} ER L, SPEDZFEHEGHRE WY, 05
I fii 4k % $(S) £ 2T

DB G S F — DOSHMITH 2 L1k, DDILEEDTEAEy I LT, p~i(y) I
ME— DT DEEIEL, 2T TOpDRIFTIREDN2THDEEXR V), (z € FITHL,
P DEHTC - C,z = 4 EEITDEE, dZ2 xBTS pDRFTREET )

EE 2.2 SUED LTEBEG R s PHRMDO L E, 2XIL7T VLA FS2HHiTH 2 L
W, Thbb, RO IS —fEE L, ZDRTRED2TH D L
B2XRILT VA FOHHI2 K7LV A FCThH 5.
AWFZE L EHIFE (FUERS:21340015) OBIRZZ - b DTH 5.

* T 558-8585 KPR XAZA 3-3-138 KK i iR AR EBEH A Ze Rl
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EE 2.3 EEOTISE ISR DME—FAET 5 X ) w207 LA F2IEH] 2 Xt
TLAFEWwI L

EEDO DB E GG LAY L CHEMD IR EGRICTE L 2 Do NTw 5
D, 2RIL7T VLA FIZOWTIEHMM 2 RKIT 7L A FIZEBTE 2 LIFRS v, (¥
LERB2D2RILT LA FIFERD»SHAM 2RI T LA FTHL, RE3D2RIL7
LA FIFHEM 2RI 7L A FIZEETE S, XB4M Lo &L E, Hifi2om7 L A
FIZETE R WHilnid 3 [10].)

2RIL7 VA FTIERD 3MHEDOMEERIR L { ffibin s,

EE 24 2KXL7 VA F S ESDAMTH B &1L, DI x DI DAFNL {h}seio TK
DEIBOSDVPHFETHEERZ ),

(1) h() — ld, ]’Ll(S) — Sl
(2) #se0,1] &yeDITHLT, hy(D}x {y}) = D} x {y} DBIY L,

(3) %s€ [0, 1] L T, hy% D? x D3 ICHIIR L 2 G4 IFTESEHRTH 5.

EE 2.5 2KILT7 VLA K S &S DFAETH 2 &1L, D x D DEFNL {hy}sepo TK
DEIBRBDPHFET B EZ RN,

(1) hg =id, h(S) =9

(2) D2 DAL {h,}sei01] Ts

ho(D} x {y}) = DI x {h,(y)} (s €[0,1], y € D)

ERBODVEET 5.
(3) % s e [0, 112 LT, hy% D? x OD? IZHIR L 2 BRIFTEHEEHRTH 5.
EE26 2RL7TVLAFSESB7LA FEFANMTH D EIE, D? x D2 DA2FNL
{hs}seoy) CRDEIBDDDBHET H L E 2V,
(1) ho =id, hy(S) ="
(2) s [0, 1IRLT, h(S)IF2KRIL7LA FTH3,
(3) s € [0, 1] LT, hy% D? x D2 ICHIIR L 2 B4R IFTESEHRTH 5.

B S 20, AR = il = 7L A Raffz & v BRH 5.

3. E=3y  -EVFv—IC&BRR
D} x D3 = (D*x 1) x[0,1] &£ /¥, HEDIIT0,1] ZRfET1H & Bk LT 2R5tm
TLVARSOE—Yay E7F%y—%2FE25. %tel0,]JIcNHLT, tTDOSDYY
O (BIWiE) 26, & 8L, Thbb, SND2xIx{t}=bx{t} TH2. 137 X—
Sy SDE—Say - E7Fr—LnT,

R 3.1 m 7 LA FERIBRERM TVA F674025 187 X —=F 5 {b o %5 2K
TTm7 VA FDE—vay s E7F v — L 2B 7RMIEIRTH 5,

L2RIGT VA RED B3GR TIEH]) TH 25 Z L Tldiw,
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(1) (D*x 1) x[0,1] = D*WDEIE U, 4y be x {t} 237 0 8=2DRHR I 34
EFNMATH %,
(2) b L0 FHBHAM 7L A F X, x [ TH 5.

B13.2S=2X,xD:ZEHWAZ2RILT LA FEVS), ZDE—vav - -E7Fvr—
b3, &o, 0 HHmMm 7L 4 FThs (K1) .

t=0 t=1

***********

X 1: HHZ2X L7V A FOE—>ay - E7F ¥ —

Bl 3.3 K2R3 DHEHM 2RI 7T LA FDE—Sa v - EVFv—Th5s. FHE7
LA FELTCORERDt=1/3122ff, t=2/3122MldH 5. 26 DFERIT 2Rt
7L A FOFBRRICHIGL, RATREBIZ2TH 5.

T

ng

RS

AR XX

3 S
JIIE
t=0 t=1/3 t=2/3 t=1

X 2: ANV 3EHOHEZRTHM2KXIL3 7 LA FODE—Y a3y - E7F ¥ —

4. HHEHCB & DBR

HHLRICTIZRDEELAL ) 31,

T 41 (PLIY VY —DOFER - YILAT7DER)

(1) EEoBEREAHIE, 2714 FOBEE L TETI L TE S,

(2) 22D 7V A FHFEMELARFEAH 2R THESTEMZ, ZN6371L A FO
FEZTY, AW, ZEEl, 8 LOLENEROWER 2 HREIHTE
DEHIZETH D,

DU 2 RIGDEHICHD LD T EHT, 8, 13] TAEHI N T 3,
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EIE 4.2

(1) RO ImEAHIE, 220714 FORAGE LTERT I EWTE S,

(2) 22D 207 VA FHEfEZ A REHEE A H 2 2308 aifhix, 2nos
2RIL7T VA FDT7 VA FafFbr, HEEY, ZEMEY, X OLEEED
WA ZARBHWTEIEI ZETH 5,

IO FRIZ Oleg Viro RICK > TRIBENZHbDTH S, ZOEEIX TEEOHM
Hhmi& A HIZ, HEHM2 G 7 LA FORAEE L TRTIENTES, ELTH&
W8 2ODHMI2IXOTT LA FAFfES A A AHZERT L E, ZnolE 7L
A FafFpL, HEEY, ZEMEY, 8XOLENEROMER %2 ARRHCTED
BN, BHTEHNSE 2907 LA FIZHEMTH B LIRS 2\,

F18 4.3 ([12]) 2 oDHM 2 Kt 7L A FHFEE A M4 H %2 R T 0895
fhix, ZNODHHM 2 RIC7 VA FORMELY, REY, RENEY, 8XOEE
W OWEE 2 G REINCTE D &) 2L TH 5.

HHROE E FRICH AT AH D 7L A4 FIEELERI NS, 7L A P 1Z
HBHZ S2-550H, 7V A4 FI5502 13 A IEO #hsS O H £ 7213 A% 2 oy
SLigAHICR SN S, 714 FIEH3IEY) RV HRTH S [5). Hl2IX, A8 3EEHY
HiZRK2D X9 %7 L4 FOBAGEICEIETH D, 2D 7L A FIREII3TH S, Bl
HifEAHD 7 L A FIEEUIINERNTIE &\ [20].

5. E/ KOZ—ICLBRR

2RILTVA FIFE// PRI =Lk TRTILENTES, 420D D—xri& LTI
ET 5,

SZ2XITm 7L A FEL, DiOJ{RyICN LT, D OEIHEES, 2 SNDix{y} =
S, x {y} TEDSB. S, =pr,(SNpry'(y)) TH 2. WhHEHRa:[0,1] — D2\ () I,
U2 DIR[0, 1] — Con, £ 1 Sy 2L, SAUS k>, HEFH

ps : m1(D3\ (), y0) = m1(Con, X)) = B

BEENS, B SOE/ Fu 3 —HEFB L n),

Y, YEZNEFNDZD nHOWE» S R 2EALE T2, 2ODMERER p - 1 (D2 )\
3, 90) = B &0 i m(D3\ Y, y0) — B, DIAMETH % & 1%, FHGE R (DY) —
(D3,2)T, hlogpz =idDp=p oh, L% ODPEET L EZVT,

EE 5.1 ([10])
(1) 2XIG7 VLA FS LS HBRAMTH 20135413 ps = ps TH 5.
(2) 2XILT VA F S LS DEMETD 2 EITEME ps & py DIAMEE 22 &
TH 5.
2ZRIGTVA RS ES DTV A FERAMTHZHEMEE/ Fu I —#EAROFET
FHT 22 LEESTIIR\WI]10], [10] TR Z DORBEEEFEZH T, XEP4L LD L

E, Ffli2RIT 7V A FIZEETE 2\ (7L A PRSP 7L A FHEBLE 226 7\)
JEH S 2 RIL 7V A4 FOFEDRREIN T 5,
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T/ FuI—#FRIE 7L A FY 274 (Huwitz > 275 EH09H) & HAVChtl
TZE5. Y2 DiDnONR»S %8G T 5. ROz d DIND nfidd
HiffiiE a; : [0,1] - DIDA = (ay,...,a,) 2 L Z2HFREAS L T2 Huwitz Dl 27
LEWVH,

(1) Fi=1,...,nIZHLT, ;00 €, a(l)=y»2a((0,1)NT=0TdH3.
(3) yoDFELH T (KIFFHEID IHEL & E) a,...,a, 1Z I DIEFICHNS,

Fa LT, o :[0,1] = DI\SEZRDEIRIBELET D, yohba;  ITIH>Ta; D
IR a;(0) DI £ THER, a;(0) DAY 2 KIKEHAI D I 1 LT, a; IZih> Ty R
2, a; BRET B0 (DI\S, ) DIeZEn £T2EE, nfll(n,...,n) % AITHBET
% (D2 \ ¥, y0) D Hurwitz EHHR &0 ).

HEEBIEAR p - 1 (D3\X, yo) — B 3R TOMETRE DT, AL (p(m), ..., p(m))
ZHZNULpIEE S.

Sz2RXIL7VAFEL, AZX(S) Z2IGREA LT 2 Huwitz DIl AT L ET 5,
2D AW m(DI\E, yo) D Hurwitz EBR (1, .., 1) ZED B EE, (ps(m), -, ps(in))
Z AICHBET 2 SO 7L A FY 274 (H 5\ Hawitz 2 27 4) Ev),

MHEDOnfHOERG =G x - - xG@ETE e, :G" -G (i=1,....n—1) %

Ci(g1s - Gir Gt - > Gn) = (G151 Git1, Yin19iGi+1s - - - > Gn)

k%&)% (901 O)iﬁg{%ci 901'_1(917- oy Giy Gig1, - - - agn) = (917' .. 7gigi+1gi_179i7 s 7gn) bz:\
HABN5.) INB o BXOZOWER T ZWEEHE V. G D 2ODTLHE
REIOFIFEEETEIE) £ &, 20613 Huwitz[FAETH 5 &9,

EE 5.2 ([10]) SES%Z2RITLTVLAREL, (by,....b)ZSDT VLA FY AT L,
(V... 0,)Z2SDTVLA R ATLET S, SESDAMETH 2 7%DDRBENITHM
i, n=n"22(by,....,0,) & (Vy,...,0,) D’ Hurwitz[AfE L %2 5 2T L TH 5.

7V A FH#EB, D3 DD ES A, Arcevlar Asimple 2522847

m7 LA FbD3A, BT 2DIE, bIB, ICBWTRDEI BT LA Ry ot s
2LETHD e VDB DERIRIBE T S,V =b b I1---1bi3H 2 my, 7L
AFRb (k=1,...,c) DFEEFITH Y, &b, OFAEIZABEBORHICHABTH D, m#c
ThH5.

T DTEERN b b I1-- -1 b, TH D LI, D> x INDHNIZRD S 72\
Ny xI,..., N, x IOREEGIZYDEEN, VNN, x [ =b 125 &%\,

Ap, DERICEWT, by DXRED2LETHD, i >1DEE, L ODRED1THH L
WG EMITZm T LA bk Arevlar LERT 2,

F7, A, DEZRIZENT, by DREDI2THD, i>1DLE, by DREB1ITH D
EVI)EERMSTem 7T LA Fo2fk% Asmele LERT S, S0tz g, B, OEHE
WAETLE 01,...,0m1 £ T B EE, 0 FF 0, D B, ICE T 2 IHEITLLAD Asimple
IZfth7Ze & 7o\, (Asimple (X84, L HRIND(17]).) EFRED, A, D Arsular 5 gsimple
ThH 5.

EE 5.3 (by,...,b,) %2 (Bp)"DuE T %, XRD2OIFAMETH 5.
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(1) (byy.. . b)) DI2RILT VA FDT VLA P RATLERD,
(2) Kl LTh €A, THY, by---b,=1€B, TH5.

FE 5.4 (by,...,b)) %2 (Bp)" DT %, XRD2OIFAMETH 5.
(1) (by,....by) DIEHI2ZRIE 7L A FOT VLA R AT L LR S,
(2) il LTy € Ay cH Y, by---b,=1€ B, TH5.

EE 55 (by,...,b,) % (Bp)"DILET S5, XD 2OIFFAMETH 5.
(1) (b, ..., b)) DSHFE2RICT LA FDOT LA R AT L ERD,
(2) Kl LTy € AsmPeTHD, by---b,=1€ B, TH5.

6. Fr—bMRR
2RIEm 7LV A FSDOE/ Fu 3 —¥#[HM pg Wl(Dg\E(S),yo)ﬁBm%%’v—l\ &
W35 DI NDOKINXZ TR T Lz BN

'z DONEICH 2 HKRT 7 7T, KL iﬁ?&ﬂQ m— 1} IfEZ D F
RADEZSNTVS ET 2, THAOMHFEIhR S T 0 k&&?'ﬂ)%rw
JENELLET S,

[ EREBIINIC R D D a - [0,1] — D2\V(I)ZEZ%, a LT OREICHLT, B
EOFEERDIHIICED D, a DETHRNCHD» > THP ST OUBEEY] 3 &
E, EORELNY, ZOfFfFE5Z2 41875, E0oAICHYI% L E, ADKAE LY,
ZOff % -1E9 %, allih>o CGED EZICsHEHICHNET EDREDRF S % €, &
L, 22 TRELTCOVLETDHAD IRV E i, LT3 EE, 7L A FEOERERNERIT
Ol O DO 72 550

0 iq

PMRFoNS, (T TIILEDNETHS.) Iz TICHNT % o DREAEFE LWL, wr(a)
LR,

EE 6.1 DR ZNTEE, T2 WmFr—hrEwn,

e TDXTERvIZN LT, vDEY ZKIFEIRIDICEDLENSHL—=T%LD, T &
DREFER w, ET B, TOEE, ROWTNDLDED D,

(a) w, BET B, DIL[w,] 1F A, IZJET

(b) REL L"va:ajlaj’laiaj’@%%. 22T, i, ldli—j > 1z dTdbo
T2, Ob— 7O EILEL I ELTEW,)

(c) EELTCw,=0;"'07"0; oj0;0;, THD. 2T, i,jld|i—j|=1%T

J
bDET S, Ob—7ORAIZE S ICHDELTLW,)

Iz, &fE() ItV A,z Asdlar & L7 E, Tz —MIEAmFr—F L v,

Sl () ICBVT, A, & Asmwle L L7 b ¥, T & HHlim F v —F £,

&t (a) 272 9 TH R 2 BRTE AL (black vertex), & (b) &2 ii7z 9 THM % 2872 (crossing),
&t () Z2 w7z 9T A Z FTH AL (white vertex) &),
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7 7 1 ]
li =5 1>1 li—jl=1
X 3: Fv—bFDJEM - BIEN, 72N, HIEM

—fmFr—FTICXLT, RERKOEGZST) LH LI LITT 5,

IR LC, HREGE pr - m (D3 \ B(T),50) — Bu % o] € mi (D3 \ B(T), yo) I
LT, aZTICHEMINICREDS LXHIcE D, TITHT 258455 wr(a) 238 B, DIi%
MBI EEHRELTERT S, CNE2TOE/ Fu I —#EAIL WS,

FE 6.2 MmFr—FTICHLT, 2RILm 7V A FSTpr=ps L %55 DIHH
fET 5, L, 2RIEm 7L A FSIENLT—MmF*— T Tpr=pstB5bD
DHET 5,

CDLEE, T%#2RILTVLARFSOFr—rERENVD,
EFE 63T %22RL7TLAFSDODFr—F+ERRET S,
()T 2 RIERIF »— b TH B I L L SBIEHI2ZRIL 7L A FTh 5 2 LIFFHfET

b5,
)0 BT v —FTHEH I L L SPHM2RILT LA FTH S Z LIFFET
b5,

ST 2RKILT7 VAR, IERI2KIL7 VA F, Bffi2Xou7 v 4 F2RT ik
Fr—1F, —MEAFr—1F, —BEMFr—1I1F, T/ Fui—DF vr— FFRRICH
5 —Mm [15]) 026765, (Ev) XD, [15] TEREAIN TV 25k 2 XL 7 L
A FDF XY= ERDTAT T2 RILLZDDTHS,) [15TlE, 22DF ¥ —h
DIEMEZ 2 RTG7 VA F2RT-ODEALEY (WHF »— EFLEBRF »— &
) D526 Tw5,
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2 (1) NS @ . G

4: WHIF » — N2
J j j J
1 7 i i
j J
i i 7 ;7

5: BEIF ¥ — F 2T

7. EAIF v —h
IEHI 2907 v A Fid—MRIERIF v — FRp 2223, )P LEaD kT v—Fh
RN H 2T,

be Areular L 42 ERED, bIdY =b by - - 1b ATHAZTH D, by 1ZREDI2
DED7VA FTZOEPABAZEOCHICEETH D, i > 11I22WTidb; 13RE1
DTVARNTH5B. by DREZ b DRFRREEWE, d*(b) LRI LITT B, E&ED
5d*b)+c—1=mTbH5.

FRi, be Arevar L2 2013 d* (b)) =20 L ETH 5.,

7V A FEORENERIC o1, .0 DR D0 = o) 07! DY w] € Ay
DEE, ZIIBNBZERILH R THEE {0s),..., 05, DIREIZ A (b) — 1A ETH 5,
L) ELD) —1DEE, wiELyPHNTHL LV, (Lad, LYy PHBNES
Oy Osits-- 00 DEIIHTFITEFEL T 3))

EET.1 IR ZW-TEE, TZIEHImFr—F v,
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o TDHTEF I LT, vl ZKKFEIRID ICEDLEZNS L —T%2ED, T &
DIREE T w, £ T B, TDEE, XDOWTUDDIKD 7D,

(a) [w,] € ArearcH ), w, FL Yy PHHNITH 5.

(b) #EELCw, =0;'0;'0i0; THSB. 22T, i,jldli—j>1%Z2iiddD
Y5, Ob— 7 ORAIFES IS IELTXW,)

(c) #ELTw, =0;'0;'0;'0j0,0; THB. TI°T, i,j1d]i—j|=1%0id
bOETS, Ob—7ORAIGESICHDEL TLW,)

EREDIEH 2 XTum 7V A P&, IERlmF v — FERZ2HRD, £/, Z0LkH %2
DDF X —hrEIWEF »— ERLEBMF v — FEHEZEREGETZ L TEIAE.
Zo@ghicEns F v — MI—MBRIEAF v —FTH 525, EHIF v —F+TH 2 LIFR
5%\, 2 I CIEHMMEZROEREZEAT 3.,

FCZziEHlFY—h e L, v 2ZBERLET S, 0 IZEHL TV TXRTOMITHTWT
W2 RLDOESE Labelr(y) £ 2. w, 8L ¥ CEERIZR DT, Labelp(y) 133 L
THER s,s+ 1, t}DBELTCWS, EL, t—s+1=d0b) - 1TdhH3. %,
wy =050 ETBE, {iyig, .. iy ={s,s+1,...t} THB., KEITRT4DOD
JRATERE, 207 VEEE 1 FIF 120> 7 L, EAF Y=+ ZIERF »—
BT, ChozIXVe 7 FEBE W), L, (A)omforhix, K70k
BT Y —FOWMHEBEAEQCHKLT 5. hbFkE T2,

X 6: )Ly 7 FEE

X8 EXIIFT N7 WEROHITH 2,
X 10 I3EHEE L I RFIER TH S, 22Tkl —j|>1(k=1,...,n) %
7T I7LThH S,

B 7.2 2O0D1EMF ¥ — FFEERIEMN 2 K007 VA F 2R 7 DR +53 5
¥, 205 Z2RSERF v — FDFIT, ZDfH D; oaffn, WIS »— L, 1E
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t+1 i+24+1 4 i-1 4

X 8&: T )7 FEEDOH

HItEZ RO BT v — A, TV 7 M, BREIGE L2 bDBHET 5
ETH5.

EHIF v — F DI IR r — ADHAF vy — b TH 5, HffiFr—F LIFTAR
TOREICIZAB 1 DFTEHR L TwdFr—1rDZ e ThHD, Hflizkm 7L 4
FRIMAE LTRIICEASNZF v — - TH 5. [11] TROEHARIN TS ¢
2ODHIF ¥ — bDFMELREM 2 XITT 7 LA FE2ETODOBEFSEME, 20
5 ZAESHHF v — b 0dlT, 2O D2o&eRM, CIZN, CUZEE, CHIZEKE
BROLELDVHFAETEIETHS. CIEHBIWEF »— 2B TH D, CIIEAF L
B, CHIZEFIEI VY 7 N ERTH 5.

8. IIRIC

HffiF v —FT B 2RILTVLA RS ERTLE, SO IRILEENDHEX (517
77 L5) OREREOESLETIZ T2 (6, 17, T OMIZEFXK O 2 ElFICHIEL,
BIEM DS (%5R) e, ATES2S3EMICHET 2, FHlFv—F RN Z &
DD ILD, Z05E, BEMIT (WENEIZES Z2\v) i 1r L icxsd 3,
F7, BIERICESZHIETXRT, SBEAICEE 2 2EMEICHINT S, ZokIic
FAT 7T N EDAREMNIGSREMF v — b, —WIEHF v —F, EFr—+T
139 F L Lo,

F ¥ — bk £ 1% Lefschetz fibration % broken Lefschetz fibration D€ / Fna 3 —7%
EXHHAMINTYS([1,3,16,18] %% &), €/ FuIi—2HwT INsA 7 27
FThiu, —MF v — FEE[15]BHHTE S, LarL, 207V A4 FOF v — b
EHHEMOBRICE S NS X ) BRI SRR IR S E» E) IRoRET
HY, HL2DORNRIZOVTHHRZLEND 5, SHROMITHETH 3.
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3 TSR DFRIRZARIE O — Z BIEKIC >N T
R #iH GRS TR

1. Introduction

3 WITEREIR D SL,(C) FRHEL HE{RIT Culler-Shalen ([2]) (2 & VA & 7= FoARRED
SL,(C) Z#HOIED 2T REMESTH Y, FEEHMHhiH O 2 PEERICHDOH 5
FRBE V—IZBWTEAN RN RTH D, — HARE EORESHEEO /Tt —
2% (BRI —ZB) <, UV —~rP—%EEOREE LR R ~D—f%
1T % Hasse-Weil B — % BT HGRICB W TEERIFIEN R 7> TW\WD. 3T
ZERIE D SL,(C) FEESARIRIT A AR EERINTEY, ZOEB—#BKIcED LS
PREATTHY « BGREV IR MEE N SN A DT EBRIBEORIE TH 5. AR TIIIRE SRR
DED % JfTE — 4, Hasse-Weil IO — 4 AEE 2, ZhnE0 X > EE b
ONEEETD.

FOOE MR Y= R ATOREOMESE 52 Wl £ LA TERS
L MBS, FE 60 FAR T D — AR YT AT R ST B ORIk
BLET

2. A ¥ — L. Hasse-Weil £ — % B3k

2.1. Bt —42 E%

X #HBEEHRZ FARRO (77 40) 2AF—0L+%5. BERMIZIE, AREOE
R Sl f € 2T T BEZ BN ET D, By & p" HOTE b OHMREKE S
HEE, XDF, AHEOHES XEp) & fi, o f, DFp ICBIT2HEEROEARE L
TEFKT D :

X(Pp”) = {(ala"' ’am) € (Fp”)m | ﬁ(al"" 9am) == f;’(ala"' ’am) = 0}

ZOLEFERK pIZBILRATE—ZEEK (GFRE—%E%) ST T ORIk
Bz Thb.

[e9)

Z(X, p,T) := exp (Z @T”] € Q[TT].

n=1

BIZIX f=TeZ[T] E LX % Z[T/(f) DEDDT 7 4 L AFX—LETIL, LEDOFE
HplZONTXEy) ={0). LB TH#XF,) =1 THY ZX, p, T)=(1-T)"' L7235,
AT —Z BT LTI D Z ENMBN TV DR, BRI X BNABRIA LD IEE:
A REEHRIRC 5T D E X Weil THRE L THONTWARERRSHS. 2F D
X ZHRIKF, (q1TFEHLp ODE) LEZSNWIIFFENERESHEER LT DL, T
B —2 B Z(X, p, T) 1T A EEIEL, FRIOBEEMREZHEA - bopge LTI, B
KxEbb, Vv TPHOELEHT-T. £7-X NREUR EEFR SN IERE R EHAL
BERRIR Y @ reduction & 72> TWDH L EILZX, p,T) £ T ZHRKORKE Y DXy
T E UTIEIRHRR D, GRS D W TR 201E [9] 0 [19], §6.1 72 KA SR I L7-0.
AP IR S GREE 5:25001342) DB 2% 7= b D TH 5,

F—U— o RELRREK, ¥ — 2 B

* T 152-8550 BURUER HARX AR 1L 2-12-1  BUR T3ER F@E T2prse et
e-mail: harada.s.al@m.titech.ac.jp
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TR FAR R U—IZBWNW T, (HAREEE L TREAREOARIK EORBLDOE T~
HEFZENITHONTND (cf. [11]) . T —Z A2 BRI E T 5 Z L I3K AR
R EORBOEFFE T D Z LIHIELTWAD. 4 X(F,) &S5k M OFEARRE 7,(M)
D SLy(F,) ~DEHOBKRDER LT D EZUTT 7 40 ABESICR D, 1220
Bt X #ERT HZ2HEAT bR ZIEA L LTEn, EFHELPEORZITLS
2V, DFED X132 EEFREND (Cf. [22]) . RIS X IR THEEITH RO
TWeil THEZBEHT 5 Z &IXHRZRWD, FAIRE EHTRE 2 X % — A2k L2 DT
B—FB Z(X, p, T) IFBEHEKIC b Z LiTmbiiTng ([3) . £2°C

N #X(F (-aT
J J

n=1

(@;,,€C) &RINIZETDE
#X(F ) = Z B - Z o
Jj i

LB DFEY ZX, p, T) ODAEBEE LTORRERDD Z LITFEARKF, Lo
(M) DEBROEERD D Z LG L TN,

2.2. Hasse-Weil £ — % B8k
HOX 26 EOZEX fi,---,f € Z[T), -+, Tyl CEBINDT 74 AF—LhE
T5. ZOLE X O (Hasse-Weil) B—# B2 A O B — % B a2 VW TR CTF
£T5:

(x.5=[] zxpp.

p: prime number

ZDEE (X, s) 1% Re(s) > dim X THaRIIX A5 (cf. [25] or [19]).

Example 2.1. f = T € Z[T], X = SpecZ[T1/(T) £ +%. 2Ok % Z(X,p,T) = (1 -T)"!
7Zo7-. koT
(X=|]a-pHt=uo.
piprime
Thbbl) =< BT D, L0 X & L THRBRREE K OB
Ok DEDDHT 7 4V AX—L%EFZZT-5E (X, s) X K @ Dedekind ¥ — % B £k(s)
s,

— %12 Dedekind B — & BAEIZ DWW CIE, BHRLBUER C oA EBBIEIZ fEbr ke L,
W72 T IKF 200 TR L7 b DIRBEEEX T b O T & RmbnTnD, Flos=1
TOHINOWmE L, ZOBEE K ONERRAEREZHAVWTERENS.

Dedekind ¥ — % BA%% & FIERIC, TWAF—2A X 16 L (X, 5) 1% C A HEA ST
Bt L, W47 TR 200 TRl Lz b oEBEXE2 b Z LR THEIL T
% (cf. [25],[19]) . L7 LB S TSR LTV D DL, HifEO%E TH A
K EOFHERS bWThHY, BHLWMETHD. £ 2 TARRTIIEMARN: 3 Rt
FRIR D= AR IR % U BT — & B%%, Hasse-Weil ¥ — % B35k 2 3K O 7= fb 5B 2 48
L, EOX9BEENBIND DN ERE LTV,
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3. IR HRA
M % 3 RIESREIR, m(M) % ORAREL T 5 L&, SLy(C) HEEZHEE X(M) £ L0 T
DG E LTERT S -

X(M) = : 1i(M) = C | x = x, EEILp 2 m(M) — SLo(C) DFFHE) .

X(M) 1 IRBAIES, T7o0bbAREOLZLEXOILBEROES L L TRIND Z LD

S TWa (2] .

M N5Efi WS %2 o84, *Hitad 5 holonomy #£ 8 7 (M) — PSL,(C) M4 %
BRWT—EIZEET D, ZOEBOD SLy(C) ~0FH LIFOED H8EZ ST X(M) O
BERIR ST Xo(M) Z PRS2y &V 9. — IR ICFRRE AR IR D IR Tt DR 5 B T HETZ 8,
BT IR S T2 AL T O Z EDR LTINS,

Theorem 3.1 (cf. [26], Theorem 4.5.1). M % 51 A7 n D5 M 3 IRTT Stk L5 &
dim Xo(M) = n.

FEARBEORR T L IBEZEREZ ED 2 2 A BERMIZRD 2 51k & LTE, 2 %
B OEAIZIX Riley DL ([23]), F7=—#IZ Gonzalez-Acuna, Montesinos-Amilibia
LD (5D REPMBITWD.

Felzab~7= & 912, BLIK Hasse-Weil B — % BA# %2 —RICH~ 25 Z L IXNEE & T
HDHMN, FTIESERK (O y) BDED XD e RESHEIRIC 052/~ +
DE—F B ETARD LW HikE & 5. ARNIFRCEAR 2 EGRI 3 LSRR D
BRI OWTEIHRNTT 5.

FEHEZARA D EFRSZEAUCE LTI L D 3 IRITTSERIEOBE, FRITHEOHE - A H
FHERIZOWTHFZES N TV A, L LIBES RO S IR E L ToMEIZE L
TR LM BN TV, FIZIE F—F AEOH OGS (cf. [21]) X8 OFHHECHD
%ie (cf. [14]) , 2R OH O ® HEDYE ([17]1) , Whitehead #4 H 0854 ([13])
RENZBWTED L S RWFER S TN S.

4. BB

BEREY 3 IROTZARIR & 1T, B ZERIK ToH © Z DIARREDS commensurability % bR
WTC, HERREME—DFFO X 5 2R K EORTORERRTHIET 5 UTHERD
&% order DYKI / V1 DILORTREL A TH D & E &2V 5. HERIVZERIKIZ OV
TOBEHEL LTI 1d 5.

B2 BB RARIC K L CTEE DAL 'R DT, AFH Tl commensurability X ¥
FMFEORNFRREAZE 2, TNEEGR 3 RICEZRIKLFESZ LI2T 5.

7] & AT FATREZR SE0R AU 3 IRTCSARIR O T TH X7 0, 1,2 OS5 e/ O B AT 2
FHA D OITEGRIZHRIETH L Z LN bTEY, FEan 3 IRLEHRIEOSE
WCETHARDZLIFTEREOHDL Z EICHDND. ZZTIEA AT 0,1,2 DHHEDNL
DINDEARGN % BT %

4.1.8 DFFFEVE DFHEZRM

8 DEFEAENE D 3 WILEKE S3 TOMZEROREABEOIELZEERITII< Mo TEY,
KOLHERTERINDLCENDOT 7 4 VI TH D (cf. [14]) :

X —y=2" = (1 +x)y+2x* - 1).
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ZIT X —y-21% C NOHW# T 8 DFHEOH DIEARED AHKIRBUKHE T 5805
725, —Hy =(1+x2)y+2x* =1 ITAEEIAK Q LOFEHEFR TH Y, & D Weierstrass &
XE:Y? = X3-2X+1, EF(F40 =2°5 TH 5. LIk~ L 91T, ITHO Taylor-Wiles
HIZ K DB I-ER-Weil TAROMERIZ K0 A EEAR Eokg M dh#o Hasse-Weil £— %
BEEUIRS T DR R D LB L 252 D, TOWEERFARDL Z LRk D &
Il oTe. LUTIZH AL DITFERESARIK O th CREK IR O 7235 o8 — Z B a
KDOIFERTHD.

Proposition 4.1 (Harada [8]). M % 8 OFHEOH D 3 IRITEKIE S° TOMZER & L X(M)ir
M OBy THOEHMMRE D (P2 -y-2)=0 EORERW-ED LTS, =
D& X

_ 20
Z(X(M)r,q,T) = Z(Ep,q, T)(1 — T)*(1 - (;) T).
I TqldFEEp oz, Ep I E @ p TO reduction, 372> HHRKF,
2 .
THEXT-HBRETH. (?0) IIYabisThsb.
FoMm&EIZ XY M @ Hasse-Weil ¥ — % B4

{(E,s)

XMrr’ — ZXMIT, , ) -
(X (Mr, 5) U T v )

L. TOREMLZRTERT D

47T(3s/2)+1

B (10 V2)'T(s5/2)3

EX (M), 5) X {(X(M)xyr, 5)-

ZDEEROERNPEOND -
Theorem 4.2 (Harada [8]). B2t ((X(M)yy, 5) e OV DFZEMRAL EX (M), 8) 12 C _EOFEL
RIBASIC Rt e S D . £72 EX (M), 8) 1ZR O BIEEE R A 724
EX (M1, 2 = )62 = )€ v5)(2 = 8) = —EX (M), $)E()Eq( y5)(9)s
S 52 s = 1IZBIE EX (M), 5) D L NLDOZER E 72D, ZOREIILLTO L H 12725

lim EXMi, ) _ AGM(pp — 1)
o1 5=l V10log(y)

T Te=(V5+1)/2, AGM(p,p — DT @ & ¢ — 1 OEIFERAEE 2 £

Remark 4.3. 8 OOV H @ Alexander 22 Age(T) 1XAx(T) =T* -3T +1 THZ 5
5. EX(M)y, 1) IZBLIVD ¢, ¢ — 1 1 Alexander ZIHRDIROF-FHRIZ/2 > TN D Z
LMD, F1= Alexander ZLHEA OB % Q ISR L7 Q(V5) Th 5.

Remark 4.4. £(X(M)y, 1) IZBLIVDME log(p) IZOWTHLLF DO L 912 8 DFFEOH DR
ErYV—HEOBBBAILNTWND ¢

log(¢®) = logm(Ay(T))
_ iy [08#H(M,, Z))

n—oo n
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Z 2 Tm(Ax(T)) 1X Alexander Z2TH Age(T) @ Mahler HIEE, F£7- M, 1£ 8 DFHENH
SIS D n RD S OIKEIPE A KT, (Laurent ZHHAP = P(ty, -+ ,1,) € C[eF!, -+ 1E']
(2%t L% @ Mahler I m(P) #LL FDO LD ET 5

1 1
m(P) ::f f log [P(e¥ VT, o X V"Dt - - dt,.
0 0

Remark 4.5. 72 AGM(p,p — 1) (2B LT % Mahler Il 2 H TR D L 5 IZFEiR T 5
ZENHRD.

d -1
AGM(p,p — 1) = (ﬁm@k)(\/?)) :

1
2
ZZ TP X

1 1

xX+—-+y+-—-—-4k

X y
TEZRSNDHMRT, EEOBERE 4k #0, 1126 LISHEI#R 2 ED 5. K Weierstrass
Ak

E, : y2 = x>+ 2mQ2m — 1)x* + m*x,

ThHzoh5. L m=k
Remark 4.6. s = 2 |23BT 5 fEIT

75
2V5m2 L 10(2)

(Lejo(s) 1X E @ Lseries) T 272, Zivh Py @ Mahler JIEE A W THRT Z &3
K%. R.Villegas ([27], TABLE4) (2L Lgjo(2) = L;o(0) = m(P ) £72% 2 &N
BAEANZHED D BTV, FEEIE LW 2 28 Mellit ([20]) 12X D FEDND STV
. FI2 P, OED DFEMMBMITFE SRR O RS TH MMk E & [RIPAT
b5,

— D () 2 B OB OFESRIR O ARy 23 E D K 5 2R B dh R > 1 BB
MTCHBILTWARWD, 171128V THDHHED (twist fiENH = b A2 &) 2 A5 OH
DEIZHDONWT, ZFOFREZERRO %y S MR /25 L WO RRENME LT
W5,

4.2. w0 2 1B1%H B D ZEM
S3ZEB T DM 2 1K B THGRIV R b DI 2BV T 3 -2, Whitehead #&74 H,
62,62 THDHZ ENAMBITND ([4]).

Whitehead #%7+H, 63, 63 D57 13 Thurston OFERIC &0 AR Btz & 5. [13],
[12] 123 T Whitehead #& 7 B & NN 22D Wl 2 1#&#&A BTkt LT, C NoOigHE
SRR D RSy D PHC) x PYC) (21T 5 a7 MEIZPYC) D7 7 A N—fik
BRFOZ EDBHEND BN TWND,

F 72 EFRD 3 DOHGHIP 2 iEEHBIZOWTIE, O P! EO7 7 A N—Hi& I conic
bundle #i&E, DFEVHZRDT 7 A X=X 2 WHEHFRIZ > TWD Z Enm0d ([6]) . 2
WHBITATRIE ECEX T EEFHEEEZRODDONVES THDHZ Lind, ZoOWEIC
KU oMk OB —Z i ERD D Z Entiks ([24),[7)) .

£i£)r21(s - 2)EX (M), 5) =
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Whitehead %7+ H, 63, 6 DX ihipksy D C IZH T D EHRZHEANIU T TEALND

for=2 -0y + (X +y - 2)z— xy,
fi= - xyz3 + ()c2 +y2 — 3)z2 - xyz + 1,

fi=2 -y + (3 +y* = Dz—xy

INHDO PP A HFRSEANIL, BAERTE (x:y:iu, z:w) ETDHELTFD
L2l 5.

Fo:=u’z — xyzw + (X + y* = 2u)zw* — xyw”,
Fi =2 — xy2w + (% + 5 = 3u®)2w? — xyzw’ + uPw?,

Fy = 1?2 — xyZw + (3 +y* — uH)zow? — xyw’.

ZDEXF)F,F, ODEDLREEMEIEP? XxP t (x:y:u, z:w) > (z:w) e PLIZEHL
T 7 A N—EEEZFFD. FFZE T 74 73— conic TH 5.

Theorem 4.7 (Harada [7]). Whitehead #%#H, 63, 6; DFEEZHRKO BB 2 22
X0, X1, Xo &5 & X Hasse-Weil ©— 2T D L H 25,

{(Xo, 8) = Loyp(ova (s = D?L(s = 2)(1 =217,

 Lays (8 loys (s = D5 =2) (1 -222)(1 +27)
(X, 8) = () (s — 1) X (1 =51-9)2(1 = 5-5)2°
(X2, 5) = {(5)°¢(s = 2)(1 = 27°).

Hmm) 2 s A HICB L CTIE& 7 7 A /3—M conic THH-7=Z £ b BRICEXT
T ENFHRETH - 7228, Landes D3FHH L2 < DD B R L 5 ISl 2 FEkE A
H OFHELZARR O M %53 1 — %I conic bundle 1% & FF> b ) TidZavy. LaxL P!
LT 7 A N—HEEE SO ENGDIURT 7 A N —F e T RE RO B — 2 Bi% A
FW T 2 ##& A B OB DB — 2B AEERT I ENARETHL LB XD
nas.

Question 4.8. — X 2 fF#& A H OFEZARIR O WA IE P! LD 7 7 A N —FEiE
EFOM?

4.3. BERHIEA 3 RITEHAA
Thurston O EBRIZ L 0 W 3 WICEZARIE O B pk s OREAIES & L TOWILIEHT A
TN D Z Ennn, MHEEA 3 IRTLZ RO G SRS RIROEEN R b TH
HEEBEZBNS. P 3 WL ERIE DA, BFREE C LoREIES & L TITXR
gL 0 kot, T7bb 1 ieERVIFRAI BT o3 LW EEbND., Ll
INEAHEBEHIR Z ETF UL 1 WoORBIES & 72 0 PR 3 IR HRIE DR
Bl L TOMWEENL TS Z RSN D.

T3 1% Weeks manifold ({FE /DR 3 IRICPAZERR) 72 EARFED /N S W EGHY
B 3 IRICEAERIEDHF DN DDA IZHO N T OB E LR DO EHLHEA KL ONE
NoEDOE—=FREEOHTH 5.
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M | X(M)1(C) DEFRZIHAX | (X (M1, 5)
Weeks manifold T35 -T -1 Lk, (5)
Meyerhoff manifold | T#-373+T?+3T -1 Li, (5)
mo10 (-1,2) T4—2T2 + 4 Zi (5)?
mO003 (-4,3) T —T3-2T>+2T + 1 Lk, (8)
mO004 (6,1) T® —7T* + 147> -4 Lk, (5)?
mO003 (-3,4) TC + T4 -1 Lk, (8)

Z 2T Ky IR SR IA M O trace K (R v ) 2 —FREOB D trace I L > THERKEND
), X(M)(C) 1ZZERE M O SLy(C) BERFREE D 722 3 BERFRER ZARIK, Lk, () 1T Ky O
Dedekind ¥ —# B%t. 2 13 IRMEDOFEL p 12T D p~ OFHEBOBDOEZFRNT
—3, FRCABRE O E RN TENENDORFTK TR —H L TW\WD 2 L E2EKRT 5.

— BRI ELGR A 3 IRTTEARIR D commensurability 813 A2V T HER & ARE trace (K (R
7/ I —RBLO trace D 2 FTTHERINDREUER, EHRFLALZTTE15E2) OMTH
HINDZENMBLNTWD ([18]) . ¥R H AT % S8GaI 3 IRIE IR DA R
2% trace RIERE 2 IR, AEMTTEIRIIAZE trace KO BATHIERIRD T, WAT ZFfD
BEm) 3 IRTCLERIR D commensurablity FU3E 2 IRIKTHFI N DY, P 3 IRotZ4k
ROGEIL 3 WL EORER S BLNEHEIC 72 5. trace IRIZAZ trace (K ZE IR E L
TEDLD, REKRDOEAELHY, LVEMTHD.

Question 4.9. (EGaHY) BA 3 WITEEER M IZHOWT, (M, s) ~ {(Ky, s) 2 T7bb
AIREDOHFEEZ RN TENEND [T —Z BT —%+ 2502

44. F—S REEVEHDOEZEM

ZIZTIESICRITS b= AEOHOHEMD A ZEADOED 5 —F BHIZ oW T
WwARD . A ZHEAUL [1] 1ITBWCEA SN LK K& OY meridian, longitude (21
b9 DR CTH Y, W ZRER DG AT AR & OBRN PRI T\ 5 7 P
RV RTHD. b—TFAEOHOEA, EEZHREOERZHEAUCIE~A ZHA
DIFHINXVEALREEZ L TBY, ZHLZEICTHNDITIDEYTHL EEDND.
(72 b =7 A H D SLy(F,) REDIBIADOENZ ST [15], [16] IZB W THEHA
ENTVn3.)

(s,/) h—F AFEOHD A ZHEAUILL T OIZR I D Z ERHI BTV D (cf. [10]) :

(L= (=1+@LM"?), ifst>2,

AL, M) =
(5 M) (L - 1)(=1 + LM@Y if (s,1) = (2,2m + 1).

FEMIIOR RV 28] 1B T Dk a2 BT HE P—F AR HD A ZHADOE—
ZREBUILLTO X S IZRIND Z 000D,
Proposition 4.10.
1 l(s—=1)P%1=2
_ T —1,5) (s> 1-287
{(X(A(L,M)), s) = éV(Tz(szrl) —1,5) (s — 1)2
L(THemh —1,5)  L(s)

ifs, t>2,

if(s,0) =2,2m+1).
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LMo TT"-1 DEDDHE—FBKERD D Z LKL, F—FAEORHDOE—
2B AR LND DD, (T"-1,s) DEEIZOWTEFRIXE 00> Tuzeny, BL
T2 (2,3), (2,5) torus FEWNH DLGAEIZHOWT O ZZE T TH L.

Z(X°—-1,p,T) =

ZX"Y-1,p,T) =

ZX"? -1,p,T) =

Z(X20_19P5T) =

1

1
) .f :2,
U]TPU+T) p
o T
a-77" np
, iftp#23.

(- - (&)ry
: if p=2

(A=D1 =T%’ p=s

atfp’ ifp=>5,

(1-17)10 ifp#2,5 p=1 (mod?J),
1 .

A=Tpa—ry pP#Z3p=4 (meds),
1 .

d_Tea T [P#25 p=23 (mod))

s .f = 2,
(1—TﬁJ+T) hp
s f = 3,
(I=TP(-T% np
, ifp#23, p=1 (mod4),
a—Tﬁa—GQTy
1 .
(1-T)°(1 - T2)3’ ifp#2,3, p=7 (mod 12),
1 .
d-Tea_1o>  p#23 p=I1l (mod 12).
: ifp=2
) 1 = .
(-1 =T p
=" r=>
—(1 Ty ifp=1 (mod 20),

(1- T)2§1 =T -TH"

(=TT -T2

(1—TP$I—T%V

a—ng—Tﬁ“

(1 -T)>(1 -T2

80
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if p=11 (mod 20),
if p=13,17 (mod 20),

if p=19 (mod 20).
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17 lfp = 2,
1
1 _{27 lfp = 3,
Z(X2-1,p,T) _ =1 ifp#2,3, p=1 (mod12),
Z(X¢-1,p,T) (1- )1 |
(1= T)(1 - T2’ iftp#2,3, p=5 (modl12),
1
Tk ifp#2,3, p=7,11 (mod 12),
15 lfp = 2,
1 .
=17 r=>
A= ifp=1 (mod 20),
ZX*-1,p,T) : if p=3,7 (mod 20
s T U
d-Tpa_7a tp=9 (mod20)
1
(1 T2)5’ lfp = 11, 19 (mOd 20),
1 .
(1=T)2(1 = T4’ if p=13,17 (mod 20).

(2,3) KT (2,5) torus fEONH D RFTE— & B DR R XV ZE 1D Hasse-Weil £—
ZEBIE 6Kk, 10 RO (w7 TRW) AREIKRD Dedekind ¥—# B TH D Z &3
THEINS.

Question 4.11. (s, ?) torus FEONH @ Hasse-Weil ¥ —Z BEIL st IRD (a7 T7au) 4R
AR D Dedekind € — % 35272 272 £ 1256 UK & torus FEONBIZED L D
RBRIZH D2
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3 IR T A HE 2 AR D B/ IMARE AR 12 DWW T

S G KRPHBER A e RHE L 2 4F)

BmE

BEoME %252 3 IRIGNHEZEED > 5ARBERR/NOE D2 IRET BEEIZD
WTIRESIL, [EMITABETH A T % 4 D DA DHEHFIZ L 2R 2 BB,

1 EA

WHEZ kAR & 1%, W R E 2 & 25T —1 ThH D & 5 4584 Riemann ZEk{AD Z
ETHD. ZOFRTITAERMAEE 3 RTMEIZ A EE 2 5. BRIARE 3 Ot L BRIk
WIEASRRIRTH 20, RPN =T AF R 54 VR MR SRS T80 NS REE
OHNEFEFEMHTHS. AT T 3IRITMEIZHIE L oz ZIEZ DI VNI ML hkik%
BT Lizd . BAOHED &2 AT LIEE.

A IRARTE 3 IRT M HHZ B DO MR IX —ETH 5 Z & 5 Mostow Ml & U THIS
NTW5B., ZNIZXD, GIREME 3 IR E KD 2B IZMHDO B ETH 5. & IR
BB E R L 705,

3 I 2 BEARIZ 130U Dehn T4 & WO #ED S 5. 3 IR ERAED + — 5
ANAT~NDY Yy Rh=F ZDRE0 S8 HIZERED H 50, HRIEDES % R\WT
Z BN SRR WHEF R A S . MHE Dehn FH7IZ & o TX 5 N7z WEIZ BRIA DA
FBIZTOMMEZHRAEDOERTEL D BN LK RN T VWS, ST TFTOEMIZ X
D, 3 IRTMHZ KD ARTED 72 T DA IZFIEH IR TH 5.

EH 1.1 (Jorgensen-Thurston theorem). A FRAKE 3 T WL FRIKDER D 7 EH
FRDIEFIZE>Tw OROBHES LS. ZITh—FANAT % nflld D%
FRARDARFR 1L n BERBEREL & 6 n U, AWHHHY Dehn FAR7Z & - T &2 & 3 5 FERRAE D XL % bk
RDERED T DML AR DAETEIZ T S8BT 5. 72, BB FE U AR 3 IRt
L RRIKIZARETH 5.

HIRAIT, 2IRTCFE 72 1% 4 IRIT A E D NS BRAR DAKRE D 375 1dE N E NI TH 5.
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(5,2)

\\// 5.1)

X 1 Weeks ZHRAKRDX

ZIZ &0, AR 3 IRTTMEIZ RN 572 2 22 TIRWERIZ i%##¢m®%®#
FETE. ZNIE—BWNTIERVWIAERMETH 5. FfRMEE LT, MEMITAEET
27%nm%03mﬁﬂ%%%%®5%?m%ﬁ®%®iﬁ#tw5:t%%i#m.ﬂ
) Dehn F7ic & 0, ZOHBMARRIE n ICEA U THFAEMTH 2 Z L ITHERT 5.

INETOIroTWFERIEN=0,1,2 DHAETH 5.

EIE 1.2. o AT O (DF DHEHIK) D5E
Gabai-Meyerhoff-Milley [9] (Z & » |, Weeks Z kA & IFIX1 5, Whitehead #&# H
% (5,1)-(5,2)-Dehn FA L7250 (9 1) AHIMERT, ZOMHBIE 0.94.. TH5.
o AT 1ODGE
Cao-Meyerhoff [7] (Z& D, 8 DFHE O H Oz M & Whitehead #&AH % (5,1)-
Dehn FL 725 D (4 ) fJ‘B“/J\ﬁiﬁ’C TOWKIE 2V =2.02.. THS. 2T
.ﬁ1720®%a
Agol [3] 12 & D, Whitchead #&H & (—2,3,8) 7L v Y x L& H O (K
3) B EUMARE T, 2 DIRREIE Vs = 3.66... TH 5. ::fvg_4zk051) i

2k+1)2
HUARIE AR (TEAUAMIRBRE I & 5 H3 O IE/\HiK) ORREE £
51T Agol 3] 12L& D n >3 DLEEORNMBAFRINTVS
F18 1.3. e 3<n<10 DHE

DU NDENDO MBI F = — VA H (K 4) OffiZEfIdE/IMEREZ H D.
o n>11 DA,
Whitehead #&AH OMZEHID (n — 1) EHEE (X 5) IZHm/IMEEZ £ D.
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5

2 8 DFHEVH DFiZEH & Whitehead #& A H % (5,1)-Dehn F4ki L7z D

(5,1)

®

X 3 Whitehead #&&H & (—2,3,8) 7L v Y = Vi&HH

WA (G

4 RUNDPENORHEHKF = — U #AH (3 <n <6)

(%
B

@

A X Agol [3] DAEZRISHTAZ LIZL D, n=4 DHEITDONT IO %Rk

L7.

TE 1.4. (Y. [11])) P AT % 4 D6 D[ S ATHER 3 WIS RAD 5 B IRFEA
INDE DL, RUNDB/ND 4 iy M F = — v #&AH (Rolfsen D T 83) OfiZEH T
H5.
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/Q/Q
N Quu

5 Whitehead #&MA H D#ZER D Hi7E

2 sphere packing I & % {&F& D

B/MERED 3 IRTT W 2 Bkik 2 TRE T 5720121, K2 TH Sl 2 B ENH 5.
ZDHDFED 1 DA sphere packing TH 5. EHIREMICEKREZFED Z AL L TDE
DD “UBOEIE” 78 Boroezky [b] IZ& > THEREINTWS. H3 NOKBEROEGE
W, BAEANEARONEIZEWTZDHMAZHFLLE T2HEWIET 20N 5D 5E 4
(L3)) Vs BRATH B

NAT%ED I WIS RARIIN U THRBERZE > THRONE D ATOEED S 5
RRDED%EHEZS. TDAATEENLHERETHDLEMHDOEGEZEAL I LITX
D, Adams Z AT % n flE D (MEMIFATEETZAR K TH K\0)3 IRICAUH 2 BRIK D (KT
MnVs METHBZ L %27 ([2]). £<12, B2 T 1 DOEHAFHAEMEK 1 2O
%%Débﬁfz6%5@%&H$ﬂ%tﬂ@%ﬁﬁw®%¢mgy%@)@%%#mw
<h5 ([1)).

FMEMITATRETHA TR D54 (EH 1.2 O n=1) HAKRO HEEMHS 2, [ E A1)
AREMEZ S O THEMIIEMIC RS, R e U CFHAENER 2 DOH 2450 &HET
Z 5N 5[0 E AT A RE AR 2 AR DRI RN TH 5.

FHOGATEIATEZTN D ’bf%ﬁ%@ﬁf%ébi#ﬁlﬁﬂ%%ﬁ%@%

& (EH 1.2 D n=0) TH, WK Dehn FAi0 ¥ & U CTHRIMSRZRWTZ 5N D 7 A

T ENHHZ AR DA G DERERFHI NS,
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3 ART 2 DDIGEDEFEDEM

Agol 3] 2L B A AT 2 DDGEDEBDFMIZ O VT OMEEL RS, FEHIZIE
Miyamoto [10] 2 & 2 @ HIIAYER % B O WAl Z SRR ORFE D 1Al 2 FIFH S 5. 4l
B % DOMHMERRED 7 A T2 b —F Zpksr &, RRAERIZEI 55T =25 &
BANRH D S5 LITHERET L. AREOFHEIZIEE THRANDOEROR UES OEHRIDH
D RDEGTUIMZRRAEZYIDEET. DX VRO EDHMITEVITHEITS. 22T
Z BN RS DIRFE % sphere packing IZHELLL 72 HIETRHMEiCE 5. #EHRE U THERD
Euler 82 & » THKHEZ T o7l T Z 5.

EHE 3.1. (Miyamoto [10, Theorem 5.2]) L %z &I 5ES %2 £ D 3 IRCWHIZ BRIk &
35. 2Dk E
vol(L) = x|

FEEALT o & & M IFHAE/NHAOH 2D GHLETASNS.

& (RIS R % 5 72 70\0)3 WIT RIS Rtk 2 5. M NOARERIEE X © M
EYIDEELZEDE M\\X 2<. (X O RELZRN.) M\X %X 52 JSJ
MRTZE, M\X ZVLEOBDT =25 2 E > THMRE N, 2 5NFENEUFD 4
DDRALTDIED 1 DL,

L T2 x I, RO S1E M\X DARTD b —5 ARNTHSB. (22T I 1ZHIK
fi.)

2. S'x D2, WATHBWE X DO TEREREVWLSDODPDT 2T ATRDS.

3. Euler A THS £ 5% [H, R LD [ RRART 57 =25 ZE -1k M\X
DAATDT =T AERMNO75.

4. “guts” IFXN 5 RMHIYEEIR 2 & DO BEHFEE A A 587, Thze Guts(M \\X)
EnK. X o TE AP RIHMER L 20, HETDT=aF7 AL
MAN\X OHATISTEBUANART 1B,

ZD5HD guts ([T RMHAEIT 2 & DOMHIHEE Z Wiz d DDEBETIHD M DIRE
ZREPoiHMiiTE 5.

£ 3.2. (Agol-Storm-Thurston [4, Theorem 9.1]) M % 3 IXJuMHiZ BRIk, X € M

87



FeombRAY—Y Yy RIVALFERE 2013F8A R ARHIIKAF

) D

.

X/

M6 7=aJAFEHE

EAREMNHIET5. ZOL &
vol(M) > vol(Guts(M \\X)) > %|X(8Guts(M \X))|-

FRIOAERITER 3.1 I2LD.
& 51T Calegari-Freedman-Walker [6] DRFEALIZ & D, FSHRALT D & & M IFHEAE
EAFARDOHIZAED hETASNS.

B 321280, AAT % 2282 3UGuMMIZ K M I U Guts(M \\X) 237 T
WX S RARBEWHE X C M PEET A2 RBIEIVWI bbb, T L5 RAK
BHHEOEROERERE LT, M D1 ODAATEIIRbsREMNiE 2L 5. D
FIEIZLA T O N6 b5,

£ 3.3. (Culler-Shalen [8]) M % 77 A 7% n fflH DA & {11 A8 3 RGC AR Z FRAK
255, ZDEELILSESnIZRUT M D EHDA AT L2150 5 ARG M FAE
5.

P 3.3 DFEMIZ X character variety Z i\, [ E AT ATREEDVPBETH 5.
I OITT =2 T AMEMEE WD BEE ARBE RIS L TT 5.

T 3.4 (7 =27 AEM). AEWHE X & M OWATOMIIAENT =25 Ahe
N E, M6 DS BEET =27 AEM & L3

TZaT AFEMEITO &, KEWNT =25 ADD > 80 1% IJST DD T Rk 7%
SN, F2, T2 x T 7213 S'x D2 DA M DAATDEVIZHEHEET=a7
AFEMEMFRETH D, TN6DT o, RART = a7 AEHE%Z T 25 & guts BZREIZRS
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ROABEMNHE A Z 5 NDE ZEbhb.

4 HRT 4 DDHFEDKEDF

MEHBFIZ L DN AT 4 DOGEDERBEDFEIZ DO W T OMEZ IR R 5. HAE /\HK 2
DDA D BEHLETAONDEHAT %R 4 D% DA ST ATEEZR NI Z MK IZEFL 1.4 D
LD 7ROT, FH 3.212& D guts DEERD Euler #12° —4 AR TH % & 5 B ARER
HDREAET S Z & 2REIEI V.

M %ZHAT Ty,...,Ts 25 2M ST AaER 3 RouMthZ ik e 5. HIFERE LT
WEAARAT2O0DEEREUL Ty L7200 ARENHE Xg 22 5. 7=2 7 A)JEHi%
BRARBITS 222D, guts BT, ..., T3 £ X023 &5 wAREWH X, KAohd. X

2, Guts(M \\X3) 288 M \\X; D22 IS HEIZEWT 1 2 ED7 =27 A

HMREIND72 51, Guts(M \\X1) KX 4 DHOAAT DRSS, ZTD LI T=aF A
PEAEL 202 513 Guts(M \\X1) £ X023 X; DEAEL D, BERSISIZT =27
ZJEMET B Z 212 &k 5T Guts(M \\X) DA A TR 4 565k 5 ARBEMME X 22 5.

T &0 RIS & A T % 4 DPAEE DA E AT A REA 3 IRGTHEEZ A L ©
KRREOFMIZIRE T Z N TES. ((OL) < —4 & 5EH 3.1 12 & 0 BEIZ vol(L) > 2Vk
Eho, x(OL) = =2 2 LTE\W. D% b, 0L 3K 2 OB & W< 29D h—F5 2%
ATMS785. LOXTNERDZNMEMEEEZEZSZ LICLD, FE 32X LITHLT
LW OO b B. &oT x(0CGuts(L\\Y)) < —4 2745 & 5%k, 2R &
RHOOLBRWAENHEY C LBFETLIILZ2REREEIV. X 2Z0Y 2#lAadbES

LizkhkdDE M OAREMIEE 2 5.

iTKE%@E%CLTﬁ&@#ﬁX7 BENIYy BWRET D H (OL;Z) DHREH
V—HN0ITRERVEDELD. ZOEI R Yy WFET B L1k x(0L) = -2 ThH %
CEEHATNADUEHZZ e ofiBIZRERY —ZIF DGR THON S

Guts(L\Yp) 7' L DEHHNEFR & D5 WKD 0 eHE A 5. X(Guts(L\\YO)ﬂﬁL)
0, —-1,-200FhnrThb. x(Guts(L \\Yy) NIL) = —2 DEH, OL Az
OGuts(L \\Yo) & ENBHH 1B 5D T x(0CGuts(L \\Yp)) < —4 Db b,

x(Guts(L \\Yp) NOL) = 0 D&, L ORI FIE T ReZb->Twsd., ZO TR
DERORFHIFOL IZEENTWVWT, 35 AR Y ITEENTWVWS. Yy & LTHid i
7% O (Euler MOMELNZI WED) 2L 5> TEL L, 200 [ A L OEHIHAHER
ERXDOTWEILILRD. ZD2DODI3bFADIRE Yy DXLV EZEI DT R
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Yy
Yo
7/
OL Tk I oL
Y/
IH IR —_— 0
Y, \
)
oL Y AT ARART oL

7 x(Guts(L \\Yo) NOL) = 0 D& D h DFERL

DHEFIZHET LI R TH L WARENIE Z2/ES (X 7). ZOBETHEHOREKT 2 HE
OY—%2ZZR0OT, HUVHERPARENIZRSTIZHATLED Z & idRWn. 2o
RS ONAT e, L ORUMMNER D7 L0 5 guts BHNDL. ZHITXD
x(Guts(L \\Yp) NOL) = —1 DFHITIFEINS.

X(Guts(L\Yp)NOL) = —1 T x(0Guts(L\Yp)) = —2 DH &, x(0Guts(L\Yo)NYy) =
—1Thd. ZOHH%E L ORHAMBEIFIZRD>TWE [ HKOWIHIZET X 5 RETH
LCWABEMREHHE Z/F2 (X 8). T O#HEIFHHEIONREKRT 2 HREO Y —FZEZ S5 20 HHEH D
BAODREOV—FEZRVOT, ®XIE0HLVHHELAENTH S, ZOHEZBEKE
KOz T e, x(OGuts(L\\Y)) < —4 LR 2 RENHE Y B2 60 5.
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Yy Yy
7 7
. / 7
oL oL

oL

B8 x(Guts(L\\Yo) NOL) = —1 DE& D DR
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Tabulation of 3-manifolds of lengths up to 10
— JA[NBAR - Benjamin Burton & D 3L:[EFSE

HIES CRBRZRY)
e

FINBHRIZ X D, link 2FEOLEGICEIIEFPEA I N, T1UIHARIC prime link
group 2EDOEE LORSINEF 2 FFE L, &AW Z 10 AlRE % 3 RIGPAZ Rk 4
HEOES LORIEFF 2 EL, MNEEHFIE, ZOMFOD LICTRI2Y 10 AT D prime
link DF% (4 444 ). prime link group DFI2E (4 400 i) KU 3 XL HRIEDFI
2% (4 346 fil) Z1T-7z, ¥7:. Benjamin Burton I&, HTEZ %L REDKMMEEZ
YEa—FzuRELL (2T 1] 22H), AFHOHE 1 HiTI3 link DEA O
JrDEF L prime link DFZEOE L%, 5 2 i Tl prime link group DFIZEDEH % |
B 3HITIE 3KILEREDINEDELZIBRS, $ERICINGD—EEREZIERT 5,

1. link OEE EOESERF

7 2 BBERDEAEL,Z" Z n D Z Da¥—DERE T 3,
X = HZ":{(xl,:Uz,...,anxiEZ, n=12,...}
n=1

L. X DKILE lattice point & X5, £ lattice point x = (21, %2, ...,2T,) € X IZX
Lix)=n tBE, x DRI L XS, F7 lattice point |[x| XD |[x|y ZRATED 5:

’X’ = (lajl‘a ‘1172’, SRR ‘:I;‘n’) ‘XlN = (’xﬁ'? |xj2" R ’xjn|)7

Z ZIZ |£L’j1| é |£L’j2| é é |LL‘]n| VIS {jl,jg,...,jn} = {1,2,...,n}.
£46 X LoEFET ([1] Tl canonical order & XIFNTW3) ZRXORIZED S -

ETFE 1.1. 8T Z FoRIEF20< 1< -1<2<-2<3<-3... LEDB, —fi%
D x,y € X AW LTI, RD (1)-(4) DEMAED ) LD—2Mili7cIN2 L SITx <y T
HLHLEEDD :

(1) £(x) < L(y).
(2) 6(x) = Uy) 2 x|y < y|ln, 218 < IZARBOIET OFERER,
(3) Ix|n = lylv 22 x| < |yl, [ L
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(4) x| =ly| 2 x <y, 2ZIT < ZETED N Z DFEFIEFFOFEE AN,

)€ X TR L, min|x| & max|x| ZXAXTED 5 :

% x=(r1,22,...,%y
min|x| = min; <;<,, |74, max|x| = max; <;<, |7l
% 7c (max|x| + 1)-string braid f(x) Z XX TED 5 :
_ _sign(xzq) sign(x2) sign(z,)
5(X)—‘7|m1\ ' T2, ’ U0zl

o™ = 1 LRHT 5. braid f(x) ZPAL THEHSN2 link % df(x) £ <.

o]
link DREEBAEDOESZ L 0, 2212220 link 23EfETH % & 1T )72 M7

BT EMEOMOFEMEER (MEEZMICTEIHDOLHT) BEETLIIEEZV), TDEE
x % clf(x) ICHTER

(Y

ZZi

clg: X — L
BRSNS H, ZHd Alexander’s braiding theorem 26 28t & %%, % L € L 12X

L. 5%
c:L—X

Z o(L)=min{x € X|clf(x) =L} T DEDD L, clfoo =1 £V, o IFHHTH

%5, Z2ZCL LOEYETF%#RXTEDS:
& 1.2. L e LWL, o(L)<o(l/) DEEWCL<L TH2LEDS,
7 link Le L ISR L ((o(L)) % L DEZ v, (L) &4,

LP 13 L OO HEAT, TXTD prime link 22582 b D ET 5, LP OFIED -0 ICH
B o #f95, k€ Z IZXL lattice point k™ KU —k™ Z XA TED S -
K= (b, k), —k" = (—k)"
—_———

n

¥ x = (z1,72,...,%.), ¥ = (Y1,¥2,...,Ym) € X IZK L T lattice point xT, —x,

(x, ¥), 0(x) ZRATED 3 :

x! = (Tpy. .. @2, x1),
—x = (—x1,—T2,...,—Tp),
(%X, ¥) = (T1, s Tn, Y15+, Um),
5(x) = (27, xz,...,x’n),
o [ sien(e)max] 41— o) (£ 0)
’ 0 (x; =0).

94



FEOO0RMRAY-YYRYULEEE 201358 RN KRHLAE

prime link DFZEDE X lattice point DN & 2 DHEALE 2 ED LI ETHD
INzeRXRTHZS%:

& 13.x,y,z,weX, ¢L k I,neZ (ZZIZn>0) £9%, I5Ie=41 &
$ %, lattice point DFALN & 13, ROMEM (1)-(12) & 2h o DWEM (1)~ -(12)
DILD—DOTH 5 :

-

(
(X7 ka Y) - (X, y)? -
) (x, k, I,y)—=(x, I, k,y), 2T k| >l +1 £ || > |k + 1.

X, ka _kv Y) - (X, y)

IZ |k| > max|x|, max]|y]|.

(1)

(2)

(3)

(4)

(5) (x, k, ek +1)", —k, y) — (x, —(k+1).ck ™, k+1, y), 22 k(k+1) #£0.
(6) (x, y) = (y, x)-

(7)

(8)

(9)

(
(

10) (1™, x,e, y) — (1™, y,e, x), T ZIZ min|x| = 2 D minly| = 2.

11) (k2, x, y, —k2, z, w) — (—k?, x, wl, k?, z, y1), 2 2IC max|x| < k < minly|,
max|z| < k < minjlw| TH D, x,y,z,w I L THhEbRW,

(12) (x, k, (k+1)%, k, y) — (x, =k, —(k+1)2, =k, yT), T ZIZ max|x| < k < min]|y|
THH, x,y 1T Bl THhEbi,

EE 1.3 DERIEXDOMETHS 2% 5
fRE 1.4. lattice point x 2% lattice point y IZHEARZIETHE 2456, clf(x) = clf(y).

AlZ X DEITERAET, ROTLPOLSDTHD LHED D ¢
0, 1™ KO (z1,22,...,2,), 2T m22, n24, 21 =1, 1S |z S §, |an] 22D
2|z, |22l - -y |znl} = {1,2,. .., max|x|}.

CDEEHExe AL H{yeAly<x} <oo &b EVHIFEFEL (LP)C A
EWV)HERDLND, T A D lattice point x ZEEFIEFIZHE> THIZEL . clf(x)
2% prime link T7Z w2 BEIZ 7 — 7OVICHIBLL 72 prime link D613 x 25102 6 HL) B
(o TITERERREZ lattice point DRI IE, Al 1.4 2fiH) 2 LIk D FHEHATES
CERERLTEL, ZOfER, EZ2310 LT D prime link (& 444 lAET 25 2 &3
35,
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2. prime link group D%

knot 1% Z DIHBTHE 41, prime knot DINPIEZIEARTECTIRE I LD DT, ROED
2 DL b link 128 L T link group 24789 UE kv, [1] Tld, EBTEIA 10 LT
prime link DA Z 3B L . RIHHBD T — 70D group DT —7 N E—HTHI L%
BEZIR LT3 W, ZITIEZENS 23T 3,

E#& 2.1. S2 D r 47 link L, L' 1I2xf L, 2415 @ Alexandre polynomialA 1 (t1,...,t,)
EAp(ty,...,t) BRAMBTH 2 L3, HEGH
@ (b, toltity; = tita(i g = 1,...,7)) = (b1, toltit; = titi(6,5 = 1,...,7)) T
Ap(ty, ... t) =2t AL (p(ty), ..., o(t,)) (for 3N, €Z, i=1,...,7)
Zi7eTODBFETHILETH S,

S3 @ link L 12/ L 4% E(L) = cl(S% — N(L)) 5 <. 2 2ic N(L) i L &
regular neighborhood Z&b ¥, ZD L EXDOHELZES :

i 2.2. S% @ link L, L' i<t L FBER 1 (E(L)) - m(E(L)) 2MET 5456, %
15 D Alexander polynomial (Z[FfETH 5,

[FlfiiZ: Alexander polynomial % 32 link X[ U 7V — 7 ICA#L5 £ ) b—)LiT &
D, link 22D TN—=TIZ3T %, fEPSRED T NV—TIZA% 22D link D
link group IFFEAICZ 6%, K23 10 AT D 2 KB ED prime link (2% L, 2
DL E®D prime link 255 7 V=713 42 flH 5 Z B0 5, ZN6ZRITRT -

(1) 47 <72 <933 <92 (2) 67 < 9%

(3) 57 < T <8%5 < 9%, <107, <1033 (4) 63 < 8% <935 < 10745

(5) 73 < 9% (6) 93, < 1075,

(7) 73 <935 <1073 (8) 73 <93, <103y

(9) 73 <934 < 10fg, < 1035, (10) 10775 < 10375

(11) 92, < 106, (12) 78 < 935 < 935 < 1076 < 107,
(13) 935 < 10745 (14) 855 < 8%y < 1063 < 10759 < 10779 < 1035,
(15) 873 < 1075, (16) 87; < 10745

(17) 95, < 975 (18) 97 < 935 < 1035

(19) 935 < 93, (20) 935 < 103,3

(21) 93, < 10% (22) 1024 < 103,

(23) 1024 < 103 (24) 103; < 1035 < 10%,

(25) 105231 < 1033 < 10%04 (26) 10%07 < 1033 < 1052)1 < 10%06
(27) 1034 < 10%05 (28) 10?18 < 10(256

(29) 6§ < 8% < 103’14 (30) 6% < 8% < 9:{’3 < 9‘(157
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83 < 103,

81 < 103

2013%8H M KRMIIKFE

73 <93, < 1034
83 < 103,

83 < 103,

83 < 10%
1014 < 101,

2)
4)
6)
8)
0)
2) 104 < 1015 < 103g

(3
(3
(3
(3
(4
(4

M7 link Z2F LB EICED ., KL —T2MS5T 5,

(2), (4), (5), (6), (7), (11), (13), (16), (29),
WRL TR, BV —T7THONEBIZEICFEETH 3, o 7L —7

(40), (41), (42)

(30), (32), (33), (34), (35), (38), (39),

IZDWTC, ZDOMMY A 71ERDRIZ: 2 GEHIZ [1] )

E(936)
E(10%29)’ E(10%63)’ E(10%70)

(1) E(41) = E(77) = E(935), E(93)

(3) E(5%) = E(T5) = E(8%5) = E(9%;), E(10%;,), E(10%5)
(8) E(73), E(934), E(10)

(9) E(73) = E(93,) = E(10%5,), E(107;)
(10) E(10%76), E(10775)

(12) E(73) = E(1034) = E(10%5,), E(935) =
(14) E(87,) = E(10%5,), E(8) =

(15) E(8%5), E(10%5)

(17) E(93;) E(9%5)

(18) E(9%5), E(93), E(10145)

(19) E(935), E(93,)

(20) E(9%3), E(10%y3)

(21) E(93,), E(10%)

(22) E(105), E(103,)

(23) E(10%), E(1075)

(24) E(103,), E(1035), E(103))

(25) E(105,), E(10%3), E(10704)

(26) E(10%7), E(1033), E£(105,), E(10%06)
(27) E(103,), E(10%y;)

(28) E(10s), E(103)

(31) E(63) = E(9%s), E(83) = E(97) = E(105,)
(36) E(83), E(103)

(37) E(88), E(105)
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DL ETEREE2Y10 AT D prime link OARF DI 7 (42 400 i), RICKEITN—7
< B(L) 2 E(I') % (E(L) 2 m(E(L)) %< & & %57,

prime link L IZ%f L Z DI E(L) % simple T®H % &£1%, E(L) MNIZ essential torus
WDEELEWIEZ WS, TDEE, L ¥/ simple link TH 2 &), ROMEIZH
HRFHETH D ¢

i 2.3. simple link D/ E(L) 1% hyperbolic 3-manifold "Td % %>, orbit space 23
N ZIRIATH % & 9 7% special Seifert manifold TH %,

E(L) % special Seifert manifold &£ 9% &, E(L) ® Seifert &l S @ Seifert
WICHR L, E(L) @ orbit surface 13X 3 D2DEAICRLLS ¢

) exceptional fiber 235H4 2 2D disk,
) exceptional fiber 23154 1 2 annulus,
i) exceptional fiber D7%\» 22D H 5% disk.

(i
(ii
(ii

FEEEEHR p, g I L (p,q) B torus link 2 K, , £02<, (1) DEA. H\VICKRIEE
Bp,q23H Y. L& torus knot K, , IC78 %, (ii) DEHE. H\ICERIEER p,q 3H Y |
E(L) @ exceptional fiber WL (p,q) £ %, TDEE, LIZ M L,, o STUK,,
B ENTES, 2212 5% @ Seifert fibration T, (p,q) B L (¢,p) D220
exceptional fiber Zb2bD%2HEZ 5 & F.| regular fiber (T XT (p,q) H torus knot
THDD, ZD—DEELT K, , &, X (q,p) B exceptional fiber & S! &7z,
(iii) DEE. 22ROV disk & D(2) &K & &, E(L) & S x D(2) ICHAMETH
D, L1 Log EMBIENTES, ZOLERDHENRONS ([1] 2H), chnb,
KT N—77T, E(L) 2 E(L') ¥ (E(L) 2 m(E(L")) 28 2RI N5,

8 2.4. L |% prime link & L, Lo (& simple link &9 %,
(1) AR 7 (E(L)) 28 m(E(Lo)) ICRBL L 72 2 72 0 DREA-735:0F 1%, E(L) 28 E(Lo)
WHETH 22, (p,q) = (p,¢') =1 BHIE¥EE p,q,¢ T. X (E(Ly), E(L)) 235t
(E(Lpg), E(Lpy)) ICHEMHE L2 S DDBEHETEIETH 5,

(2) p,q,¢" & (p,qg) = (p,¢) =1 %21IEBELET S, E(L,,) 7 E(Ly,y) CHAMEZRS
72D DMEAIEME. ¢ = £+ (mod p) TH 5,

(3) L W' Ly @ crossing number % 15 X D/NEWw &%, m(E(L)) 28 m(E(Lg)) I
R & 72 5 72 0 DR 5613, E(L) 5% E(Lo) KM E %22 ETH 5,
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3. 3RTEHRIEDIZE

HAMDRIZH % link 205 0-surgery LTRSS 3RILHKREZ I, 2 01H DA
WCHN 2 LR Z D RS Z ik D, s cm E M) e 4 3 RIuPAZ Rk D2 2 1FK
T3 ([1] ).

link L 25 O-surgery L T30 56%8kk% y(L,0) &K, HEARDRIZH 2 link L
IR LT x(L,0) % first homology group Hi(x(L,0)) ICX W 3T 2, EZ2I10UTD
SH 16 EOR0, Z, ZOZ, ZOZDZ, ZOZSZDZL, 767, 261D s, 271373,
Zo, Ty, 2o, Zg, Lo © 7o, 73 DZs3, 2y DLy, s DZs WHTET, K4 DEZES
link OF%LIE 50, 141, 69, 6, 1, 4, 6, 1, 12, 7, 5, 7, 60, 21, 9, 1 £7% %, &HOT
2ODERREDEMHTH 200 ZREL TV, FMHTH 5 L oikimIiZANET
5, AMHTRVWI LZRTICRBAERZIRD 2 LI 20, HHLAZEZDBXRS,

Case 1. Hy(x(L,0)) =0.
509 6. 4 FBRESI NS, R 46 I OWTIE, 75(x(L,0)) £713 7 (x(L,0))
ZHEZL, 2THRRL I EDRING,

Case 2. Hi(x(L,0)) =2 Z.

1419 6, 8fIZFRESI N5, FXD 133 flli3 Alexander polynomial & 75(x(L,0))
TKHITE 5,
Case 3. Hi(x(L,0)) =2 Z o Z.

69 D9 B, 21 fIFFREI NS, o 48 fiil % Alexander polynomial & 75(x(L,0))
TKHITE %,

Case 4. Hi(x(L,0) X Z>Z D Z.
6 %, Alexander polynomial IZX D, H\MZHEZR 2 Z EARENS,

Case 5. Hi(x(L,0) X Z®ZdZDZ
1T DT, ZHESRRED T — 7NV b Z ik 5,

Case 6. Hi(x(L,0)) = Z & Zs.
4 Bz R L. maximal free abelian covering space @ first characteristic polynomial

ZHIL, BTHRLRS I LEPRINS,

Case 7. Hl(X(L,O)) =7 d Z2 ) ZQ.
6 DI B 1HIFKRESI NS, fihd 5 filld maximal free abelian covering space ?
first characteristic polynomial ¥ 7z 1% second elementary ideal %l L [XH|TZ %,

99



FEOO0RMRAY-YYRYULEEE 201358 RN KRHLAE

Case 8. Hi(x(L,0)) = Z > Z3sdZs
LA L2ReoT, HilRsndIcSikiko 7 —7VvicEns,

Case 9. Hi(x(L,0)) = Zy
12D 9 6, 1EIZFRESIND, ZRRIE M D n-fold cyclic covering space % M, &
B < e BRY 1L Hy(x(L, 0)2), Hi((X(L,0)2)3), Hi((x(L,0)2)5) FTKAlEN S,

Case 10. Hy(x(L,0)) = Z,.
7 ffi%. double covering space @ homology H;(x(L,0)2) T, XHlZ#13,

Case 11. Hy(x(L,0)) = Zg
5 1'632 Hl(X(L,O)Q) VC\ éf%&% Z kﬁ‘/f\‘é{ﬂ%o

Case 12. Hy(x(L,0)) = Zg
THEDH b, 1EIFBREI NS, KD 6. n =2,4,8 124 L T n-fold cyclic covering
space @ first homology DA |H1(x(L,0),)| ZHiEKT2 2 itk b, Rilns,

Case 13. Hl (X(L, 0)) = Z2 D Z2
60 i) B, 12 f@IZBREI NS, i 48 fillx, 3 fiD double covering space D
first homology & 75(x(L,0)) ZilH$ 2 Z itk h TSI NS,

Case 14. H1 (X(L, 0)) = Z3 ISP, Z3
21D 9 &, 6 liZbrEI NS, 5D 15 flli% 4 FE D triple covering space D first
homology TXAIZ 3%,

Case 15. H1(x(L,0)) 2 Z4 @ Z,.
9 fEllx, 3 %D double covering space @ first homology % 32 Z &ick b, X
MTE 5,

Case 16. Hl (X(L, 0)) = Z5 ) Z5.
1L 22T, SfkikD T —7 VBN s,

case 1 205 16 ¥ TZHA L. KE23 10 LUT QM TH & (1) Tag % 3 XItH%
REDT—7 VR 6 N50, ZRZ2BERICOE S, x HlllE, cf(x) »% prime link T
o(clB(x)) = x &7 % lattice point x ZHEWKRT 5, LiE. clf(x) D Conway itz &
RS2, n T x HIODWTW2 D2k EHEARDIZENRoN L, M HTIEIIZE
SNTEREIC T T2 T TWw 5,

R L S RE O RG> »Tid, iEHOHE L2 o—fr2 Ml MicEH <, Z2iC
THEKREDERSY A 7%, D MIFFERZ LD,
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x L M T D
0 o) 1 Seifert fibred sT x s2
12 22 2 Seifert fibred s3
13 37 3 Torus bundle T x I/[1,1] — 1,0]
14 43 4 Seifert fibred SFS[S?: (2,1)(2,1)(2, —1)]
(1,-2,1,-2) 41 5 Torus bundle T x I/[2,1]1,1]
1 5 6 Seifert fibred SFS[S?: (2,1)(5,2)(10, —9
1
(12, -2,1, —2) 5§ 7 Seifert fibred SFS[T : (1,1)]
16 67 8 Seifert fibred SFS[S2: (3,1)(3,1)(3, —1)]
13,2,71,2 5 9 Graph manifold(1SFS SFS[A: (2,1 0,1]1, —1
2
(13é72’ 12 —2) 6§ 10 Hyperbolic Hyperbolic : 3.;7082945111
(12,2,12,2) 6 11 Lens RP
(12, -2,12, —2) 6% 12 Seifert fibred SFS[S?:(2,1)(3,1)(4, —3)]
(12, —2,1, —22) 6§ 13 Hyperbolic Hyperbolic : 4.05976642564
(1,-2,1,-2,1,—2) 63 14 Torus bundle T x st
(1,—-2,1,3,—2,3) 65 15 Seifert fibred SFS[S?: (2,1)(2,1)(2,1)(3, —5)]
17 7 16 Seifert fibred SFS[S?: (2,1)(7,3)(14, —13
1
1%,2,-1,2) 6% 17 Non-prime L(3, 1)4L(3, 1)
14, 2,1, -2 7 18 Hyperbolic Hyp2.25976713(0
3
(13,2,12,2) 75 X Seifert fibred SFS[S? : (2,1)(2,1)(6, —5)]
13,2, -12, 2) 7§ X Seifert fibred SFS[T : (1,1)]
(13, -2,12, —2) 7% 19 Graph manifold(1SF S) SFS[A : (2,1)]/[-1, 8]0, 1]
(13, —2,1, —22) 7% 20 Seifert fibred SFS[S2: (2,1)(5,1)(7, —5)]
12, —2,12, —22) 73 21 | Non-geometric(1Hyp, 1SFS) | SFS[D : (2,1)(2, —1)] U Hyp2.02988321(L104001)
(12, —-2,1,—-2,1, —2) 7% 22 Graph manifold(2SFS) SFS[D : (2,1)(3, —2)] U Graph,[S2 + 3punctures]
/[non-fibre-preserving gluing]
(12,2, -1,-3,2, —3) 61 23 Graph manifold(1SFS) SFS[A : (2,1)]/[0,1]1, —2]
(12, —2,1,3,—-2,3) 6 24 Hyperbolic Hyperbolic : 6.18027441937
(1,-2,1,-2,3,—-2,3) 75 25 Hyperbolic Hyperbolic : 6.3326666425
(1,-2,1,3, —22,3) 7é 26 Seifert fibred SFS[S?: (2,1)(4,1)(5, —4)]
18 82 27 Seifert fibred A SFS[S? : (4,1)(4,1)(4, —1)]
(15, 2, —1,2) 73 28 Hyperbolic Hyperbolic : 4.21823364488
(15, —2,1, —2) 8§ 29 Hyperbolic Hyperbolic : 4.70364205913
(14,2,12,2) sg X Lens L(4,1)
(14,2, -12, 2) 8§ x Seifert fibred SFS[S?: (2,1)(2,1)(3, —2)]
(14, —2,12, —2) 87 30 Seifert fibred SFS[S?: (2,1)(5,2)(6, —5)]
(13,2,13,2) 819 31 Seifert fibred SFS[S?: (3,2)(4,1)(12, —11)]
13,2, -13,2) 890 32 Graph manifold(25F S) SFS[D : (2,1)(2,1)] u[ /m|SF?‘[D :(3,1)(3,2)],
m = [0,1]1,0
(13, -2, 13, —2) 85 33 Hyperbolic Hyperbolic : 6.73630906712
(14, 2, -1, 22) 75 34 Hyperbolic Hyperbolic : 5.98781044336
(147 -2,1, —22) 87 35 Hyperbolic Hyperbolic : 6.11165991536
(13,2, —12, 22) 891 36 Hyperbolic Hyperbolic : 5.3334895669
(13, —2,12, —22) 810 37 Hyperbolic Hyperbolic : 7.7900159735
13,2, -1,2,-1,2) s§ 38 Seifert fibred KB/n? x5t
(13,—2,1,—2,1,—2) 8% 39 Graph manifold(1SFS) SFS[A:(2,1)]/[-1,3]|1, —2]
(127 —2, 12, —2,1, —2) 816 40 Hyperbolic Hyperbolic : 9.78375114087
(13, —2,1, —23) 83 41 Hyperbolic Hyperbolic : 5.65624417666
(13, =22 1, —22) 83 42 Graph manifold(2SF S) SFS[D : (2,1)(2,1)]U /mSFS[D : (2,1)(3,2)],
m = [0, 1|1, 0]
(12, —2,1, —2,1, —22) 817 43 Hyperbolic Hyperbolic : 9.65085003623
(12, —2,1,-22,1, —2) 83 44 Seifert fibred SFS[S2 : (2,1)(2,1)(3,1)(3, —4)]
(12,2212 22) 83330 45 Non-prime SFS[S2 : (2,1)(2,1)(2, —1)]#S2 x st
(12, —22, 12, —22) 8% 46 Graph manifold(1SFS) Non-or, g = 2 + 2puncturcs/n2 ><"S1/[07 1|1, 0]
(1,-2,1,-2,1,—-2,1, —2) 818 47 Hyperbolic Hyperbolic : 11.1472182257
(13,2, -1, —3,2, —3) 75 48 Seifert fibred SFSIT : (2,1)]
(13, —2,1,3,-2,3) 8¢ 49 Hyperbolic Hyperbolic : 2.54158501007

P&

[1] Akio KAWAUCHI,

Ikuvo TAYAMA and
tion of 3-manifolds of lengths up to 10,

cu.ac.jp/ kawauchi/TabuMfd10h.pdf
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x L T M

0 @] 1

12 2?2 2

13 31 3

14 4% 4
(1,-2,1, —2) 4] 5

15 51 6

(12, -2,1, —2) 5§ 7
16 62 8

13,2, -1,2) 59 9
(13, -2,1,-2) 69 10
(12,2,12, 2) 63 11
(12, -2,12, —2) 6% 12
(12, —2,1, —22) 6% 13
(1,-2,1,-2,1,—2) 63 14
(1,-2,1,3, -2, 3) 63 15
17 71 16

14,2, -1,2) 62 17
(1%, -2,1, —2) 73 18
(13,2,12,2) 7é X X
13,2, -12,2) 75 X X
(13, —2,12, —2) 7§ 19
(13, —2,1, —22) 7421 20
(12, —2,12, —22) 7% 21
(12, -2,1,-2,1, —2) 72 22
(12,2, -1, —3,2, —3) 61 23
(12, -2,1,3,-2,3) 76 24

(1, —-2,1,—2,3, —2,3) 75 25
(1,-2,1,3,-22,3)
8

1 87 27
(15,2, -1,2) 73 28
(15, -2,1, —2) 89 29
(14,2,12,2) 83 x | x
(14,2, -12, 2) 8g x X
(14, 2,12, —2) 8? 30
(13,2,13,2) 819 31
(13,2, —13, 2) 850 32
(13, —2,13, —2) 85 33
(14,2, -1, 22) 75 34
(1‘2,—2,1,2—222) 87 35
(13,2, —12, 22) 8591 36

13, —2,12, —22) 810 37
13,2, -1,2,-1,2) 8§ 38
(13, -2,1,-2,1, —2) 83 39
(12, -2,12, —2,1, —2) 816 40

(13, —2,1, —23) 83 41

(13, =22 1, —22) 83 42
(12, -2,1, —2,1, —22) 817 43
(12, -2,1,-22,1, —2) 82 44

(12,2212 22) 85 45
(12, —22 12, _22) 83 46

(1,-2,1,-2,1,-2,1,—2) | 813 47

(13,2, -1, -3,2, —3) 72 48
(13, -2,1,3,-2,3) 822 49

(12,2,12, —-3,2, —3)
(12,2, -12,-3,2, —3)
(12, -2,12,3, -2, 3)
(12, -2,1,-2,3, -2,3)
(12, -2,1,3, —22, 3)
(1,-2,1,-2,1,3, -2, 3)
(12, -2,1,3, —2,32)
(1,-2,1,-2,3, —22,3) sio X

(1,-2,1,3,—23,3) 8141 55
(1,22,1,3,22,3) 8i 56
(1,22,1,3,—22 3) 8Z X
(1,-22,1,3, —22,3) 821 X
(1,-2,3,-2,1,-2,3,-2) | 87, 57
(1, -2,1,3, 792, —4,3,-4) | 872 58
1 9, 59

18,2, -1,2) s§ 60

(16, -2,1, —2) 9 61
(15,2,12, 2) 9213 x X
(15,2, —12, 2) 9%4 x X

(15, 2,12, —2) 9%3 62
(1%4,2,13, 2) 959 X X
(14,2, -13, 2) 9%1 X

(1%, —2,13, —2) 9% 63

(14, —2, —13, —2) 9%0 64

o
O
=)

X

X

8 X X
8]§5 50
829 51

8 52
52

8 53
8]?3 54
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For an ordered, oriented link in the 3-sphere, J. Milnor defined a family of
invariants, known as Milnor f-invariants. For an n-component link, Milnor
invariant is specified by a sequence of numbers in {1,2,...,n} and the
length of the sequence is called the length of the Milnor invariant. We give
formulas expressing fi-invariants of an n-component link in terms of the
HOMFLYPT polynomial as follows. If all fi-invariant of length < k vanish,
then any fi-invariant of length between 3 and 2k + 1 can be represented as a
combination of HOMFLYPT polynomial of knots obtained from the link by
certain band sum operations. In particular, the Milnor invariants of length
k + 1 can be always represented as such a linear combination. While the
formula does not hold for length 2k +2, by adding correction terms, we give
a formula for the pi-invariants of length 2k + 2. The correction terms can
be given by a combination of HOMFLYPT polynomial of knots determined
by p-invariants of length k£ + 1. In particular, for any 4-component link the
f-invariants of length 4 are given by our formula, since all fi-invariants of
length 1 vanish.

This talk is based on two joint works with Jean-Baptiste Meilhan and Yuka
Kotori.

1. ILF—TEKE
ZOHITIE, INF—AEZEBOEEZBRZE, MONTWEEEZ W D0, &
Bz, INF—AREROFHBEHEEZ VD EATHIHAT .
1.1. €&
3RICERE S ND n A B TREAHE LIz U, L OMHZER S\ LOEARE2 G LT 5. (ML
%, BABIXETHEATHI2EDLTS.) G, % GOBFLFID ¢ FHHDHAHEL T 5.
DD, Gi=GTHY, G,=[G,G, 1] (¢>2)iF{aba™ b |a e G, be G, 1} THE
BENnBGO (EH) Bk chsd. 2oL E, FREG/G,, nflddTa,. .., o
THEBERIND ZEDBH SN TN [3], [17].

L7ehioT, LOK A K; &85 Lvie S8\ LNORFD RS G/G, DIt X,
ap,...,0, CRIND (j=1,2,...,n). TIT, MOIITFRRAEEN)2L%. D
£0, B\,

Bla) =1+X;, E(a; ) =1-X; + X7 = X7+ (i=12,...,n)

T@i%ﬂé#ﬂ@tnﬁﬁw%ﬁ%N#ﬁﬁtﬁé %A{12 7@@ﬁ&ﬁa¢

WS D —ER IR E FARISE (C) (REE5:23540074) DRIk ZZ 726 DTH 5.
* T 184-8501 HEAN/NEH AT EHHACET 4-1-1  HAEFZRT: - HE P
e-mail: yasuhara@u-gakugei.ac.jp
web: http://www.u-gakugei.ac.jp/ yasuhara/
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U, u( DAL ZELTHHEREL, () 2L5Z21280, MAHOREREZE
5., INEINFT—OaAREELRR., £72, BHIIOEI2INFT—FEEORI L
IER., INF—AERFIZEMEEFETEEIIICRZIEN, RS qUTOINVF—FREE
X, G/Gy (¢ >q) THONDIZEDE—HTHILAROENT VWS, DD, BHIOE
JWZEDLETgBEDONIE, INF—AEEN IS TIZEE 5.

LZE»T—$W§®ﬁ§
SNVF—AERIZBELUT, MI6NTWBEIHEZEODPENT 5.

(1) nﬁiﬁ%ﬂ%&EL KiU--- UK, EBHTIZHL, (I )_ﬁUEI}K( ) DIEAL T
5. ZIT, {I}EBATIZEHEENIBEEAROEGL TS, Liz->T, BJ
aﬁmamﬁﬁ%m% HDOHEAH DK ITIEHTE 5.

2) B 20 INVF—FREE u,(ij) &, L OE i BN K, L5 j RH K; OEHE
k(K;, K;)) TH5dD. ZOIZehb, INVF—RERIIERDEABE HIFIENT
W5,

(3) (J. Milnor[17], A. J. Casson[2]) I IVF—AZEEIE, KAHDOAY FE—FZE
TH Y [17, »2, ARILT 1 ALRLRTH 5 [2].

(4) (K. Habiro[8]) BES kA FD IV —FRLERIF, C,BAEFELERETHS. TIT,
Cp A& L, BEREK[BICL > TEHINKAHDRIRER (C,EW) THEL
INBHEAEHDFIERRTH 5.

(5) (J. Milnor[16]) BHI [ IZF UBPE ENLWEGEE, o) id) Y I REME—AR
BEIZRD., ZZTYVIRE M=K, FAURSMORELZE?SERI N
LiAHDOEMERERTH D, £72, LPEPREKRABIZY V22 KRENEY I TH
% R DB DM, FEOELDOBRNMERORI TR, u. () =0&7%5
ZeThH5.

(6) (T. Fleming and Y[6], Y[23]) & I iIZ[FA UL &4 kH U1 EENRVGEI,
()i, B2C,EMEAZEEIZZLS([6]. 22T, HEC AMEE X, FUKSREOD
Ch B BRI NLMAHDEMEREFRTH D, KA C FEEIE, V7R
EPE—E =I5, 7, KHAHLPEWALKABIZHDC,FAMETH S50
MEAEME, FUBAE 4 2 B U MEROBII TIZH L, 1,(1) =0
LB L THDB[23).

(7) (J. Milnor[17]) n & ¥&AE L L, LOKDTD/RT LIV - A =2 %O LI
MATH/HONEmENEAHE L' 295, BIZ, I'OEiESIE, LOERG) K
SR LTWEEDE TS, ZOLE, 1a,(i,...,0,) =g, (h(i),..., k(i) 2
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AL d A, XD, BORLODHEBINIETAZLDINF—FARERIE, L
DD DNZT LIV - A =% LIZHEYIZMATCTEEHRAEHL OINF—D) v
7 - FEPME—AZEETHEIONDZ RO D.

(8) #EAH L BEFIEHE, DXV, HRADVHNIILZD SR \WH RO BIFUC
BoTWBHELE, LOINF—ALRIERTOTHS.

(9) INF—AZEIF, EI2056%2RE, BREFEEICIE RS,
(10) etc.......

1.3. IV —FEEDFHELE

ZITIE, INFT—AZLBZFRT L EITBRERN 2RO FIZTODWT, PV DOFA
THHT 5. 21k, Milnor DX [17) DHTHERSNT WS HIETHSH, HilHL
PITWEIIZEDREEEZT NS,

L=K/U-- UK, ZnliiAEDERNRTE T 5.

O B K B2 18 Z23BOEET S, p; 026 K, DRIZIZIH->TK, Z21FL,
Lﬂbt@ IR TN ay, ... a,, 2F5. TIT, rid K, OIORKRET
H5.

<> U € {Cij ’ 1 S] < n, 1 < k < T'j} ’EB’)K(M 85)1\\(1@-(”1) O)F‘Eﬁo):ﬁ’\ﬂ/tj—é ZD
et %, ail,ai(lﬂ),ul ﬁ‘%ﬁ%i%,ﬁ@?@%% 5(1) c {—1, 1} Zj—é

% 2T,
=@, ) = s Y
HHT D ELAED T NNV EFEGNETHAN 72D THS.)
RIZ, B fFEUTCTERT 5.

;1 (] = ].)

F7z, a; (1<i<n, 1<j<r) TERINSBHEPS o, ...,0, CTEKINSHH
B F(n) ~D¥ERB g % g(a;;) = ; TEDS.
ZDEE, N(g>2)3,
XN =a;"go f17H(1)
CREND. HEL, wlg(l) B35 0 OXETH Y, [ f % g — | [EHED &
L7zai56HEe 9 5.
S 1.1 (J. Milnor[17]) BIAREEG /Gy 3L FDRR &R D.

G/Gy = a1, o [ Moy (M) Ao, T (AR) T (F(n))
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I 1.2 INF—ALEEIE, KAEHOIEZRR? S ‘Mg B IZfHHICEHETE 5. Ly
LS, EBRIHEL LS T5L, NOXFHOESIE, ¢ B CTHEBEEHRN
WZREL LD, 61T, FINORIFARHTLEILT, HEEXERLDDITA
5. LEhoT, oIk L, avEa—&%— %%wféiﬁ%Téltm
AARETH 5. FEBERTFOABRINE K, M TEXRZORALEERK L & B3
KX, INF—ALEEZHE ?5ﬁﬁfﬁh%§wi%ﬂk,ﬁbﬂb#%w:am
HFHU, TOMOIRUTXEFENE “7-7-87 2212480, BEAHOEHEZIZE L 505
¢=16REETRTIDICHETES 7075 LADBRITEIL 7.

2. SINFT—AFREELTLFH VI —ZIER

TLERH U —ZIENL, KAHOFMEMOEANSHEONSE., L >T, IV
7L AEELHERVEEDH L EEZLDITHRTH S, LB, WAWALRBIFEREN
WEINTWVWDE., ZNSDOHNRSROPOFERZBN TS, 2T, nlaE&AHDn
ERT VXY v X —%THRE Ap(a, .., 0,) L RTZ 12T 5.

EH 2.1 (K. Murasugi[18], N. Smythe[20], L. Traldi[21]) L % 2 k7 D#EAH &3 5.
BHlp+1,q+1=1,..,1,2,....2 (ZZT, LiZp+ 11, 2i&q+ 1) ZFL, KA
DAVAC R

) = (p+Lg+1)) mod Ag(p+1,q+ 1)

oyl ()

plq! dxpdyd

F 2.1 1,22 T 5L, BT LB [p+1,¢+1] L WVWHHRDOEDZITTIHRNDT,
CODEMTEZOND2MOEAHD I N F—ALEITZ, T<BNEZHLDTHS.
EIE 2.2 (K. Murasugi[18]) 373 DAEAH LIZK L, RARALT 5.

d3AL(xa Y, Z)
dxdydz

) = 2 12 (239
7, (113)7,(223) — 71, (122)7,(133)  mod Az (123).

BIZ, A(123) =0, $4bbnu,(ij) =0 (1<i<j<3)DHEIX, RIPELT 5.
AL (2, y, 2 _
(s ) =tz

oMk, FFRINF —ALEET VIV A —Z2HADOKRE» /N5
TEEBFRLTWVWS. RITHNTHEHTIE, TLVIFV U A —ZHADH 5 HHIE I
VF—AEBOMAGDLDETEAONDS I L2 FRLTWVWS

EI 2.3 (L. Traldi[22], J. Levine [13]) n KA #AH LOEZ kL -1 FD IV F—
REBVRETHHTHS (0FD, BEXLOINVF—ALEENERELZINS) L&,
AL(ZL'l,..., n)o)xl —Zl'fn—l 7‘57‘47 Eﬁﬁ ’ /7(%&( - )(n—l)—l

! Conway 7° potential function ZE#&H L7z & ZIZHWZH D
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KD ZE A E R\, FITRE(k—1)(n— 1) — 1OIEIE, det(a;;)/(z; — 1) IZF L.
ZIZTk>3D%4E

aij:(xi_l) Z EL(il,--.,ik_27j7i)<$i1_1>"'($ik,2_1> (1§Z7j§n_1)

115yl —2

ThHY, k=2055

D B DA Gl C R R o)
Y =2 i Hplir) (@, — 1) (i =j)

Thb.

E 2.2 ZOEMNS, IS REERSHERSIE, TUFY YA FEREHHT
HBHIENbNE. ZOWE, —HBICERTET, TLEF Y X—SER (1Eh0 Tk
KTURH Y X—IEE) HEETHZH, IVF—RERIEEHTD BH2%H S50
T3 [5).

IV A ZHEHAL INF—AZEIZELTYH, ETHENLUZEH L FEFEORE
([8],[4],[12],[13]) A ENT WA, av oA LEHAIZT L FH 0 X —LHADNK
MG ETHHDT, ZIZTOMHEMITEL.

3. SIFT—FZTEEHOMFLYPT %IER
A X, Meilhan K & OILFEFE[15]) & /NGE K E OHFRFE[11] T, INF—FZE
% HOMFLYPT ZIERZFHWTRT Z & 2idA7z. TOFEE, EXLUTFTDINVF—
REEPHEZATWAEABIZGL, EX26+2FTDOINF—FRZE%2 HOMHLYPT
ZHAZHAWTRT I LTI 7=,
3.1. HOMFLYPT %1Ex

Z ZTl¥, HOMFLYPT ZIEAXDEFE &, #EROERIZBELREOVLEEIZOWTR
N5,

#AH LD HOMFLYPT%YER P(L;t,2) € Z[t*T, 2511, AFD2OOHIHITE £
HLEAHDALEETH S.

(i) P(Ust,2) =1,
(i) t7YP(Ly;t, 2) —tP(L_;t,2) = zP(Lo; t, 2),

ZZT, UZHBAREOCETH Y, Ly, L, Lylxd 3 3RITEEOMITIZ—FL, K
HITIELATD X S IZ R DIEAHTH S,

L+—X; L+—X; L+—><-

r R AE LOHOMFLYPT ZIHAIX, 2220w THedd e, RDOLS LK

N
P(L, t, Z) = Z ngflfr(L; t)ZZkilir

k=1
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IZRTZENTED., ZDOLE, Py (L;t) €Z[tF )2 LD 2k — 1 —r) BB DHRE
SER LIPS, P (L) Dt =1128535, [B#N%E PY(L) e 2eicds. Fx
DFERTIE, LHBEOCHOBEO PY(L) 2 BEL T 5.

5% 3.1 (T. Kanenobu and Y. Miyazawa[10]) PW 1ER%m + | OERB AL R TH 5.
Rz, PO IR OERBMALZ®ETHS. LiznoT, PP IE O AEORERT
b5,

HOMFLYPT ZIEAIFAE N H O LSO FCTERERIZHR D ZENELASNT WA,
iz, RIBRDBMZEANTH S Py IFB/ENTH D, Z0Zehs, FEOEHRE
CHEEOMUVEK, KIZHLT,

n—1
n ! n n ! n n— !
Pe(KAK') = P (K) + Py (K + ) ( L ) R (K) Ry~ (K)
k=1
WEALT %2, PP IR Oy AMEDRZRZDT, H U K BHBEARECH & C, Rl
513,
Py (KEK) = P (K) + Py (K7)
DALY B.
log Po(K;t) Dt = 11282 n ML % (log Py(K))™ & ERT Z 22T 5. Py D3Rk
WTHdZens, (log Py(K))™ IZAEOHOEAEF O N CTIRENIZZR 5. DFD, (T
BOBRB LEROFOHK, K IZHRHLUT,

(log Po(K£K"))™ = (log Py(K))™ + (log Py(K"))™

DKL B .
L7z, HEZWD T DL

n n k'l k'm
(log Poy(K)™ = S (E) + D nppygeny Py (K) - Py (K)

ERBIEDOND. TIZT, AUDOMITk 4+ +ky =nZiZTE2TDE, ... k2

.....

SR DERUAZETHDZ DN,

3.2 (log Py(K)™ AMEM AR ALRTH S &\ 5 FEIE, KETHEEE B
BEICEREO R VERTH 29, KEARALT 2 B EARENAMETh S,

3.2. FHER

AFEHO EMERIZOWTHRARS, S 2T 272012, Z2Z2TEHINVF—D) VT -
FERNE—AZLE, 2F0, BOBELORZWEINZNTE I N F—AREEIZET 54
ROAZNT S.

L=U_ L %&SHNDOnEAEAREL, [ =iy & mlEHO RS BE» 5%
{1, ,nftNOEFI LTS, BrzmEdFonz2mME, p; (j=1,...,m)&ZmAD
H\WIHER OB DIT, BFIXOB DEZ TR >TIHIZA T s hzd D35, HIiL,
BrER2DOD5M %29 OIS HNIZHEDIAEFNTWEHD LT 3.

PEBOMUOH KT, Py(K;t) &, Py(K;1)=12%5t0u—5Y%ZEATH5
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() BinL=U",p;.
(i) #p; L BN, p ¥ Ly OFEEHIR>TVS.

COYE, B ALOIMARRLILR. £/, [OEEOEA I, #EOHL,
% (Uiewy L0 VB ((Unesy L) 1 Br) OFIEY LTEET 5.

EIH 3.1 (J. B. Meilhan and Y[15]) L & n 3 #&AH (n > 3) T, RTELUTDIN
F—DV VT - REME—AZENRTOTHDHDETEH. ZDEE, m+ 1EHOR
725 BRI S BEROBIIT (3<m+1<2k+1) E/EED TEEGFEIZHL, X
ANDRVAC RSN

fir(1) = — ) (=1)YI(log Po(L,))™ (mod Ar(I)).

ZIZT, J<ITXINRIDHEDFTHBEZ L 2EHRL, G0 DETDOIERDF T
CELUTRLADEREDET S, £/, [JREAFJOREZ LT 3.

Z DFEFIE, M. Polyak[19] (I X B2 E X 3D I )V F — AL R 1(123) DFEHR % % KiE <
HER U728 R IZ > T W5,

FH31IZBWVWT, IVF—DY VT - REME—RZENHEZ TS & WS 1T
KEWHTHD., EBE, EIEUTHHEHATWAEEGAIZ, EI2k4+2DINVF—ALZEE
X, EH 31 LEAUAXRNTIHESNLRNWI &, ROHFINRSDLNS.

B 3.1 ([15]) L & 2 2D KRy Ti&AH DO DEERD 572 % 4 53 Di&AHE T, 21D
2T, BIRAD LA PRy THEAHTHLEDETEH. BEI1UTDOIN
F—ARERPHEAZTVWEDIZERDPSHONRDT, EIT4(=2x1+2)DINF—FR
ZEIZELTHERT 5.

BHIT =132412x L, A1) =1THh2DT, u,(I)=0TH5s. —F, @&

M 1: LUB;
B M 10k e % &,
22—t fJ=1
Py(L,) = ’
(L) {1 if J < 1.

E4n,
S (1) (log Po(L) = S (=) (Py( L) = 24

J<I J<I
2185, UL7zd-oT, @ 31 0ARDOELIZOTHLIZI/2L%20, ZOEEIE A
=W AVA DR AN AN Y oV A
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PLEDESI1Z, EH31IEFEI A+ 20 INVF—ALERIZN U TIZHIZLLRNT &
Nhhrolz, I T, HAFFEEZMAZAZLIZLD, EX 2k +20EEITKNT 5
NAEEZ 7.

EH 3.2 (Y. Kotorii and Y [11]) L & n D #&AH (n > 4) T, RIELAFD I NI —
DYV - REME—AZENETOTHI2LDETES. ZDLE, 2k+2{HDHER S
HARED O 5 EZOEIN T LEED [MEMBIZNL, RIS 5.

a(l) = —ﬁ Z(—l)"”(log PO(LJ))(2k+1) —0p(I)  (mod A(1)).

(2k + 1) —~
ZZT, §,(1) DERIZEWT DD, 6,(1) 1A LDOAERT, [ ODEI L+ 1D
BINIHT 2 INF—AZEEmD 5 E X S HD HOMFLYPT ZIHA DA S HET
HEzon5.

EX1DOINF—FRZEZEIIFIZOTHADT, TH3212BWVWT, EX405E51E3
W —AZEPPZTWDEWVWIRMEFIAETHS. HIZ, ZOHHEIE, (1) 2R 2
DINF—REEEZHANTCHRTE S,

£ 3.3 (Kotorii and Yasuhara [11]) L &2 473 DfgAH & $5. ZDeE, 1,2,3,4
DURFZTHRONDLREDOBIN T = iyigiziy &, RO ITREMBIIITL, KA
T 5.

L
48

()R (L))
J<I

(i) (i) (1 () + i (i) — 1) (mod Ap(1)).

B (1)

S 3.3 Blij DI O F2 H1F, u(ij) iE AL DFEMTH S, Lizhi-T, EH 3.3
IZHBWT, a(iris) & flizis) DWW —HPMEBDOLEE, #HEHPAL(]) ZiEE U
TORRBZENbN5.

RIEUTFTOINF—ALEEPRTHATVWAEAHIZELTE, EShk+1D3
WF —FREEPEREZ LB LIXEBNOSHONTHS. TDL57%, HFEAHERSI
WF—AREEDS L, RIH/NDEH D% “first non vanishing” I )V F — A2 &E L ITE,
“first non vanishing” I NV F—AZLREIZBEL TIE, EH 3.1 &0 FEITHERRAXD G
L5,

EIH 3.4 (J. B. Meilhan and Y [15]) L & n &3 #&AH (n > 3) T, EXEATFD IV
F—DVYT - REME—ALENLTOTHEHDLTEH. ZOLE, b+ 1{HORE
725 BB SR EEOBIN T LALED [RAEMHBIZN L, KRBT 5.

—1

AL(l) = i 2 (VR (L)) € Z.
U<
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F 3.4 BH I OFIZHE BV EUEHNSHED INVF —ALEIE, TOKAEHD
ERADNRT LI - A¥—% (BORLOEHEFEUMEE) 2 ickvBons
BAEHDY v - FEME—REELFELLIRD (1.2 (8). LEh->T, —fDIN
F—ALRIZHN LTS LR LEAKOAAPI R OoNE Z LD A 5.

F 3.5 INS—AERIFARUAZETIERWV (1.2 (10)) DT, EROERIK, HRR
MAZERTHRVEDEARMAZETRT WS, —REARLELL252X TS, £
7z, INT—AEZRIFIARVT A ALAREETHHDT (1.2 (4), BFALEITKR
WT A ALAREREEZTVWAILRBZZILETES.

3.3. SEFADRN
COEMEREPRIAHOTENITIFELCUTH S, ZZ2TlE, TH 31ICELCEHHET 5.
7z, GHEZEEICTE2012=1,2,... . n CIRET S. BHORIEL, #AHDG
FTHEDT, PELRSITRFZZMNIBZLZ 12k, ZoRET—HE2ELES 2
=TI

9, SSOMAHLLEZFTDO @AM B IZWHL, B OEEZIOKRL Z&I12XD,
SRICBRIKND X 7TV %GE. Tk, DLERLT, YUY X—D?x[0,1]HDR
MUY ITRRABL L AT

ANV TIEAH N EEAHDEGE LRI IV —REEVREZRINS D, A b
)V IRAHREDEER, A EEZABEIZRL, w(]) BEPRERIZRS. DD,
ETDOINT —ALRIIBEHETERZIND (7). 72, KPELT DI LITHEET 5.

i (1) = w(I) (mod AL(I)),  AL(l) = A(I). (1)

3.6 INFT—AELRBIEFIAN) VIRAHOERMUAZETHLZ EHRHOENT WS
[1],[14]. U723 T, ##E 34 TIE “—RHay” LRB UL, A MY UV ITRAHD IV
FAEEENTEHILITLD, AREAZETH S HOMFLYPT £ IHA & BEE A1)
S5NB I El, TNFEFRRI L TIHRWN.

ARV VITRAEHDY) v - REME—HHE, INVF—REETHETZHZ N
MoNTWS (7). BIZ, KICHENATEEETIE, VY2 - FSEME—HEHONRELEE
ZATW5,

T R 5 k+ 1EDBRED SR8 jo, j1, - 19k (1 < Jo < Jm < Ji <
n,m=1,....k—1) &35, T DEFigiy...i), Tig < i1 < -+ <ip_y <ip Zh729H
DIZXFU, ay % {iy,...,ixg_1} DELETE., ZDEE, J=isas(i1)...as(ix_1)ir & Ti
DILTHD. (72, HZ T, DEEDTIE, ZTOHETRHRONS. )

T; %X 2TmRE Nz, BHEnR AN) VY IEAH 1, 1IZ6T 5 O)-tree £ 353, T2
T, [as & B#a, 2EBETLERYT4TRE-1TVART, REZANI VY
DR EIZEL1IETHI2EDETE. (ZDOE>30T LA RIF—EWIZEE2.) HIZ,
212N T VARV, OMDEDVH 556, TNoIEFETT, O NMMIICHEEHD

3COk-tree FIERERIZ L > TERBEI NI T AN—D—FELED, T I T, 3STRIMMAHDN VK
MO THD e E>TELULL W,
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95, iz, TyO«HPF Wl E2ADHAANIEORD LTHONDS Cp-tree % T,
95,

ZIT, VeVt EERENT, & T 05, B3I 7N Y FRITH OGNS n X
M)V IHEAHET S,

IR

io i1 i Tf—1 i

2: A MY U IRAHV,, Vi
. ﬁ—l
— G [
TLT 7 e

3: Ch-tree DFRTHEAH DN FHI.

EIE 3.5 (Y[23]) n A DY U THREAH I, #&AHL X X1, 1TV 27 - KEIEY
ICHB. ZIT, =[], V' THDY,

Ty = /"le(J) -

E 37 2O0DANY UITEAH L L, OREL x b1, LZELHICEAERSLZLIZEDE
HIND., ZORBIZ—BIZAHTIZRVWDOT, E©H 35128WT, RES T, DIGIZiE
HEREEPNEZO5NTWEEDET 5.

A1) &0, AFD20DZ 2RI &izky, EH 312455,

(I) w(I) =2 (mod ged{xy | J < I, J#I})DOAN() =ged{z; | J <1, J#I}.

(1) a;:;gzﬁji2:(—1ﬁﬂ00gfbug)ﬂ”1)Ean(nmd scd{z, | J <1, J+4T})

J<1
M, INF—AZEOFAEATHRNAZ IZFONDS. (II) 255121F, EFEKDZ
7 AN—HE, (log Py(Ly)) "=V O fiiEMEX Z D> HOMFLYPT £ IHA O MW E % %
Wz (D e HHFIZE o TL) BHLEmELELT5. £/, ZOHDDE
MCEH I LIZRRBTATTHRRBEIIRS.
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Wedge Decomposition of Polyhedral Products
PNUTSRVINE LS SIS VNI 2 SF il

BE

ZEOER X3 X Xo X -+ X Xjy D—#{t& LT Polyhedral Product (Z AR % 1960 4R & b g & 1
TWET. K2 1990 HRHEEHIZ Davis & Januszkiewicz 23 b — 7 AL BRKD 2212 Polyhedral Product
EFHWA L1240 E<DEHEED S L5127 0 £ U7, F* & Polyhedral Product ® &€ b ¥ —#LIZ
Bk %2555, Polyhedral Product 2M&HEZEM D 1 AN 2T 5 T 0&ME2 525 2 edtiskE L. 22
T, B2 2 DFFEDHE R TH %S Polyhedral Product & % & OBz i T BFE L, £ T shellable
complex @ Alexander dual (259 % Polyhedral Product Zx(CX, X) M E2ZM D 1 i AT 5 Z &
, £ X WHEETHD L VIEMDOE ETHHLAEZVWEEBWET. 2B, I OHEIEEHENRY D REAKRMEK
& DIFEMEICEITNT VT,

1. Polyhedral Product ®E% & )

Z DOFEHTIX, BAER K 2 IXFEICERBRIMRBEAREREZZRL, VIXUILZORMPHER & H—HT
5. DD,

EE 1L BEREER K &3 2 ARES V = V(K) DR EEK K 2V TROZXMEE2TZTHEDTH 5.

i) ceK»DtCoRbiXTeKThHs. FrIZ, K025 X0eKThS.
(i) VOEED T ve VIERLT {0} €K TH 3.

VIREAEGLEDh, Vam]={1,2,---,m} 22327 %\n». K=AY = V=2Vorx, KzHiz
simplex £ 5.

ZDHHETIE, ISR WIR Y Ef IR SRR OEMAEREKRL, BHEIFEHAZEOEMOMOIENZ
EAIIBTEGERE2ERT 5. BRI EMMITHS S HIZ+ Ik o TREINS.

E&E 12 Vc[m 2 HERES L T2HEEER K LZEZMTOEAS (X, A) = {(Xi,Ai)};ﬁl NEZ o3 5.
K D8E g izxF LT

X; forieg,

XA =Y XYy X--XY,,, 772U Y;= .
X, 4) ! 2 {A,- forié¢o,

LEDD. K& (X, A) 2B L 72 Polyhedral Product Zx(X, A) & I,

Zux, M) = Jx Ay c H X,

o€k i=1

YEETD. TRTOIIOVT (X, A) = (XA) DL ¥, ZuX A) % Z(X, A) LBiid 5.
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#11.3.

(i) K= A"l o ¥ &, Polyhedral Product (%12

ZxH =[x
i=1
AR
(i) K 25 [m] & FLAUEA & T B MO & X,
ZkX,*) =X VXo VeV Xy,
DFD, HMX, D1 HMERS,

(iii) K=9dAM" = {c c[m]|o # [m]} D& ¥,

m
Zr(X, ) ={(x1,...,xm) € H X; | at least one x; is the basepoint *}
i=1

&7, fatwedge & KIFNFE PE—@TLTDNIEMTH 5.
(iv) K = A" TEMOES X = (X, LT, CX={CX))", £ B LE,
Zk(CX, X) =Xy # - # Xy = Z"IX A A Xy

7% Z 2 H Porter[1965] 1IZ & » TRENT WS, 7277 L, CXIXZE[H X D CX = XxI/(Xx{0}U=*xI)
2RT.

Fx OWZEERIL, Z D Porter DLHE2 X Z FTHIETE AN ? L VWHIBRITBAB I IZH o7,
ZLTC, ZZTEHES Zk(CX, X) DAE ME—REERT 3.

7 1.4.

(i) Zx(D?, S & Zk(CP>,*) I toric manifolds DFZ2IZHi 5 2T, Hi+4 % moment-angle complex,
## % Davis-Januszkiewicz ZZf & L ..
(i) C={zeClz#0) LEHTHE X,

Zk(C,C) =C"\ U{(Zlf“' Zm) €C" | zjy =+ =2, =0 foro={i, -, il}
o¢K

L, MAEMRBEOWEN: 25, ZUT,
Zk(C,C) = Zx(D?, 8"

THBHIePHSNTNWS.

2. K¥EH 5 DESE

B K o flix ORBDER SN2, ZTORTREEELRE DD 1 DIZ Stanley-Reisner E43% 5.
PAFIZBWTIERHIH S WD K IZ & o TREBRACERDAHEREZRT. 2L T, ThLELOXRBEOES
HAE K[v1, -+ ,om] 2EZX B, 72720, degvi =2 &9 5.
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T 2.1. [m] EOHMEER K O Stanley-Reisner ring (¥ 7214 face ring) &1, BEIARER
K[K] = K[vy, -+, vm]/Ik

DZETHhd. T, [k FKIZBEBUBRWEAR o = {iy,--- i} W T2HIER v, =0, -0, TEEIND

homogeneous ideal T %.

(v
(v

Stanley-Reisner ring Ot & 1% 7212, Tor “r(K[K], k) & Tor*™(k, k) »FH~ 5T E 7.
T, torsion MMHDEHEZEWHZS. MN %2 Rt 352 & M D R HEHINEEDf#

> F—>--->F>F->M-0
L0, NeOFr¥—Fiz 5L Bk
o> F®N—> - 5>FiQg N> FpQg N —> 0
SN, 20 i BHOAEDY—H%E Torf(M,N) £E<L. 2%,
Tor{ (M, N) = Ker(F; ® N — Fi.; ® N)/Im(Fix; ® N — F; ® N).

— 212 TorR (M, N) 13RS % 872 2203, TorkPron(K[K], k) AT D & 5 12 Koszul 4% F W T k-
DGR 525 Z W k5.

k ® Koy, - ,0,] MBEE LTOMEILX, Ko 2 0BT EH Ko, ,on] 2 k ZHOVTHZ 3.
Alug, - uy] 1IC&> Tk EOAREREEZET. 2F9, Alug, -+, un] 3k Euy, -, u, TERIHTWT,
ROBBATERINS.

{o ifi=]
uiuj = e
—uju; ifi# ]
ZorE, R=Auy, -, un] ®k[vg, -+, 0,] 1ERD & 512U T 2 BRED SO REO M % R D.
bideg u; = (1,2), bidegv; =(0,2),
dui =0, dU,‘ =0.

ANug, - up] W2 &K 2oT Alug, -+ Uy DR i ORERIZ K o TERINZHAMBEERT L, XD LS %
TRIIBFOND.

05 A"uy, ] ®K[v1, -+, 0] D 5 Alur, -+ up] @ K[o1, -+, 0] > K[on, -, 0] > k =0
T VY = Qo 0, KIK] & & 5 & S

0— A"uy, ] ®K[K]D -5 Aluy, -, 1u,] @ K[K] S K[K] — 0

Ker(A'uy, -+ , ] @ K[K] S A uy, -, 1] ® K[K])
III’[(AH'1 [Z/ll, e, le] ® k[K] i’ Ai[ulr Tty um] ® k[K])

Tor}([vl | (k[K]’ k) >~ TOI-:([UL“' JOm] (k/ k[K]) =

L0,
Tor ) (K[K], k) = H(Alus, - , un] ® K[K]; d)
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2B5D, AUDPREERZR OO TINIZ X 0 ENICHEEE2EHT 3.
UFIHWCE, k ZETH 2L IRETS. 20L&, 250 2 TR S MEE Tor™ (kK] k) &
Tor<K! (k, k) @ Poincaré %] %
P(Tor™" " (IK], k) = ) dimy Tort* I (k[K], k)37
i,j20
P(Tor* Mk, k)) = 2 dimy Tor™¥ (i, 1) #x/

i,j20

IZE->TEET S. 1950 ENRDEYE, Serre 1FAFNX
1+ tx)™

1 — tP(Tor*™ ) (K[K], k))
MDD Z ERFHPA L. 2L, FER < BHIET BRI L ICBVWTAERNRY 1D L 2 kT
%. 0%, Golod IF EZIZBWTERAK D MO0 DRE &M% G A -,

P(Tor*™(k, k)) <

EIE 2.2(Golod[1962]). %=

(1 + tx)™
1 — tP(Tor*® 2 (K[K], k))

P(Tor™(k, k) =

B D D72 D ME 4351, Tor™ P (K[K], k) ORAHIATH 5 & L H12, TRTDERD Massey
FAHHTHLZ L THS.

Golod IZIHA T, EFEROB Y LD HAKER K O Z &% Golod #ikk W5 . & 5I1ZKiE, Berglund-
Jollenbeck 3R DHE%FEHA L 7=.

EI2 2.3(Berglund-J6llenbeck[2007]). Hifk#fk K %5 Golod T % M4 54fE1E, Tor™ *(K[K], k)
OENVEHTHZZ L TH 5.

—HIZBWT, Buchstaber-Panov[2000], Baskakov-Buchstaber-Panov[2004], Franz[2006] & %, RDFE
HAGEHL 7=,

EE24. k 2REZIBBRZ L322 E, R LT
H'(Zx(D?,§");k) = Tor " I (K[K], k)
BT 5.

o> T, B K 2k EGolod TH 5 Z & %#iET 5121k, IhT0 Y-8 H(Zx(D? SY); k) DFEHLH
HITh s Z M TEIV. B, Zx(D?SY) WEEEMThHNIE, TRTOKRKIZDWT K I Golod
ThHb. D%, BEEMK KD Golod TH D &\ REIIEE 2R B 121%, Zx(D?SY) OFE PE—Rl%E
FARNZT LN WSHEDED B,

3. HAAEDLEmD O DERE

BRI ASDEROPE THLSMEINTE D, RO LS L DRMEERD 7 7 AP ERINT
W3,
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EREGZ5-OICHEEEEMT 5. RAEARK EZOHM v IZHLT,

K\v={oeK]|v¢da}
linkg(v) ={c e K|v ¢ o0 U{v} €K}

LREFRT D,V C[m] LOBEKER K OMKZHEAK (simplex) O Z &% facet L F\, o C [m] P K D
missing face TH 5 &%, o Dt do={tcol|t# 0} E KDHHEARTHEH, 0¢KTHDBILESD.
R K Hpure TH 2 L1E, KO facet DRITEHATRTHELVWI L EESS.

EFE 3.1. BIKEIKR K 7' shifted TH 3 &1k, K DTHMAESIZROMBEE2E DI D ILLIEF 2525220
Wk Zex255. Hifko, o DIHMI & j<i ZERICL B E, (0\{HU{jle KB LD ESS.

\\\\\\

WMOHBATE KIZBT 2HRIZR > T0B LS BRRIEFVFIETHZLTHS.
EH 3.2. BIREIK K A vertex decomposable TH % & 1%, RO&EM %I LE255.

(i) K& simplex TH 5, 7z

(i) ROFEMz2F-STHR v WFIET S :
(@) K\ v & linkg(v) i & %12 vertex decomposable T®H 5,
(b) linkg(v) OTHilX K\ v DEDHETH 5.

EF 3.3. BIRHEIK K A3 shellable TH % & 1%, K D facet o1, , 0 ZROEM 2T XS ICEFEIT S
NBEZEEED : IRTOD2Li<kIiZDONT

[y

i—
(Jopna
i

1l
—_

2 pure 7 dimo; — 1 Kotk TH 5. ZDL &, T 01, -+, 0r & shedding order & IT-.5. £ LT,
i-1
(Janai=az
=1
L72% faceto; # (5-Z 507z shedding order (ZF 9 %) spanning facet £\ 5.

B X 1k Hi(X;k) = 0fori <n %ifi/=3 2 &, k En-acyclic £\"5. n=oc0 D& &, HiZ k E acyclic
WS, BEERK BB s LT, KM IizkoT, KO n Rt EOBKTER TN S K OH3 k%
®Y.

EF 3.4 BEREKRKIZOWTEZ 3.

(i) TRTDOnIZ2WT, K™ Ak En-1l-acyclic D& ¥, K % k | sequentially acyclic TH 5 &\ 5.
(i) KDOFTARTDOHKIZDWT, linkg(o) 'k L sequentially acyclic TH % & &, K % k L sequentially
Cohen-Macaulay TH % £\ 5. RiZ K H& k L sequentially acyclic TH 5.

ZLT, ZNoDOBIZROBEZRED 5.

shifted = vertex decomposable = shellable = sequentially Cohen-Macaulay over Z
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I THEREMEZRRLHNZ, 5 1 DERVBEITRD.
EF 3.5. V C [m] LOEIKELR K D Alexander dual K* &1, RIZk > TEHI NS BKEREERT.
K ={o€[m]|o° =[m]\ o ¢Kj}
>T, o C[m]IZDOWTRHAED L.

oisafacetof K oceKandifo & tthent ¢ K
— ‘¢ K andif 1 & o thent € K*

&= 0° is a missing face of K*

Ky =KThodZlerz®Erdk, BHREKRK 25tk T 5 DIZED facet Z5E T % D & missing face % f
ETEONEMETH D Z RN h 5.

EIHE 3.6(Herzog-Reiner-Welker[1999]). K % [m] LD HAKEAKRE 5. L, K D Alexander dual K*
»ME k I sequentially Cohen-Macaulay 7 51X, K &k k I Golod T# 5.

RETHRARD X2, HAIFIDOEHEZ Z(D?,SY) OFE MY —BZMHET LI LIk, MHTEI L
2RI U 7.

4. FEEEZDIAROT7ATT

b5 1, s 2ERT 557 polyhedral product DE#H% B WHZ 5. V C [m] 2HAEEL T HH
KGR K L ZHOEA X = (X!, BGA 6Nz T5. KORIKoIZTHLT

CX; foriego,

CX,X)=Y1xXYoXx--XY,, 772U Y;= .
(XX ! 2 {Xi fori¢o,

LEDD. K& (CX, X) IZAFhf L 72 Polyhedral Product Zx(CX, X) & i,

Zuex,x = Jex 7 c [[ex
o€k i=1
LREHET S, BT, Zu(D?,S") = Zk(CS', S THB.
Fr, I={ip<--<g}cmlizxdie, X'=X;, A-- AXy, BEUX, = {Xi,»}lle Y EETS. X5z,

V C[m] LOBEEERKIZHLUT,
Ki={ocl|oeK}

CEETD. BT, [C[m] K D simplex 25K = Al &2 0 A#ETH 5. 72, WTFOEHTIE X0 =«
ERIRT .
ZDLE, XKL DEEHTHS.

EHE 4.1 K % [m] LOBRKERT X = (X} 1FdERE L CW BIROES L § 5. K D Alexander dual #*
shellable 7 &1
Zk(CX, X) ~ v K A R

Ic[m]

TH5.
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EI 4.2. K % [m] EOBEEERT X = (X}, (3#H7% CW E@IRDEA LT 5. KO Alexander dual #*
& k L sequentially Cohen-Macaulay 74 & (¥

Zi(CX,X) > \/ KA X!

Ic[m]

ThB. =EL, plEkk OBRTH 5.

% 4.3. K % [m] EORMEAT X = (X} (2 GREERDOES LT 5. KD Alexander dual 2ME7
Dk k I sequentially Cohen-Macaulay 7% 5%, XD FE b ¥ —FEAFIET 5.

Zi(Cx, x) = \/ Tk A X!

Ic[m]

%44 . KIZR 43 DY T2 Zr(D?SY) I3EKED 1 SANCAE FEFEETH 5.

D UESR % . % 3 &I Grbic-Theriault[2004] #% K #° shifted @ %5412 moment-angle complex
Zx(D?,SY) MERE D 1 S AE MY —HETHE L 2R UK. TDHK, Grbic-Theriault & K % 1
2013 fEIC T E — D Zr(CX, X) DORICHLIRE L 72 (A2 DX TIERE X, 34T L #EETRY). 2
ZT, K shifted THBHZ k&, D Alexander dual K* 7* shifted TH 2 Z L FFAMETH 5 Z L 2R
LTHL. 51T, 2012 FIZ Grujié-Welker 28 K @ Alexander dual %% vertex decomposable D354 12,
Zi(D", 8" HERIE D 1 AN HAE MY —FETHZ Z %2R LIz, IR DIHE XSRS L, K
® Alexander dual #»* vertex decomposable D¥5E1Z, Zr(CX, X) % 4.2 LRI UKD fEERD Z &AW
DB, BEHA, HX PHERTHL I L ZNET D2HEBRV. -T, KICHERIRESFEE LT, K
® Alexander dual 7* shellable T % ;% % sequentially Cohen-Macaulay T& %3412 Zk(CX, X) D
wedge decomposition 25X % Z & BFELETLDFARBRI L THS. TXRFE X BWHEFTHL LW %
HaRDMNIMAD I LIZ&>T, YHOHNZERS 2 Z AR, BEOSROPEIZ, & X; 2
FETRWEEENZET 5 2 &, FIZ real-moment angle complex Zx(D!, S%) 303 20 8 5 & ET %
ZETH5.

T 4.2, 4.3 OFEINICIZEAMN B BB EZH, BAWLRHHOT7A T 7IERALCBRDOT, TDL5H5bD
EREY URWEM 41 OFHEENTS. 7, HILVWHBREKEERDZ S A2EAT 5.

EH 4.5. BREMAE K 7Y k L extractible TH 5 & 13,

(i) 2T v IZDWT K\ v A simplex (2725 %,

K — \/ (K \ )

ve[m]

K - \/ T(K\v) > IK

ve[m]

Nk BEORED Y —HOEEELRL2EL LONELETH I THD. 2L, LoARIOEGIZE
EEBHRK\v > KD»S5FEEINZHDTH .
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Z. b extractible TH 5 & &, HZ extractible THB WD, ZOHFLWI T AEHA WS &, TH 4.1 13X
D2ODTFHDREL L TEMINS.

I 4.6. K % [m] LOBMKEAT X = (X} 13E#k e CW #IKOEA L §5. K extractible 72 & I
Zex,x = \/ zk A X
Ic[m]

Thb.

EE 4.7. K% V C [m] LO¥AEEART, KD Alexander dual K* 28 [m] LOEEKRTHB LT 5. K
shellable 7% 51, K* IZ extractible T» 5.

EH 4.6 DEEHDR T v F. £3, K\vd'simplex L7425 &5 RIHMD D 2561, GEHIHHLZOTIZ
TIFAT 5.

ZOTHRVIEEZUTTIEERS. G20 5M405 L TIE

Zuex,x, \/ kAR

Ic[m]
DOMZER L HHEFETH L Z VB PBIREINEZDT, m BT 2@NEEZHWT, E&

\/ KA X' - Z(CX, X)

Ic[m]
THRERY—HOMORMEGHEZFETLHD2MET 5. ZD& %, JH.C. Whitehead DEH & D LFEE
BRIZFE PE—AERBGHRE R RS, 22T, K I1cC [m] iz U TEH

YK A X — Zr(CX, X)

T, TNWFEETHAED Y —HOMOMERUEEPFEN LS DL L5 DEMKT S, T2 T MEHERN]
bl =S CIpIE

F<HISNZHRE b E—AEEH

Xy X -+ X Xp) = \/ X!
Ic[m]
D—f%ft& LT, polyhedral product Zx(X,A) & 1 HEES 2 &, £ H/NS2ZEMOBEZERD 1 JH7IZ &
EME—FEIZRZ Z ERHSNT WS,
7 4.8(Bahri-Bendersky-Cohen-Gitler[2010]). K % V C [m] EOBMEEIRT X = (X1, 1R CW
BERODEEL TS, Z0kE, ARAWKE b E—FAEE
p \/ K A X' S ZZr(CX, X)
Ic[m]
MPIFHET 5.
DL E, G4
K A X = Zk(CX, X)
WiFET 5 R0 Y —HOBOEMB{EVIEENTH S &1L, EH 48 THERINEZEHVNFET LI rERr Y —Hf
DO OUERBIEHRE —HTEZ %255,
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EHOFEIHIZRES 5. WiiEEES L& 1S [m] /LT, GGH
LK A X - Zk(CX,, X)) = Zk(CX, X)
WROZHDTHEZENEH 48 DEHROEAREL VFRTE 2D T, BENIZ
KAXy Ao A Xy = Zk(CX, X)

T, TNWFET L HRED Y —HOMDEGEVEENTH 25 DEMET T LV, TDDIT, BEEERD
WEGH K\ v — KW#EET % polyhedral product D] D5 £

Zo(CX, X) = Zio(CXgy Xi) X Xo = Zk(CX, X0
EMATE. 2F0, EHOED «x X, L AHIOED CX, % 1 MIZET & 5B
ZK\Z}(CKK\U/ EK\v) = X, — ZK(CXI E)/va = ZK(CXr K)

5. 2212, Y=< X = xX)/(+XxX) ThHo. RINEDHRELD, Zro(CXy, Xy,) IFEEER KD,
RDFE bE—[EEERPFLET 5.

Zrvo(CXp o Xiyo) > Xo = Zio(CXp o X)) V (Zkvo(CX i Xy ) A Xo)
WoT, GR
@y + Ziv(CXp o Xio) A Xo = Zio(CXy oy X)) 2 Xo = Zr(CX, X)/CX, = Zk(CX, X)
DR TE 2, X SRR S i
for KN\ 0) A XN A Xy — Zio(CXp s Xiy) A Xo
&, K7 extractible THBZ L DEHEL D, G

g:TK > v (K \ )

ve[m]
TOBGE TK = Voo DK\ 0) > TK AHE DY —BOESGH4FET 5 &5 R GHETAOT, A8
B

EKAKP S5\ [ 2K \o)aKM = \/ ZEKV)AKAX, L\ [ Zio CXig o X AKo 5T 1(CX, X)
ve[m] ve[m] ve[m]

EWRT 5. BRBICZOESLVFEET L HRER Y —HOBOEHIEENTHLZ %, THASITBWTH

BN EEO AR E A WTIHRT L, EHIRRERT 5. m|

EIE 4.7 DFERA. m (2RI 2 RHNEIC K DEFAT 5. m=1 D& &, THIZHS T D LD,

m22 TCEHEImM-—1DEEELVWERELT, mDEEHLHVIDI L ZIEHT 5.

K*\ v = linkg(v)* & linkg(v) %* shellable TH 5 Z & & b, IREDE L D K*\ v H extractible TH 5.

0 = A" 2 oy = dAM A3k 0 i B, TS DRI extractible 72405 K ATEA AR OB S DI ETS .

Bjorner-Wachs[1996] iZ & ¥, shellable ZZEAED K E P E—EIZ L < h 5 TWS. K D shelling % 1 D
EE L, Ik % KO spanning facets DH#&, Ax =K\Tx £B<. 2D & &, Ak & collapsible 72705

K = K/Ag = Vyer, S0
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%135, Tk O facet I& Ax @ missing face & 0,

A= =Kul o
oelk
&85, 2242, of =[m]\o ThH .
NI AL BSATR Z ESR DB S, ROFE b & —AHGERATAET 5.

LK = AL /K* = Ve, ST

Bjorner-Wachs[1997] IZ & b, K #% shellable 72 & IF linkg (v) % shellable TH % Z £ 335> TWT, KD
shelling order % EF-< & 5T linkg(v) @ shelling order TRD Mz ii 7§ DBFEET 5 2 L BN 5.

Dlinke(@) = {0\ v |0 € Tx and v € g}.
ZTZTROWHHMAEEZEZS.

Atink@) = Tinkg (0) \ Thinkeo)y —— link(0)

! !

ZXK = F(\ FK E— K.
K*\ v =linkg(v)* &b, ROAPEXBEFELET 5.

linkg () —— A o) = Algo/linke(@) —— Z(K*\0)

l l l !

K — A — Ay /K —~  IK-.

7272, linkg(v)* & Ny & A"V gtk & LT Alexander dual 2% 2 TW2 745, K & A i Al
DDA L LT Alexander dual 22 TW5 Z L 21EET 5.

RO FE b Y — A fE G

linkg ()" = Al o/HNkK(0) = Veer,,, o ST NN = vop, oopSHm

linkg (0

BEAET B DT, TK* = Ay /K = Voer SEM 0 SEM 3 6 7 SALFEDEs 0 & & % & I(K*\v) ~ Zlinkg(v)*
wedge HFHSHKTVWDZeWnns. Ubdb, FEDHEEREDEH LK - Ve K\ 0) 2 MY
BZLEBLNVIETHS. O

S 3R

1. Victor M. Buchstaber and Taras E. Panov, Toric topology, available at arXive:1210.2368
2. Kouyemon Iriye and Daisuke Kishimoto, Topology of polyhedral products and the Golod property
of Stanley-Reisner rings, available at arXive:1304.4722
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Bearded Trees » 25 & Ao BIE D B LT

& B 8 X
(FUMREE KB BIRZ A FT)

1A, W&
1.1 A, #BE B AIT

Ao HEE (FBHEED/NE hE—KRZER & U T 1963 £E(C Stasheff [St:63] [CKDE
AN, 1957 F(C(E Sugawara [Sul:57, Su2:57]1 HY (FcZEFFD) hopf 2B ERE

N E —#&&# hopf ZZR (T DEET 7 )\ —ZRZ AW O ITZiTD TLV S,

e #EI71)(—22R351 ™
E1XC E'H-]XC me(—> DmX
P?)(I P? pﬁfl | lpﬁl
POX € PiX¢ pmolX —— P™X

. J

SRR, Stasheff [St:63] Tl Sugawara DFFHE DT Z—MRILUTz A BBED_DDEE —
HEI7AI)I\—E\HE AL R — BE5EX. TNSOEEHERUZ. TOH(E AL 2

NZRAWEED 7 1)\ —ZEMF) O T BEIRBENAIIT (strict unit) DFIEZALD,

A FER
[a(n):K(n) X([T"X) — X, 2<n<m, WERSa(l)=1x &iEL) j

boundaries
a(n)(0x(p,0);x) = a(r)(p; ak(s)(o;x)), x = (x1, - ,Xn)
where ak(S)(O‘;X) = (Xh © oty Xk—T1) as(G; Xky * 'y Xkts—1 ))Xk+s> o '>Xn)a

strict unit
[a(n)(T;Xh T ')Xjfh eﬁxj+1) o ')Xn) = CI(TI—] )(dF(T);Xh o ')xjthiJrh o ')xn)- j
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T Stasheff (& strict unit (CDUWWTDIAIH A DTz % [St:63] TEA LN, 1970 &

D Lecture Note [St:70] T I(IE/RDIEDEA 7T (hopf unit) DFEAFICETEEHTLVE,

hopf unit h-unit
J(x;x,e) =x = a(2)(x;e,x) (%;x, €) (x;€,x)

UhU. 1978 EDOERIL— SZERIDAK [Ad:78] DT Adams (F. BEEEZX DEHEHNK

T ME-FZF DRSS (EERBME FHEIR ([St63] [FEFEMEZERICIRET D) 2
& RUARICIFER IR LRV (strict) unit (CDWTDIAFADTZERENBRETH D2
CEERURL. R A BN ST 7 )\ —ZERZB T D [St:63] DIERIC(F 7R
ERE—W OFENMNBETH D, EiE CW EBREINZ‘mZT. Fe. ZDDHAL

EH (T U T [St:63] (CHXSNTZEMEMEDIEEAIC (L. James D retractile D& HY

BHWSNTWAH., cnid A, 2D deformation Z5X 2D TI(F7x<. FTUWA,,
X523 BOFEEETHD, > T. COEmZRAVT A BEDHIZ(E A3 72
RZEDBIIEHEES. FTUWA; FERICH U TE A BBEDFIEZRIEL D DDHNAEA

THD. TITEHRIIEANDBRIRICEHEKRL., E<ELDEZRDZLLEUI

1.2 7/RE ME—HBfilT
RE ME—BAITTDER(L. Boardmann 5I(C KD trivalent trees ZFU\V/Z5&5® [B:71,
BV:73] [CETHBN. AIAEMIIR operad & U TDHERLIC(E. Muro-Tonks DERITDFER

[MT:12] MEEL LY. BN KNUE. 1S D unital Associahedra O boundary & homotopy

unit (& Fukaya—Oh—Ohta—Ono [FOOO1:09, FOO02:09] M unital DG algebra OEIE (X

IBENS, ULHULZD homotopy unit (& strict unit D/IRE RME—fRTH D, BHRDIE
DRE ME—BifiI7t (h-unit) ([St:70] D hopf unit & (FFREEF) KD > &L\, KRE

S C(E. hopf unit DFTFENS strict unit DFIEEE  RDFEREBMUIZ0N,

TEH 1.1 ([I:12]) If there is an A, form {M,,, n<m} with hopf-unit on X with (X, M;)

a CW loop-like Hopf space, then there is an A, form {Mn, n<m} with strict-unit on X.
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T T hopf Z2REIN" loop-like & (3. ZEADRE NE—BTAFIET D ETHD, D

Tm> 3785, group-like EAETH D, FEADGEE. FEEHIE UV VRSIEEDEE

BRIZEREEAS bar 1R S5155113 LIEUTEDBERTL bar B ZIFRI L THD.
22U CNITHEYI > T, KB ICE X JZ Associahedra, Multiplihedra (DB 53R D E4KHY

IRECIR EEK & D DFIR TEARMIGZE R DITZD T, TNUICDNWTHIRE LTZLY,

PR %N

Ao &S T DEIARDZEMIE 1971 Z£(C Boardmann 5(C KD T Associahedra (X
UTEI RS, Multiplihedra (D homotopy unit Bt ? ) BFEASANTULND., =5IC

2008 £F(C Forcey 5 (3 genuine Multiplihedra D2k (CER U T colored trees Z ALV,

XY

%0) 7‘3__C\ i? 1983 fEO) 183 (LEBL\_CL_n’D%é%)JOD E@ Fﬁ'%ﬂ/ﬁ(u&é Cube?_%
HDDEC K DB ZRE UAaTEME U TSR, 1989 &£ I-Mimura [IM:89] (C
PVWTAFRESFHICKIDEL 1 17T §BEMNTETZ 1 £ Associahedra Z15

FVEAZRD LCRIBERAZR & (T [IM:89] & [1:12] (CRE> TR L LS,

Associahedra
[K(n){(th-- ) e R} Zt < k—1, Zt =n— 1}]

i=1

boundaries

0; : K(r)xK(t) = K(n), 1<j<r, 2<r,t, r+t=n+1,

aj(vb Sy Ve Uy, e ')ut) = (Vb oy Vi—1y Uy ')ut—1>ut+vj) te ')Vr)-
degeneracies

Let dX : K(n) — K(n—1),1 < k < n be the degeneracy operation given
by the following formulas, where (t;,---,t/) = &(ty, -+ tn).

d?(tla"')tn) = (téa : )tn) k_]
d]]:(th o ')tn) = (tl) o ')tku)tkf1+tk) t],<+])' : ')t1/1)) k Z 2
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Zr2U. &ty ytn) = (K, 1), n > T (E IFICKDIERNICERESND.

shift 1 map
= Max{0,t;—1} and

k=1
t, = Min {tk, Max {Zt —]} — > ti+ (k—1)}
=

/R(C Multiplihedra & Associahedra EFFE (CIZAZ TRDERICEZ BND.

Multiplihedra
k n
Zti < k—]+(1, Zti = TL—]+CL} y O<ax<l1

i=1 i=1

Ia(n)Z{(hw-,tn)eRi

(azzow; J(n) = {(u,.- ) e RY

k n
Zt <2k—1, >t :2n—1}>

i=1

primary boundaries

i J4r)xK(s) = J¢(n), 1 <j <7, 2<s <n, rs=n+l,

6]‘(1(\)1» cy Vi Uy - ')LLt) — (Vh o ',V]',1,LL1, T ')ut+vj>' : ')Vr)-

secondary boundaries

% K(t) x JHmy)x -+ xJ% ) = J%m), 1T <my (1<it) an—n

1 1 t
5a(uh...’ut;vg),... V;l);""vg),“',\/%g)
1 t
= (Vg )> : >Vn1 (1_ )uﬂ"' ;Vg )) : »Vnt (1_ ) )
s degeneracies ~

Let d]]g“ :J%(n) — J¢(n—1), 1 < k < n be the degeneracy operation
given by the following formulas, where (t;,---,t/) = &(ty, -+, tn).
d{)a(th e ')tn) = (té) : tn) k = ]
d]]sa(th o '»tn) = (th te '»tk—2>tk—1+tk»t{<+1> o ')t/ )) k> 2.

n -

N J
Associahedra Y2 Multiplihedra (CX1 9 2 FDEH EBIARZ AUV CER (FHIZICFEL

TWEDIEM, KBETRBN I D TNSDRFATEHRIREMRN S [IM:89] D boundary
VERZRMEBRDIBEARICHIG U, degeneracy VFAAZR G D5 ERE DB RIRHLIRT
HDDERDTE(CIFHFICEHUWLRIFIRLY, TZIZ U, Associahedra (X U TIFBEED
trivalent trees Z& FHLNDDEHY. Multiplihedra (C3F U T (& Forcey M colored trees T (&72
<. FELCHRRDENRD bearded trees (ET1TETDRK : R EBBICHD EDKTENSE

i FEBDIR(CFED DME—DE(CTE—ALITETNERITNSD) ZRALR,
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SEFR. trivalent trees O integral lattice L /N0 shadows DR FTES K (n) DB H L

Kn) E—EU. K(n)NL =K (n) HNERDEKRETRD., F/Z bearded trees D words D
weight 5l DIRTES J¢(n) (FE Ji(n) OOBMNLERE J*(n) (FEFEJn) (C—E

L. Jem) (FE&E () A Jem) (FEJ(n) OIEROEERERD,

3 A NEDE

AIABZE B R UREUT S D REDBIDAERT A, BZEA T DROENE /D148
HEUTARBEE TS Aguiar [Ag:97] (CKDAEBDERZHFA U, 722U, Aguiar (&
AEBE D#&IE%Z monoidal Bl(CFH(FD monad (CKDTEXBDIEN. REETIE. ZD
AID monad Z A, HBECEIDIRZ D, TDAIC. WNEBREIEELVD quiver (CITZEEZ
EHD. quiver TIEEIDRARN source & target DHZIFS. Aguiar DIRFEH TDORRM
HITHZBIT DDLU T, NERIBEE S (CEERDFEZEFIT D. =HCINS5D
BEZRDEDE U THSRIBEFEEERT D. 2> CINERRABERELDEET
U\, CCTClEERR operad ZAWVBZET. CNSICBRICEXRDNE hE—18iE%
BATDICENTED, EE. [HZEEOBEORERRIE THhNIE. A48 operad MR
ATE3. & URBEHORBOBOANIPFIEZE X 2D THNIE. A4EE operad

@ normalised chain complex K(n) (EE(EEDER/NEPDER K (n)) ZKATES.

4 =R
BE. NEBMNSZ 5N E. nerve (L&D TEARRTRHIEBER . ©D realization

EUT bar BN S5Z5ND. ENTIE A, REBEICX LT, D bar 18k Z € D1k
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(CEBRBHETEATDIZEIEAETHSON ? R A, NEBEINSBEARNISRZ D
KB EFBETE>RVD, CNICDULTIE Baver-Lipman DFEER [BL:12] i'H B, &
ZU. 53R operad ZAWVWD —figimaRBAL. SSICEATICDVWTIEEER
U TULVRL, ARFEBETIE. BEAEBWURORETF &L TD source ET1RDE = A, operad Z
HETIECESMRIDIIEZER D, CNEHUKRVWEICBATHDEEBHOND
DIEM. Ay operad ZHT & T DEIFIBIBE LIRS DERFT. > TEDLDOEF(E
SEEDORBIDOEAF L10D. UNBZENS(EETDREICHER D realization DA(C(E. BED
monoidal #E& & BERZEFNE VN (CHEH T DR EDRKMPARENE L /RD, NEBE
TlEINzoE s 2BNT. BFOFRFZRO TEEBORR VSR ZEFON
DODEAND, COBHEAHCHNT, BFRIFE (REEF(CHY) &AKRE (HEBEF(IC

HZH) D tensor & U T realization NEE A, EREBEAR bar ¥k HME5N B,

5 BT

FEROBEwRNPBRN SENND REEAR bar 188k (F. R(JIEH(CERDOIIS
Mo HUTE EDTH D, €I TODHFIEIRIE unreduced IRERED — DDERZRE—
RUIZBDERD, FIZENEMEDIEADIRMLE UKD & UTULVE, Stasheff DEJHE/RE
DEAR D™ C B (CHIET DK (TTTE D" TKRY) (& BERBATEIRE(C
UTCEaIfE LIRS0, SEIE. ROBRICKDED 7 A )\ —-ZEHDOEZERODBEE
REY — DA EMEERB T EERURE ( FILWVER D Z B 22D E/ME U THE

U, RORHD T ERDECEHR DY - D" ZEET D,

e REERR DT 74 )\—22/351 ™
Enfl C anl C Em C D™
~ 7 ~. 7
Dn71 ]5“ (Zﬁném)
Pn—Z C Pn—] C P
NS J

132



FE6O0RMRAY—YYRYULEEE 2013F8F RN KRHLAE

(1) D® = K(2) x{e}x* ~ *.
@) D" = (D™ ' [T (K(n+2)x{e}xX"x4)) /~, n > 1,
where (0y(0)(p), e, X %) ~ [p, ax(o)(e,x, *)] € D" c D™ fork > 1,and also

(01(0)(p)y ey x %) ~ [p, ai(0)(eyx, )] € B CE"fork =Tandr <n. )

CCT. D"AEMEERBEANBEERAVTRESIN, B FE ELL(E DY
(n<m) ORTHMEEIRD, CDOBENSTDZEMERE SE—FEERDZERT
strict unit ZRFDEDHMER SN, TTDOZEBHSDBESEHEMN (Stasheff DERTD) A,
BEZERDEVWDEKRT “BUA, B £102d. MENE—RAEEGHZRAVNTID
strict unit Z3FD A, #8I5% compression I HLUX. FTdDZEMI(C strict unit Z3FD A, 18iE
PMAD, EEEEHEN LOBKRT “BU A, BE £710D. EELU. CZTRET7A
I\—ZEfE £ 70D Z EDFEBRDBDEAMBNIMRE E LT, 1 (A, 18iE) HRE ME—Ft
85D (loop-like) & & ZERIN CW EBRICRE ME—RABETHDZEEEFT D,

Fo. FERRIGHERN A BIRICDWTERIITDCENEIFTET DN, —AT

operad DX TER® A BEFDERER(E. —REUTHRDEMRREDERD.

6 fJ5C
ABECHENRCHERZBN S ETCEHEEZAENSZATIES<H T, Muro K. B
BRRENSEEZZ (T2 EZHE UTZ0) T, Lurie A%, higher algebra (CDUL\TDF
R=ZDFHXDHFT Ay IR LT homotopy unit ZIFDEDH strict unit ZIFD
EZRUTUVND, CDmXIFESICEDS—ARDFR—2DimXIEKFL TNDEDIE
T BN, TD homotopy unit (F h-unit [CIHIETBEDEBON, ULHEZDIEREBAL
IR BERNEIRE THD EEZ SNDN, REBECTHVWEAERT > LEETULIE

BARATEHD. TOVWDSEHT, CCTTRBNIDEKREHINEEXDRETH D,
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Vector partition functions and the topology
of multiplicity varieties

mA M (PR

wm =
multiplicity variety & FHIALDZEMIEAEAL, FHEOFHE LA EEET
5. FleX Z TCOMEEMIMm A LT, 7 =A MFED vector partition
function & volume function # €& L, TNULORAXEZE X 5. 61T,
volume function & ERMAEEGR & DALY ZimT 5.

1. Multiplicity variety &7 >V ILERIRD 2

1.1. FELHE

G ZBGEfEa N7 NEMY —8E, T 2K h—7 2L 1L, gt &2 G, TOYU—E, g,
tr TR ET D LIFLIE, WEZHWT & Cgr AT, G D gt ~DOR
FEFEIERIICE D X e ¢ (C g*) DEZE Oy TERT. Ay, A p et IZHL, ROK
IR (T VIT T A4y IR DI — TR EMIEN D) BB ZD.

Mg =0y x--x0y) /)G :={(x1,...,2,) |21+ -+ x, =0}/G,
Mz = (O X - x Ox) [[uT = {(1, .., z0) [p(or + -+ 2n) = p}/T.

ZELp:gr =t IRHETHY, G RERERICHAMICENTL2bD0LETD. 2
U6 DOZEM % F L C multiplicity variety & XUV, #2743 % multiple weight
variety & FE5.

ZDAENE, BT ERIZBIT 52EM ERBEOXINCHKT D, P(Ct) % G D
VA MET, P, 3V A FOEEGEL, M,...,\, € Py, un € P DA%
EZ2%. Borel-Weil DEBUZ LY, N\, @5 REEMHEINE O, X, N Zx&mYV A b
IZHD G OEERIRBLV,, (TS T 5. Fiz, EHRE Oy X - x Oy, 137 VR EL
V3, @@V, RIS D, 20 & E, f Mo IIAEHGZEM (V-0 V)¢ IZRS
L, Mp i3 =A FOEHELZRT [V, ® -0V, : C,] :=Homz(C,, V), ®---@V,,)
TS, ZZTC, V= b pZab DT OD1IRTEBTHS.

Ay Ay BEO p QI FIZ K ORISR A IZED DD, 2 b OZE/M O
BIIFER I BERE .

B8 1.1. Mg, My O bRa P— « OV THAR L.

BEENOFERERZ Z ZTHIZET D Z LT LARWA, FIzIX G N ABT, % O, BN
ZERe T A~ VERDBAE D Mg lZOWTIE, [14], [11] P& (B D Wil B 7e
AEFAGHRDOIWRTENLANZ D) , WL DD Z ERPFRLN TS, T G = SU(2)
DYGENIERA B & 72D, FTo, n=1DEED My 1L, [12] LK weight variety
EREINTWD. n=2 D& ZlEdouble weight variety & FEII, G = SU(3) D%

AWFTETRATE (BARITZE (C) BUEEE 75 24540093) DBl ZZ T 72 b D ThH 5.
* T 112-8551 HAAL UK AR A 1-13-27 H9L ke BT 25

e-mail: takakura@math.chuo-u.ac.jp
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A1 Suzuki [17, 18] 12 & @%wiﬂ«*%nf: (LAEBMB) . L3V, ?.Ef:“%EZﬁHb\
TWTWRWNWZ EDITNE. BIZIET T T P 2 5853 AR oy i 2 R
mEWEBbis.
T, ZZCHBEIZLIZVWDIE, M= Mg, My OaREr —2XFE, FRCRER

RR(M) — / STAM)  BEE vol(M) = / e — lim — / T d(M)

M M k—oo k@ M
DIETHD. 7L, wlEMOYLTLIF 4y IR, TdM) i M ® Todd
EX, diE MOEFRKTLTHD. Bl vol( M) B M D IR —|{ZonT (£

Z) BERERESZLE, 1L.3HTHIT 5.

TV T Ay IREOARER VR XFEICET 5 G & LT, Jeffrey-Kirwan
(2 & % residue formula [9] X°, Martin & X 253 A3 [13] FOFIER ML TN DD,
TerXZ=ZMOBRKIZER L, RR(M), volM) Z2EHOSETE ML D, O
D, MITBONEREL, Fbon UL e FEEE N\,...,\,E P, ucPIC
75) FTEL. ZokE, ETHlRRZEMERBOX)ES (FFIC Guillemin-Sternberg O &

H[5]) MHRBFBELND.

1

RR(Mg) = dim(Vy, ® --- @ W,)C, Wﬂﬂb)zngﬂMMwh®-~®%Mﬁ,
—

RR(MT) == [V)\l - ® V,\n . C“], VOI(MT) hHl kd, [Vk)\l - ® Vk)\n . (Ck#]

—

i 1.2. EXfF0% QG(X>, Uc(X), ar(A\, w), UT(X, p) EFT. T DA ATHEZRR Y
BRI R A

—ODHARGRT T —Fix, HEZHAVDHETHD. Weyl DFREAXEZHWT
Vi, @ @Vy, MOMLEREREZGL) ET 5L, 5 2HiTil<2% vector partition
function 3 & ' volume function ®BEE~LE 5 (24HZW) . —J5, Verlinde @
ARERANTROT 7 a—F %2 158 TilkR%.

1.2. fl : G = SU(2) DiHE
G=S8UQ2) DL, —&RD M,... Ay p ITH LT, ga(N), va(N), ar(X, 1), vr(X, )
MBI E NN RTBICRD s ([22] 42 BH) . #1213 ve(X) 1890 T, KRR

/riii 1.3. 1 = 1,...,TL L:ij‘b, )\z :miAl = ﬁ041 (ml € 2Z>0) CE L/ M = my +

2
cdmy, B ZIDEE, d=n—-3THY, ve(\) FKRDIBEYICRIND.
< 1 m My \ 3
(1) UG()‘):_M Z 81"'8n<8171+ "t eén 9 > ,
(Rl gl% T —i—an% >0 BHET (e, .., 0) €{E 1} BIKITHTZ D)
o AM N sm’rmp
2) o) = iy L
UG X / Hz ;:H;ml
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M= = X OLE, (1)IF 2D REAGITE YT % Hilbert oy M 22 R
ERLSBIET S ([16] FA2 M) . G = SU(3) OHFAED (1) DLW TR [19] %
2O L. F, 2)B) DN 158 THELND.

1.3. volume M6 H N5 Z &

Mg, Mp D> 7T T7 40y 7 BREFTBL LS. 9 X e tr &L, REEFHLE
O, Lo or7v o7 v 7 (Kirillov-Kostant-Souriau X0 % wy, &89, G ©
Oy ~DIEHDOE—RA L NG &, 1ITAEFH O, — g* ThDH. G OWEE 1 &L,
A, N ZERT AT D N=p A+ p\ ERTEX, p 40725103,
O, EO2IER wy, EBHE Oy, : O — g* WEED,

Wy =prwp, + - Fpwn,,  Pa=piPa, + -+ Py,

DEKONLD. 2D, Mg D7V 7T 49 7 R we 1E

we = Z (Pipzig + -+ pigzig) (215 € Z*(Ma))

i—1
DN D, S6IT, pet & p=o M+ - -+x\; KT & =, Duistermaat-Heckman
DEHOKEE (6] ZH) 226, Mp O 7TV o7 v 7B wr 1%

n

wr =Y (piazia+- - +puzg) F oot (2 € 2 (Mr))
i=1

DB A,. LTEENoT, BELNA.
S8 1.4, (1) vol(Mg) 1 py; DEEXTHY, X [ 20,80 2 00 O
M
BT, ¢

(2) VOl(MT) Gi piJ’ T @%IEKTZ?J (O s &“X*?ES / Zlel’l s Zmld"’l ’yfl s ’ylel O)
M
B2 %

% 1.5. G = SU(2) OHFA, EH13(1) 1D Mg DT R TORIFERDND. My 12
SWTHABETHS. L0 G = SUI+1) & L, KABEH8EE 0), 58 U +
D)/(U1) x - x U(1) x U(k;)) ONiAMZ b2 ERET D, ZDE X, Hiyp(Myp) 3
%/ﬁﬁ"]@i Zigy Vk f:%“(iﬁkéﬂé Z &753%%2}%5 @26:, VOI(MT> M Dij, Tk 0)%
AL L CTREMICRE DR BIE, My OFTXRCORXHRNDLND. T7hbb, K
AT R AR = R T 0 U —DBRIEER DN D Z LITR D,
1.4. B : SU(3) ® double weight variety
G =SU(3) &9 %. Suzuki [17, 18] I&, double weight variety My = (Oy, x Oy,) /T
DT VT T 4y TAEFE vol(Myr) = vr( A, Ao, ) ZFEL <AL FRIZ,

(1) g 25 Ay + X (CBEEET D alcove ICB T 55

(2) p 730 &[F L alcove IZI@THH
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B Z, volMr) & LTENDTRTORAZRE L7z, T 2T alcove &%, ¥ p:
Oy, X Oy, = t* OIEAEDES DOHEFERR D Z & ThDH. A, A\ BB &, alcoves D

BLiE AR 2 ICE DD (RIXNESHE) .
At A,

%gﬁ/@fl&b /\1, /\2 - fi_,r = R>0A1+R>OA2 kﬂi/ﬁ; L/, )\1 = pAl—f-qu, /\2 - TA1+SA2,
(1) p 25 A4+ X @ TET D] alcove IZBTHE,

1
vol(Mry) = E(p +r—x)?(—p+2¢—r+ 25+ —2y)

ALY 32D ([18, Corollary 4.1]). 5% 1.5 ZHWT My ORT 1 VEIEA P,(Mr) &
RKdH &, OIS,

P(Mg) =142 +2" + 20+ t° = (1 + )1+ > + t* +1°) (= B(P") - P(P?)).

() IZ2ONWT, Bl 2q>p>q, 25 >1> 58 p>q+r DHEEIE,

vol(Mrp) = =(2¢ — p)(2r — s)(2s — r)(r + s)

DO | —

Td % ([18, Section 4.3, Case (Va)]). Z4nb, P(Mg)=1+3t>+4t* + 35+ &
%, TRTOHEERHNT, REHD.

THE 1.6 ([21]). G=SUB), M, et LT, p 5 A+ Ao ([ZBEET S alcove (Z
BT L&, Mr= (0 xO\)),T ORT A VEZEAIEL (14+3)(1+ 2+t +15) T
5. —J, p20 LFECalcovel/ET & &, My ORT 0 LA

1432 +4t* + 35+ E£721% 1462+ 10t* + 66 48
Thb.

1.5. Verlinde DA DG

BN G 2] OFEREa Ry A —BEE L, go(N) ISR D RIFED# 7 &4

<. W EBTANEE, AL ZELV— FOES, 0 #iEL— b, Q #L— M7, QV %

a)— METETD. Flo, Poy =ZogM + -+ ZogMN, p=A +---+ N ET 5.
LoUL LIRS TERH m ZEEL, P7 o= {z e P, |(z|f) <m} LB, L

(]-) FFEENTETH L. A ppy € PPITHL, 72— a ARBE TN Ny, B

EED. T, V)V, OBEXISF

ieV,=> v

I/EP+
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OEEEE ny , &, m IISCTHUEBIETHZ LIcLnBGonsd (27 F22H) . 1
Vom B RENRLIE, NY, =nf, D302, —J5, Verlinde DAXE LT

A x)a(p, x)a(v, x
= 3 el sl

a:erf )

MED o2 ERHBR TS, 2L, Ape Pl IickL,

) = (VDR o+ )@ LS etw)esn (X0 phul+ )
o) = (VDRI + Q"1 Y el enp (22X o plut))

Tohd. 12720 g 3B Coxeter THDH. ZHNHBRBFTLHND.
faRE 1.7 ([20]). m > (A + -+ A\, ]0) D&, WY 32O,
v A ’ A ; )‘ny
=3 a(Ar, p)a(Az, p) - a(An, 1)

;U'GP.T a(l’b)n_Q

m=k(A+---+A,]0) &L T

1 a(kA, p)a(kAg, o) - - - a(kX,,
Z_( pa(kAz, ) - - - a(kAn, p)

d n—2
perp K a(p)

1
EQG(k/\l,...,k/\n) =

DRz &5 &, RPBFELND.

B 1.8 ([20). A\,..., M, € QNP 2L, n=2>1n>5ERETDH. A=
MA -+, d=(n—2)|A ] =1 &£B EX, WMBHY L.

. PO (i) T xu (eXp ‘2’&/,?1')
o) = iy (o (T T] 2 G’ | -
i=1 a€A HEP, (HaeA+ 27T(,u—|—p|a))

FE L9, LT, EE18 ITENEI, SAOZEKME O G HEHRDOEY 2T A 22
2% % Verlinde DA, Witten DEFEARLIFZIEF LIEZ LTS ([28] ZH) .
ZHUE, ZTOFY 2T A 2R multiplicity variety Mg £ VI T 4w Z[FRIFET
bHHEVWIERE (§]) EEALTWND. FLIOHEENDL, BN P — P [ZETH
BB HLUOAKXDB KD SOETTHSH. L, TEMETRICEREIENT 5 2
LIZTETHARWY. 28, qr(X, ) R op(X, p) IR LTI, 20X 2%Rdmbh
TR0,

—MRIZ, N DS p DATT—EOYE, AUNBIE IR D,

51 1.10. G=SUB), \y =mup,... An=mup (m; €Z=g) EL, M =my+---+m,
EFR <. IRDBELY L.

R sin ® sin G sin mi(ptq)
(1) UGO\) _ 2 2M 3n—8 Z H =1 2M 2M
(mp-7q - 7(p+q)"~

P,g€L>0
_ 2 [T, sinm;z - sinmyy - sinm;(x + y)
w2 z,y>0 (l’y(l’ + y))an

dxdy
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2. Vector partition function & volume function

2.1. Vector partition function
a1, any EZ R OHLEFOILT, TTH R OHLHFAZEM GEFIIF A ZIED
N

%Elzﬁ> K)E@‘kfﬁﬁ?ﬁ‘é A:<Oél,...,O{N) &}5< )\GZZZOQi L:%‘J‘L,

1=1
PA()\) = ﬁ{.T = (1‘1, e ,.TN) c (Zzo)N ‘ T10 + - +ryay = )\}

Z vector partition function &W-5. Pa(N) OREEEEIE

1
PaN et = — b
; Hij\il(l_eai)
=(1+e e 4. )i (T4+e™ £ 4.0,

N
Thd. 12720 Ne ZZZOO(Z' Ik LTI e~ &E r 2F X, fiE eMet2 = hth

=1

N
TEDDLHOLT D, Fhe ) Rega IHL,

i=1
Xa(h) ={z = (21,...,2x5) € Rs0)Y | 2101 + -+ + 250y = h}
& B &, partition polytope &FES. Pa(N) 1E Xa(N) WO F RO 5 72
V. b b,
PaN) = > 1

TEXAN)NZN

Thd. Eoily=(y,....,yn) ERY m=(my,...,my) €ZV &L,

N
Pa(\y) = Z e~(@yitHenun) Py (Aim) = Z H <<T;z)) ’
NZN =1 i

TEXAN)NZN z€EXA(N)
N
Pa(Ay;m) := Z (H ((;)) ef”yi>
z€XA(NNZN \i=1 !

EEFRTDH. DY vector partition function E#EFRTH. 22T
<(m)) - (e (m>0D&x)
T (=D*(") (m<0oDEE)

PA<)\) = PA<)\7 0 ; 1)7 PA<)\7 y) - PA()‘aya 1)7 PA()\a m) - PA()U 0 ; m)

Thd. ERNPD

Tohd. £z, Pa(\ y;m) OREBEEN

1
E Pa(\, y;m) et = =
v A< ! ) Hi—l(

1-— 6*3/1'6041')7”1'

Thd. LT, m=(my,...,my)€ZN 2014 b LIS,
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2.2. Volume function

N
FROHEREEZD. he Y Rsoa; IHFL,

i=1

VA(h) I:/ d,u, VA(h7y) ;:/ 6_(5‘311/1+"'+$NyN)dlu
Xa(h) Xa(h)

kﬁ%ﬁ—é =72 L/, CZ,U ﬂi%qzﬁl‘ {(.Tl, R ,.Q?N) S RN]xlal + -+ axyoany = U} iz
HARICEELDMETH S.
EBIZ, EFTTRTO m; BIEOHEIC

N Imi -1 N xmz -1

V hSm ::/ i—du, )% h,y;m ::/ (1— eziy¢> d,u
A( ) XA (h) g (mz - 1)' A< ) Xa(h) g (mz — 1)'

EEFETDH. m; OFIZ <0 DLORH D E &1L, FHBEOBEEOEWRSITNMEE 72
5- m & ZSO G:;d‘]\/;

m—1

(é_wpzﬁmWZhzomﬁ%%o?w&%ﬁwmuﬁgﬁﬁn

EEDD. ZIHDOEB LOFEDITOWTRAL Y L2 ([10], [7] ZH) .

N
R 2.1. h 8 C(A) = ZRzO%‘ D% chamber (EFIXTRLBZM) BT LIUE
=1
T5., Z0LE, m; OFIZ <0 OLORHDHEAICEH, hyperfunctioin & 2 WM&
N m;—1

.T'
distribution & L CHE —

Va(h;m), Va(h,y;m) & well-defined &72%.

DFED, h 5 C(A) D&% chamber IZE L TWD722 6L, m; DIEAICEDLT
Va(h;m), Valh,y;m) BDEFRSALD. Va(h), Valh,y), Va(h;m), Va(h,y;m) Z#F L
T, (vector partition) volume function &PFE5. 7235, chamber OJEFRITIR D@
NTh5.

EE 2.2. {1,... . N} OFNES JISHL, C(J) =) Ruga; LT 20L&, O(J)
jeJ

OB T HIE, LK D C(A) ORFIZ 52 5. TOHENIRT 54 d RouHE

DOREE C(A) O chamber & FE5.

2.3. BB L
vector partition function K> volume fuction 1%, ZJ7H 76 OEMWEIZ LS ThE A 70
TR ENTND., TR (0—H) LT, [4],[2, 8] &% F 5. £z bido X o,
ZNOIEMEDER T ROBEESLERE L AR T LN TE L7, ZOMELED L2
HliE, SHICRWEEZ ST &I 5.

& AT, vector partition function <> volume function (ZB9° 5 kD < 1%, V=
A bm=(mq,...,my) EEELTOARN. EE, o ZHOHICFALTHEORH-TH
FRZBEIZ 2. 22 CTm 28 > 2 O5AEIE, o 2 m HEAESETAICEDTE
FIEEL, BOPLTXTOm; 21 L LTH—RMEEZRDRVWOTHL. LinL7i

D Xa(h) ~DOHIED well-defined TH Y, Ty
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MOFAIL, Tk m=(my,...,my) ZRERATA—F L LTR#L, S5IC
m; D ;é@%@rb%é%ﬁ%ﬁ%ﬁ@“é ¥ [4] TIE, TXTO m; DIEOEE
D VYAym) BBELEINTWD . BRMEEGE & OBEIZSW T, 2.6H Timd 2.
2.4. 5| : B multiplicity variety [ZDW\T

VLEOEEERINS &, L1EIO qo(N), gr(X\, p) BRO LS5 IcESnD.

N —1)IA+l n
w6 = S X ) (wn) Pa, (Zwiuﬁp)—(n—z)p;nw)

WY yeeny wp €W =1

gr(Np) = > elwy) - e(w,) Pa, (Zwiuﬁp)_np_ﬂ;n),

W yeuny wnpeW i=1

E77, ve(N), vp(X, p) IZOVTIE, BIZIET_TO N B Py KBTI,

. —1)A+]
va(A) = %e(wl) e(wy) Z VA, (Z wi(A;); n— 2)

W yeeny W EW

vr(Xp) = Y elw)--e(wn) Va, (Z wi(Ai) — 3 n)

W1 yeeny Wi EW

volume function %Fﬁb‘fi‘%éﬂé. _ﬁ’bﬁ)ﬁ@W:nff l\%%iﬁ:%ﬁ%{%@*of‘%é.
2.5. Brion-Vergne DA D—f%1t
Brion-Vergne [2] 1%, Pa(X\,y), Va(h), VA(h Y) Wk D ENWARARAKE G 2T
L. ZORRE, VA b mBHLGE FHIAD m; B L%E) ~EET 5. fb
REBRLHT-OIRHEEHEAT D,
& 2.3. o {l,....N} OEHES o ¥ A DEETHD LXK, (aj]|j €0) HR?
DHEJETH 5 k%%:m 7. A DIEREEEFEOESEZ B(A) LiLT.
C(A) @ chamber v IZxf L, 0 € B(A) Ty C C(o) ZHTcT & ORIEOES%E
B(A,~) 527
A DEZES AT LTS, FERIZBA), B(A', ) 2ED 5.
o 0 € B(A)ITHL, MEGH v, : R = RY %o, (o)) :=w; (j € 0) TEET D.

i f:, E'Zfr?gﬁﬁg {Z tjCYj

JjET

0<t;<1(je€ 0)} DEFEE (o) LT

EBIZ, G(0) = (®jeoloy)” [(Z™) EEDD.
e 0EB(A),jEo BEVk¢o /L, FE o Hap =) cpoy TEDD.

s
I 2.4 ([24, 25). T = {i|lm; > 0}, J = {i|m; <0}, A = (|1 € I), M =

Myt by EFB. ajza% LHEET .
J
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N
1) A€ Zzoa; 75 C(A) D% chamber y IET &L, SHITT#) DL X

icJ

sowrm = Y T(720™ )

c€B(A ) jEO

€ (v (V) Z 27r7,/\<g)
(o) 9€G(o erzg(l — e~ 2miak (g)e Ykt 2jeq kY yme |

N
2) h€ > Rega; 78 C(A) DdbD chamber y ICET & T 5. 20 L RN 0.

i=1

) — 1 (—0;)mi—t e~ (ysva (h))
Valh,y;m) = Z (o) H (mj —1)! (Hkgéa(yk — ZJEU Cjkyj)mk) )

ceB(A ) j€o

o 1 1 6;”"71 <y7 Ua(h»Mid
Valhim) = (M —d)! 2 p(o) 11 (m; —1)! (eréa(_yk + e cjkyj)mk> |

o€B(A ) jeo

AR 2.5 TNTO m; 71 OEEE, WTHLD Brion-Vergne 2] OFRTH L. £/
ZOWE, N\ h Dy OE 7 IZET EXITHE CARBBLT 5. [FEkS, 33T
m; WIERBIE, M hey DL EITHE AN T 5.

% 2.6. EBL2.5(2) L 24HOXND, ve(N), v\, p) DEFABHELND.

2.6. HBHREABEHwmLEDOEDLY
R® NC, —DOAEICH DB VCHELE Hy,..., Hy 525. ZOLX, ZHLHTH
ER AR 1 5 & (Nn‘ 1) 5. R OREE (.. w) &L, 1%
X fi=Ffilur, ... u,) ZAHWCT H; B f; =0 ERINTWDET D, JEAEEHA i
Rk, fi=u,.. . fp=u, EIRELTEW. £72, j=n+1,...,N ITXL,
fj = Toj T T1jU1L + - F TpjlUy EFERT

LrNE€Z EL, Hy,...,Hy CHENTZAR 28 D kL,

FD /deul

N .
u fulTn x0+x1u1+..+xnun T4
1 n H ( 7 J J ) duldun

p ! !

B rj!
j=n+1 J

LERTD. EL, rp BADHEEE, 2280 K51 £/l 13T V2 B DGR
2 f; #RALIZb D) EMRT D, D& X, F=Fpzy) 1L, KO (1)(2)(3) 1 H
7 HBEMGREAR E'(n+1, N+ 1;r) (1] 3R) OffIcd 2 Limasnd.

. OF
(1) > wymr—=mF  (j=n+1...,N)
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Y oF
(2) Z T . (ri +1)F (1=0,...,n)
Jj=n+1
0*F 0*F

(i7p:17---7n7 j,q:n‘i‘l,?N)

(3) 8x,;j8qu - 81’1’(}81’}”’
F72ZOHEAGRIE, Gelfand-Kapranov-Zelevinsky (2 & V& A X7z GKZ HiEACR
([15]) ZH) L LTHERIND. KA L.

ﬁ% 2.7 ([26]) T1,...,1p € ZZ()? 'n+1y---3 TN c Z>0 Eﬂiﬁ?‘é :0)& %, {FD} e
BRMATEAR F'(n+ 1, N + 1;r) OfFZERORLEIZRD.

EE 2.8, BBREEGRICBVWTIE, ndZDEEEBIDIENZNEITHD. £
DG, MM D 2 YA AR YA 7] [EETDHZLIZRY Fp ZEHRT .
Fp 13— SN2 BB D 5\ T 7 T A~ VU SRR EDORBRMEI%L & MEIEN %
(1] B8 .

T, BERLIE [ & —f KD 22T, HR7AHEE D A
u >0,...,u, >0, f;>0 (j=n+1,...,N)
TEINDETH. d=N-n &L, REOZEBWNT

a; = (_xin—i-la---,_xiN) (Z: 1,...,n), an_,_l = (1,0,...,0),...,0(]\[: (0,...,0,1),

h = ($On+17 cee 7330N)

LB EbEmi=r+1 (i=1,...,N) &35, ZD&Z, Fp Fvolume function
Va(h;m) (IZ—E7 5.

EE 2.9 ([26]). r1,...,7n €EZITKL, Fp ITEH2.4(2) DFE _ROBICEKRIIND.
FD 61 T4 @ﬁ@%’giﬁf, %FK Ton+1y---5s LON @giﬁﬁﬁliﬁé %@‘@E{@%/gﬁb‘

& Xk
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