TANGLE SURGERIES ON THE DOUBLE OF A TANGLE AND
LINK POLYNOMIALS
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Dedicated to Professor Shin’ichit Suzuki on his 60th birthday

ABSTRACT. We introduce some tangle surgeries on the double of a tangle. If the tangle
satisfies certain conditions, then the resulting link has the same polynomial invariant as the
original one. We give some pairs of links sharing the same polynomial invariants making use
of our tangle surgeries, which also show that our results are the best possible.

1. INTRODUCTION

There are several methods for producing different knots or links with the same polynomial
invariant such as the Alexander, Jones, HOMFLY, or Kauffman polynomials. Conway’s mu-
tation [4] and its generalizations, satellites of mutants, rotants and the theory of spectral pa-
rameter tangles of Jones provide such examples [1, 7, 8, 10, 11, 12, 13, 18, 20, 23, 24, 26, 27, 30].
They are performed by removing a tangle from somewhere in the diagram and then sewing
that same tangle back in differently by rotating it or flipping it over. In this paper, we intro-
duce other three types of tangle surgeries that do not alter some polynomial invariants. The
first one is as follows: Given a tangle T containing a tangle R, we construct the double of T'.
Then it contains R and its mirror image. Instead of rotating a tangle 180°, we rotate these
two tangles 90° simultaneously and take mirror images. If the tangle 7" satisfies certain condi-
tions, then the resulting link has the same Kauffman bracket polynomial (Theorem 2.1(i)) or
the HOMFLY polynomial (Theorem 2.2(i)) as the original one. This tangle surgery provides
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a pair of links of more than one component having the same Kauffman bracket or HOM-
FLY polynomials. The second and third tangle surgeries are done similarly. The second one
provides a pair of links of more than one component having the same Kauffman bracket or
HOMFLY polynomials and also the QQ polynomial. The third one can provide a pair of knots
having the same Kauffman bracket or HOMFLY polynomials.

This paper is organized as follows: In Sect. 2, we introduce our tangle surgeries and state
the main theorems (Theorems 2.1-2.3). In Sect. 3, we give the definitions of the polynomial
invariants such as the Kauffman bracket, Jones, A, Kauffman, Q, HOMFLY, and Conway
polynomials. In Sect. 4, we prove the main theorems. We use a linear skein theory essentially
due to Conway [4]. In Sect. 5, we give some pairs of links sharing the same polynomial
invariants making use of Theorems 2.1-2.3, which also show that our theorems are the best
possible. We also give another tangle surgery that does not alter the A polynomial, and hence
the Kauffman’s F polynomial (Theorem 5.1).

In his master thesis, Hirofusa Saito [28] classified 2-string tangles of 6 crossings or less up to
freely equivalence (see Sect. 4), where he uses that the double of a tangle is an invariant link,
and thus its polynomial invariant is an invariant for a tangle; see Lemma 4.1. Furthermore,
he and Satoh [29] found several pairs of tangles that cannot be classified by the polynomial

invariants of their doubles. In this paper, the author generalized their examples.

Acknowledgements. We use the computer program of Professor Mitsuyuki Ochiai of Nara

Women’s University to calculate polynomial invariants of links.

2. TANGLE SURGERIES

A tangle is a pair (B3, 1), where 7 is a 1-manifold properly embedded in a 3-ball B® with 4
boundary components. We express a tangle 7' by a diagram as in Fig. 1(a), where we use the
projection (z,y, z) — (x,y). Two tangles are equivalent if there is an isotopy of the 3-ball that
takes one tangle to the other while fixing each point of the boundary, that is, their diagrams
are related by a finite sequence of Reidemeister moves (Fig. 2) inside the circle defining the

tangle while the endpoints of the strings remain fixed; cf. [4, p. 331].
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FIGURE 1. (a) A tangle T. (b) The double of T', DT

O«l=jo =)0 L=

Cy c c_

I II II1

Fi1GURE 2. Reidemeister moves.

We define the double of T', DT, by the link diagram or the link given by Fig. 1(b), where
T™* denotes the image of 7" under the reflection with regard to the yz-plane; T = p,,T" with
pyz(x,y, 2) = (—x,y,2). If T is an oriented tangle, then its double DT is oriented so that the
strings of T' keep the original orientation and that the strings of T reverse the orientation
that is induced from that of 7'

Suppose that a tangle T’ contains a tangle R in its interior. We denote by T'(R') the new
tangle obtained from T by replacing R with another tangle R'. Thus, in particular, T' = T(R).
Then the double DT contains the two tangles R and R*. We denote by D(T'; Ry, R2) the new
link obtained from DT by replacing R and R* with other tangles Ry and R», respectively.
Thus, in particular, DT = D(T; R, R*).

Two tangles T = (B3,7) and T' = (B3,7') are freely equivalent if there is an isotopy of
B3 taking 7 to 7' (without the restriction that the endpoints stay fixed). When we consider
oriented tangles, we require the isotopy should preserve the orientation of the strings.

We define the integral tangle or n tangle, n € Z, and the oo tangle as in Fig. 3, where

n > 0. Further, we define the 1/m tangle, m € Z\ {0}, as in Fig. 4, where m > 0.
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FIGURE 3. (a) The n tangle. (b) The 0 tangle. (¢) The —n tangle. (d) The oo tangle.
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FIGURE 4. (a) The L tangle. (b) The —L tangle.

For a tangle R, we denote by R, the image of R under the rotation by angle 90° given
by v(z,y,2) = (—y,x,2), Rl = vR, and by R the tangle vp,,R. Thus if R is the n tangle,
n € Z\ {0}, then R, and R are the the —1/n and 1/n tangles, respectively.

When R is the n tangle, n € ZU{oo} (resp. 1/m tangle, m € Z\ {0}), we denote a tangle
T(R) by T'(n) (resp. T'(1/m)). In the following, we shall use a similar notation. We consider

a tangle T'(R) satisfying the condition:
(x) The two tangles 7°(0) and T'(co) are freely equivalent.
In Sect. 5, we give some tangles satisfying the condition (x).

Now we state our main theorems. The definitions of the Kauffman bracket, HOMFLY, Q,

and Conway polynomials will be given in the next section.
Theorem 2.1. Suppose that a tangle T(R) satisfies the condition (x). Then each of the
following pairs of diagrams share the same Kauffman bracket polynomial.
(i) D(T; R, R*) (= DT(R) ) and D(T5 RY, Ry) ( = DT(R) ).
(i) D(T;R,R) and D(T;R,,R)).
(iii) D(T; R, R%) and D(T; R*, R, ).
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Theorem 2.2. Suppose that an oriented tangle T'(R) satisfies the condition (x) and R is
oriented as in Fig. 5. Then each of the pairs of the oriented links (i)-(iii) in Theorem 2.1
share the same HOMFLY polynomial.

N

FIGURE 5. An oriented tangle R.

Theorem 2.3. Suppose that a tangle T(R) satisfies the condition (x). Then the pair of the

link (ii) in Theorem 2.1 share the same @ polynomial.

Remark 2.4. For any tangle 7', it is easy to see that its double DT is a slice link in the strong
sense, that is, DT is cobordant to a trivial link with the same number of components. Then
the multivariable Alexander polynomial of DT is zero, and hence the Conway polynomial is

zero; see [15, 21, 22], cf. [16, Sect. 12.3].

3. LINK POLYNOMIALS

The Kauffman bracket polynomial (G) € Z[A*'] [14] of a link diagram G is defined by the

following formulas:

(0) =1; (3.1)

(G1) = A(Gso) + A™H{Go); (3.2)
(G_1) = A(Go) + A H{Gwo); (3.3)
(GUO) = (-47 - A7) (@), (3.4)

where O is a diagram of the unknot with no crossing and G, n € ZU{oo}, are link diagrams
that are identical except near one point where they are the n tangles. Then (G) is invariant
under regular isotopy of G, that is, invariant under the Reidemeister moves II and III; see

Fig. 2. The writhe w(G) of a diagram of an oriented link is the sum of the signs of the
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crossings of G; the convention is shown in Fig. 6. The Jones polynomial V (L;t) € Z[t*/?]

[9] is an invariant of an oriented link L given by

V(L;t) = [(—4)79(q))| (3.5)

A—t—1/4 )

where G is a diagram of L.

a K >

FIGURE 6. Crossing signs.

The A-polynomial A(G) € Zla™", 2*1] [14] of a link diagram G is defined by the following

formulas:
AO) = 1; (3.6)
A(Cy) =aA(C),  A(C_) =a"'AC); (3.7)
AGL) + A(G 1) = 2 (MGo) + A(Goo)) ; (3.8)

where O and G, n € ZU {oo}, are link diagrams as above and C, C, C_ are link diagrams
that are identical except near one point where they are as shown in Fig. 2. Then A(G)
is invariant under regular isotopy of G and can be modified to the Kauffman polynomial
F(L;a,x) € Z[a™!, '] of an oriented link L by

F(L;a,z) = a " 9AG), (3.9)
where G is a diagram of L.

The Q polynomial Q(L;z) € Z[xz*"] [2, 6] is an invariant of an unoriented link L, which is
defined by the following formulas:

QU;z) =1, (3.10)

Q(L1;2) + Q(L-1;2) = 2 (Q(Lo; x) + Q(Loo; ) ; (3.11)

where U is a trivial knot and L, n € Z U {oco}, are links having diagrams that are identical

except near one point where they are the n tangles. The Q polynomial is obtained from the
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Kauffman polynomial:
Q(L;z) = F(L,1, ). (3.12)
The HOMFLY polynomial P(L;t, z) € Z[t*!, z*1] [5, 25] is an invariant of an oriented link
L, which is defined, as in [9], by the following formulas:
PU;t,z) =1; (3.13)
t7 P(Lyst,2) —tP(L_;t, 2) = 2P(Lo;t, 2), (3.14)
where U is a trivial knot and Ly, L_, Ly are three links that are identical except near one

point where they are as in Fig. 7. The Conway polynomial V(L;z) € Z[z] [4] of an oriented

link L is given by

V(L;z) = P(L; 1, 2). (3.15)
KX (
L, L_ Lo

FIGURE 7. Skein triple.

Note that the Jones polynomial is obtained from both the HOMFLY and Kauffman poly-
nomials; cf. [17]:
V(L;t) = P(L; t, tY? — ¢ 1/?); (3.16)

= F(L;t73/% /4 — =14, (3.17)

4. PROOFS OF THEOREMS

Two link diagrams G and G’ are said to be balanced isotopic [1, p. 240] if they are related
by a finite sequence of the Reidemeister moves II and III and the move BI as shown in Fig. 8,
which introduces or deletes an opposite pair of curls. Then the Kauffman bracket and A

polynomials are invariants of balanced isotopy.
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FIGURE 8. Balanced Reidemeister move BI.

Lemma 4.1. Suppose that Ty and Ty are freely equivalent tangles. Then their doubles DTy

and DTy are balanced isotopic.

Proof. Let Ty = (B3,7). Then Ty is equivalent to 7] = (B?,7) Uy, (S? x [0,1],0¢) for some
4-string braid o on the 2-sphere S%, where h : % x {0} — dB? is a homeomorphism sending
the endpoints of o in S? x {0} to those of 7; cf. [3, Lemma 2.3]. Then 7} can be expressed
as in Fig. 9, where o is a 4-string braid. Thus DT} and DT are related by a finite sequence
of the Reidemeister move II. On the other hand, since T and 7T} are equivalent, they are
related by a finite sequence of the Reidemeister moves keeping the endpoints fixed, and thus

DTj and DT are balanced isotopic. This completes the proof. [l

FIGURE 9. The tangle T7.

Proof of Theorem 2.1. Let Lg be a link diagram that contains a tangle R. When R is the n
tangle, n € ZU{oo}, we denote L by L,. Applying the axioms (3.2)—(3.4), we may express

the bracket polynomial (Lg) in terms of (L) and (L):

(Lr) = ar(Lo) + Br{Loo), (4.1)
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where ar = ar(A), Br = Br(A) € Z[AF!]. In the terminology of the linear skein theory [19],
the 0 and oo tangles skein-generate the room inhabited by R, and the link diagrams obtained
by substituting these tangles for R generate Lp.

From (4.1), we have
<D(T; Ry, R2)> = QR ORy <D(T; 0, 0)> + ag, BR2 <D(T; 0, OO)>

(4.2)
+ BR1QR2 <D(T; 00, 0)> + BRI/BRZ <D(T; 0, OO)>
Using Lemma 4.1, the condition (x) implies
(D(T3;0,0)) = (D(T}; 00,0)), (4.3)
which we denote by . Then we have
(D(T'; Ry, R2)) = (ar, &Ry + Bri Bry) v )
4.4
+ agr, Br,(D(T;0,00)) + Br, g, (D(T; 0, 0)).
Replacing R with R*, R, R in (4.1), we have:
(L(R")) = a{L(0)) + B(L(00)); (4.5)
(L(RL)) = B(L(0)) 4+ a(L(0)); (4.6)
(L(RY)) = B{L(0)) + a(L(c0)), (4.7)

where @ = ag-(A) = ar(A™Y), B = Br-(A) = Br(A™'), B = Br and @ = ap. Thus from
(4.4), we obtain
= (a@ + BB) v + aB(D(T};0,00)) + aB(D(T’; 00,0)); (4.8)

(D(T; R, R)) = (D(T; Ry, Ry))

(o +8%) 7 + aB ((D(T30,00)) + (D(T300,0))) ; (4.9)
(D(T; R, R1)) = (D(T; R*,R.))

= (@B + aB)y + aa(D(T;0,00)) + BH(D(T;00,0)),  (4.10)

completing the proof. O

Proof of Theorem 2.2. We use a similar equation to (4.1). Let Lg be an oriented link diagram

that contains a tangle R, which is oriented as in Fig. 5. Applying the axioms (3.13) and (3.14),
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we may express the HOMFLY polynomial P(Lg) of Lg in terms of P(Lg) and P(Ls):
P(Lg) = ¢P(Lo) + ¥ P(Leo), (4.11)

where ¢ = o(t, 2), 1 = ¥(t, z) € Z[t*!, z*']. Then we have

P(Lg-) = @P(Lo) + PP (Leo); (4.12)
P(LRJ_) = ?/)P(Lo) + SOP(LOO); (4'13)
P(Lpy) = ¢P(Lo) + ¢P(Loo), (4.14)

where ¢ = @(t,2) = p(—t71,2) and 1 = 9(t, 2z) = 1(—t~', 2). Using these formulas, we may

prove in a similar way to Theorem 2.1. O

Proof of Theorem 2.3. Let Li be an unoriented link diagram that contains a tangle R. Ap-
plying the axioms (3.10) and (3.11), we may express the Q polynomial Q(Lgr) of L in terms
of Q(Lo) and Q(Loo):

Q(Lr) = fQ(Lo) + 9Q(Loo) + hQ(L1), (4.15)
where f = f(z), g = g(z), h = h(z) € Z[z*"]. Then we have
Q(Lr.) = 9Q(Lo) + fQ(Lao) + hQ(L-1). (4.16)
Let Q(Ry, Ry) be the Q polynomial of the link D(T; Ry, Ry). Then using (4.15), we have
Q(R, R) = f2Q(0,0) + fgQ(0,00) + fhQ(0,1)
+ f9Q(0,0) + g°Q(00, 50) + ghQ(o0, 1)
+ FRQ(1,0) + ghQ(1, 00) + h*Q(1,1)
= (£2+9%) k+ f9(Q(0,0) + Q(0c,0))
+ [ (Q(0,1) + Q(1,0))
+ gh (Q(00,1) + Q(1,50)) + h*Q(1,1), (4.17)

where

k= Q(0,0) = Q(c0, ), (4.18)
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which follows from the condition (). Similarly, using (4.16), we have
QR R1) = (f2+9%) k+ f9(Q(0,50) + Q(00,0)) + gh (Q(0, —1) + Q(~1,0))
+fh (Q(OO,—l) —|—Q(—1,00)) +h2Q(_1a_1) (419)
If we flip over the link D(T; Ri, R2) by iy, we obtain D(u,T™*; puy Ro, iy R1), where p, T
is the image of 17" under the reflection with regard to the zy-plane; pu,T* = p,,T with
Pay(T,Y,2) = (2,y,—2). Thus D(uyT"; pyRo, pyRa) = D(pwyT’; puyR3, poy RY), which is the
mirror image of the link D(T; R3, R]), and so by [2, Property 1(c)]
Q(R1, Ry) = Q(Ry, Ry). (4.20)
By (3.11),
From (4.20), Q(0,—1) = Q(1,0) and Q(0,1) = Q(—1,0), and so this becomes
Similarly, using Q(—I,OO) = Q(OO,I) and Q(I,OO) = Q(OO,—I), Q(I,OO) + Q(—I,OO) =
x (Q(00,00) + Q(0, 00)) becomes
Substituting (4.22) and (4.23) into (4.17) and (4.19) respectively, and using Q(1,1) = Q(—1,—1)
and Q(0,00) = Q(o0,0), which follow from (4.20), we obtain
QR,R)=Q(R.,R.)
= (£2+ ) k+2£9Q(0,00) +x(f + 9)h (k + Q(0,00)) + h*Q(1,1),  (4.24)

completing the proof. O

5. EXAMPLES
Let T(Ry, R1, Ro, R3, Ry) be the tangle as shown in Fig. 10. Then the following tangles
satisfy the condition (x) with respect to the sub-tangle R:

e T'(m,e, R,n,e) for any integers m, n.

e T'(R, ¢, Ry, €, Ry) for any tangles Ry, Ry.
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Here ¢ = £1. In fact, T'(m,€,0,n,€) and T'(m,€,00,n,€) are rational tangles [4], which are
freely equivalent to the trivial tangles, and T(0,¢, Ry, €, Ry) and T (00, €, Ro, €, Ry) are easily

seen to be freely equivalent each other.

FIGURE 10. T(Ry, Ry, R, R3, Ry).

5.1. T(3,—1,R,—2,—1). For the tangle T(R) = T(3,—1, R,—2,—1), let us consider the ori-
ented link diagram or the oriented link DT(R;, Re) as shown in Fig. 11, which we denote
by L(Ri, Rs). When L(R1, Ry) is a 2-component oriented link, we denote by L(R1, R) the
oriented link obtained from L(R;, Ry) by changing the orientation of one component.

From Theorems 2.1 and 2.2, each of the following pairs of link diagrams or oriented links

have the same Kauffman bracket and HOMFLY polynomials.

(i) L(~2, )andL(
(i) L(—2,—2) and L
(iii) L (~2,~%) and L

The pairs (i), (ii) are of two components and the pair (iii) are knots. Let us examine each

pair.
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FIGURE 11. L(Ry, Ry).

(i) L(—2,2) and L (—%, %) This pair have different Q polynomials, and thus have different

Kauffman polynomials:

Q(L(—2,2)) =2z 1 — 1 + 642” + 962> — 4322% — 1202° + 93625 + 5627 — 10882®
—1042° + 7642 + 200zt — 280212 — 14023 + 2021 + 2421 + 4216,
Q(L(=53)) =207 =1 - 320+ 4822 + 2322% — 396" — 4242° + 83205 + 39627 — 9042°

— 25227 + 64420 + 2042 — 26022 — 1362 + 202 + 2421° + 4216,

From Remark 2.4, the Conway polynomials of the oriented links L(—2,2), L(—1/2,1/2),

L(—2,2), L(—1/2,1/2) are zeros. Further, since the writhes of these oriented diagrams are
zeros and their linking numbers are zeros, they have the same Jones polynomials. However,
the pairs L(—2,2), L(—1/2,1/2), which do not satisfy the condition for orientations of the

sub-tangles in Theorem 2.2, have different HOMFLY polynomials:

P(L(=2,2)) = (t7" =)z 4+ (—t 2+ t73 42071 =2t — 3 +4°)2
+ (=5t 0 46t 4 11t — 11t — 6t + 5t°)2°
+ (4t 973 13t — 13t — 983 - 445)2°

F (=t 5t 6t — 6t — 53 F10)2T 4+ (173 7 — 1 — %)Y
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P(L(=53)) = =)z + (47> 1207 =12t + 48%)2
+ (=243 + 76t — 76t + 24t%) 2% + (=37t % + 135t 1 — 135¢ + 37¢%)2°
4+ (=25t 73 4 112t — 112t + 25¢%) 27 + (=8t 3 + 49t 1 — 49t 4 8t3)2°
+ (=t 11— 11t 4+ 22N 4 (7 — )2
(ii) L(—2,—2) and L (%, %) From Theorem 2.3, this pair have the same Q polynomials.

As mentioned above, they have the same HOMFLY polynomials, and thus have the same

Jones and Conway polynomials. Note that their linking numbers are —2. However, this pair

have different Kauffman polynomials:

F(L(-2,-2)) = (a® + a®)z ! —a*

+ (=2a° — 50" — 4a® 4 4a® + 5a* — a7 — a2 + O(2?);

~/
h
~/
N —
N —

)) = (®+a®)x™! —d*
+(=a —2a" — 20° +2a® + 20! — 207 —a )z + O(z?).
Similarly, the pair L(—2,—2), L(1/2,1/2) have the same Jones and Q polynomials, but have

different Kauffman polynomials. Further they have different Conway polynomials, and thus

have different HOMFLY polynomials:

V(L(=2,-2)) =2z + 2% — 425 — 102" — 42°;

v (E (%, %))) =2+ 25 —122° — 2427 — 1929 — 721t — 213,

(iii) L (—2, —%) and L (2, %) As mentioned above, these are knots and have the same

HOMFLY, Jones and Conway polynomials. They have different Q polynomials, and thus
have different Kauffman polynomials:
Q (L (—2, —%)) = 3 262 — 1222 + 362° + 1142 — 2425 — 30025 — 6027 + 4042®
+2122% — 266210 — 2522 + 2422 4 1042 + 4421 + 6210,
Q (L (2, %)) = — 3+ 62 + 422 — 1002° + 782" + 2802° — 1962° — 40027 + 2202°

+ 3602 — 14620 — 2562 + 4212 + 10023 + 442 + 620,
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5.2. T(2,—1,R,—3,—1). For the tangle T(R) = T(2,—1, R,—3,—1), let us consider the ori-
ented link diagram or the oriented link DT'(R;, R2) as shown in Fig. 12, which we denote by
M(R1, Rs).

(2] //’\\/ (7,
L Resee

FIGURE 12. M (R, Ry).

From Theorem 2.1 (iii), the following pair of 2-component link diagrams have the same

Kauffman bracket polynomials:
o M (—2,—%) and M (2, %)
Since the writhes of these oriented diagrams are 10, they have the same Jones polynomials.

They have different Conway polynomials, and thus have different HOMFLY polynomials:

V(M (=2,-})) =42 +52° - 75" + 32
V(M (2,3)) =42+ 55" — 155" — 627 + 22°.
Further, they have different Q polynomials and thus have different Kauffman polynomials:
Q (M (=2,-4)) == 627" + 7~ 6z — T42® + T4z’ + 3140 — T42® — 5942° — 902"
+ 602z° + 2342° — 374410 — 2682 + 72212 + 13023 + 482 + 625;

— 627" 4+ 7+ 58z — 4222 — 2302 + 982* + 4144° — 1582° — 40227

O
=
—
N
D=
N——"
—
Il

+ 23428 + 28627 — 242210 — 2522 + 56212 + 12623 + 482 + 621°.

5.3. T(R,1,Ry,1,Ry). In addition to Theorems 2.1-2.3, the following holds in this class.
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Theorem 5.1. Let U = U(R) = T(R,1,Ry,1,Ry). Then the pair of the link diagrams
D(U;R,R*) (= DU(R) ) and D(U; R ,R,) ( = DU(RY) ) share the same A polynomial

for any tangles Ry and Ry.

Proof. Let G be a link diagram that contains a tangle R. Applying the axioms (3.6)—(3.8),
we may express the A polynomial A(Gr) of Gr in terms of A(Gy), A(Ge) and A(G1):

A(GRr) = FAMGo) + gA(Goo) + hA(G), (5.1)

where f = f(a,z), g = g(a,z), h = h(a,z) € Z[a*',2']. Then we have

A(Gre) = FA(Go) + A (Goc) + RA(G_1); (5.2)
A(Gry) = gA(Go) + FA(Goo) + hA(G_1); (5.3)
A(Grs) = GA(Go) + FA(Go) + BA(GY), (5.4)

where f = f(a,m) = f(a_l,m), g = g(a,x) = g(a_l,:c), h = ﬁ(a,m) = h(a_l,x). Let
A(R1, R2) be the A polynomial of the link diagram D(U; Ry, R2). Then using (5.1), we have
A(R, R*) = fFA(0,0) + fgA(0,00) + fhA(0,—1)
+ fgA(00,0) + ggA (oo, 00) + ghA (oo, —1) (5.5)
+ fhA(1,0) + ghA(1,00) + hhA(1,—1).
It is easy to see that the following pairs of link diagrams are regular isotopic:

D(U;0,0) and D(U;o00,0); D(U;0,—1) and D(U;1,00); D(Uj;o00,—1) and D(U;1,0).

Thus we have
A(R,R*) = (ff 4+ gg)A(0,0) + (fh + gh)A(0,—1) + (gh + fh)A(c0, —1) 656
+ A0, 00) + FgA (0o, 0) + RRA(L, —1). '

From (5.1)-(5.4), we see that A(RY,R) is obtained from (5.6) by exchanging f, g, h for g,

f, h, respectively. Therefore we obtain:
This completes the proof. O

For the tangle U(R) = T(R, 1,1, 1,2), let us consider the oriented link diagram D(U; R, R*)
as shown in Fig. 13, which we denote by N(R). Then the pair N(R) and N (R ) share the
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same Kauffman bracket (Theorem 2.1 (i)), HOMFLY (Theorem 2.2 (i)), and A (Theorem 5.1)

polynomials. In general, N(R) and N(R%) are distinct. Take N(—2) and N(—1/2) for

example; each of them is a 2-component link consisting of a trivial knot and a square knot.

Let N(—2)" and N(—1/2) be the 4-component links obtained from N(—2) and N(—1/2)

by taking 3-cables about the unknotted components, respectively. Then by the computer

calculation, we see that the Jones polynomials of N(—2)" and N(—1/2)" are distinct. We

omit the detail, which will be found in [29].

[1]

i
<€

\<_/

FIGURE 13. N(R).
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