ELLIPTIC GENERA, TORUS MANIFOLDS AND MULTI-FANS

AKIO HATTORI AND MIKIYA MASUDA

1. INTRODUCTION

The rigidity theorem of Witten-Bott-Taubes-Hirzebruch [W, BT, H] tells us that, if the
circle group acts on a closed almost complex (or more generally unitary) manifold whose
first Chern class is divisible by a positive integer N greater than 1, then its equivariant
elliptic genus of level NV is rigid. Applying this to a non-singular compact toric variety
we see that its elliptic genus of level N is rigid if its first Chern class is divisible by N.
But, using a vanishing theorem of Hirzebruch [H], we can show moreover that the genus
actually vanishes. In this note we shall extend this result to torus manifolds [M, HM]. A
torus manifold is an oriented closed manifold of even dimension which admits an action
of a torus of half the dimenstion of the manifold with some orientation data concerning
codimension two fixed point set components of circle subgroups. Though there is not
an almost complex nor unitary structure on a torus manifold in general, one can still
define elliptic genus of level N on torus manifolds. In the almost complex or unitary
case the elliptic genus is defined as the index of a twisted Dirac operator, so that the
equivariant index is a virtual character of the torus acting on the manifold. For general
torus manifolds the equivariant elliptic genus of level N is defined in terms of the multi-
fan associated with the torus manifold. Thus the genus is in fact defined for multi-fans
(precisely speaking for complete simplicial multi-fans). The fact that it is a character of
a torus is proved by using the multiplicity formula for Duistermaat-Heckman function
for multi-polytopes given in [HM]. The Chern class is also defined for multi-fans, and
rigidity and vanishing of elliptic genus of level N can be formulated and proved. One of
the main results is Corollary 4.4 which states that, if the first Chern class of a complete
non-singular multi-fan is divisible by N, then the elliptic genus of level N vanishes. The
proof of rigidity and vanishing of level N elliptic genus follows the idea of the proof given
in [H]. The formula for Duistermaat-Heckman function is also used to modify topological
terms into combinatorial terms so as to be applicable to multi-fans. When N = 2, the
torus manifold is a spin manifold. The corresponding multi-fan might be called a spin
multi-fan. As a corollary we see that its signature vanishes in this case.

The T,-genus can be considered as a special value of equivariant elliptic genus. Thus,
if the first Chern class is divisible by N, then T,-genus vanishes for (—y)" = 1. One can
derive some applications from this fact. For example if A is a complete non-singular multi-
fan of dimension n with first Chern class ¢;(A) divisible by N and with non-vanishing
Todd genus, then N must be equal or less than n + 1 (Proposition 5.2). In the extremal
case N = n + 1, if A is assumed to be a complete non-singular ordinary fan, then A
must be isomorphic to the fan of projective space P". Hence a complete non-singular
toric variety M of dimension n with ¢; (M) divisible by n + 1 must be isomorphic to P"
as toric varity (Corollary 5.4). We show furthermore that, in case ¢ (M) is divisible by

n, M is isomorphic to a certain projective space bundle over P* (Corollary 5.8).
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The paper is organizd as follows. In Section 2 we recall some basic facts about multi-
fans from [HM]. In Section 3 we define equivariant first Chern class of multi-fans and
discuss properties concerning its divisibility. Section 4 is the main part of the paper. The
equivariant elliptic genus of complete non-singular multi-fans is introduced and the main
results are stated and proved here. The main results are Theorem 4.3 and Corollary 4.4.
Section 5 is devoted to applications. Finally in Section 6 we discuss phenomena which
arises when the multi-fan is not assumed to be non-singular.

2. MULTI-FANS

We refer to [HM] for notions and notations concerning multi-fans and torus manifolds.
We shall summarize some of them. Let A = (X,C,w*) be an n-dimensional complete
non-singular multi-fan. Here ¥ is an augmented simplicial set which means that X is
a simplicial set with empty set * = () added as (—1)-dimenional simplex. £*) denotes
the k& — 1 skeleton of ¥ so that x € (. We assume that ¥ = Y or—o »(®). There is
associated with A an n-dimensional lattice L (the notation N was used in [HM]). C is a
map from 2*) into the set of k-dimensional strongly convex rational polyhedral cones in
the vector space Lg = L ® R for each k such that, if .J is a face of I, then C(.J) is a face
of C(I). w* are maps ¥ — Z which, when X is complete, satisfy certain compatibility
conditions. We set w(I) = wt(I) — w~(I). T will denote an n-dimensinal torus. We
identify Hom(S',T) = H,(BT) with the lattice L. Thus there is a unique primitive
vector v; € Hy(BT) which generates the cone C(i) for each i € ¥(1). Non-singularity of ¥
means that {v; | i € I'} is a basis of the lattice L = Hy(BT) for each I € (™. Let {u/}
be the dual basis of {v; | i € I'} in the dual lattice L* = H*(BT). H*(BT) is canonically
identified with Hom(7', S'). The latter is embedded in the character ring R(T). In fact
R(T) can be considered as the group ring of the group Hom(7, S'). It is convenient to
write the element in R(T') corresponding to uw € H?(BT) by t*. The homomorphism
v*: R(T) — R(S') induced by an element v € Ho(BT) = Hom(S?, T') can be written in
the form

U*(tu) — t(u,v))
where (u,v) is the dual pairing and ¢ € Hom(S', S') C R(S'), m € Z, is defined by
" (A) =A™

We define the equivariant cohomology H7.(A) of a complete non-singular multi-fan A
as the face ring of the simplicial complex ¥. Namely let {x;} be indeterminates indexed
by £, and let R be the the polynomial ring over the integers generated by {z;}. We
denote by Z the ideal in R generated by monomials [[,., z; such that J ¢ . H3(A)

is by definition the quotient R/Z. We regard H?(BT) as a submodule of H#(A) by the
formula

(1) u= Z (u, v;)x;.

This determines an H*(BT)-module structure of H:(A). For each I € (™ we define the
restriction homomorphism ¢ : H3(A) — H*(BT) by

ul foriel
9 - ) = i
2) i) {o for i ¢ I.

It follows from (1) that 73| H?(BT) is the identity map for any I, and >~ ;s 7} is injective.



ELLIPTIC GENERA, TORUS MANIFOLDS AND MULTI-FANS 3
The following lemma is a consequence of Corollary 7.4 in [HM].

Lemma 2.1. For any v =Y,y ¢;v; € HE(A), ¢ € Z, the element
i (@)

2 DA

Iex()
in the quotient ring of R(T') actually belongs to R(T).

We also use an extended version of Corollary 7.4 in [HM]. Given K € X an (n — k)-
dimensional multi-fan Ag = (Sg, Cr,wi), which we called projected multi-fan, was
defined in [HM]. g consists of such I € ¥ that K C I. If I is in ©® then I is
considered as lying in E(fl{k). An element of E([? is of the form K U {i} which we identify
with 7. When K = () then Ax = A. The lattice Lg is the quotient of L by the
susbmodule generated by {v; | i € K}, and Cx(I) € Lx ® R is the projection image of
C(I) € Lg = L®R. The torus T corresponding to Lk is a quotient of 7. We consider
the polynomial ring Ry generated by {z; | i € K U Eﬁ?} and the ideal Zy generated by
monomials [ ], ; z; such that J ¢ Y. We define the equivariant cohomology H7.(Ak) of
Ag with respect to the torus T as the quotient ring Rx/Zx. H?(BT) is regarded as a
submodule of H?(Ag) by a formula similar to (1). The projection H#(A) — HA(Af) is
defined by putting z; =0 for i ¢ K U E%), which is an H?(BT)-module homomorphism.
The restriction homomorphism 5 : H2(Ag) — H2(BT) is also defined for I € X0
Given z =Y, ¢;v; € H2(Ak;R), ¢; € R, let A* be the affine subspace in the dual space

L%, defined by (u,v;) = ¢; for i € K. Then we introduce a collection Fx = {F; | i € £}
of affine hyperplanes in A* by setting

F,={ulueA, (uv)=c}.

The pair Px = (Ag, Fx) will be called a multi-polytope associated with x; see [HM] for
the case K = (0. For I € E(I?_k), ie. I € ™ with I D K, we put u; = N/ F;, € A*.
Note that u; is equal to i5(z). The dual vector space L} ® R of Lx ® R is canonically
idenitified with the subspace {u | (u,v;) = 0, i € K} of L* ® R = H*(BT;R). It is

parallel to A*, and u! lies in L} @ R for I € E([?_k) and i € I\ K. A vectorv € Ly ® R

is called generic if (ul,v) # 0 for any I € E(I?_k) and ¢ € I\ K. We take a generic vector
v € Lx ®R, and define, for I € 8" and i € I\ K,

, Eif (ul o) >0
)= (mFUENKI[ >0} g ()t = B
(=1) (=1) and - (u;) —u! if (ul,v) <0.

We denote by Cj(I)* the cone in A* spanned by the (ul)*, i € I\ K, with apex at uy,
and by ¢; its characteristic function. With these understood, we define a function DHp,
on A* \ U;F; by

DHp, := > (-1)'w()ér.
1exp=h
As in [HM] we call this function the Duistermaat-Heckman function associated with Pp.

Lemma 2.2. The support of the function DHp, is bounded, and the function is inde-
pendent of the choice of generic vector v.
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The proof is similar to that of Lemma 5.4 in [HM]. We shall denote by P, the
multi-polytope associated with z, =3, ciwi + >, o (¢; +€)z; where 0 < e < 1. The
K

following theorem is a generalization of Corollary 7.4 in [HM].

Theorem 2.3. Let x and x, be as above with all c; integers. Then
(@)

> DHp,, (w)t*= ) w(I)Hz‘eI\K(l_tu{).

uEA*NL* (n—k)
Iexy

In particular the right hand side belongs to R(T).

The proof is similar to that of Corollary 7.4 in [HM].

Take I € E([?*k) and let G'; be the subgroup of the permutation group of I consisting of
those elements which are identity on K. Let £; be the set of all linear forms Y, , m;u!
with integer coefficients m;. The group G acts on L;. Let Oy denote the set of orbits
of that action. If I’ is also in 2(;;*’“), take a bijection f : I — I' which is the identity on
K. It induces a bijection f, : O — Op. It is easy to see that f, does not depend on the
choice of particular f. Thus we can write them simply O. For ao € O we define t$ by

tr=> "1,
lea
where « is regarded as contained in Oy in the sum at the right hand side.

Corollary 2.4. For any a € O the expression

t7
Z wil) HieI\K(l - t_u{)

res{r=

belongs to R(T).

Proof. Let G denote the subgroup of permutation group of K U E([? consisting of those

elements which are identity on K. It acts on the set £ of linear forms [ = ZZ.GKLE(I) m;T;.
K

Let O denote the set of orbits of that action on £. There is an obvious map of O in O.
We denote the image of @« € O in O by a&. We define the length of a linear form [ as
the maximal number of ¢’s with 7 € E(I? and m; # 0. The length is invariant under the
action of G, so that the length |a| of @ € O is defined as that of a linear form contained
in @. The length is also defined for @ € O independently of I and we have |a| = |a].
The proof will proceed by induction on the length of a. If || = 0, then it is clear that
o consists of a single linear form [ = ., m;x;. Applying Theorem 2.3 to x = [ we see
that the statement of Corollary is true in this case. Suppose that |a| > 0. Then it is not

difficult to see that
ot =1+ Y agt]
lea 16]<|al

where ag € Z does not depend on /. We apply Theorem 2.3 and use induction assumption
to conclude that

t
S w() o)

1ex™h

belongs to R(T). O
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If we take K to be the empty set, the G is the permutation group of I, and ¢ is a
symmetric character with respect to G;. We obtain

Corollary 2.5. For any a € O the expression

belongs to R(T).

3. EQUIVARIANT FIRST CHERN CLASS

Let A be a complete non-singular multi-fan as in the previous section. The class

> x

iex)

will be called equivariant first Chern class of A, and will be denoted by ¢! (A). Its image
c1(A) in H*(A) = HZ(A)/H?*(BT) is called first Chern of A. Let N > 1 be an integer.
The first Chern class ¢;(A) is divisible by N if and only if ¢] (A) is of the form

¢ (A) = Nz +u, v € H¥(A), u e H*(BT).
We set u’ = i3(cl(A)) =Y., ul € H*(BT).

el ™
Lemma 3.1. The following three conditions are equivalent:
(1) the first Chern class c1(A) is divisible by N,
(2) u' mod N is independent of I € (™,
(3) there is an element u € H*(BT) such that (u,v;) = 1 mod N for all i € £V,

Proof. Suppose ¢! (A) is of the form
¢l (A) = Nz +u, v € HA(A), u € H*(BT).

Then u! = i%(cF'(A)) mod N is equal to i3(u) = u, and hence is independent of I. Thus
(1) implies (2).

Suppose that « mod N is equal to u! mod N for any I € X(. Then (u,v;) =
(u’,v;) mod N, and hence (u,v;) = 37, (u},v;) = 1mod N for i € I. Thus (2) im-
plies (3).

Suppose (u,v;) = 1 mod N for any i € ¥, Then, by (1),

cF(A) —u = Z (1 — (u,v;))z; = 0 mod N.

iex(l)

Hence ¢I'(A) is of the form ¢f'(A) = Nz + u because H2(A) is a free module. Thus (3)
implies (1). O

Remark. Let H2(M) = HZ(M)/H*(BT)-torsion. In [M] it was shown that, if M is a
torus manifold and A(M) is its associated multi-fan, then there is a canonical identifi-
cation of HZ(A(M)) with HZ(M), and, in case M is a unitary torus manifold, ¢ (M) e
HZ2(M) descends to ¢I'(A). It follows that, if M is a unitary torus manifold and ¢, (M)
is divisible by N, then ¢;(A(M)) is also divisible by N.
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Let v € H*(BT) be a generic integral vector. If we fix I and write
v= Z m;vg,
iel
then m; = (u,v). Since u' = Y., u/, we have (u',v) = 3. m;. Let m > 1 be an
integer. Fixing a generic integral vector v and m, we put

Ity :={i € I | m does not divide m;}
for I € X Tt will be called modm face of I.

Lemma 3.2. Let v,m and I be as above, and let K = I,y be the modm face of I.
If I' € ™ contains K, then K is also the modm face of I'. Moreover, <u{',v> =
(ul,v) mod m forie K.

Proof. We put m; = (u!,v) and m/, = (u/,v). Then we have

v = Zmivi = ng,vi:.
iel irer
By assumption m; = 0 mod m for i ¢ K. Hence
Z m;v; = Z myvy  mod m.
i€eK ier
or
Z(m; —m;)v; + Z myvy =0 mod m.
€K ier, ¢k
Since {vy | i' € I'} is a basis of the free module Hy(BT'), we see that m!, = 0 mod m for
i'eI', i ¢ K and m, = m; mod m for i € K. O
We shall say that I and I" are (v, m)-equivalent and write I ~ I" if I(,,) = I{, ). This

defines an equivalence relation ~ in (™. Lemma 3.2 implies that its equivalence class
X forms a projected multi-fan Ag = (S, Cx, wy) where K is the common mod m face
of the members of X. We shall call this K the core of the equivalence class X.

Lemma 3.3. Let X be an equivalence class of (v, m)-equivalence relation. For x €
HZ(A) the value (i3(z),v) mod m does not depend on the choice of I in X.

Proof. Write v = Y. _va) @;z;. Let K denote the common mod m face of I € X. Then
<Z?(IL’),U> :Zai<u7{av>+ Z ai<uz'lav>‘
icK i€l ¢K

Since (uf,v) =0 mod m for i ¢ K and (u!,v) mod m does not depend on I in X by
Lemma 3.2, (ij(x),v) mod m does not depend on the choice of I in X. O

Corollary 3.4. Assume that ¢, (A) is divisible by N, and write ¢I'(A) = Nz + u,u €
H?(BT). Let v and m be as above. If we write (ul,v) in the form

(uf,v) = mh; +r; with 0 < r; < m,

then the sum > ... h; mod N depends only on the (v, m)-equivalence class X of I.

el
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Proof. We put hy = >, h; and r; = >, r;. Then (u’,v) = mh; +r;. By Lemma 3.3
(13(x),v) is of the form

(i7(x),v) = mhj +r',
for I € X, where 7' is independent of I. Therefore, if we write (u,v) = r", then
(u',v) = Nmh} + Nv' + 1",
If we compare this with
(u',v) = mhy +1p,

we see that Nr' + r" is of the form Nr' + r"” =mh' 4+ r; and h;y = Nh, + h'. This shows
that hy mod N depends only on X. O

Under the situation of Corollary 3.4, the mod N value of )., h; will be called (v, m)-
type of X and will be denoted by h(v,m, X). Similarly the mod N value of (u!, v) (which
is independent of I € £ by Lemma 3.1) will be called v-type and will be denoted by
h(v).

Lemma 3.5. Assume c¢1(A) is divisible by N. Any non-zero b € Z/N can occur as v-type
when v varies over generic vectors in Ho(BT).

Proof. This follows readily from the fact that {u! | i € I'} is a basis of H?(BT). O

4. ELLIPTIC GENUS OF LEVEL N

We define the equivariant elliptic genus of a multi-fan. For that purpose we first

consider the theta function
[o¢]

B,(\) = (1+y) [ +yg™ V(A +y~'¢" A7),
n=1
It is defined for y € C* and ¢ € C with |¢| < 1. For ¢ # 0 we have
(3) 0,(g\) = yil)\ilgy()‘)-

We define

It transforms by
(4) dy(aN) = =y~ oy(A) or b,(a7N) = —yo,(N),

by virtue of (3). We exclude the case y = —1. It follows that, if (—y)" = 1, then ¢, is
the pull-back of a rational function on the torus C*/¢”". In this case we shall regard ¢,
as the function on that torus.

Let A = (3, C,w¥) be a complete non-singular multi-fan. We set formally

Ll
oy(t) = Y w(D) [T oyt™),
Iexn) i€l
and call it the equivariant elliptic genus of the multi-fan A.
Lemma 4.1. Let @, (t) = >~ @yn(t)g" be the expansion into power series, then ¢, ,(t)

belongs to R(T) @ Zly,y ] where Zly,y 1] denotes the ring of Laurent polynomials over
7.



8 AKIO HATTORI AND MIKIYA MASUDA

Proof. ¢y, (t) is a linear combination with coefficients in Z[y,y '] of the expression of
the following form:

7
Z wil) [Tic (1 — tfu{)’

Iex(m)

where o € O as was introduced in Section 2. Therefore it belongs to R(T) ® Z[y,y~'] by
Corollary 2.5. O

Let v € Hy(BT) be a generic vector. We set
v — UI v
gy =Y w) [J ey,
Iex(n) el

If (—y)™ = 1, then @}(t) is an elliptic function on C* /¢", because ¢, (t) is such a function.
In this case @) (t) is called elliptic genus of level N. We have furthermore

Lemma 4.2. Suppose that ¢, (A) is divisible by N. Let v € Hy(BT) be a generic vector
and h(v) the v-type. Then the elliptic genus @;(t) of level N transfoms by

da(at) = COG)
where ( = —y.
Proof.
[T ou((gn=0y = (Zierteod T g, (004 ))
icl p
by (4). But >, ,(u!,v) = h(v) mod N which is independent of I. Hence we obtain
oylat) = "y ().
O

The following theorem and corollary are versions of rigidity theorem and vanishing
theorem for multi-fans.

Theorem 4.3. Let A be a non-singular complete multi-fan and v € Ho(BT) a generic
vector. Assume that ci(A) is divisible by an integer N > 1. Then the equivariant elliptic
genus @i (t) ((—y)¥ =1) of level N is rigid, i.e. @(t) is constant.

Corollary 4.4. Under the same situation as in Theorem 4.3 the equivariant elliptic
genus o, (t) ((—y)N =1) of level N constantly vanishes.

Proof. We postpone the proof of Theorem 4.3. As to Corollary 4.4, we take a generic
vector v such that (") # 1, which is possible by Lemma 3.5. Since goz(t) is constant by

Theorem 4.3 for any v, ¢, (¢) is also constant, which we denote by ¢,. Since ¢, = Ch(”)wy
by Lemma 4.2, ¢, must be equal to 0. O

The degree 0 term ¢, ¢(¢) in the expansion in Lemma 4.1 reduces to the T)-genus T} [A]
(cf. [HM]). We obtain

Corollary 4.5. If c;(A) is divisible by N, then the T,-genus T,[A] vanishes for (—y)N =
1.

For N =2 and y = 1 the T}-genus equals the signature Sign(A). Hence
Corollary 4.6. The signature Sign(A) of a spin multi-fan vanishes.
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Remark. If M is a torus manifold, we define its elliptic genus to be that of its associated
multi-fan A(M). If ¢;(M) is divisible by N, ¢;(A(M)) is also divisible by N as was
remarked in Section 3, and hence its equivariant elliptic genus of level N vanishes for
(—y)Y = 1. In case N = 2 we have the following conclusion. The equivariant Stiefel-
Whitney class wa (M) € H2(M;Z/2) is defined and descends to ¢! (A(M)) mod 2. If
M is a spin torus manifold, then w3 (M) lies in H*(BT;Z/2). Therfore ¢f (A(M)) is
divisible by 2. It follows from Corollary 4.6 that the signature Sign(M) of M vanishes.
This can be also deduced from Corollary in 1.5 of [HS].

The rest of this section is devoted to the proof of Theorem 4.3. We assume throughout
that ¢;(A) is divisible by N. It suffices to show that o} () has no poles since it is an
elliptic function. It is clear that possible poles A satisfy A\"'¢=® = 1 for some integers
m > 1 and s. Hence it suffices to show that ¢! (tg=) has no poles A with A™ = 1. Let

> =1, X,

be the decomposition into (v, m)-equivalence classes. Let K, denote the core of X,. We
fix a class X, and write

(ul,v) =m; =mh; +r;, 0 <1y <m,
for I € X,. From the definition of core it follows that
=0 i¢K,.
We decompose K, into a disjoint union K, = U™ ' K" where
={ieK,|ri=r}

Note that ) .., h;
calculation ylelds

= h(v,m, X,) mod N. With these understandings a straightforworard

Lemma 4.7.

@Z(tq%) _ ngh(v,m,Xu)goz(tq%)m

v

where

& w(!)
wv(tqm)u = —
’ I;(:V [licng, (1 -1 (uf )
IT | (@+ye ﬁ (L+yg"t= ) (L 4y~ g t)
—(uf v ul v
ieI\K,, S (1= gt ) (1 — grel))

H 11 1+yq g (le) ﬁ (1+yg"g ="t 4y g gt )
TR ng =) (1= grgritd o)

vl ik 2o (L—qrg™ gt

Lemma 4.8. Fiz v. Let
Gyta™)y = bn
n=0

be the expansion of @} (tqm), into power series in gw . Then each 3,(t) is in R(SY) ® C.
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Proof. The proof is similar to that of Lemma 4.1. ¢,(¢) is a linear combination with
complex coefficients of the expression of the form:

t<arv>

w(l L
Z ( )Hiel\K,,(l — ¢y

Iesgt)

where k, is the dimension of C(K,), o € O is as in Section 2, and #\*” = > ea tV.
Thus @, (t) is in R(S') ® C by Corollary 2.4. O

We shall show that each goZ(tqi),, has no poles at A™ = 1. Let A be a possible pole
with ™ = 1. Let @, (t) be the contribution from I in @,(t). There is an open set
U containing A such that @, r(t) is holomorphic in U \ {\} for each I. Y .°° @, 1(t)gm
converges uniformly in any compact set in U — {A}. Note that >, @, 1(t) = @,(¢) is
holomorphic in U because it is a finite Laurent series by Lemma 4.8. We now quote a
lemma from [H].

Lemma 4.9 (Hirzebruch). Let b, ; be meromorphic functions on U with j running over
some finite set J. Suppose that they satisfy the following properties:

(1) by ; is holomorphic in U \ {\},

(2) by = >, bnj is holomorphic in U,

(3) D20% by converges uniformly in any compact set in U \ {\}.

Then Y~ b, converges uniformly in any compact set in U and is a holomophic extension

of Zjej ZZO:O buj | U\ {A}.

We apply this Lemma to @, ;(t)g= and @, (t)g=. It follows that ¢! (tg=), and hence
@2 (tgm) has no pole at ¢ = X. Hence ¢! (t) has no poles and it is a constant. This proves
Theorem 4.3.

Remark. In case s = 0, we can use Lemma 4.1 instead of Lemma 4.8,

5. APPLICATIONS

Let A be a complete simplicial multi-fan of dimension n. If I is in ¥ and v is a
generic vector, one can write v in the form v = Ziel a;v; with non zero real numbers q;.
Fixing a generic vector v, we set

pu(l)y=#{iel]a; >0}
and define
he(A) == Z w([),
Tex(™, u(I)=q
for each integer ¢ with 0 < ¢ < n. We also define
€ = Z To[AK],
Kexk)

where Ak is the projected multi-fan associated with K. If the Todd genus Ty[A] equals
1 and w(I) =1 for all I € X then

(5) hy(A) = #{I € ™ | u(I) = g},
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and
(6) er, = #2®.

Remark. Note that these conditions are always satisfied for complete simplicial ordinary
fans. In particular, if M is a complete toric variety, the fan A(M) associated with M
satisfies these conditions. It is known that T_,[A(M)] is equal to the Poincaré polynomial
P(t) of M if M is a non-singular projective toric variety, see e.g. [F].

The following Lemma was proved in [HM].

Lemma 5.1.

T,[A] =) hy(A)(~y)?

=Y enm(A) (-1 —y)™

Moreover hg = h,, and they are the Todd genus of the multi-fan A.

It was also proved there that the equivariant 7-genus of a torus manifold M is always
rigid, and hence reduces to the ordinary T}-genus T}, [M]. The proof given there can also
be applicable in the case of complete non-singular multi-fan.

Proposition 5.2. Let A be a complete non-singular multi-fan with Todd genus Ty[A] #
0. If ¢,(A) is divisible by a positive integer N, then N is equal to or less than n+ 1. In
the cases N =n+1 and N = n the T,- genus must be of the following forms

(7) T,[A] = TH[A] Y (-y)? (N =n+1),
and
(8) T,[A] = To[A](1 =) Y (—y)* (N =n).

Proof. Suppose that ¢;(A) is divisible by N. Then, by Corollary 4.5 T,,[A] considered as
a polynomial in —y has roots at all N-th roots of unity other than 1. Hence it must be
divisible by Zflvz_ol(—y)q. On the other hand it is a polynomial of degree n with constant
term Ty[A] by Lemma 5.1 since Ty[A] # 0. Therefore we must have N + 1 < n.
Suppose that N = n + 1. Then the same reasoning as above proves (7). If N = n,
then T,[A] is divisible by ZZ:_&(—y)q. Since the constant term and the coefficient (as

a polynomial of —y) of the highest term do not vanish by assumption and Lemma 5.1,
T,[A] must be of the form (8). O

Lemma 5.3. Let A be a complete non-singular multi-fan with To[A] =1 and w(I) =1
for all T € XM, If T,[A] is of the form (7), then

#3M =+ 1 and #35M™ = n + 1.
If T,[A] is of the form (8), then
#50) = n 4+ 2 and #2™ = 2n.
Moreover, in case n > 3, #3*) = In(n+3).
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Proof. The equality (7) with Ty[A] = 1 means that h, = 1 for all ¢ with 0 < ¢ < n. This
implies that #X(™ = n + 1 by (5). Putting the above values of h, in Lemma 5.1 and
using (6) we see that #X1) =¢; =n + 1.

Similarly the equality (8) with 7j[A] implies that h, = 1 for ¢ = 0,n and h, = 2 for
1 < ¢ <n—1. This implies that #X™ = 2n by (5), and yields, together with Lemma 5.1
and (6), the equalities #5(1) = e; =n+2 and #5*) = e, = in(n+3) incase n > 3. O

Corollary 5.4. Let M be a complete toric variety of dimension n. If ¢;(M) is divisible
by n + 1, then M 1is isomorphic to the projective space P" as a toric variety.

Proof. By Proposition 5.2 and Lemma 5.3 the fan associated with M has n + 1 1-
dimensional cones and n + 1 n-dimensional cones. Such a fan is unique (up to auto-
morphisms of the lattice L) and coincides with the fan associated with P". Since a toric
variety is determined by its fan, M must be P". O

In order to handle the case N = n we investigate the fan associated with a projective
space bundle over a projective space. Let & denote the hyperplane bundle (dual of the
tautological line bundle) over P". Let 1 < r < n and set n = (37, ., &) &1 where k;
are integers and 1 denotes the trivial line bundle. The associated projective space bundle
of n will be denoted by M. It is a complex manifold. A point of M is expressed in
homogeneous coordinate

(9) [207217"' yZry W1,y - 7wn7wn+1]

where z;,w; € C, (20,21,...,2) # (0,0,...,0), (Wri1,... , Wy, wpp1) # (0,...,0,0),
and if, o € C*, then

k) 1 kn
[O[ZO) QZ,. .., 0%, & o Wr41y .00, Q" W, wn-l—l]
and
(20, 21y« oy Zry QWypg1y v oy QW AWy 11 ]

are identified with (9).
Let (n + 1)-dimensional torus 77" = S* x ... x S act on M by

(to, tl, e ,tn)[Z(), Zlyewr 9 Rpy Wra1y .-+ y Wp, ’U]n+1]
= [toZO, tlzl, Ce ,trZr, tT+1wT+1, Ce ,tnwn, wn+1]
The action is a holomorphic action. The subgroup D' = {(¢t,... ,t,tk+1 .. th) |t € St}
of T acts trivially on M. Hence the quotient T'=T"*1/D" acts on M. Put
M. = {[207217"'7Z7‘7w7‘+17"'7wn7wn+1]|zi:0} for OSZST
! {{205 215 -+« 5 Zry Wy 1y o ooy Wy Wpyq] | w; =0} for r+1<i<n+1.
We also put

Si={(1,...,1,t;,1,..., 1) €T} for 0<i<n
and

STL+1:{(1717“‘ ,1,t7-+1,... 7t’I'L) ETn+1|tT‘+1:"':tTL}'

We shall denote by the same letter the image of S; in T'. It is easy to see that .S; pointwise
fixes M;, and there are no other circle subgroups of 7' which have (complex) codimension
1 fixed point set components.



ELLIPTIC GENERA, TORUS MANIFOLDS AND MULTI-FANS 13

Let 9; € Hom(S!, T"*1) denote the inclusion homomorphism of S* into the i-th factor
of T"*! for 0 < i < n. Put v; = m.(9;) € Hom(S',T) where 7, is the homomophism
induced by the projection 7 : T"*! — T. ;From the definition it follows that there is a
relation

(10) vo+vi+ v+ kU + -0+ kv, = 0.
We also put
(11) Upy1 = —(Vpp1 + -+ + v,) € Hom(S', T).

Then S; is the image of v; : S — T. Moreover S* acts via v; on each fiber of the normal
bundle of M; in M by standard complex multiplication. Thus {v; | i =0,... ,n,n+ 1}
coincides with the set of primitive edge vectors of 1-dimensional cones of the multi-fan
A(M) = (B(M),C(M),w(M)*) associated with the torus manifold M, and we have
S(M)Y ={0,1,... ,n,n+ 1}, cf. [HM].

To determine the whole augmented simplicial set (M), we need to look at the fixed
point set MT. Fori € {0,1,...r}, put I; = {0,1,...7}\{i}, and for j € {r+1,...n+1},
put J; ={r+1,...n+1}\ {j}. It is not difficult to see that M” consists of points

MMy, ie{0,1,...r}, je{r+1,...n+1},
where My, = Nger, My, and M, = Miey, M;. This implies that
S(M)™ ={LUuJ;|i€{0,1,...r}, j€{r+1,...n+1}}.
In particular
#2(M)™ = (r4+1)(n—r +1).
It follows that
#2(M)™ > 21 and #X(M)™ =2n ifand only if r=1 or n—1.

Let 7 be the tautological line bundle over the projective space bundle M. Its dual 7*
restricts to the hyperplane bundle on each fiber of 7 : M — P". Let w € H*(M) be
the first Chern class of 7*. Then, by the Leray-Hirsch theorem, H*(M) is a free H*(P")-
module over generators 1,w,w? ... ,w" . In particular, H*(M) is a free module over
w,w’, where w' is the image of the canonical generator of H?(P") by 7*. We have

Lemma 5.5.
a(M)=mn—r+Dw+ () k+r+1w.
i=r+1

Proof. The tautological line bundle 7 is a subbundle of 7*n, and the tangent bundle along
the fibers Ty M of w: M — P" is isomorphic to Hom(7, 7*n/7) = 7" @ (7*n/7). Hence

a(TiM) = (n—r)e (%) + e (7™ n/T)
=(n—rw+c(r'n) —c(r)

=(n—-—rjw+ (Z ki)w'+w
=Mn-r+w+ (Z ki)w'.

3
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Since the tangent bundle 7'M is isomorphic to 7*TP" @ Ty M, and ¢; (7*TP") = (r+ 1)/,
we have

(M) = (n—r+1)w+(2ki+r+1)w’.

)

As an immediate consequence of Lemma 5.5 we obtain

Corollary 5.6. Let M = P(n) be as above. Then ci1(M) is divisible by n if and only if
r=1and >} . ki +2 is divisible by n.

We now consider complete non-singular multi-fans having first Chern class divisible by
n.

Lemma 5.7. Let A = (3,0, w*) be a complete non-singular multi-fan of dimension n
such that

To(A) =1, w(I) =1 forall Iex™,

1
#4350 =p 492 #3M =9y gnd #32@ = §n(n +3) in case n > 3.

Then it is equivalent to the multi-fan of a P*~! bundle over P' or a P'-bundle over P*~'.

Proof. Let {v;}"%) be the primitive edge vectors of the 1-dimensional cones. In view
of (10) and (11) it suffices to show that, under a suitable numbering, they satisfy the
relations

n

(12) vy +vg+e+u, =0, vo+vn+1+2kivi:0,
=2

or

(13) vi+ve+ -+ o, kv =0, vo+ v, =0.

We first deal with the case n > 3. From the completeness we see that each 1-dimensional
cone is a face of at least n 2-dimensional cones, and it is a face of at most n + 1 2-
dimensional cones because the number of 1-dimensional cones are n+2. Since the number
of 2-dimensional cones is %n(n+3), we conclude that there are two edge vectors, say vy and
Unt1 such that vy (v,41 respectively) spans 2-dimensional cones with each of remaining
vectors vy, Vg, ... , Uy, and each v;, 1 < ¢ < n, spans 2-dimensional cones with v;, j # 1.
Thus the projected multi-fan Ay, has exactly n 1-dimensional cones. It is complete and
non-singular as a projected multi-fan of a complete non-singular multi-fan A. It follows
that Aggy is equivalent to the fan of P!, and the projected edge vectors ;, 1 < i <n,
satisfy the relation

Uy + Vg4 + 0, = 0.
This implies the relation
vy vy 4+ v, = k.
Similarly we have

vy vyt v, = Kugg.
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If £ = 0 then &' = 0 since v, 11 # 0, and vy, vo, ... , v, lie on a hyperplane vy +vy+- - -+v, =
0. Since the multi-fan A is complete and non-singular, the primitive vectors vy and v,
lie on the different sides of that hyperplane and must satisfy a relation as (12).
If £ # 0 then k' # 0 and vy and v,,, 1 are linearly dependent primitive vectors. Therefore
we must have vy + v, = 0. Thus (13) holds. This proves Lemma 5.7 in the case n > 3.
The case n = 2 is similar and easier. We see that there are four primitive edge vectors
vp, U1, U2, U3 in 2-dimensional vector space V = L ® R such that

v + vy = kvg = Kvs.
By the same reasoning as above we derive
v +v2 =0, vg+v3+ kv =0 or vy +wvy+kvy =0, vg+v3=0.
O

Corollary 5.8. Let M be a complete non-singular toric variety of dimensionn. If ¢;(M)
is divisible by n, then M is isomorphic to an (n — 1)-dimensional projective space bundle
over Pt of the form described in Corollary 5.6 as a toric variety.

Proof. By Proposition 5.2 and Lemma 5.3 the fan A(M) associated with M has n + 2
1-dimensional cones and 2n n-dimensional cones. Moreover the number of 2-dimensional
cones is $n(n + 3) in case n > 3. By Lemma 5.7 A(M) is equivalent to that of a P*~!-
bundle over P! or P!'- bundle over P*~'. Among such manifolds those with ¢; divisible

by n are of the form given in Corollary 5.6. U

6. REMARKS ON SINGULAR CASE

So far we defined equivariant elliptic genus for complete non-singular multi-fans, and
proved its rigidity and vanishing. We can define equivariant elliptic genus for general
complete simplicial multi-fan eqipped with a set of edge vectors for 1-dimensional cones.
However it seems rigiditiy property can not be expected in general case. In the sequel we
shall briefly discuss these phenomena.

Using the 0 function in Section 4 we set

Pay(A) =
Similarly to (4) we have
(14) ay(qN) ==y 'Pay(N) or day(q 'A) = —yday(N).

Let A = (%,C,w*) be a complete simplicial multi-fan, and V = {v; | i € ZM} a set
of prescribed edge vectors. We do not assume that v;’s are primitive. For I € (™ we
define L; to be the submodule of L generated by {v; | i € I'}. Let L} be the dual lattice
of L. We identify Lj with the lattice in V* = L* ® Q given by

L*={ueV*|(v,u) € Z, forany v € L;}.
For g € L/L; and u € L} we define

Xi(u, g) = 2=,
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where v € L is a representative of g. If one fixes u, g — x;(u, g) gives a character of the
group L/L;. We set

(15) Soy(t): Z |2U/(£)I| Z Hgbxz(u{,g)—l,y(tiuf)a

Iex(n) geL/Ly i€l

and call it the equivariant elliptic genus of the pair (A, V) of multi-fan and prescribed
edge vectors. Let v € Hy(BT) be a generic vector such that (u!,v) € Z for all i € I and
IeX™. We set

I I
o) = > |ZU/(L)1| DI | TP R Gl

Iex() geL/Ly i€l

If (—y)¥ =1, —y # 1, then ¢}(t) is an elliptic function on C*/¢", because ¢q(t) is such
a function by (14). In this case pj(t) is called elliptic genus of level N.
The folloing proposition is a generalization of Lemma 4.1.

Proposition 6.1. Let ¢, (t) = > 7 0yn(t)q" be the expansion into power series, then
©yn(t) belongs to R(T) ® C.

The proof of Proposition 6.1 goes in a way similar to that of Lemma 4.1. We define the
equivariant cohomology with real coefficients H}.(A;R) of a complete simplicial multi-
fan A as the face ring of the simplicial complex ¥ with real coefficients as in Section
2. We regard H?(BT;R) as a subspace of H%(A,R) by the formula (1). Note that this
definition depends not only on A but on V. We also define the restriction homomorphism
i+ H2(A;R) — H*(BT;R) for each I € 2™ by (2). Instead of Lemma 2.1 we use

Lemma 6.2. For any v =,y ¢iv; € HE(A;R), ¢ € Z, the element

w(l 1(i5(z), g)t'1 @)
3 (/) 3 xi(17(2), )

Tex( L/ L] gEL/L; Hie[(l - XI(uz'Ia g)_lt_u{)
in a fractional ring containing R(T) actually belongs to R(T).

This was proved in Lemma 7.4 of [HM] with a further assumption that j(z) €
H?(BT;Z). The general case can be proved in a similar way. The formula was also
given in Corollary 12.10 of [HM] when A is the multi-fan associated with a torus orb-
ifold.

Let O be as in Section 2. Let a be in O. If I is in (™, then « is an orbit of the action
of permutation group of I on linear forms over u!. We set

Xl(aa g)t? = Z Xl(la g)tl'
lEa

We can deduce the following corollary from Lemma 6.2 just like we deduced Lemma 2.5
from Lemma 2.1.

Corollary 6.3. For any a € O the expression

(16) Z ’UJ([) Z X[(&,g)t?

. —yr
res( IL/Li| gEN/N; [Lie (1 - xir(uf, g)=17)

belongs to R(T).
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We are now ready to prove Proposition 6.1. We see that ¢, ,,(¢) is a linear combination
with complex coefficients of the expression of the form (16). Hence it belongs to R(T)®C
by Corollary 6.3. This proves Proposition 6.1.

It would seem reasonable to define H%(A;Z) to be the submodule of H4(A;Q) gen-
erated by V = {v; | i € ¥V}, Then HZ(BT Z) is contained in HZ(A;7Z). It would
be possible to define divisibility by N of the first Chern class as in Section 3. However
Theorem 4.3 and Corollary 4.4 do not hold in this general setting. In fact Lemma 3.1
has no meaning as it is, because u!’s do not lie in H?(BT};Z) in general. Also the proof
of Lemma 3.2 breaks down in general setting, and one can not define (v, m)-equivalence
relation. However in the following favorable case we get rigidity and vanishing results.

We assume that the submodules L; C L = Hy(BT;Z) are independent of I € %™,
We write L = L;. It coincides with a submodule of L generated by V. The dual lattice
L* is contained in H2(A;Z) as is seen from (1). The identification of L with Hy(BT;Z)
can be explained as follows. We interpret 7 as V//L where V = L ® R. Then

L =m(T) = m(BT) = Hy(BT : 7).

We put V=L ®R and T = V/L. This determines the identificaction . = Hy(BT};7Z)
and L* = HQ(BT Z). Let p : V — V and p: T — T denote the map induced by
the inclusion L — L. Then the kernel of p : T — T is identified with H = L/L. To
distinguish we denote by v; the vector v; when we consider it as lying in V so that we
have p(#;) = v;. We define a new multi-fan A = (3, C, &%) by setting & = %, &F = w*
and lettlng C(i) to be the cone generated by ;. Since {#; | i € I} is a basis of L for any
I € ™ A is non-singular.
Let goy( ) =320 Gyn(t)q” be the equivariant elliptic genus of A. We have

(17) eyt = ) w(I)H%(f“f)

By Lemma 4.1 ¢, () is of the form
Py (t) Z Q"
where a, € Z[y,y']. Compairing (17) with (15) we obtain
Pun Do ) gt
|L/ Sy’
Since x(u, ) is a character of L/L,
t* if uwelL*
)t =
2 x(w.9) {0 if ud L,
geL/L
we see that
(18) Pyn(t) =) aut".
ueL*

As a byproduct we obtain
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Proposition 6.4. Let A be a complete simplicial multi-fan and V a set of prescribed
edge vectors such that Ly is independent of I € X1, Assume that c¢,(A) is divisible by
N in the sense that c] (A) = > cxm @; € HF(A; Z) is written in the form

(A = Nz +u, v € HA(A), u e L*,

then the equivariant elliptic genus @, of the pair (A, V) vanishes for (—y)N =1, —y # 1.
In particular the T,-genus T,(A) vanishes for (—y)Y =1, # 1.

Proof. The divisibility of ¢;(A) by N eventually means that ¢;(A) is divisible by N. By
Corollary 4.4 all the a, vanish for (—y)Y = 1,—y # 1. Hence, by (18), ¢, of the pair
(A, V) vanishes for (—y)¥ =1, —y # 1. O

Remark. In the situation of Proposition 6.4 we constructed a new non-singular multi-fan
from the pair (A,V). We may call it the (ramified) covering of A with respect to V.
Conversely given a complete non-singular multi-fan A = (i,é,wi) with C : £ —
H,(BT;R) and a sublattice I of Hy(BT;R) such that Hy(BT;Z) C L we can construct
in an obvious way a new complete simplicial multi-fan A and a set of edge vectors V
such that the covering of A with respect to V coincides with A. Geometric picture of
this construction is making quotient torus orbifold M/H of a torus manifold M by a
subgroup H of the torus 7" acting on M.
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