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Abstract

The goal of this paper is to define local weighted variable Sobolev spaces
of fractional order and its chracterization by wavelet. We first consider local
weighted variable Sobolev spaces by means of weak derivatives and obtain
wavelet characterization for these spaces. Using the Bessel potentials, we
next define local weighted variable Sobolev spaces of fractional order. We
show that Sobolev spaces obtained by weak derivatives and those by the
Bessel potentials coincide. We also show that local weighted variable Sobolev
spaces are closed under complex interpolation. Some examples are given
including the applications to weighted uniformly local Lebesgue spaces with
variable exponents and periodic function spaces as a byproduct, although
the exponent is constant.
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1 Introduction

Compactly supported wavelets with the proper smoothness characterize various
function spaces. In fact, we can obtain norms equivalent to those spaces by using
some square functions that involve wavelet coefficients. The first author [22] and
Kopaliani [28] have initially and independently obtained the wavelet characteri-
zations of Lebesgue spaces with variable exponents. Later the characterizations
were generalized by [25] to the Muckenhoupt weighted setting. One of the purpose
of this paper is to enlarge the class of admissible weights to handle the weights
w(z) = exp(Alz]) and w(z) = (1 + |2|)* with A € R.

The theory of Lebesgue spaces with variable exponents originates from [38].
After that, Nakano investigated Lebesgue spaces with variable exponents in his
Japanese books [35, 36]. The theory of Lebesgue spaces with variable exponents
was developed after Kovacik and Rékosnik investigated Sobolev spaces with vari-
able exponents in the 1990’s [29]. Among others, Diening investigated the bound-
edness of the Hardy—Littlewood maximal operator in [13], which paved the way to
exhaustively investigate of variable exponent Lebesgue spaces. For example, Cruz-
Uribe, Fiorenza and Neugebauer further studied the boundedness of the Hardy—
Littlewood maximal operator in [8, 9]. We refer to [6, 24] as well as [41, p. 447] for
more details. Moreover, the study on generalization of the classical Muckenhoupt
weights in terms of variable exponent has been developed [5, 10]. Motivated by



Rychkov [39], the second and fourth authors [37] defined the class of local Muck-
enhoupt weights and obtained the boundedness of the local Hardy—Littlewood
maximal operator.

In this paper, we further develop the theory of wavelets on local weighted
Lebesgue spaces with variable exponents, which is a follow-up to [37]. We seek to
characterize the spaces in terms of the inhomogeneous wavelet expansion.

In this paper, we use the following notation of a variable exponent. Let
p(-) : R™ — [1,00) be a variable exponent. That is, p(-) : R" — [1,00) is a
measurable function. Additionally, let w be a weight. That is, w is a locally inte-
grable function which is positive almost everywhere. Then we define the weighted
variable Lebesgue space LP()(w) to be the set of all measurable functions f such

that for some A > 0,
p(z)
/ <@) w(z)dr < oo.

The infimum of such A is called the LP()-norm of f and is denoted by ||f||ec)-
When p(-) is the constant function p, LP()(w) is simply the weighted Lebesgue
space LP(w) with the coincidence of norms. When we investigate the boundedness
of the Hardy-Littlewood maximal operator M defined by (1.8), the following two
conditions seem standard:

(1) An exponent r(-) satisfies the local log-Holder continuity condition if there
exists C' > 0 such that

LH, : |r() - r(y)| < —2

1
—— zyeRY |x—y| <= 1.1
< oy YERS kou<g ()

The set LHy collects all exponents r(-) which satisfy (1.1).

(2) An exponent r(-) satisfies the log-Holder continuity condition at oo if there
exist C'> 0 and r € [0,00) such that

LHy : |r(z) — 1o < ———, 2z €R™ (1.2)

The set LH,, collects all exponents r(-) which satisfy (1.2).

We also recall the theory of wavelets. We can construct compactly supported
wavelets (see [12, 31, 33, 41, 45] for example). Here and below, the wavelets and
the scaling functions are assumed to belong to C.., which is the set of all compactly
supported continuous functions. For L € NU {0}, the set P denotes the set of all

the measurable functions f for which (1 +|-|)f'f € L! and / 2 f(z)dx = 0 for

R
all @« € (NU{0})™ with |a| < L. Such a function f satisfies moment condition of
order L. In this case, one also writes f L Pp.

Choose compactly supported functions

pand ' (I1=1,2,...,2" —1) (1.3)

so that the following conditions are satisfied:
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(1) For any J € Z, the system
{omm 'y i keZr j>J1=1,2.. 2" 1}

is an orthonormal basis of L?. Here, given a function F defined on R", we
write . ‘

Fixy =22 F(2 - —k)
for j € Z and k € Z™.

(2) The functions ¢ and ¢! (I = 1,2,...,2" — 1) belong to ,P[i—&-l]' In addition,
they are real-valued and compactly supported with

supp(p) = supp(y') = [0,2N —1]” (1.4)
for some N € N.

We also define x;i = 22XQ o and X7, = 22XQ* for j € Z and k =
(k1, ko, ... k) € Z", where @Q);), and Q; ), are the dyadlc cube and its expansion
given by (1.6) and (1.7), respectively. Then using the L*-inner product (,-), for
f € Li , we define two square functions V f, W, f by

loc?

VisVvef= (Z (], @J,k>XJ,k|2> ;

kezZ™

Wof =W (Z DD 2 v )

I=1 j=J kezZn

Here, J is a fixed integer. For the time being, we assume that s € N. We consider
the case s € R after Section 4.

Denote by Q the set of all compact cubes whose edges are parallel to the
coordinate axes. We mix the notions considered in [5, 10, 39] to define the local
Muckenhoupt class as follows:

Definition 1.1. Given an exponent p(-) : R® — [1,00) and a weight w, w € A;)O(‘f)

1

if [wlgee = sup QM IxQll Lre) wyllX@ll 0y () < 00, Where 0 = wTPOT and
PO Qeglit

the supremum is taken over all cubes ) € Q with volumes less than or equal to 1.

Recall that Muckenhoupt and Wheeden considered the class A,. See [18, 43, 41]
for more about this class. Rychkov extended the class A, to A°° in [39], while
Cruz-Uribe, Fiorenza, and Neugebauer extended the class A, to Ay in [10]. The
present work mixes these two works. A remarkable difference from the classes AIOC)
and A, is that our definition restricts the cube sizes. Once we remove the volume
restnctlon in the supremum appearing in the definition of [w] W] glee , We obtain the
Ap(y-norm.

Unlike the classes A, and A,.), we can consider w(z) = exp(a|z|) for any
a € R. Another typical example is w(z) = (1 + |z|)* for any A € R.



We fix s € NU {0} to develop the theory of local weighted variable Sobolev
spaces LPO)*(w). Let p(-) : R™ — [1,00) be a variable exponent, and w be a
weight. We have defined the local weighted Lebesgue space LP()(w) with variable
exponents p(-) above. If w = 1 almost everywhere, then LP()(w) is a non-weighted
variable Lebesgue space, and we can write LP() = LP()(1). Moreover, if p(-) equals
to a constant p, then LP() = LP, which is the usual L? space. When we consider

non-weighted function spaces defined on R", we can simply write L? = L*(1),
1

Li. = LL.(1), etc. We also note that LPO)(w) C L., provided that w™ 0T is

locally integrable. We define local weighted Sobolev spaces with variable exponents

by means of weak derivatives.

Definition 1.2. Let p(-) : R® — [1,00) be a variable exponent, w be a weight

and s € N. Suppose that w O s locally integrable. The local weighted Sobolev
space LP()*(w) is the space of all measurable functions f € LP)(w) satisfying that
the weak derivatives Df belong to LPO)(w) for all « € (NU {0})" = {0,1,...}"
with |a| < s.

The goal of this paper is to establish a wavelet characterization of the local
weighted Sobolev space LP()*(w) with a variable exponent, which is established in
26] for s = 0.

Theorem 1.3. Suppose that p(-) € LHyNLH, satisfies 1 < p_ = essinf ernp(x) <
D+ = esssup,cpnp(x) < 00. Let s € N and w € A;O(?). Fix J € Z arbitrarily. Then

there exists a constant C' > 0 such that, for all f € LP0)*(w),

CU N ooy < WV Flloor ) + IWsf oty < CUFI poers () - (1.5)

More precisely, for all f € Li ., we have the following two assertions:

(1) If f € LPO*(w), then we have (1.5).
(2) IfVf+W,f e LPO(w), then f € LPO*(w) and (1.5) holds.
We harvest a corollary, which can be obtained from the proof of Theorem 1.3.

Corollary 1.4. Suppose that p(-) € PNLHy N LH, and let w € Ag’(‘,‘) and s € N.
Then the following two norms

11l o)) = Z 1D Fll o wys 1 Nl ety + Z 1D F1l 2o ()

la|<s lal=s
are equivalent.

It shoudl be noted that Corollary 1.4 extends the results in [20, 23], where
Herndndez and Weiss considered the case w = 1 in [20] and Izuki considered the
case where p(-) is a constant exponent. It is noteworthy that these existing results
are used for wavelet characterizations in these papers [20, 23|. The crucial point is
that the duality result is unnecessary for this characterization.



Our result extends the one in [30] to the variable exponent setting and the
one in [25] to the local weight setting. Note that LP()(w) is a subset of L} _ since
w € ALO(?). See Section 2 for details.

The study of local weighted function spaces is useful since it yields some results
for function spaces such as uniformly local Lebesgue spaces and amalgam spaces.
Although weighted uniformly local Lebesgue spaces with variable exponents do not
fall directly within the scope of the function spaces dealt with in this paper, by
using an equivalent characterization, we can obtain the wavelet characterization.
Originally, uniformly local Lebesgue spaces were considered as a special case of
amalgam spaces handled in [2, 4, 16, 21, 27]. Here, in the context of weighted
Lebesgue spaces with variable exponents, we extend the notion of uniformly local
Lebesgue spaces to weighted uniformly local Lebesgue spaces with variable expo-
nents. We seek to obtain the wavelet characterization in weighted amalgam spaces
with variable exponents, in particular the one in weighted uniformly local Lebesgue
spaces with variable exponents. It is noteworthy that the atomic decomposition
considered in textbooks [41, 44] cannot be used for our discussion because there is
no canonical operator such as V' f and W, f.

The rest of this paper is organized as follows: In Section 2, we collect some pre-
liminary facts. Section 3 proves Theorem 1.3. Section 4 generalizes the definition
of LP0)(w), and considers the case of s > 0 instead of s € N. As applications, Sec-
tion 5 considers pointwise multipliers and diffeomorphisms and refines the complex
interpolation result obtained in Section 4. We handle local weighted Sobolev spaces
with negative smoothness in Section 6. Examples are provided in Section 7. We
present two prominent examples of exponential weights and polynomial weights.
As another example, we consider weighted uniformly local Lebesgue spaces with
variable exponents.

Herein we use the following notation:

(1) The set Ny = {0, 1,...} consists of all non-negative integers.
(2) Let E be a set. Then we denote its indicator function by xg.
(3) A set S is a dyadic cube if

n

S=Qix =[] [27km 27 (ki + 1)] (1.6)

m=1

for some j € Z and k = (ky, ka, ..., k,) € Z". Likewise, we define

n

Qi =[] [27km 27 (ki + 2N = 1)] , (1.7)

m=1
where N is from (1.4).
(4) Write D; = {Qjx : k € Z"} for each j € Z.
(5) For j € Z and k € Z", we let

n

. in in
Xje =27 XQi = 272 X[ 20k 279 (k2N —1)]
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(11)

where N is from (1.4). Each function x7, is called the modified indicator
function.

n

Let Qo = ][ [am,bm] be a cube. A dyadic cube with respect to Qg is the set

m=1
of the form

a fem — 1 Ko
Hl |:am + 2]’ (bm - am); Am + 2_J(bm - am)
for some j € Ny and k = (ky, ko, ..., k,) € {1,2,3,...,27}". The set D(Qo)
collects all dyadic cubes with respect to a cube Q.

Given a cube @, we denote by ¢(Q) the center of ) and by ¢(Q) the side
length of Q: Q = Q(c(Q),4(Q)) and €(Q) = |Q|=, where |Q| denotes the
volume of the cube Q. For r > 0, we write Q(r) = Q(0,r). In addition, |F]
is the Lebesgue measure for general measurable set £ C R™.

The letter C' denotes positive constants that may change from one occurrence
to another. Let A, B > 0. Then A < B means that there exists a constant
C > 0 such that A < CB, where C' depends only on the parameters of
importance. The symbol A ~ B means that A < B and B < A occur
simultaneously.

Let M be the set of all complex-valued measurable functions defined on R™.
Likewise, for a measurable set E, let M(E) be the set of all complex-valued
measurable functions defined on F.

The symbol (f, g) denotes the L?-inner product. That is,

(f.9) = . f(z)g(x)dx

for all complex-valued measurable L2-functions f, g defined on R™. Let
LP(T™) be the set of all p-locally integrable functions f with period 1 for
which

1 llzreny = ( /[ . !f(:c)!pd:c)p .

The symbol (f, g)2¢rn) stands for the L*-inner product on T”. That is, we
write

(fs @) r2(rny = f(z)g(x) dz
[0,1]"
for all f,g € L*(T"). We use these symbols as long as the integral makes
sense for any couple (f, g) of measurable functions.

The set P consists of all p(-) : R" — [1,00) such that 1 < p_ < p, < 0.



(12) Let f be a measurable function. We consider the local maximal operator
given by

loc — XQ(x) d n
M) = s X /Q Fldy (xR,

Needless to say, this is an analog of the Hardy-Littlewood maximal operator
given by

— o Xe(@) v e R
M) = sup K& /Q FWldy (z e RY). (18)

(13) Let K € N. The operator (M) is the K-fold composition of M.

(14) Let E be a measurable set in R". For a function f : F — C, f* denotes its
decreasing rearrangement.

2 Preliminaries

Here, we collect preliminary facts used in this paper. Section 2.1 recalls generalized
local Calderén—Zygmund operators. We collect useful inequalities in variable expo-
nent Lebesgue spaces in Section 2.2. Section 2.3 is devoted to relations in a certain
pair of compactly supported smooth functions. We summarize the properties of
the Gamma functions in Section 2.4. We recall the definition of the complex inter-
polation functor in Section 2.5. To consider the complex interpolation of weighted
Sobolev spaces with variable exponents, we generalize the Calderén product to
vector-valued case in Section 2.6.

2.1 Generalized local Calderé6n—Zygmund operators

The proof of Theorem 1.3 uses the boundedness of generalized local Calderén—
Zygmund operators. Given a function space X, X. denotes the set of all functions
f € X with compact support. An L?-bounded linear operator T is a (generalized)
local Calderén—Zygmund operator (with the kernel K), if it satisfies the following
conditions:

(1) There exists K € L (R" x R"\ {(z,x) : x € R"}) such that, for all f € L2,

loc

Tf(x)= K(z,y)f(y)dy for almost all x ¢ supp(f). (2.1)

R

(2) There exist constants vy, D1 = D1(T) and Dy = Do(T) such that the two
conditions below hold for all x,y, z € R™:

(1) Local size condition:
[K (2, )] < Dilz =y "X (-0 0 (7 = ¥) (2:2)

if z # v,



(7i) Hormander’s condition:

[z — |

K (,2) = Ky 2)| + 1Kz, 0) = K(2p)] < Do =

(2.3)

if0 <2z —vy|l <|z—2z|

This is analogous to generalized singular integral operators, which requires
|K(z,y)| < Dilz —y|™ (2.4)

instead of (2.2) if  # y. In [26], we showed that all generalized local singular
integral operators initially defined on L? can be extended to a bounded linear
operator on LPU)(w) for any p(-) € PN LHy N LHy and w € A;O('?).

Proposition 2.1. Suppose that p(-) € P N LHy N LH. Let T be a generalized
local singular integral operator, and w € AL"(?). Then T is bounded on LP©) with the
norm estimate

1T v ()= £p0 ) S N TN 2222 + D1(T) + Da(T).

In addition to the generalized local singular integral operators considered in [26],
we need to consider another type of generalized local singular integral operators. To
track the size of the operator norms, we recall [41, Theorem 1.67] with K = n + 2.

Proposition 2.2 (Hérmander—Mikhlin multiplier theorem). Choose ) € C°(Q(4)\
Q(1)) so that Z Vj = xre\j0y- Assume that m € C™P2(R™\ {0}) N L™ satisfies

j=—00
My = sup [¢[]Dm(€)] < o0 (2.5)
§eR™M\{0}
for all |a| <n+ 2.

(1) The function K = Z FHap(279-)m) is independent of the choice of ¥ and
Jj=—00
all the partial derivatives up to order 1 converge uniformly over any compact
set R"\ {0}. Furthermore, for j =1,2,... n,

(@) < fa™ 10K ()| Szl (z € R\ {0}), (2.6)
where the implicit constants depend on {Ma}aeNo”,la\§n+2> and we can write
/ K(z)p(zx)dr = F'm(z)p(x)dr (2.7)

n Rn

for all p € CE(R™\ {0}).
(2) Let 1 < p < oo. Then the L*-bounded operator
femD)f=Flm-Ff] (fel?

extends to an LP-bounded linear operator naturally. More precisely, if f € L?
18 compactly supported, then

m(D)f(z) = (2)* | KW@ —y)dy (2.8)
for almost all x ¢ supp(f).



2.2 Observations on local weighted Lebesgue spaces with
variable exponents

Here, we prove Holder’s inequality for weighted variable exponent Lebesgue spaces.

Lemma 2.3. Let wy € A%, and wy € AR with po(-),pi(-) € P N LHy N LH,.
Define a weight w and a variable exponent p(-) by

L _1-6, 0
() () ml)

1 1-6 [
wrH) = wyPo) P10

Then w € A;O(‘f) with the estimate

il < 2l ) (e ) (29)

Proof. Let @ be a cube with |Q] < 1. By the definition of w,

1 1-0 _0
IXQll o) () = [[WPO x@ll Lotr = [[woPo T w1 1O xql| Lac)

Using Holder’s inequality, we have

1 1
IxQll ro ) < 2(llwoPT x@ll o)™ (Jlr 1T x| pr)°-
(w)
If we take the supremum over (), then we obtain w € A;O(‘f) with (2.9). ]

We use the localization principle among the other properties of variable expo-
nent Lebesgue spaces.

Proposition 2.4. [19, Theorem 2.4] Assume that p(-) € P N LH,. Then for any
feM,

1

Poo
{ > (Hme—i—[OJ]"HLP(’))poo} ~ [ fllzror-

mez"

We move on to the maximal inequality. In [37], the maximal inequality (Propo-
sition 2.5) and its vector-valued extension (Proposition 2.7) were obtained.

Proposition 2.5. [37, Theorem 1.2] Suppose that p(-) € P N LHy N LH. Then
given any w € A;)O(‘?), there exists a constant D > 0 such that ||M1°‘3fHLp<.>(w) <

DI fll ey for all f € LPO)(w).
This result corresponds to the ones obtained in [5, 7].

Corollary 2.6. Let B > 2n+6log D and write K(z) = exp(—B|z|). Suppose that
p(-) € PNLHy N LH,. Then given any w € A;O(?), there exists a constant C > 0

such that | K s fl| oo ) < Clfllro ) for all f e LPO (w).

We follow the idea of [39, Lemma 2.11] for the proof.
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Proof. Fix x € R™. We decompose

K(z) < K(z)x[-1,) +ZK 454" [ 260, G-)" (2)-

1
2

Since o
7 times
7

X * Xjo. # -+ # X (@) 2 27X iy, 3 -] (7)

for each j € N, we obtain

J times

1 ~
K( ) < X[-1,1]~ + Z 2_]n exp (—éBj) X[-1,1]" * X[-1,1]" X oeee 3k X[—l,l]"(x)
j=1
1 J times
< X[ 1,1]» —|— Zexp ((n — 53) j) S([_Ll}n * X[—Ll}” k oooo 3k X[_L”;(LE).

As a result,
|K x f(2)] < MY f(x) + Zexp <(n — %B) j) (M3 f(z) (v €R").

Denote by D the constant in Proposition 2.5. Using the triangle inequality for
LPO)(w), we obtain

oc - 1 . oc\3j
185 oy < 1Pl + 3o (0= 58 7) IO o
j=1

< D||fHLp(~)(w) + ZDsJ exXp ((n - §B> ]) Hf||LP<'>(w)~
j=1

Since B > 2n+61log D, the series converges. Thus, we obtain the desired result. [J

By adapting the extrapolation result in [11] to our local weight setting, the
second and fourth authors obtained the following vector-valued inequality.

Proposition 2.7. [37, Theorem 1.11] Suppose that p(-) € P N LHy N LH,,. Addi-
tionally, let w € Ag’(?) and 1 < q < oo. Then for any sequence {f;}32, C M,

(Z |fj|q>q W)

1
<Z [Mlocfj} Q>
=t Lr() (w)

A natural modification is made when ¢ = oo

As an application of Lemma 2.7, we can prove a vector-valued inequality which
extends [40, Theorem 1.3].
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Lemma 2.8. Suppose that p(-) € P N LHy N LH,. Additionally, let w € ALO(?).

If ¢ € (max(2,py),00), then for all {f;}52, C LPO(w) N LY such that each f; is
supported on a cube Q);,

AT SNTAAY
1102
(S| =] (o (M) e
j=1 190) =1 \ Qe
(w) LPO) (w)
Proof. We write o0 = w PO as before. We only have to show that
1l L
[ 3 wmtears | (30 (Lle) (S
R™ j—1 =1 \ Qe j=1 ‘0
LPO) (w) LP (o)

for all {g;}52, C LP0) (7). Since f; is supported on Q;,

| Zm |dx<2||fjumn><@]g]um
/ Z ||fj||Lq|||C;<QgJHL‘I XQj(x)dx

HngLq o
< M[|g;|")(z) 7 xq, (x)dz.
/R"gz; |Q]‘q ¢

By the use of Holder’s inequality and Cauchy—Schwarz’s inequality, we have

| 3 I @ )l
. Z(HfjHqu) ‘@

|Qj14

(NI

(Z Mngjw’ﬁ)

Jj= .
12O (w) LP'()(0)

Since ¢ < min(2, (p'(-)-)), we can use the Feffereman-Stein vector-valued inequal-
ity to give the desired conclusion. ]

Let E C R" be a measurable set. The set C:° consists of all infinitely differ-
entiable functions defined on R™ whose support is compact and contained in FE.
Once we obtain the boundedness of M'°¢ the density of C° as easily be obtained.

Corollary 2.9. Suppose that p(-) € PN LHy N LHy, and let w € A;)O(?). Then C°

is dense in LPC)5(w). In particular, LPY)*(w) is separable.

Remark that this is an analogue of [25, Theorem 2.10] and [34].
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Proof. Owing to the Lebesgue convergence theorem obtained in [24], we only have
to approximate functions in L2°, which is the set of all essentially bounded functions
with compact support. Let f € L. Choose a non-negative function 7 € C¢° with
L'-norm 1 supported on [—1,1]" and consider j"7(j-) * f for each j € N. Then we
know that [j77(j-) * f| < M f for all j € N. We also know that j"7(j-) * f(x) —
f(zx) for almost all z € R™ as j — oo by the Lebesgue differentiation theorem.
Thus, once again we can use the Lebesgue convergence theorem mentioned above
to have j"7(j-) x f — f as j — oc. ]

2.3 Functional equation and its application

We will use the following functional relation obtained in [41, Theorem 1.40].

Lemma 2.10. Fiz L € N. Then there exist real-valued functions ®) vl ¢ O
such that

/ B (p)dr =1, 2°0M)(2) — o) = ALY®), (2.11)

where A denotes the Laplacian.

It can be arranged that ) and U are even since
/ D (—g)de =1, 270W(—2.) — B () = ALPE (),
We set
0l = W) x o)  TE = B 4 ongH)(2.), (2.12)
It is noteworthy that a™f * g(a-) = [a™ f(a-)] * [a"g(a-)] for f,g € L' and a > 0.

In fact,

[a” f(a-)] * [a"g(a")](z) = a™ . flax — ay)g(ay)dy

=a" [ flax —y)g(y)dy
Rn

by a change of variables.
Here and below, we suppose that L is a multiple of 4. A direct consequence of
Lemma 2.10 is the following equalities:

Lemma 2.11. Let L € N. Assume that O, TW) and U are as above. Then,
(1) 2"@(L)<2.) — W) = AL2PDPW) 4 AL/2G(L)
(2) 2/®)(27.) % 277 @) (27.) 4+ ST wnT)(27.) 5« ALY (21.) = § in the sense
i=J
of D'.

Proof.
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(1) We calculate
e (2.) — W) = 2mepH)(2.) x 2"d) (2.) — &) 5 )
= (2" (2.) — W) % (270 1) (2.) + 9
=T®  ALpE)
= ALPT@) o AL2g(L),

(2) From (1), we have

M
27np(B)(27.) % 27 (B (27.) 4 Z AP (27.) 5 APGB) (27.)
j=J
2(M+1)n®(L)(2M+1‘)'

Since {27"©1)(27.)}% | is an approximation to identity in D/,

2an)(L)(2J_> % QJH(I)(L)(QJ,) + Z 4jnF(L)<21.) % AL\I/(L)(QJ'.) =9
j=J

in the sense of D'.

The next estimate is well known. For example, see [18].

Lemma 2.12 (Grafakos[18, p. 596]). Let u,v € R, M,N > 0, and L € Ny
satisfy v > p and N > M + L +n. Let x, and x, be fized points. Suppose that
¢, € CH(R™) satisfies

ou(n+L)

@ <
|D¢p(z)] < Aa(l ¥ 20|z — x| )M

for all |a| = L.
Furthermore, suppose that ¢, is a measurable function satisfying
by (z)(x —2,)dz =0 forall || < L—1,
Rn
and
2l/’n
(14 2|z — z,|)N’

where the former condition is supposed to be vacuous when L = 0. Then it holds

[9u(z)| < B

< Cay prn 2 OEQ 4 202, — x, [) M

[ @

with a constant Ca, p N taken as

Ay | wn(N =M — L)
=B —
CAu,B,LMN %:L ol | N—M—L—n’

where w,, denotes the volume of the unit ball in R™.
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This estimate is useful when estimating the coupling of functions.
Lemma 2.13. Let k, ko € Z, and 1,1y € {1,2,...,2" — 1}. Additionally, let o be a
multiindex with |a| = s.

(1) Unless Q3 ;, and Q7 intersect, (01K DO‘W)]O’%D = 0.

(2) Unless Q)

Josko
(3) ‘<§0J’k,Da[w§g7kO]>| < 275 +In=Go=7) for any integers jo > J such that
277k — 2790k | < 2-T+L(2N — 1).

(4) ‘( o Da[w o kom < 275 +min(i.jo)n=li=jol for any integers jo,j > J such
that |2 70ky — 277k| < 27 minGJ0)+1(2N —1).

and Q7. intersect, (', Do‘[w o kel) = 0.

<J+Jo)n

(Go+i)n
2

(5) There exists k > 1 such that
|290m AL/ (250.) g gl | S 2 (Do bminGo)ny sy
Proof.
(1) This follows from the size of the support. See (1.4).
(2) This once again follows from the size of the support. See (1.4).
anks to Lemma 2.12 with v = j9, u=J, L=s+1, an
3) Thanks to L 2.12 with ' J, L 1, and
n on
(b,u = ¢J =27 PIK, ¢V = 2]% (D wlo)jmkov
we obtain
(J+3jp)n L _ . _
[P D[ )] S 270072 NG (1 9|27k — 2o )

< 9Jos— (JﬂO)n-i-Jn (s+1)(jo—J)
< 2Js (7+J0>n+Jn (Jo—J)
as long as 277k — 2790 k| < 277FL(2N —1).
1kewise, due to Lemma 2.12 with v = j9, p =7, L=s+ 1, an
4) Likewise, d L 2.12 with ' ), L 1, and
in qon o
(/5# = (bj =27 wj',kﬂ (bl/ =27z (D wlo)jo,ko
when j < jo, and thanks to Lemma 2.12 with v = j, p = jo L = s+ 1, and
don g in
qbﬂ =27z (D wlo)jmk’ov ¢y = ¢j = 2J2 ;k
when j > jo, we obtain

ar, )l
(%, D [0 1|
< zjos—Mmin(i,jo)n_(sﬂ)u—jol(1 4 gmin(io)|g=do o — 279 k| )=V

< 9jos— M-Fmiﬂ(j,jo)n— (s+1)]7—Jol
< gis— YO min(j jo)n—|i—jol

as long as [2790ky — 277k| < 27 minGjo+ (2N — 1),

15



(5) Use Lemma 2.12 to argue similarly.

2.4 Gamma function and Bessel potential operators

Here, we discuss the boundedness property of (1 — t?A)~® with 0 < ¢t < 1 and
a € C with Re(a) > 0. To this end, recall the property of the Gamma function I
given by

['(z) = /000 s le™*ds (Re(z) > 0).

It is noteworthy that

F(lz> - eﬁ (14 5) e (Re(=) >0)

where

n—oo \ 1 2

See [18, Sectionl1.2.2] for more details. Considering that,

: 1 1 1
vy=lm (-4+=-+---+——logn|.
n

2a __ 2
i € (1+a)

=1
a—0 CL2

Y

we set

a= sup a ?|(1+a)’e —1| < oco.
a€l0,1]

Let m € N be fixed. Since

(14+a)Pe® <1+ad®, Vi+a< 1+% < exp (g)

for all a € [0, 1],

for all s € [0,1] and ¢t € R. Consequently,

< (14 |t])e" am? n w22
— €’ ex —_ —_—
ID(s +it)] — P\l "2

for all s € [0,1] and ¢ € R. Since [e(*T)°| = ¢5*~** we conclude

e(s+it)2

F@+ﬁ):0' (2.13)

lim sup
t—4o0 86[0,1}

16



Next, we consider Bessel potential operators. We define the inverse Fourier
transform by

i) = en [ fgesde
for f € L'. Recall that

2 —a £ __ —1 1 *
A-tA7f=7 {(Ht?!i\?)a} d

for f € L?. Thus, the integral kernel K, of (1 — t*A)™* is given formally by the
following formula

Ko(z) = (2;),5 | e eipy e @ ern, (2.14)

We note that

—a 1 > a—1_—s 21€12
(1+2¢]) :W/ gt e (HH21ER) g
0

Inserting this expression into the right-hand side above gives

1 > 2 2 .
K, (z) = #/ (/ Sa—le—s(1+t €l )ds) ew'fdf-
)= i@ Jen Uy

Since
- n o2
/ L T / A I A )
RN 1/ gn n 1/ gn
we obtain ) - ,
K, (z) = n—/ s 17 2e T T u% ds. (2.15)
22t"F(a) 0

Let |z| > 1. Then

1 1 || 1 1 |z

T 1l 14 _1 s 1
e w2s < e 272 25 8t2s < @ 27 2t 825,

Consequently,
_m o0
e 2 e(a)—1-2 —ls—%
Ko@) € g [ S0 R R (a2 210)
and
0 e_% o n _1 1
6—Ka(l'> _Caﬁ/ SRe(a)iliie_is_@ 10g(2+5)d5 (217)
a 2 tn 0

Lemma 2.14. Fiz 0 <t < 1.

1. Let o be a multi-index such that |a| > n. Then [v°K,(z)| < (1 + |a|)l®! for
all a € C with Re(a) > 0.
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2. Let a be a multi-index such that |a| > n. Then |tV K, (x)| < (1 + |a|)l*=}
for all a € C with Re(a) > 0.

Proof.
1. Thanks to (2.14), we have

1
(2m)}

If we integrate by parts a times, then we obtain the desired result.

(i) Kal) = o [ (1 16P) 0l e,

2. Similar to above.
O

Considering the pointwise estimates (2.16) and (2.17), we prove the bounded-
ness of the operator (1 — t2A)~® in LPO)(w).

Theorem 2.15. Fiz 0 < t < 1. Suppose that p(-) € P N LHy N LHy, and let
w E ALO(?). Let a € C satisfy Re(a) > 0. Then the operator

fel?— (1-A)"feclL?

extends to a bounded linear operator on LPC)(w) once we restrict it to LPO) (w) N L2.
More precisely,

1

1—t2A —a . < 1 n+2 - o
10~ 28) o S (@4 1™+ ) Wl

for all f € LPO)(w) with the implicit constant independent of a and f.

Proof. Thanks to Corollary 2.9, LPO)(w) N L? is dense in LP)(w). Thus, we can
assume that f € LPO)(w) N L?. Then

1

(L= #2A) " fll oo ) S ( > (Ixom (1 = t2A>afHLP<'>(w)>pm>

mezn

by the localization principle, Proposition 2.4. We fix m for the time being and
estimate

[ Xqo.m (1 — tQA)_afHLp(-)(w) (2.18)
< Ixom (1= 2 A) ™ x50 F 206 ) + 1XQ0m (1 = E2A) ™ [XR\3Q0, 0 1| 66 ()

The first term in (2.18) can be controlled by boundedness of the generalized local
singular integral operators after truncating the integral kernel suitably. If we let

Lof(z) = (1= 2A)"[r(z — ) f](=) (2.19)

18



for some bump function 7 € C*° satistying xgun) < 7 < X@sn), then

IXQo.m (1 = 12A) ™ Ix3Q0m /1 200 () = X Q0 La[X3Q0m ST 200 )
SJ (1 + |a‘)n+2HX3QO,mf

where we use the estimate Dy (L,) + D2(Ly) < (1 + |al)"™. See Lemma 2.14. For
the second term, we employ the size estimate of the kernel K, to give

XQo.m €XP (—%) * f
(2.20)

Thanks to Corollary 2.6, the operator f — exp (—%) * f is bounded on LP()(w)

as long as 0 < t < 1. Combining this fact with Proposition 2.4, (2.16) and (2.20),
we can control the second term in (2.18). Thus, (1 — t*A)~® can be extended to a
bounded linear operator in LP0)(w). O

‘LP(‘) (w)>»

—a 1
a1 = #8)“Draagn Moo S |

We harvest two corollaries.

Corollary 2.16. Let s > n + 2. Then the mapping z € S — (1 — t*A)7*7% €
B(LPY)(w)) is holomorphic.

Proof. This follows from Proposition 2.1, (2.15), (2.16) and (2.17). O

Corollary 2.17. Let f € LP")(w) and let a > n. Then A}im (1—-N1A)y e f=Ff
—00
in the topology of LP0)(w).

Proof. Since a > n, K, is a bounded function. Thus, Corollary 2.6 can be used. [

2.5 Complex interpolation functors and Hirschman’s lemma

Here we will review the definition of the complex interpolation functor together
with Hirschman’s lemma. Write S = {2 € C : 0 < Re(z) <1} and S={z € C :
0 <Re(z) <1}. For j =0,1,set j+iR ={z € C : Re(z) = j}. We define the
complex interpolation functors as follows:

Definition 2.18 (Calderén’s first complex interpolation space). Suppose that X =
(Xo, X1) is a compatible couple of complex Banach spaces.

(1) The space F(Xg, X1) is defined as the set of all functions F : S — X, + X
such that

(i) F is continuous on S and sup || F(2)||x,+x, < 00,
zeS
(74) F is holomorphic on S,
(77i) the function t € R — F(j +it) € Xj is bounded and continuous on R
for each 7 =0, 1.
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The space F(Xo, X1) is equipped with the norm

1F Lt x,) = ma ( sup HF(z)HXj) .

J=0,1 \ z€j+iR

(2) Let 6 € (0,1). The first complex interpolation space [Xo, X1]o with respect
to X = (Xo, X1) is defined as the set of all functions f € Xy + X such that
f=F(0) for some F' € F(Xy, X1). The norm on [Xy, X;]y is defined by

I fllix0,x100 = I {||F|| £x0,x1) = f = F(8) for some F € F(Xo, X1)}.

The space [ X, Xi]g is also called the Calderdn’s first complex interpolation
space, or the lower complex interpolation space of (Xo, X7).

Example 2.19. Let Xy = X; = X. It is useful to note that F (X, Xo) as the set
of all the bounded and continuous functions F' : S — X such that F' is holomorphic
on S.

Recall vector-valued Hirschman’s lemma.

Lemma 2.20 (Hirschman, [47]). Let F be a Banach space. Let F' : S — F be
analytic on the open strip S and continuous on its closure such that

supe~ Mm@l og | F(2)||Fr < A < o0 (2.21)
zeS

for some fired A and a < w. Then, for all0 < 0 < 1,

10gHF(9)||f§/R{logHF(it)H]’NO(t)+10g||F(1+it>|’fﬂl(t)}dta (2.22)

where p; (j = 0,1) are functions satisfying ||po|| ) = 1 — 60 and [[p|| 1wy = 0,
respectively.

Let (X,%, 1) be a measure space. A Banach lattice E(u) is a linear space of
M which carries the structure of a Banach space such that the lattice property:
fe B, ge M gl <I|fl = g€ E( and ||gllpw < [Ifl5e holds. The
following general lemma seems known. We can find the statement in the case of
E(p) = LP(p) can be found in [1]. Here for the sake of convenience for readers we
give its proof.

Lemma 2.21. Let E(u), Eo(p), and Ei(u) be Banach lattices such that E(p) —
Eo(p) N Ey(n). Let ¢°,g* € E(u). Define G(z) = |¢°|*2|g'|? for = € S. Then

G : S — E(u) is continuous and G|S is analytic.

Proof. We content ourselves with the proof of continuity. The proof of analyticity
is similar. We write

2 2
S+:{Z€SZOSRG(Z)<§}, S_:{ZESzogl—Re(z)<§}.
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Suppose that 0 < Re(z), Re(w) < 2. Fix N > 1. We observe

G(:) - Glw)
= (6~ G-y () + 61— Gmnem (151)),

By the triangle inequality,

2
< —=lanllew-
E(n) \S/N 8

Meanwhile,

lg (Igl|>
= G(7) log == X0, = | dr
(7) RN

: rgw)‘ﬁ (w)é g (\gw)
— [ am (9} (N g 9L () ar
/w “(w ) 081 g

Observe that . .
sup t¢|logt| = N6 log V.

te(0,N)
Thus,
’(;< G |91| 1 ! 1
2) = G ( (o) < lw—2INelogN x |G ( (2 —wju =5 )| du
0
Thus,
1
g 1
|G(2) — G(w))|x70,n) <%> < |w— z|NslogN x (|¢°| + |g']).

Consequently,

1G(2) = G(w)| 2 < +lw —2|NFlog N x (¢l 5 + 9l £w)

2
\S/_NH“%HE(”)

for all N > 1. As a result, G : Sy — FE(u) is continuous. Likewise we can
show that G : S_. — E(u) is continuous. Thus, G : S = S, US_ — E(u) is
continuous.

2.6 Banach lattices and complex interpolation

We will define vector-valued Banach lattices. Let E and A be Banach lattices over

measure spaces (X, %, u) and (Y, T, v), respectively. Define the A-valued Banach
lattice E(A) = E(A, u) by the set of all weakly measurable A-valued functions
over X such that

I lBcaw = LGl gy < oo

Recall that an A-valued function f on a measure space (X, %, ) is said to be

weakly measurable if x*(f) is measurable for all z* € A*.
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Definition 2.22. Let Ey(A, 1) and E; (A, 1) be A-valued Banach lattices. Define
the Calderén product Eo(A, )= E1 (A, 1)? by

Eo(A, 1) By (A, 1)’ = {1 fol " 11l°g g € L=(A, 1), fo € Eo(w), f1 € Ex(w)}.
For f € Eo(A, n)' B (A, 1)?, define

1 o guyi=0 21 (A ey

= f{|| foll o)l fill v’ = fo € Bolw), fr € Ev(p), I1FOlla < 1ol 1 A2}

= f{|| foll 2o N fill v’ = fo € Eo(p), fr € Bv(p), I1F()lla = |fol 1 A2’}
Remark 2.23. A weakly measurable function f : X — A belongs to the Calderén

product Ey(A, u)!"E (A, )% if and only if there exist hy € Eo(A, ) and hy €
By (A, ) such that | f()]x < (Iho()lLa)™ (1 ()]l0)?- Furthermore,

£ 1l o a2z ame = 0 [P0l (a1l (a0
where hg and h; move over the above conditions.
In fact, if there exist hg € Eo(A,p) and hy € Ei(A, p) such that ||f(-)||la <
(”hO(')||A)1_0(|lh’l(')||¢4)97 then set g = (Hho(')||A)1719(||h1(')||,4)9f’ fO = ||h’0()||.A and

fi = [l()lla. Then [ =[fo|'"°|i°g, g € L=(A, 1), fo € Eo(p) and f1 € Ev(p).
Hence f € Eo(A, ) By (A, 1)?. Thus, the “if” part as well as the estimate

1 Boagr-—o e amwe < F 1ol a o lhall B am,

is proved.

Conversely, if f has an expression: f = |fo|'?|f1|9, where g € L®(A, ),
fo € Eo(p) and f; € E1(u), then set hg = fog, h1 = fig to have hy € Fo(A, ),
hy € El(A, ,u) and

1FOlla = Lol LA Nlg () lla = (Mo () la) = (la () ]].a)".

Thus, the “only if” part as well as the estimate

11| 2oasmyr =2 agme = 10 Vol g a1l a0
is proved.

Note that this definition boils down to the original Calderén product by Calderén
[3] in the case where A = C. In other words, using the original Calderén product
we can say that

Eo(A, 1) " By (A, 1)’ = [Eo(1)' " E1 (1)’)(A).
Here we make the following observation:

Lemma 2.24. Let Eo(p) and Ei(u) be Banach lattices. Let f € Eo(A,u) N
Ey(A, ). Then there exists a decomposition

F=1101
for some g € L®(A, n) and f°, f1 € Eo(p) N Ey (1) such that

lgllzwcam =1 1m0 1 e < Al Eocam—om came-
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Proof. We know that there exists a decomposition
f — |k30|1_9|k‘1|6k}
for some k € L=(A, u) and (k° k') € Eg(p) x Eyi(p) such that

ellzecan =1 6 Nz~ Ik 1 EuGn” < 2011|1023 guye-

Let
RO =K+ 277) [ f()la,  hY = min(|E"], 27(| £ (4)]|4),

where j > 1. Then h° € Ey(u) and h' € Ey(p) N Ey(p) with
HhOHEo(N) < QHkOHEo(M)7 Hh1HE1(M) < Hk1HE1(H)‘

Likewise, for £ > 1, let
fO=min(h, 29 F()lla), 1 =R 27 )]

Then f°, f* € Eo(p) N Er(p) with ||l 5y < 205 5o 1 20 < 206 | 2w
and [[f())la < [fO0 0. If g = Wf, then we obtain the desired decom-
position. ]

Let (X, X, ) be a measure space, and let F(u) and Eo(p) be Banach lattices.
Shestakov [42] showed

(1) B1(p)®

(Eo(1) " Ex(1)’)° (= Eo(1) N Ex ()

We generalize this to the vector-valued case.

) = [Eo(p), Ex(p)]le-  (2.23)

Theorem 2.25. Let (X, X, 1) be a measure space, A(p) be a Banach space, and
Ey(A, 1) and Ey(A, ) be Banach lattices. Then

Eo(A,p)' 0 E1(Ap)’

(Eo(A, 1) "By (A, 11)?)° (= Eo(A, 1) N Ey (A, )
= [Eo(A, 1), E1(A, 11)]p.

)

Proof. We show that
(EO ("47 :u)l_eEl <A7 M)G)O - [EO(A7 :U“)7 El ("47 M)]G

Let f € [Eo(A,pn), E1(A,1)]g. Let F € F(Eo(A,pn), E1(A, p)) be such that f =
F(#). Then by Lemma 2.20

= 1EO < (125 [ 1Faotaaoa) (5 [ 10 cmlmoa)

Setting

o= 1 [ IFGO Lottt =5 [ 1P+ i) (),
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we have [ € Eo(A, 1) " E1(A, 0)? and || fll goami-om asme < 1l g, 2w
We next show that

(Eo(A, 1) " Br(A, 1)")° > [Eo(A, 1), Er(A, 10)]e.

Let f € Eo(A, u)NE (A, ). We claim that there exists F' € F(Eo(A, ), E1(A, i)
such that F(f) = f and

||| 7 Eo ), Er(Awm)) < 4F 1 Eo(amr-05 (a0 (2.24)

Once (2.24) is proved, then this is valid for all f € (Eo(A, u)'""E (A, u1)?)°, in-
cluding the assertion that [Eo(A, 1), E1(A, 1)) <= (Eo(A, ) B (A, 1)?)°.
Recall that f admits a decomposition

F=1g"""lg'’n
for some h € L>(A,pn), ¢°,¢9" € Eo(p) N Ey(p) such that ||h||pea,y < 1 and
||90||E0(u) = ||gl||E1(M) < 4||f||E0(A,u)l_9E1(A,M)9 due to Lemma 2.24. Let F(z) =
19°|*"*1g*|?h. Then F € F(Eo(A, pn), E1(A, 1)) by Lemma 2.21, F(6) = f and

1F | 2o, Bty < 4ol Eogo) ™ ULl Evgn)’-

As a result, (2.24) holds. O

3 Proof of Theorem 1.3 including Corollary 1.4

Theorem 1.3 is proved by decomposing its proof into three parts. First, Section
3.1 proves the right inequality in (1.5) for f € LP)*(w). The key inequality is a
pointwise estimate (3.3). Section 3.2 concentrates on establishing the existence of
derivatives of f € LPO)(w) such that V f+W,f € LP0)(w). In Section 3.2, we reduce
matters to the case where f is sufficiently smooth and compactly supported. At this
point, matters are reduced to establishing the left inequality for any f € C.N PjH
such that V f + W, f € LPO)(w). Section 3.3 actually considers the left inequality
in (1.5) for such f via key pointwise estimate (3.7). Finally, by reexamining the

argument in Section 3.1, we prove Corollary 1.4 in Section 3.4.

3.1 Proof of the right inequality in (1.5) for f € LP0)*(w)

Let f € LPO)*(w)N L2 Choose even functions @) and U as described in Lemma
2.10, where L is a multiple of 4 with L > s. We can write

A2 =" P,(D)D;,
m=1

with some polynomials Py, Py, ..., P, of the order L/2 — s. Accordingly, we write



where '™ and ©®) are as in (2.12). Then

f=2"007 ) x f 4y 4MAMETE ()« AFRUD(21.) 4 f
j=J

=270 (27 ) x f+ (=1)7 Y 0> 2T (20) « AMPEH(2) < D

m=1 j=J

thanks to Lemma 2.11. Fix jo,j € ZN[J,00), k € Z", and | € {1,2,...,2" — 1}.
Then we estimate

9(j—=jo)s+2jon |<F££)(210.) « AL2g)(900.) « D3 f, Q/,;’M Xk
Recall that U(?) is even. Thus, we obtain
9(i—jo)s+2jon ‘<1"7(7€)(2j0.) « AE2wL)(200y & D3 f, ¢;k>‘ Xk
— 9(i—jo)s+2jon |<F$§)(2j°-) s« DS f, AL/2QE) (200 « ¢ék>| Xik-
We have
9(i—jo)s+2jon ]<F(L) 200.) % AF2gD)(200.) 5 D? f, ¢ék>‘ Xk (3.1)
< g lidol+jon p ploc [F (L) (9d0.) D,‘;f} Xik
due to Lemma 2.13 (5). A similar estimate is available for 2/"0©®)(27.) x f:
2+ [(QWN(27.) ¢ £, M Xy S 27T [ s ] x4 (3.2)
We add estimates (3.1) and (3.2) over jo € Z N [J,00). The result is:

0Js ‘<f; ¢§,k>| Xjk SJ 2—|j—J|+Janoc [‘I)(L) % f} ik

n Z Z 9—li=jol+jon p floc [F )(270.) % D3, f] X

m=1 jo=J

Due to the Cauchy—-Schwarz inequality, we obtain

(2% [(f, 0l )| g) S 27202 plec [@(0) 117 X

n o0 2
! (Z Z 9—li—jol+jon  floc [quf)(ZjO-) % D3 f] vak>

m=1 jo=J
< 2—(j—J)+2Janoc [(I)(L) % f}2 Xik
+ Z Z 9~ li—jol+2jon p floc [F%)(Qjo,) * Dfnff Xjuk-
m=1 jo=J
If we add this inequality over j € ZN[J,00), k € Z", | € {1,2,...,2" — 1}, and
subsequently replace jj in the right-hand side with j, then we obtain

(W f>2 < 22JnM10c [CI) 2J _'_ Z Z 22]'rLMloc (23 ) « Dfnf}Q

m=1 j=J
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If we argue similarly, we obtain

(Vf)2 5 22Janoc [ 2] * f + Z Z2QJHMIOC L)<2J ) % Dfnf]2

m=1 j=J
In total, we obtain

Vi+Wsf (3.3)
g 2Janoc [(I) )(2J + - <Z 22]anoc (23 ) * Dfnf} 2)

=1

By the vector-valued inequality for M (see Proposition 2.7), we have

IV Fll oo wy + W f 1l 2o )

1
n o0 2
) . 2
< B 5 flop + 3 (z 2 D)) D, )
m=1 Jj=J LP(‘)(w)

(3.4)

The first term in the right-hand side can be controlled by M (see Proposition
2.5), while we can control the second term using the Rademacher sequence similar
to [26, §4] and the boundedness of generalized local singular integral operators.
The result is

IV £ ooy + IWaf Loy S Il eoorwy + D D5 F ot )
m=1

as required.

3.2 Reduction for the proof of (2)

We claim that we have only to prove Theorem 1.3 for f € (C.NPL, C)LP*(w) N
L2
Assume that f € Li_ satisfies V. f + W, f € LPO(w). Then f € LPO)(w). Hence,
we have the wavelet decomposition for s = 0 since Theorem 1.3 with s = 0 is
proved in [26].
We set
2n—1

N
=0 xom (D eordenn+ DD Y xom (D (F 8 ),

kezn =1 j=J kezr

Since fy is compactly supported and s + 1-times continuously differentiable, and
each wavelet ¢, and scaling function wak belong to C. NP, we see that fy €
C.NPL, C LPOS(w) N L2
Assume that the two-sided inequality (1.5) holds for any f € LP()5(w) N L?,
that is,
190l o1y SNV G+ Wegll o) () (3.5)
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for any g € LPU)*(w) N L2,
Then for any f € LPO)(w) satisfying V f + W, f € LP0)(w), we have

[fnllrerey SNV N+ Wsfnllow) S NV + W fll oo )

where the implicit constant is independent of N. This means that {Dfn}%_,
forms a bounded set in LP0)(w) for any o with length less than or equal to s.
According to the Banach—Alaoglu theorem, there exists a subsequence {N,,}>°_,
such that {D° fy,, }5°_, converges weakly to a function f(,) € LP0)(w) for such .
In particular, since we know that fy, converges strongly to f thanks to Theorem
1.3 with s = 0, which is proved in [26], we see that f) = f € LP0)(w). From the
definition of the weak topology of LP()(w), we obtain

. f(2)f(x)dz = lim D% fn, (z)0(x)dx

m—0o0 Jpn

= lim (—1)l fN (2)D*0(x)dz

— (—1) f( )D*0()da

for all test functions § € C°.
Thus, D*f = f,) in the weak sense and consequently, D® f belongs to L) (w).
Due to the Fatou lemma, we obtain the left inequality of (1.5):

1Al 20wy < T inf {| favl] 2oc.o )
S lim [V 4+ W fnll 2eo )
N—o00
< va + stHLP<‘>(w) < 00.

This implies that f € LP0)*(w) and (1.5) holds.
Here and below, we suppose that f € LP()*(w) N L? to prove the left inequality
of (1.5).

3.3 Proof of the left inequality in (1.5)

We suppose that f € Lp(')’s(w) N L2. According to the previous section, we have
Vf+W.f e LPO(w). To see that || f]|zrosw) S IV S+ WefllLro w), it suffices to
show that ||V [D® f1l| se) ) +IWolD* flll 1oy () S NV f +Ws f]l o () for any a with
|af < s, since we proved that [[V[D f]| o) w) + Wo[D* Il oo (wy ~ 1D f | o) )
in [26].

Let a be a multiindex with length s. Fix jo € Z N [J,00), ky € Z", and
lo€{1,2,...,2" — 1}. We observe

‘ <D01f wjo k0> ‘

= [(£, D [5 1))
2"—1 oo
<Z’f@]k <¢Jk)Da ]Oko ‘+ZZZ|JC¢]I§ ]kJDa[l/J]OkO]M'
kezn =1 j=J keZ»
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Consequently, denoting by X}, the modified indicator function of x;x, we
obtain

‘<Daf ,l/}]o ko |Xj0ak0 (36)
s—Jn—29" 4 Jn—(jo— * *
S Z 1(f, <PJ,k>’2J =ty HIn=lo J)on,koXJ,k
kezm
2"—1 oo

+ Z Z Z }<f7 w;,kﬂ 2j8*jn*j0?n+min(j,jo) ~l ]O‘X;o k'OX_] ks

I=1 j=J kezr
due to Lemma 2.13 (3) and (4). If we add (3.6) over jo, ko, and [y, we obtain

2"—1 o

Z Z Z Daf 17Z}]0 ko ‘on,ko)Q

lo=1 jo=J ko€Z™

2"—1 oo ] 2
95 90 W O IRINIEC S

lo=1 jo=J ko€Z™ \kezZ™

2"—-1 oo 2" -1 oo ‘ 2
4 Z Z Z (Z Z Z ‘<f’ wik)‘ 9js—jn—*§*+min(jjo)n—|j JO|X;‘O ko X k> _

lo=1 jo=J ko€Z™ =1 j=J kezn
Since [y moves over a finite set, we have

2"—-1 o

Z Z Z Daf w]o ko ’onka)Q

lo=1 jo=J ko€Z™

00 2
s dgn
S (Zlfsom N mekamk)

jo=J ko€Z™ \keZ™

00 2"—1 oo . 2
+ Z Z <Z Z Z ‘(f’ 1/};7’9” 2jsjn+min(j7j0)n|jj0|<2J%X;O,k())X;,k) _

Jo=J ko€Z™ =1 j=J kezZ™

Using the Cauchy—Schwarz inequality and

E 9 Jntmin(G.jo)n—li—jol < § g—jntmin(jjo)n—|j—jo| ~ 5o
Y

j=—00

we obtain

2"—1 oo

Z Z Z Daf 1/}]0 ko |X70’k0)2

lo=1 jo_J ko€Z™

S Z Z Z ( (f, pap)| 27570007 J)(zfino ko)XJk>2

Jo=J ko€Z™ keZ™

2"—1 oo

4 Z Z Z Z Z <| f ¢ék>| 2jsjn+min(j»j0)n|jj0|<2j();LX;O’k())X;,k)Q
jo=J ko€Zn 1=1 j=J keZn

n

2"—1 oo
Z f¢Jk|XJk +IZIZZ 238 f%k ’X]k) :

kezn j=J kezn
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We can incorporate the term for (D®f, ¢ ). The result is

2"—1 oo
S (D% o X)) + Z SN (UD £ ] Xoko)”
kezn lo=1 jo=J ko€Z™
2"—1 oo
Z(K fr 0000 Xk) +ZZZ 2° |( f%k ‘X]k) :
kezn I=1 j=J kezZn

Consequently, we have a pointwise estimate
VIDU I+ Wo[D*f] SV f + Wi f. (3.7)
Thus, by Theorem 1.3 with s = 0, we obtain that f € LPO)*(w).

3.4 Proof of Corollary 1.4
It is trivial that

£l ors )y = 1 ey + Z D% F1l v ()

laf=s

For the opposite inequality, simply combine the left inequality in (1.5) with (3.4).

4 Fractional local weighted Sobolev spaces with
variable exponents

This section considers the local weighted Sobolev space Lp(')’s(w) with a variable
exponent for s > 0. As a preliminary step, Section 4.1 defines LP()*(w). Section
4.2 investigates the complex interpolation to the minimum. By using this key
tool, we extend Theorem 1.3 for s > 0 in Section 4.3. Sections 4.4 and 4.5 refine
the wavelet decomposition obtained above. To loosen the postulate on ¢ and
Section 4.4 investigates the atomic decomposition. We try to decrease the order
of the smoothness and the moment. Section 4.5 provides further refinement based

n [17, 32] and the Haar function, which is a fundamental function that is useful
to characterize function spaces.

4.1 Bessel potential operator (1 —#*A)~ with 0 < ¢ < 1 and
Re(a) >0
First, we define the Sobolev space LP()*(w) with a positive fractional order s.

Definition 4.1 (Sobolev spaces with variable exponents defined by the Bessel
potential). Fix 0 < ¢t < 1. Suppose that p(-) € PN LHy N LH,, and let w € A;O(?).
For s > 0, define

LIPS (w) = {g € LPO(w) : g = (1 —t2A)~2 f for some f € LPO)(w)}.
If g = (1—2A)"2f € LPO)3(w) for some f € LPU)(w), then define
HQHLM%S(w) = Hf”LP<‘>(w)
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If 0 < ty,ty < oo and a > 0, then (1 —#2A)%(1 —t,2A)™* is a generalized local
singular integral operator. Hence, the definition of LP()*(w) is independent of ¢.

Thanks to Theorem 2.15, LP()*(w) is nested: LPO)=0(w) C LPO)=1(w) for s¢ >
s1 > 0.

Note that the space LP()*(w) with s € N has two different definitions. One
is from the weak derivative in D’, and the other is from the Bessel potential. We
show that they coincide with the equivalence of norms.

Theorem 4.2. Suppose that p(-) € PN LHy N LH,, and let w € ALO(?). Then the
two definitions of LP")*(w) coincide for all s € N.

Proof. Similar to Theorem 2.15, we can show that D*(1 — t>A)~2 is bounded on
LPO)(w) as long as |a| < s. This means that, as long as |a| < s, D% € LP0)(w)
is defined by the Bessel potential for any g € LP():*(w). Thus, the space LP()*(w)
which is defined by the Bessel potential is included in the one defined by the partial
derivative.

Conversely, let f € LP0)(w) be such that D*f € LP0)(w) for any multiindex «
with |a| <'s. We choose a finite collection of polynomials { Py }rex of degree less
than or equal to s so that

(L+2EP)° =D P(&)”
keK
Then
f e rrY(w)— B GD) (1—12A)" 5 f € LPO(w)

is a bounded linear operator, and we have a decomposition

f=1-£A)2) B GD) (1—t2A)"3 {Pk GD) f} :

keK

meaning that f is a member in the Sobolev space LP()*(w) by the Bessel potential.
O]

We investigate the lifting property of weighted Sobolev spaces with variable
exponents.

Proposition 4.3. Suppose that p(-) € P N LHy N LH. Let w € A;"(?) and s, >

s9—5

s3> 0. Then (1 —t*A)7= " is an isomorphism from LPO)%(w) to LPO (w).

Proof. Tt is clear that (1 —t2A) ™2 " is a bijection from LPO)#2(w) to LPO*1(w) in
view of the definitions of LP()2(w) and L)1 (w). The operator (1 — t2A) ™z is
also injective, since (1 —2A)EHI(1 — 2 A)~BHI=Z27 (1 - 2A) 2 = id 0.0 (w)E.]
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4.2 Complex interpolation I

We show that LP¢)®(w) with any s > 0 has a wavelet characterization.
We start by calculating the first complex interpolation.

Proposition 4.4. Suppose that p(-) € PN LHy N LHy, and let w € A;O(‘f). Addi-
tionaly, let so,s1,s and 0 satisfy so,s1,8 > 0,0< 60 <1 and s = (1 — 0)sy + 0s;.
Then

L), 10 )]y = ),

Proof. We may assume sy # s1. Otherwise, there is nothing to prove since s = sg =
s1. We may also assume sy > s; by symmetry. Let F' € F(LPU)=0(w), LPO)=1 (w)).
We aim to show that F(#) € LPU)*(w).

Fix t as in Theorem 2.15. We define

Gn(2) = e (1 — 2A) T 2[(1 = NT'A) 051" 2[F(2)] (2 € §,N €N).
Fix N> 1 and (a,b) € [0,1] x R. We write out |G x(a + bi)]| s).50 () in full:

1G N (@ + bi)[ Lot 20 )

51750

a—0)2—b? (1 . tQA) 5 (a+bi)(1 _ NflA)fsofslfnf2[F(a+ b’L)]

:e(

LP():50 (w)

If we employ Theorem 2.15, then
|G N (a+ i)l 1oer.s0 ()

_ K2 n 1 — —Sp—S1—nNn— y
<e? ((1 + b))t 4 )‘) (1= N~tA)— Q[F(a—i—bz)]HLm,mO(w).

II'(a + bi
From (2.13),

IG N (@ + i)l ooy S (1= NTHA) T2 [F(a+ b0)]|| 1p),00 )
- H(1 CNTLA)T 2 (] 2A) R [F(a + bi))]

Then thanks to Theorem 2.15

1Gv(a+ b)lloroqy S (1= £8)F[F(a -+ bi)]

= [[F'(a + bi)]| Lot o0 (u)

with the implicit constant independent of N. Meanwhile

2 €5 e (1 = 2A) 0 (1 = NTIA) o2 € B(LPO(w))

is bounded and continuous on S due to Theorem 2.15 and holomorphic in S due
to Corollary 2.16. Consequently, it follows from Theorem 2.15 that

Gy € ]-"(Lp(')’s0 (w), LP0)s0 (w)).
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From Example 2.19

$1—3S0 0

Gn(0) = (1 —t2A)" 7 9[(1 = NTA) 05172 (9)] € LPO*0 (),

and

217%0 — —sp—s1—n—
(1= tQA) ? 0[(1 - N IA) o QF(9>]||LP(‘>’$0(1U) S ”fH[.F(Lp(')’so(w),Lp(')’SO(w))]a
with the implicit constant independent of N. Hence
(1 — N7IA)=s 01722 () e [PU3 ()

and
11 = N7EA) ™07 2R (0)| oy ) S I (o050 ), 200050 ()

with the implicit constant independent of N. Meanwhile, Corollary 2.17 yields
(1 — NtA)so=s1n=2 () — F(f) as N — oo. Similar to Section 3.2, we
conclude F(f) € LPO)*(w) using the Banach-Alaoglu theorem. Consequently
[LPO:50 (), LPOS1 (w)]g € LPO* (w).

Conversely, we let f € LPO)*(w), so that f = (1—t2A)~2g for some g € LPV) (w).
We have a decomposition

go=1=N"'A) Mg, g =(1-NTA) = (1=Neet 'A) g, 9= i,
k=0
where {Nj}72, is an increasing sequence of integers such that

Z 911l L0 () < 20191 220 ()
=1

Define

Fr(2) = 6(279)2(1 — tQA)Sogsl (z=0)=3 4,
for each k € N and z € S. Then Fj, € F(LPO)* (w), LPO)=1(w)) with

1%l 7 (2p250 (), Lot (w)) S G0l 2o )

due to Theorem 2.15 and Corollary 2.16. Consequently

£ =" Fu(0) € [LPO0(w), I (w)].

4.3 Wavelet characterization of LP*)*(w) with s > 0

We characterize LP()*(w) in terms of the wavelet coefficients for any s > 0 by
means of the complex interpolation and Theorem 1.3, which considers the case of
s € N.
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According to Theorem 1.3, it is useful to define the space £5(w) for s € R
which is the set of all sequences {)\j,k}jelﬁ[J,oo),keZ” satisfying

2
27° Z Aj kX k

keZm

oo
Ak} sezninooweznllegpon iy = ||| D2

i=J

< 00.

LP(')(w)
We define
'f§(')’s(w) = {{M}rezn U {/\é‘,k}jeZﬂ[J,ooLkeZ”JE{lv? ----- 2n—1} -
{/\é}k}jGZﬂ[J,oo),kEZ" € féj(')’S(w) forall [ =0,1,...,2" — 1},

where it is understood that

e (J=1),
)\‘(]),k:{ b

0  (otherwise).
Theorem 1.3 asserts that
U — gt . fe Lp(-),S( )
= {(ases ) Iuezn U {5 10 ) }ieznioo) keznimt 2,..an—1 € T20 ()

and

® =07 { A\ }ezn U {X L ieznino) kezn jeqi 2, n -1} € 702 (1)

2"—-1 o
HZ)\M‘O‘]’“—’_ZZZ)\ wékELp( ()
kezZn I=1 j=J kezn

are bounded linear operators for s € N. Furthermore, by the property of wavelets

O(Uf) = f (4.1)

for all f € LPO)s(w),
To show that the space LP¢)*(w) with s € (0,00) \ N is realized as a complex
interpolation, we need the following lemma.

Lemma 4.5. Let s > 0 and suppose that we have two couples (¢, ¥') and (9, @l),l =
1,2,...,2" — 1 of Cl*+U_functions as in (1.3). Then for all f € L}

loc?

= ol l
IV ooy + IWE ooy ~ IV Fll oo ) + IWE Fll o6 ) -

Proof. Tt suffices to show

= ol l
IV oo ) + W Flleorwy S NV Fll ooy + TWE FILo6 )

by symmetry. We content ourselves with the proof of
ot} 1
WS Fllzeorwy S IV Flloo ) + W5 Fllzoe ),
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since the proof of [[VZ £l 1ocywy S 1V f1l Lot ) + ||W;Z’lf||Lp(.)(w) is similar.
Let jo > J, kg € Z™, and [y = 1,2,...,2" — 1 be fixed. We calculate

7
Cramyal
2" -1 oo

<Z| okO:@Jk| f‘PJk|+ZZZ| Vi ko |<f¢ i

kezn =1 j=J kez»

The moment condition yields

(50 10 P

B e Ui, g
S Xppa-reren-ny(1277k — 2Rk |)27 2 HImm G DR F )|
kezm

2" -1 oo

DD D Xjparminao @v—1) 1277k — 27 ko)

I=1 j=J kezn

x 9= S pminGjo)n—lio—dlls+11| (£ b |,
where we also employed Lemma 2.13 (3) and (4). Consequently

2J08|<w]0 ko? >|Xj07k0

(J-‘r]o)”
S Z QJos— +In=(jo=J) [S+1]|<fa SDJ,k>|X;k'O,kOX§,k
keZm

2"—-1 o

‘S—Mmin“n—A—As * *
n Z Z Z 970 52— +min(j,j0)n—|j0 —Jl[ +1]|<f7 ¢§7k>|on,koXj,k

I=1 j=J keznr

e < s n s_(1+Jo)n
= 3 2 o D g e TR £ ) G kX
kezm

2"—1 oo

—|j0—7 —S js— Utjo)n min(4,7 * *
+ Z Z Z 9—ljo—jl([s+1]—s)9js— 5=+ (J,Jo)n|<f7 wé’,k>|Xj0,k0Xj,k‘

I=1 j=J keznr

If we add this estimate over kg € Z", then

Z 2J08 0k07 >|Xj0,k’o

ko€zZn
<Y 9 (o= ) ([s+1]=9)g mtJs—EH

kezn

2"—1 oo

—l70—171([s —s 4877(j+j n min(4,70)n *
DD PP DR L (VAT

=1 j=J kezn

—(jo— s —s n S_M *
,S Z 2 (Jo—J)([s+1] )2J +J 20 |<f7 SOJ,k>|XJ,k
kezn

21 oo 2
(Z > > 2 e I2%  F l DP;, k> :

=1 j=J kezn

f, SOJ,k> ’X?k

-
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The last inequality uses the Cauchy-Schwartz inequality. Next, we take the ¢*-
norm over jo > J, which gives

00 2
Z <Z 2j05’ jo k07f>‘Xj0 k0>

jo=J \koe€Zn

2" -1 oo 3

< S o) mﬁ(zzzw f¢§k|xjk>
kezn =1 j=J kezZn

Thus, we obtain W;Zl f S Vef4+WY f, which yields (3.7) and the desired result. [

Theorem 4.6. Suppose that p(-) € PN LHyNLH,, and w € A;O(‘?). Let s > 0 and

U =09 fe LPO(w) = U(f) = \I/“"’wl(f) e 79 w) be the wavelet coefficient
operator with p, ' € CHU. Then f € LPO)(w) belongs to LP)*(w) if and only if
W.f = WY f e LPO(w).

It should be noted that V f € LP()(w) since the case of s = 0 is already covered
in [26].

Proof. We may assume that s € (0,00) \ N. Otherwise, Theorem 4.6 is covered by
Theorem 1.3. First, assume that the collection @, zzl,l =1,2,...,2" — 1 satisfies
the requirements in (1.3) with [s 4+ 1] replaced by [s 4 2]. Here, we keep in mind
that (1.3) requires that ¢,¢! € C™*! for the function space LPO)™ with m € N.
Since we know that U%%' is an isomorphism from LPO)(w) to fp ) “(w) and from
PO+ () to 2O () by the complex interpolation, we see that U%¥' is an
isomorphism from LP0(w) to £ (w).
Since the expressions

4 ol 1)
IV ooy + W L oo oy IV F o0 ) + IWE Fll oo )

are equivalent due to Lemma 4.5 as long as the collection ¢, satisfies the re-
quirements in (1.3), it follows that f € LP0) (w) belongs to LP()#*(w) if and only if

WY f e LPO (w), or equivalently, W¥' f € LPO)(w).
[

4.4 Atomic decomposition

Fix J € Z.

Definition 4.7. Let s € R, j € ZN(J,0), and k € Z". Suppose that the integers
K, L € Z satisty K > 0 and L > —1.

1. A function a € C¥ is an atom centered at ) sk if the following differential
inequality holds:
10%| < x30,,, lal < K. (4.2)
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2. A function a € CK NP is an atom centered at Q. if it satisfies the following
differential inequality:

0°a] < 25 HRlxgg o] < K. (4.3)

Theorem 4.8. Suppose that p(-) € P N LHy N LH, and w € Ag)(‘?). Let s > 0.

Suppose that we have atoms a,., centered at Q,,, for each v € Z N [J,00) and
m € Z". Additionally, let

A= {)‘V,m}VGZﬂ[J,oo),mGZ" C C

satisfy
. N
22" 2 Ao < o0,
v=J mezZmn
Then .
f = Z Z )\V,mau,m
v=J meznr
converges in LPY)*(w) and satisfies
1
0o 2\ 2
||f||LP(')v5(w) 5 Z 27 Z )\l/,mXV,m
v=J mezZ™

Proof. We can assume that \,,, = 0 if v + |m| > 1 by the truncation argument.
Thus, we can concentrate on the norm estimate. The proof of the convergence of
the series defining f follows immediately if this norm estimate is valid at least for
the type above of sequences.

We prove
1
00 2\ 2
||Vf + stHLP(')(w) 5 Z 27 Z AV,mXV,m
v=J mezZm™

Since V' f is easier to handle than W f| we concentrate on W f. Letl =1,2,...,2"—
1 be fixed. Write

6(j, v, k,m) = X[0,2- min(j,y)D](B”’m - 27%’)

for some large constant D > 0.
As long as D is sufficiently large, we have

(gm0 )| S 27 3 lrmdllstbminGing (5o, g ).
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Thus

222” > KL P

kezm

~ 2
222]8 Z Z Z )\V,m<a1/,m7’l/}é‘,k>
j=J €L

n \v=J mGZ"

o0 o0 2
<> 2y (Z > Pl |<a,,,m,w§,k>\) Xjk
g=J

keZ™ \v=J meZnr

Xj.k

00 00 2
< 222js Z (Z Z I\ |2 ‘2*‘1n_|1/—j|[S-l—l]-i-min(j,u)né‘(j’ V,k,m)> Xi
j=J keZ" \v=J meLn
0 2
< Z Z (Z Z |2 n—|v—jl([s+1]—s)— s|1/—j|+sj+n1in(j,1/)n5(j’ y,k,m)) ik
j=J k€Zn \v=J meZn

Arithmetic shows

vt
2

n—|v—7l([s+1] —s) —slv—j| + sj + min(j,v)n
v

- su+§n—(v—j)([8+1]+n)—%n (if v > 7),

sy—l—gn—(j—z/)([s—i-l]—s)—%n (if v < j).

We also note that

> 225"\, 6 (5, v By m) X, S M [Z 2”8Ay,mxy,m] XQy-

mezr mezmn

By virtue of these observations, we obtain

D27 Y ISP

j=J kezn
- 2
S35 (S 5 i, )
j=J kezn mez”
o0 oo 2

§ Z (Z 2—‘j—u\([8+l]—s)M10c [Z 2VS)\V’mXV’m] XQj,k> .
j=J kezn \v=J mez”

A geometric observation shows that

Z XQjr = 1

kezn
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for all j € Z. By the Cauchy—Schwartz inequality for the summation over v and
7, we obtain

S P
j=J kezn
[e%e) o0 2
< (Z o—li=v|([s+1]=s)  floc [ Z 25 um X m] >
Py ! mezm
[e¢) o0 > 2
< (Z 2—|j—u<[s+11—s>> ZQ—|j—u|([s+1J—s> (Mk’c [Z QVSA”’”X”’”D
=7 \u=y = "
[c <lNe ] [ :
N ZZQ—u—quH]—s) (MIOC Z 2”5Ameum]>
oy oy Lmezn
. B 2
“E (10| S ] )
v=J mezn -

where we change the order of the summation in the last inequality. Finally, taking
the LP*)(w)-norm, we obtain the desired result. O

4.5 Characterization by Haar wavelets

Here, we demonstrate the Haar-wavelet characterization. See [17, 32] for more
information on some recent research. We define

hM = X[0,2) — X[t,1) ht = X[0,1)-

1
2

The functions A and k! are called the Haar wavelet and the Haar scaling function,
respectively.

We set
{M,F}" ={M,F}"\{(F,F,...,F)}.

Haar wavelets on R™ are defined by the usual tensor product procedure:

G _— on Gr
Hj = ®r:1hj7kr

for j € ZN[J,00),

{M’F}n (]ZJ)a

G=(Gy,....G,) €' = {{M,F}”* (>J)

and

k= (ki ko, ... k) € Z"

In our next theorem, we show that HJG/,C can be substituded for %‘,k and .
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Theorem 4.9. Let s € [0, —~—). Then, for all f € LP")*(w),

) max(Zp7)
1
2\ 2

keZm

S Hf”LP(%s(w)- (4.4)

>y

j=J GeGJi

LP(‘)aS(w)

Proof. We will justify that we may assume f € LP()*(w) N L2, In fact, thanks to
Theorem 4.8, the space LP*)*(w)NL? is dense in LPO)*(w). Thus, for f € LPO)*(w),
we can choose {f;}°, C LPU)*(w) N L? such that f; — f in LPO)*(w). Suppose
that we have proved (4.4) for any f € LP®)*(w) N L2. Then we have

DD |20 X HEOH]]

j=J GeGJ kezm

2\ 2
Sl oo ) -

LP(')ﬁS(w)
Then by Fatou’s lemma and lim (fi, HG.) = (f, HS,), we have
—00 ’ ’
- 2\ 3

j=J GeGi

2° ) (f H)HE

keZm

LP()ss (w)
1
2\ 2

27 Z (fi, H5y) Hy),

kez™

< lim inf f: Z

j=J GeGi

LP(')ﬁS(w)

Since || fill oe).swy = 11l npers ) @8 T — 00, (4.4) holds for any f € LPC)s (w).
Let f € LPO)*(w) N L? here and below. Let

j=J k€Z™ GeGI

be the wavelet decomposition. We may assume that the sum is finite using the
simple truncation procedure. Then

f Z Z Z fH]Gk jkv(me%OJm

j=J k;mezZ" GeGJ
2" —1

3D S DD WIAAR TR

Jv=J kymeZ™ GeGi =1

Write

:uf/%l = Z Z f7 H]Gk ?}ww;l/,m%

j=v kezn
lG2_ G G l
:U’I/m § , E fH]k: H]k7¢ >7
j=J kezn
.G — 1,G,1 1,G,2

/"Lljm Mum +Mum
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We estimate

| S Z > 2N G

=v kez™,

We fix a small constant € that is specified in the end of the proof. Note that
(HE 0,0 = O(2:=9)). As a result,

2

<|:u1/m |X1/m 2 5 Z Z 2%(V*j)‘<f’ kaHXV,m

j=v  kezm,
(HE) 0, m) 70

<D 2 > KA HD om
Jj=v

kcz™,
(HG, L) #0

> A 27 |(f, HE,)|
< 2—55(1/—]) ‘ y 44k
~ Z Z (1427 - _k|)n+2eXme
Jj=v keZ",

< 7k7¢u m>5’é

— v—7 in c n+te
5 Z 2 55( j) Z 2]2 |<f’ HjG,k,‘>|M10 I:XQ],I@]('Z.) " XQV,WL'
Jj=v kez™,

Thus, by the vector-valued maximal inequality for M'°¢,

2n—1

D BDIDMTTH

v=J meZ" GeGIi I=1

DD DD A ST 2F | HE) M [xg,, @) | xaun-

v=J meL" j=v kezn,

we can control the first term.
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Next, we consider the second term. We calculate

D (s hwm)* S ) 222" Dt N ([ H) )

mezn mezm j=J keZ™,

(HE bl ) #0
v—1
= 2w N ([ HE) X))
kezn j=J mez",

(H k wu 'm>7é0

<SS S (B,

keZn j=J mezn,
(HE bl m) #0

Thus, if we write o}, = s+, Hf,), then we obtain

{z S @G }

v=J meznr
( !
[e'¢) v—1
S22 2 2 S (afhxann)
v=1J keZn j=J mez™,
\ <H]G,k7¢£/,m>7£0
( !
oo o0
SIS ITAD LI DY
75 v,m
]:J kezn v=j+1 mEZ",
\ (H bl )70
Taking the LP()(w)-norm, we obtain

z S @O ? }

v=J mezZn Lp(')(w)
2
00
E E 2 § : 2(v—j3)(s+e) E
SJ |aj k" 2 XQI/,’I‘VL
j=J keZn v=j+1 mezr,
(HE, 4l ) #0

Given a measurable function F', we write

_ N Flze)

= T
Q]
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Using Lemma 2.8, we deduce

1
[e'e) 2
{z 5 <zvm2\x,,,m>2}

v=J mezZn

1
2
oo o
G |2 2(v—3j)(s+e) ,, (0)
SIE2 Do lafil® Do 2206 misy 1 Y Xoww | Xpau
j=J kezn v=j+1 mezZ™,
(HG) 0 m) 70
o o %
G |2 —j)(2s+2e—1
S{E T 3 2|
Since s < ﬁ, we can choose ¢ > 22221) and ¢ > ( such that s+ < 2.
X )p+) 2 2q
Thus
1 1
o 2 o 2
1,G2 2 G |2
s ey | 2SS uree)|
v=J meZm LP()(w) Jj=J kez" LP()(w)
proving Theorem 4.9. [

5 Key theorems to more applications

Here, we are interested in applications of wavelet decomposition and complex in-
terpolation. Section 5.1 considers pointwise multiplication. As an application of
Section 5.1 and wavelet characterization, Section 5.2 considers a variant of the com-
pact embedding. Section 5.3 deals with diffeomorphisms. Section 5.4 generalizes
Proposition 4.4.

5.1 Pointwise multipliers

For m = 0,1,2,..., define B™ to be the set of all f € C" with bounded partial
derivatives up to order m. If s € Ny, then any A € B® induces the bounded
pointwise multiplication M), by the Leibnitz rule. We generalize this fact to s > 0.

Theorem 5.1. Suppose that p(-) € PNLHyNLH, and let (s,w) € ((0,00)\N) x
A;)O(?). Then for all h € BETY mapping My, : f € LPOS(w) v h- f € LPOS(w) is
bounded.

Proof. As mentioned above, M), is bounded on LPO)-l (w) and LPO:5+1 (). Hence,
we can interpolate these estimates to have the desired result using Proposition
44. O

42



5.2 Compact embedding

We consider the Rellich-Kondrachev-type compact embedding. Let sy > s; > 0.
Then LPO)so(w) C LPO=1(w). Thus, it makes sense to consider the embedding
operator ¢ : LP()% () — LPO)51(yw). After suitably truncating the functions, we
can prove the Rellich-Kondrachev-type compact embedding resuit.

Theorem 5.2. Suppose that p(-) € PN LHy N LHy, and let w € A;O(‘?). Then for

so > 51 > 0 and h € Cot with compact support, the operator My o is a compact
operator.

Proof. Let ®,¥ be as in Section 4.3. For jo > J, we define Tj, : ?5(')’5(11)) —
701 (1) to be the truncation operator given by

T ({ Mk kezn UA{N, L Yiezninoc) kezm icfi 2, 2n-1})
= {)\k}keZ" U {X[J,jo] (j))‘é‘,k}jEZﬁ[J,oo),kGZ",16{1,2,...,2”71}-
Denote by of : £ (w) — £ (w) the natural embedding. Set Pj, = ®o0Tj, 0 V.
Then thanks to Theorem 4.6, ||t — Pjo || o150 ()= 12051 () S 2-d0(s0=s1) gince ||cf —

TJ'O||?§('>’30(w)—>F§(')’31(w) < 27Jols0=s1) Hence, it follows from Theorem 5.1 that

[My 00— My o P, ||LP(')730(w)—>L1>(-),31( < 27 0lsomsn),

w) ~

Thus, M, o ¢ is realized as the norm limit of the operators { M, o P, }5°_; with a
finite rank. Hence M), o ¢ is a compact operator. O

5.3 Diffeomorphism

A CM_diffeomorphism v : R* — R" is said to be regular if 1 and its inverse belong
to BM.

Theorem 5.3. Suppose that p(-) € P N LHy N LHo, and let (s,w) € ((0,00) \
7) X A;DO(?). Then for all reqular C¥ T -diffeomorphisms 1 : R™ — R™ that preserves

LPO(w), composition mapping f € LPO=*(w) — fo1p € LPO*(w) is bounded.
If s € Ny, then any h € B® induces composition mapping.

Proof. Tt is clear that f € LPOl(w) s fop € LPOll(w) and f € LPO L (w)
foy € LPO s+ () are bounded. Hence, we can interpolate these estimates to
have the desired result. O

5.4 Complex interpolation II
We obtain the complex interpolation as a direct consequence of Theorem 2.25.

Proposition 5.4. Suppose that po(-), p1(+), p(:) € PNLHyNLH. Let (wg, w1, w) €
AL%C(.) X ALOf(.) X ALO(?), 50, 51,5 and 0 satisfy sg,s1,8 > 0, 0 < 0 < 1 and s =
(1 — 0)sg + Os1, respectively. In addition, assume that
% 17(9) 6() 1 1-0 + 0
w pt :wOPO‘ wlpl‘ s —= .
p(-) po(t)  pi(t)
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Then [£5°0 (w), 85" (wy)]p = £ (w).

Proof. According to [15, Theorem 7.1.2], (LPo))=0(Lr0)0 = [P0 Since f €
1

LPO) (w) if and only if fwr0 € LPC) (LPC) (wo))'=0(LPO) (wy))? = LPO)(w). This

still needs to be combined with Theorem 2.25. ]

Using Proposition 5.4 and the mappings ® and ¥, we obtain the following
conclusion:

Theorem 5.5. Suppose that po(-),p1(+),p(-) € PN LHy N LHy. Let (wg, w1, w) €
A;%C(‘) X A;Olc(,) X A;O(‘f). Additionally, let sy, s1,s and 0 satisfy s, 51,5 >0,0<6 <1
and s = (1 — 6)sg + 0s1, respectively. Assume that
i 1-6 0 1 1-46 0
wr) = wyrol)wqP10) = +

p()  po()  pi()
Then [LPU)50 (wy), LPO)51 (wy)]g = LPO)S (w).

Proof. Let f € [LP0 (wg), P01 (w1 )]y Then W(f) € [E2° (wp), £ (wy)]y =
20 (w). Thus, f = ® o U(f) € LPO(w). Conversely, we let f € LP()*(w). Then
U(f) € 25 (w) = [0 (wy), £* O (wy)]s. Thus, it follows that f = ®oU(f) €
[LPO)50 (wq), LPO-1 (wy)]o. n

6 Sobolev space L')5(w) with s < 0

By virture of the duality, we define LP()*(w) for s € R, especially for s < 0. Section

6.1, gives its definition and investigate the duality. Section 6.2 expands Section 5.

We mimic the proof of the corresponding theorems or use the results in Section 5.
1

Recall that we write 0 = w »0O-T1.

6.1 Definition of the Sobolev space L’")*(w) with s < 0

Definition 6.1. Suppose that p(-) € P N LHy N LH,. Let w € A;)O(f‘) and s < 0.
Then define LP*)*(w) to be the dual space of LP():=%(¢).

Let s < 0. Since L ():=%(¢) is embedded into L” () (o),

v f € DPO(w) = |g e PO (0) — g(z)f(x)dx € C
Rn

is a well-defined injective linear mapping. Thus, ¢ embeds LP()(w) into LPO)*(w).
The next proposition shows that LP()*(w) is embedded into D’

Proposition 6.2. Suppose that p(-) € P N LHy N LHy, and let w € A;O(‘f) and
s € R. Then LPV)*(w) «— D' for s € R.

Proof. For s < 0, since D C LP'*)~%(c), we only take a duality. Otherwise, the
proof is simpler. O
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Next, we shall consider the some characterizations of LP()*(w) for s < 0. To

this end, we recall the sequence space (')’S(w) (Section 4.3) and investigate its
duality.

Proposition 6.3. Suppose that p(-) € PN LHy N LH,,. Let w € Ag’(?) and s < 0.
We define the coupling

2" -1 oo
= Y ST
kezn =1 j=J kezr
for ~
A = {Aetrezn U{N L Yeznioo) wezn iefi 2, 2n-1) € £20) (w)
and

N = { A rezn U {)‘é‘,*k}jeZm[J,oo),kezsz{LQ ..... on_1} € [ (')’_S(U)-
Then ?5,(')’_8(0) is canonically embedded into the dual space of ?5(')’8(w) via the

coupling
A e 707 (6) o [\ € FOR(w) s (A, A € C.

Proof. First, we check the well-definedness of the coupling for A € ?5 ()5 (w) and A €
Fis ,(')’_S(U): We need to check that two series defining (A, \*) converge absolutely.
We concentrate on the second term. The first term can be handled by the same way.
Moreover, thanks to the triangle inequality and finiteness of [, we only estimate
for fixed [. By the orthonomality of x;,

> NN :/R"Zf > ANk (@) | de

j=J kezn j= kezn
JS Js
/Zz S Wok(@)] - 279 3 W ()] de
" kezn K eZn

Using the Cauchy—Schwartz inequality and the Holder inequality, we have

oD N

j=J kezn
1 1
00 2 2 0o 2 2
</ 222 Ma@)] || 2 30 M) | dr
Rn = Lezn j=J k' e7zn
1 1
2 00 2\ 2
S QJS Z )\j kX] k Z 2_‘75 Z Aé‘fk’Xj,k'
j= J kezZm j=J k'eZm
LrC) (w) LY () (o)
_ *
- ||)\||f2p(')v5(w)||)\ ||f§,(‘)7*5(0.)' (61)

Thus, the coupling is well defined. N
Finally, by the inequality (6.1), £ "*() is embedded into the dual space of
£20) (). O
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Moreover, we can show that the dual space of 20 (w) is embeded into ££ (o).
The case p(+) is constant is considered in [32, 46].

Proposition 6.4. Suppose that p(-) € PN LHy N LH,. Let w € A;O(?) and s < 0.

For all ) € <fp *(w )) , we can represent it uniquely as

2"—1 oo
B SETIES 55 9p DEFUNEIET)
kezn I=1 j=J kezn
for all B
A= { M }rezn U {)\é"k}jeZﬂ[J,oo),kEZ",l€{1,2,...,2"71} € pr(-),s(w)’
where

N = { A brezn U {)‘é‘,*k}jeZﬁ[J,oo),keZ",le{l,Q,...Q"—l} efl (')’_5(0)-

Moreover, we obtain the norm equivalence
1A = gy =~ (1A

Before we move on the proof, we prepare a notation. The space LPU)(w, £2) is
the set of all sequences of measurable functions { fjl }jezm[ J00),1=0,....on—1 satisfying

2" 1 oo
H{fyl'}HLm-)(w,gz) - Z Z \f |2> < Q.

=0 j=J P<'>(w)
The proof of this proposition follows the method in [32, 46].
Proof. Note that for simplisity, we denote A = {)\‘ij}jeZm[J’oo)JgeZn71207_”72n,1, where

it is understood that
ok 0  (otherwise).

Let X € (?5(')’S(w)> . Define the map T : £ (w) — LPO(w, (?), which
assigns A = {)‘é'k}j,k,l — {f;}j,l, where
fi=27 ) Nk
kezn

Here and below, we omit the range where 7, k and [ move in the elements such as
{Nx}ike- Then, we calculate

2" -1 oo
1l = ( zw)

LP(')( )
1
M1 oo 2\ 2
_ YE l
= E § 2 AijJvk
1=0 j=J kezn




Thus, T is an isometry. By the Hahn-Banach Theorem, there exists A € (LPO(w, 52))*
such that A o 7" = X and [|A|| = |[A|. Since we know that (LP0)(w,(?))" =
LP'O) (g, 0?), there exists g = {gi}0 € LP ) (g, £?) such that

A ={fo9), AT =19l ro o)
for any f = {fl};; € L’V (w,(?), where

2"—1 oo

o= 33 [ A

=0 j=J

We define the projection P : LPO)(w, £2) — ££*(5) by

P0Y30) = Oidins = { [ 2 niatoty}

n

Jk;l

for some {hé }i1 € LPO(w, £2). Then, there is a positive number N such that

”P({hé}jal>||¥g’('>**5(a)

2" -1 oo
=1 D> > ( / 2"Sh§-(y)xj,k(y)dy) Xk
kezn \/R?

1=0 j=J

1
2\ 2

LP’(‘)(U)

2" -1

= j;i, () 1] 2) |

AN

LP’(')(()’)

NI

< (ZXmr)

1=0 j=J

Lp/(')(o')

Thus, P is continuous.
Combining these ovservations, we can justify the change of the order of the
summation and integration to have



Finally, we conclude the proof of the norm equivalence keeping in mind Propo-
sition 6.3 as follows:

Xl ey = 12 (65 gy N5l ocr ey = AT = 3L
[l

Theorem 6.5. Suppose that p(-) € P N LHy N LHy, and let w € A;‘Z?). Let
s < 0. Then ¥ : f € LPOs(w) s U(f) € B2°(w) and @ : A € £ (w)
®(N\) € LPO)5(w) are continuous linear operators satisfying ® o W(f) = f for all
f e L3 (w).

Proof. Let A* € £ 7*(g). Then (¥(f), A\*) = (£, ®(\*)) due to the orthogonality
of wavelets. Since ® : £ ""(¢) = LF'O:=3(¢) is a bounded linear operator, it
follows that W : f € L0 (w) — W(f) € £/ (w) is a continuous linear operator.

Similarly, ® : \ € ?p' *(w) = ®(N\) € LPO)*(w) is a continuous linear operator.
Finally, we verify the equality. Let g € L”()=%(¢) be arbitrary. Then

(Lo W(f),g) = (T(f),¥(g)) = ([, LoW(g)) = ([ 9),
proving that f = ® o U(f). [

Corollary 6.6. Suppose that p(-) € PN LHy N LH, and w € Az’(‘f). Let s < 0.
Then CX is dense in LPO)*(w).

Proof. Thanks to Theorem 6.5, we have only to approximate ¢ and w;k This

is achieved by a routine mollification procedure since LP()(w) is continuously em-
bedded into LPO)S(w). O

Next, we investigate the duality.
Theorem 6.7. Suppose that p(-) € PN LHy N LH. Let w € A;)O(?) and s < 0.
Then LY )=%(c) is the dual space of LP)*(w) via the coupling
f e’V (a) s [g € PO (w) = g(f) = (g, f) € Cl.

Proof. By the definition of the duality LPC)*(w)-LP'()=3(g), LP'()=%(o) is embed-
ded into the dual space of LP()=*(w). Thus, we have to show the reverse inclusion.

Let L : LPO%(w) — C be a continuous linear mapping. Then Lo ® : £ (w) s C
is a continuous linear mapping. Thus, by Propositions 6.3 and 6.4, there exists
A" € £70 7% (o) such that Lo ®(\) = (A, A*) for all A € ££7*(w). Since

L(f) = Lo®oW(f) = (¥(f).\") = (f,2(\")) (f € L"*(w)),

it follows that ®(\*) € LP'()=5(¢) is the element, which realizes L. O
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6.2 Applications

We can upgrade Theorems 5.1, 5.2, 5.3 and 5.5 to the case where s € R. The case
of s > 0 is already covered in Theorems 5.1, 5.2, 5.3 and 5.5. Hence, we are mainly
interested in the case when s < 0.

Theorem 6.8. Suppose that p(-) € P N LHy N LHy, and let (s,w) € R x A;?O(?)_
Then for all h € BIsHY | the pointwise multiplication My, : f € LPO)®(w) + h- f €
LPO3(w) is bounded.

Proof. Simply employ (h-f,g) = (f, h-g) for f € LPO)*(w) and g € LP')=3(¢). O

Theorem 6.9. Suppose that p(-) € P N LHy N LH., and let w € A;O(‘?). Then

for 0 > so > s1 and h € CUUH with compact support, the operator My ot :
LPOss0 () — LPO=1(w) ds a compact operator.

Proof. Simply go through the same argument as Theorem 5.2. ]

Theorem 6.10. Suppose that p(-) € P N LHy N LHw, and let (s,w) € R x ALO(?),

Then for all reqular CU1*H2_diffeomorphisms 1 : R® — R™ that preserves LP)(w),
the composition mapping f € LP)*(w) w f o1p € LPO)3(w) is bounded.

Proof. Let s < 0. Let f € D. Observe that
[ Hw@a)s = [ ) @)ldet(Dy)|

Since | det(Dy)|~' = +det(Dy) ! is a BI=*+-function, we can use Theorems 5.3
and 6.8. O

If we reexamine the argument in the proof of Theorem 5.5, we obtain the
complex interpolation.

Theorem 6.11. The conclusion of Theorem 5.5 remains valid if we merely assume
S0, 51 € R.

7 Examples

Finally, we will provide some examples. In addition to the examples of w € A, or
more generally w € Al°°, we can consider w(x) = exp(A|z|) and w(z) = (1 + |2|)*
with A € R as we mentioned in Section 1. Section 7.1 investigates the former,
while Section 7.2 considers latter. Section 7.3 is oriented to an application rather
than an example. We define weighted uniformly local Lebesgue spaces with variable
exponents and easily develop the theory of wavelet decomposition as an application
of the results in this paper. Although we consider the case where p(+) is a constant

exponent, Section 7.4 shows the periodic case as an application of the class A;,OC.
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7.1 wy(z) =l AR

Since we need to work on R™ and R"! at the same time, we add subscript n to w
and write w,, instead of w. We prove a trace theorem. We define the trace operator
Tr by

Tr: f € C®° = COX(R") — f(,0,) € C=(R™1).

Theorem 7.1. Let wy(z) = el 2 € R™ for A > 0. Let s > % Then Tr :

L5 (w,) — L*72(w,_1) is extended to a bounded linear surjective operator.
Proof. 1t is sufficient to consider the corresponding trace result in the level of
~ 1
sequences. Consider Tr : £ (w,,) %3’5 2 (wp—1) given by
Tr({ e trezr U LN, 1} eznioo)wezn iefi 2, 2n-13)
= {)\(k',on)}k’eznfl U {)‘é',(kﬁon)}jGZﬂ[J,oo),k’EZ"*1,16{1,2,...,2"—1}-

We claim that this is a well-defined and bounded linear operator by proving the
corresponding inequality for sequences. We set

D=

.. 2

= (=

J=J

(g1
2.7(5 2) Z /\j,(k’,On)Xj,k’

k' ezn—1

L2(wn—1)

for {\jx}jezn(so0) kezn. We observe

=

0o 2

it

J=J

25 Nk 00 X6 (.0)
k' €Zn—1

L2(wp)

since wy,_1(2') ~ wy(z',a) for all a € [0,277] and 2’ € R""!. Since

1 1
- 2\ 2 - 2\ 2
D12 D0 Moo Xiwo <0127 D Nwxw ;
j=J K ezn—1 3= kezn
L2(wp) L2(wp)
we obtain )
- 2\ 2
LS 22 D2 e
j=J kezn
L2(wny)

If we employ this inequality, Tr is obtained as a bounded linear operator.
Similarly, by examining the sequence space, we can show that Tr is a surjective
operator. (]

We can also consider the case where w(z) = exp(Ap(x)|z|) for some A > 0.
In addition to the analogies to Proposition 6.2 and Theorem 7.1, we can show the
lifting property.
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Proposition 7.2. Suppose that p(-) € P N LHy N LH, and A,B,s € R. Let
w(z) = exp(Ap(z)|z|) and v(x) = exp(Bp(z)|z|), x € R™. Set u(x) = exp((4A —
B)\/1+|z]2), x € R*. Then f € LPV*(w) > u - f € LPO)(v) is a bounded linear
operator.

We can also consider the case where w(z) = exp(Ap(x)|z|) for some A > 0.
In addition to the analogies to Proposition 6.2 and Theorem 7.1, we can show the
lifting property.

Proof. The proof is similar to Theorem 5.3. We may assume that s € N. In this
case, this assertion follows from the Leibniz rule. O

7.2 w(x)=(1+]z[)HAeR

Next, we consider the case of polynomials, that is, w(z) = (1+ |z|)*. Remark that
w € Ay if and only if A > —n. However, if we work within the framework of local
weights, any value of A € R is available.

Proposition 7.3. Suppose that p(-) € PNLHyNLH, and let A, s € R. We write
w(z) = (14 |z))4, 2 € R". Then LPOS(w) — S'.

Proof. Simply observe, for f € LP()*(w) and ¢ € S, when s > 0,
< < PR
1fellr S I lleerw) - el roey S 1 lleers ) S;g(l + [z])7- |p()]-

Meanwhile, when s < 0,

A

[F @ S M zrre 1l cr-s0) S 1Fl2r0 sy 89D (1 + [2]) =7

+n+1
|o()]-

Thus, we obtain the desired result. O

Analogous to Proposition 7.2, we can show the lifting property.

Proposition 7.4. Suppose that p(-) € P N LHy N LHy and s,A,B € R. Let
A—B

w(z) = (1+|z))4, v(z) = (1+|2))B and m(z) = (/1 + |z]?) 7=~ forz € R". Then

M, : f € LPOS(w) = m - f € LPU)*(v) is a bounded linear operator.

Proof. The proof is similar to Theorem 5.3 and Proposition 7.2, since m(z) ~
A-B

-B
(v/1+]z)?)»® . We may assume that s € N. In this case, this assertion follows
from the Leibniz rule. O

Although the Fefferman—Stein vector-valued inequality for this function space
is not available if A < —n, it is useful to obtain the vector-valued inequality for
the n-function as in [14]. To this end, we prove a simple estimate.

Lemma 7.5. Let p(-) € PN LHy N LH,, w € Ag’(?), and A,B € R. Write

w(z) = (1 + |z))A. Assume B > % +n. Then the convolution operator
felVw) = (4] ) P« f e IPV(w)

18 bounded.
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Proof. We may assume that f is non-negative. Simply observe
_ A _pa 1Al _A
L+ D)2 f- (] e S A+ DT % [(1 4] )7 f]
A
S ML+ ])r= f].
Thus, we can use the LP()-boundedness of M. O

Corollary 7.6. Let p(-) € PN LHyNLH,, w € A;O(?), and A,B € R. Write
w(z) = (1+ |z))4, 2 € R*. Assume B > JD%! +n. Then

(Z 271+ 21| )7 fj|2> S (Z |fj|2> A

J=1

LP(')(w) LP(')(w)
Proof. We devide the left-hand side of (7.1) into two parts:
1
o0 ) ) 2
1= (Z 201 X 2] )77 m?)
=t Lr() (w)
1
oo ) ) 2
e (Z 29 (1+ Xm0 2] - )77 5 £
=t Lr() (w)

For I, using the Feffereman—Stein type vector-valued inequality [37, Theorem 1.11]

1 1
0 2 0 2
=t L2() (w) =t L2() (w)

we can obtain desired estimate. Thus, we only have to show

1
I < (Z \fﬁ) 7
=1 Lr(O) (w)

or equivalently,

(Z IO 4] )7F ij2>

J=1

N

1
o) 2
S (Z Ifj|2> - (12)
170 ) o 120 (w)
Estimate (7.2) is a consequence of Lemma 7.5 and the triangle inequality:

1
o] 2
( > 2B (1 4| )7 fj|2>
j=1

<STEOD @ | )7 k]
LrC) (w) 7=t

[

As mentioned, once Corollary 7.6 is proved, we can argue similar to [14, Theo-
rem 3.4] to demonstrate various results.
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7.3 Weighted uniformly local Lebesgue spaces with vari-
able exponents

Let p(-) € PNLHy N LHy and w € AIOC. Then the weighted uniformly local

Lebesgue space Lﬁgoc(w) with a variable exponent is defined to be all f € L}

for which the norm ||f||Lp< D w)

extension of the uniformly local Lebesgue space L, ., which considers a substitute
of L>. If We replace the supremum by the ¢"-norm, then the weighted amalgam
space (07, Lﬁloc( )) with a variable exponent is obtained as an extension of the
amalgam space (¢, LP) considered in [2, 4, 16, 21, 27]. Although our results are
applicable to amalgam spaces, to simplify the argument, we consider uniformly
local Lebesgue spaces with variable exponents.

For w € A;O(‘f), we write wy, (z) = w(x)(1+|z—m|)~P+3+"). Then by the triangle
inequality, we can check that

loc

sup 1XQom f Il Lr() () 18 finite. This is a natural

11y ~ 598 15060 (7.3
Likewise, for s € N, the weighted uniformly local Sobolev space Lﬁgo)c (w) with a
variable exponent is defined to be all f € L _ for which 9°f € Luloc( ) for all
la| <'s. The norm of f € Lﬁgé)c (w) is defined by ||f||Lp(>s = > |0~ f||Lp()

la|<s
We present an application of the wavelet characterization.

Theorem 7.7. Suppose that p(-) € PN LHy N LH, and w € AIOC . Let s € Ny.
Then the function f € Li . belongs to L” P(); *(w) if and only if Vf—l—W fe Luloc( ).

loc uloc

Proof. We note that f € LuloC (w) if and only if 0*f € Lﬁgoc( ) for all |o| < s

by definition. This is equivalent to sup sup [[0%f|| ,s()(,,) < 00 by (7.3), which is

|a|<s mezZn

also equivalent to sup ||V f+ W, f|l 1) (,,) < o0 thanks to Theorem 1.3. If we use
mez™

(7.3) once again, we obtain the desired conclusion. O

Note that using the interpolation and duality results, we have same conclusion
for s € R.

As an application of the weights considered in this paper, we can characterize
various function spaces. Below is an example of Morrey spaces with constant
exponent.

Example 7.8. Let 1 < ¢ < p < oo. For an L] -function f, its Morrey norm is
defined by

1

11 a

g = s BB ([ ifwra)' @
(x,’r’)ERTFl B(z,r)

The Morrey space M? is the set of all f € Ly, for which || f[| ez < oo. Note that

loc

1_1
Hf||M%; ~ sup |B(z,7)[ q||f||Lq((MxB(x7r))9)
(x,r)ERTrl
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as long as 1 — é < # < 1. Because of this fact, a similar argument can be used to
obtain the wavelet characterization for Morrey spaces.

A passage to Morrey spaces with variable exponents can be performed. We
omit further details.

7.4 Periodic function spaces

Although the exponent p(-) must be constant in this subsection, it seems useful to
discuss periodic function spaces. Let LP(T™) be the set of all p-locally integrable
functions f with period 1 for which

£l oy = (/{O N \f(x)\pdx>p < 0.

5

Similarly, for s € N, LP*(T") is the set of all functions f € LP(T") for which
the weak derivative 0% f exists and belongs to LP(T") as long as the multiindex «
satisfies |a| < s. The norm is given by

1Fllzoocrmy = > 10 Fllzorn)-

laf<s

If a constant p(+) is periodic and satisfies the global log-Hélder condition, then p(+)
must be constant. Thus, we assume that p(-) is a constant here. The following
observation is the starting point of Section 7.4.

Lemma 7.9. Let w(z) = (1+|z|)™"t ~ M)(QM(JU)TLT+1 for x € R™. Then for any
1 <p<oo, LP(T") — LP(w) and

ANl zocamy ~ 1 Fll o)

Proof. Simply use > (1+ |m|)™" ! < 0. O

mezZn

Let s € NU{0}. In view of Lemma 7.9, for f € L»*(T"), we have the wavelet

expansion
2n—1

F=) (femmenm+ Y > Y (ful gt

kezn j=J kezn 1=1

where the convergence occurs in LP(w) and consequently, in LP(T"). Assume that
J is so large that the support of each ¢ is contained in a cube with side-length
1/3. Fix such J. We set

D= Z PJk

k'=k (mod 277Zm)

I _ l
\Iljvk o Z Jvk

k'=k (mod 277Z™)

and
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forkeZ,j=JJ+1,...and | =1,2,...,2" — 1. Then, as in [45, Proposition
2.21], we have an orthogonal decomposition

2" —1

f= Z (f; @ur) LQT"(I)Jk+Z Z Zf’ kL2 Y k'

kezrn[0,27)n Jj=J keZnn[0,29)" =1
Hence, we can easily obtain the wavelet decomposition for periodic functions.

Corollary 7.10. Let 1 < p < 0o, s € NU{0} and let f € LP(T™). Set

2

Vi f =V f = Z (f, (I)J,k>L2(T")XJ,k|2

keznn[0,27)n

2"_1 oo 2

s'ﬂ'”f W Tnf = Z Z Z |2]S v >L2 Tn ng:|

=1 j=J kez"n[0,29)"

Then f € LP*(T") if and only if Van f + Wian f € LP(T™). If this is the case, then
[ | zoscony ~ [1Van fllzoemy + [[Wepn f | o o).
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