ASYMPTOTIC BEHAVIOR OF LEAST ENERGY
SOLUTIONS TO THE FINSLER LANE-EMDEN
PROBLEM WITH LARGE EXPONENTS

SADAF HABIBI' AND FUTOSHI TAKAHASHI?

ABSTRACT. In this paper we are concerned with the least energy
solutions to the Lane-Emden problem driven by an anisotropic
operator, so-called the Finsler N-Laplacian, on a bounded domain
in RY. We prove several asymptotic formulae as the nonlinear
exponent gets large.
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1. INTRODUCTION

Let N > 2 be an integer. In this paper, we study the following
Lane-Emden problem driven by an anisotropic operator Q) y:

—Qnu=1uP in(,
(1.1) u>0 in €,
u=20 on 0,

where Q is a smooth bounded domain in RV, p > 1 is any positive
number, and @)y is a quasilinear operator, so-called the Finsler N -
Laplacian, defined by

N
Qnu = Z
i=1

ai (H(Vu)" " He,(Vu)) .
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Here H € C*(RY \ {0}) is any norm on RY and H,(¢) = 81;2(1_5). We
assume that HY € C*(RY) and Hess (H"(€)) is positive definite for
any £ € RY, € # 0. Note that Qyu can be written as
N
1 0*u
=di —H(EWN ’ — y _—
Quu = div (Ve H©O)] ) = X (Va2

ij=1
where a;;(Vu) = Hess(xHY(€))i; It H(E) = [¢] (the Euclidean

norm), then @ yu coincides with the N-Laplacian Ayu = div(|Vu|Y=2Vu)
of a function w. In this case, the problem (1.1) was treated by Ren and
Wei [21] [22] when N = 2, and in [23] for general N > 2. Ren and Wei
23] considered the least energy solution u, of the following quasilinear
problem

—Anu=uP in ),
u>0 in €,
uw=0 on J,

where € is a smooth bounded domain in RY. They studied the as-
ymptotic behavior of u, as the nonlinear exponent p — oo, and proved
that the least energy solutions remain bounded in L**-norm regardless
of p. When the dimension N = 2, they showed that the least energy
solutions must develop one “peak” in the interior of 2 C R?, that is,
the shape of graph of u, looks like a single spike as p — oo. Moreover
they showed that this peak point must be a critical point of the Robin
function of the domain. For other generalizations of this problem to
various situations, see for example, [28], [29], [30], [24], [25].

Now, main aim of the paper is to extend the results of Ren and Wei
21], [22], [23] to the anisotropic problem (1.1).

As in [21], [22], [23], we restrict our attention to the least energy
solutions to (1.1) constructed as follows:

Consider the constrained minimization problem:

(12) C, = inf{/ H(Vu)Ndz :u e WOLN(Q),/ lu¥ Dy = 1},
Q Q

Since the Sobolev imbedding W, ™ (Q) < LPT(Q) is compact for any
p > 1, we have at least one minimizer u, for the problem (1.2), where

u, € Wy (Q), luyllpr1 = 1. As |u,| € Wy (Q) also achieves C,, we
may assume u, > 0. Note that Qn(cu) = ¢V 'Qn(u) for a constant
¢ > 0. Thus if we define

1
_ VPFLIN
up - Cp Qpa
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then u, solves (1.1) and C), = [, H(Vu,)Vdxz/( [, |up|p+1dx)rjil. Stan-
dard regularity argument implies that any weak solution u € W, (Q)
satisfies u € C1%(Q) for some a € (0,1). We call u, the least energy
solution to (1.1).

Our first result is the following L>-bound of least energy solutions.

Theorem 1.1. Let u, be a least energy solution to (1.1). Then there
exist C,Cy (independent of p), such that

0< () < ||Up”Loo(Q) <(Cy < o0

for p large enough.
Furthermore, we have

lim pN_l/H(Vup)Ndx = lim pN_l/ugﬂdx = ( N)
Q Q

p—0o0 p—o0 N-—-1

where By = N(N/-@N)ﬁ, ky = |[W)| is the volume (with respect to the
N-dimensional Hausdorff measure) of the unit Wulff ball associated
with the dual norm H® of H:

W={zreR":Hz) <1}
On the asymptotic behavior of the L*-norm of u,, we have

Theorem 1.2. Let u, be a least energy solution to (1.1). Then it holds
that

1 < limsup ||ty zee @) < N
p—o0
To state further results, we need some definitions. Set

(1.3) vy = ——

 (Joyupdr)
Then v, is a weak solution of

P

—Qnvp, = fp(x) = fﬂ?fédw in Q,
(1.4) v, >0 in Q,
v, =0 on 0.
For X, Y e RV, XY £0,X #Y, we put
(HY"Y(X)(VeH)(X) — HYH(Y)(VeH)(Y)) - (X - Y)
HY(X —Y) ’

AdX,Y) =

and

(1.5) dy =inf{ld(X,Y) | X, Y e RV, X, Y #0,X £Y},
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where X - Y = Z;vzl X,Y; denotes the usual inner product for X,Y €
RY. As in [32] Lemma 5.1, we can obtain the estimate

A
min{ﬁ—N, 1} <dy <1

where A is the least eigenvalue of Hess (+ H™(€)), which is positive by
the assumption (2.2) and /5 is as in (2.3), see §2. Also define

wPda) T L
16) Lo limsup U B )
Pp—+00 (NlileT*>

For a sequence v, of v,, we define the blow-up set S of {v,, } as usual:
S = {x € ©: 3a subsequence v,y , I{x,} C Vs.t. z, — x and v, (x,) — 00}

In the following, fA denotes the cardinality of a set A and [-] denotes
the Gauss symbol.

Theorem 1.3. Let Q C RY be a smooth bounded domain. Then for
any sequence vy, of v, with p, — 00, the blow-up set S of vy, is non-
empty. Also there exists a subsequence (still denoted by vy, ) such that
the estimate

e N

o< []

N

holds true for this subsequence.
Assume SNQ = {xy, -+, 21} C Q. Then we have

(i)
p k
S LN
1
Joupndr =

in the sense of Radon measures of €, where

By N-1
Vi = (L_l)

and Zle ~vi < 1.
(ii) vy, — G in CL(Q\ (SNQ)) for some function G satisfying

loc
—QNG =0 nQ\ (SNQ),

G =+o0 onS N,

G=0 ondQ\ (02N S).

Ja

(ii) ||tp, || (k) = 0 as n — oo for any compact set K C Q\(SN).
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In [23], Ren and Wei obtained an estimate of the number of interior

blow-up set
1 N O\ N1
(7))

when H(£) = |¢| case. Since e < = for z € (0,1), we check that
N—

(SN <

11—z
eN < (%) ! for all N > 2. Thus the estimate in Theorem 1.3 is
better than that in [23] even when H (&) coincides with the Euclidean
norm [£|. Also, Theorem 1.2 seems new even for H(§) = [£| and N > 2
case.
Finally, we prove that if the blow-up set consists of one point, it

must be an interior point of €.

Theorem 1.4. Assume S =1 and S = {20}, 29 € Q. Then x5 € Q
must hold.

The organization of the paper is as follows: In §2, we recall basic
properties of the Finsler norm and collect useful lemmas about the
Finsler N-Laplacian. In §3, we obtain asymptotic formula for C, as
p — oo, and prove the latter half part of Theorem 1.1. In §4, we prove
the L*>-bound of least energy solutions in Theorem 1.1. In §5, we prove
Theorem 1.2 using an argument by Adimurthi and Grossi [1]. In §6,
we prove Theorem 1.3. We use a notion of (L, d)-regular, or irregular
points, which was originally introduced by Brezis and Merle [6]. Finally
in §7, we prove Theorem 1.4 by using a local Pohozaev identity and an
idea by Santra and Wei [25].

2. NOTATIONS AND BASIC PROPERTIES

Let H be any normon RY i.e., H is convex, H(£) > 0and H(£) =0
if and only if £ =0, and H satisfies

(2.1) H(t¢) = [t|H (&), VEe RN vteR.

By (2.1), H must be even: H(—¢) = H () for all ¢ € RY. Throughout
of the paper, we also assume that H € C*(RN \ {0}), HY € CYRY),
and

(2.2) Hess (HN(ﬁ)) is positive definite for any & € RY, &€ #£ 0.

Since all norms on RY are equivalent to each other, we see the existence
of positive constants v and [ such that

(2.3) alg| < H(E) < B, €eRY.
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The dual norm of H is the function H° : RY — R defined by

£-x
H%z) = sup
cer\ 0y H(§)
It is well-known that H° is also a norm on R and satisfies the inequal-
ity
1| | < H(z) < 1| |, VzeRY
—|z x —|x x .
PR Ta

The set
W={xcR" : H®2) <1}
is called the Wulff ball, or the H’-unit ball, and we denote ky =
HY (W), where HY denotes the N-dimensional Hausdorff measure on
RY. We also denote W, = {z € RN | H(x) < r} for any r > 0.
For a domain Q@ C RY and a Borel set £ C RY, the anisotropic
H -perimeter of a set E with respect to 2 is defined as

Py(E,Q) = sup {/ divedr : 0 € C(Q,RY), H(o(z)) < 1} .
ENQ

If E is Lipschitz, then it holds Py (E,Q) = [, ., H(v)dHN "', where
0*E denotes the reduced boundary of the set £ and v(x) is the mea-
sure theoretic outer unit normal of 0*F (see [16]). Also we have
Pg(W,RY) = Nky. For more explanation about the anisotropic
perimeter, see [3] and [5].

Here we just recall some properties of H and HY. These will be
proven by using the homogeneity property of H and H°, see [4] Lemma
2.1, and Lemma 2.2.

Proposition 2.1. Let H be a Finsler norm on RN. Then the following
properties hold true:

(1) [VeH(E)I < C for any € # 0.
(2) VEH(E) - & = H(¢), VoH(x) -z = H(z) for any £ #0, x # 0.
(3) ( )(tf) \t| ( )(5) for any § # 0, t # 0.
(4) H(VHO( ) =1 HO (VeH(§)) = 1.
(5) H(x) (VeH) (Vo HO(2)) = .
Finally, given a smooth function u on R, the Finsler Laplace oper-
ator of u (associated with H) is defined by

Qu(z) = div (H(Vu(z)) (VeH) (Vu(z)))

_ Jﬁ;ﬁ%j (H (€) He, (5)’g—w<x>)
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and, more generally, for any 1 < ¢ < oo, the Finsler q-Laplace operator
Qq by
Qqu(z) = div (Hq’l(Vu(x))(V§H)(Vu(x))) :
If we assume that Hess(H?(€)) is positive definite on RY \ {0}, Q,
becomes a uniformly elliptic operator locally. The Finsler ¢-Laplacian
has been widely investigated in literature by many authors in different
settings, see [2], [5], [8], [9], [10], [12], [13], [14], [17], [20] [34] and the
references therein.
We collect here several useful facts.

Theorem 2.2. (Finsler Trudinger-Moser inequality [32]) Let Q be a
bounded domain in RN, N > 2. Letu € Wy (Q) satisfy [, H(Vu)Ndz <
1. Then there exists a constant C' depending only on the dimension N
such that

/ exp <B|u|%> dx < C|Q|
Q

holds for any B < By = N(NKJN)ﬁ. Furthermore, By is opti-
mal in the sense that there exists a sequence {u,} C Wy ™ (Q) with
Jo H(Vu,)Nde <1, such that [, exp (B]un|%> dr — +00 asn — o
Jor B> B.

Next is the unique existence of the Green function for the Finsler
p-Laplacian.

Theorem 2.3. ([32]) Let Q C RY be a bounded domain containing the
origin. Define Q* = Q\ {0} and

I(z) = { Clp, N)(H(@))5 for 1<p<N,

C(N) logHo;(z) for p=N,

where C'(p, N) = ’;_T]f(NﬁN)_Tll and C(N) = (N,%N)_ﬁ. Then
there exists a unique function G(-,0) € CY*(Q*) with |[VG| € LP71(Q),
G/I' € L>(Q), satisfying

—@Q,G(-,0) = b in €,
G(-,0)=0 on OS).
Moreover, g = G — T satisfies g € C(Q) and lim,_,o H*(2)Vg(x) = 0.

We recall here useful regularity estimates which are valid for the
Finsler N-Laplacian equations, under the assumption (2.2); see Serrin
26], Tolksdorf [31], DiBenedetto [15] and Lieberman [19].
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Theorem 2.4. Let Q C RY be a smooth bounded domain. Then the
following statements are true.

(1) Let u € WHN(Q) be a weak solution of —Qnu = f in Q, where
f € L) for some q > 1. Then for any subdomain Q' CC €,
there exists a constant C = C(Q,,q, N) > 0 such that

lull @y < C (1fllza@ + lullzve)

holds.

(2) Let u € WHN(Q) be a weak solution of —Qnu = f in Q. Sup-
pose |[ul|re) < a and ||f|pe@) < b for some a,b < oo.
Then u € CL¥(Q) for some o € (0,1) and for any subdomain
Y CC Q, there exists a constant C' = C(,,a,b, ) > 0 such
that

[ullcra@) < C
holds. If, in addition, u satisfies the Dirichlet boundary con-
dition v = ¢ on 9Q where ¢ € CHP(9), B € (0,1), then
u € CH(Q) for some a € (0,1) holds.

(3) (Harnack inequality) Let u € WHN(Q) be a nonnegative weak
solution of —Qnu = f in Q. Suppose | f||La) < b for some

q > 1. Then for any subdomain Q) CC 2, there exists a con-
stant C' = C(Q,Q,q,b) > 0 such that

sup u(z) < C <1 + inf u(a;))

zeQY zefY

holds.
Next is the result from [33] (Theorem 1.1 and Theorem 1.2).

Theorem 2.5. (Finsler Brezis-Merle type inequality [33]) Let Q be a
bounded domain in RN, N > 2.

(1) Suppose u is a weak solution to

u=20 on 052,

where f € L'Y(Q). Then for any ¢ € (0,8y) where fy =
N(Nky)¥T, it holds that

o [Raipe :
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(2) Suppose u and v are weak solutions to
—Qnu= f(z)>0 inQ
and
—Qnv=0 mQ v=u on 0,
respectively. Then for any e € (0, fn), we have

N1
— — Q
[ (= =1t 10
N1 €
2 115
where dy is defined in (1.5).

Next is the Pohozaev identity for the Finsler ¢-Laplacian problem
without the boundary condition. This is a special case of much more
general identity proved in [11]. The identity below is known to hold
for solutions in C*(Q) N C%(2). The important point is that we can
remove the condition u € C*(Q2) with the cost of the convexity and the
CH(RY)-regularity of the map RY > ¢ — H?(¢). This improvement is
crucial for the application to the Finsler Laplacian problem, since the
best possible regularity result of solutions is C'1®, not C?, see Theorem
2.4.

Theorem 2.6. ([11]) Let 1 < ¢ < oo. Letu € C*(Q) be a weak solution
of —Qqu = f(u) in Q, where @ C RY is a domain with the boundary
of class C', and f € C(R,R). Assume the map RN > & — H?(E) is
convex and belongs to C1(RY). Then the identity

N/QF(u)dx—< )/Hq (Vu)d

= / Fu)(x —y) - v(z)ds,
o9

— % o, HY(Vu)(x —y) - v(z)ds,

s [ (T V) (V) (o) (o~ ) - vla)ds,
o0

holds true for any y € RY. Here v is the outer unit normal of OQ and
= fos f(t)dt
Proof. Indeed, since L(x,s,§) = %H‘I(S) — F(s) is of the “splitting”

form, F € C'(R), and € — HY(§) is convex and in C'(RY), Lemma 5,
thus the equation (3) in [11] holds as it is. Also, if we do not impose
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the boundary condition v = 0 on 0f) (and put f = 0 there) in Lemma
2 in [11], we obtain the identity

L(x,u, Vu)(h-v)ds, — Z/ hjDe¢, L(x,u, Vu) D, uv;ds,
09

P'y) Py

= /(divh)[,(m u, Vu)dr — Z D hjDe¢, L(x,u, Vu) D, udx
Q

3,7=1

for every h € C*(Q,RY). Inserting h(z) = x leads to the claim. O

Finally, we prove the following simple lemma.

Lemma 2.7. Let u € W'V (Q) be a weak solution to —Qnu = f(u)
in Q C RY, where f : R — R is continuous. Let a,c >0, d € R and
beRYN. Thenv(z) = cu(az+b)+d, x € Qup = L2 is a weak solution
to

—Qnv =a" N~ 1f<v_d> in Qagp, v=0 ondQqy.
c

Proof. For © € Qu, put y = ax + b € Q. Then for any ¢ € C5°(Qup),
o(y) = ¢(x) belongs to C§°(2). Therefore we have

| HY T Vet (To(0) - V(oo
= /Q HN(ca(Vu)(az + b)) (VeH) (ca(Vu)(az + b)) - Vo(x)dx
= [ ST Y Ful) (TH(Tulw) - Vi) dy

e / HN N (Vu(y))(VeH) (Vu(y) - V() dy

= N / £ (u())d(y)dy

o | K (M) olw)aVdr,

where we have used (2.1) and Proposition 2.1 (3). Thus we see

v(x) —d

/ Y o) (V) (V) - Volede = e / K ( |

This holds true for any ¢ € C3°(£2,,), which implies Lemma. O

) é(x)dz.
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3. ASYMPTOTIC ESTIMATE FOR C,

In this section, first by using the Finsler Trudinger-Moser inequality
Theorem 2.2, we establish the refined Sobolev embedding.

Lemma 3.1. Let Q C RY be a bounded domain. For anyt > 2, there
exists Dy > 0 such that for any u € W™ (Q),

N-1
ullzt@) < Dt 5 [[H(Vu)|[Lv (o)

holds true. Furthermore, we have

N—-1
. 1 N-—-1\ &~
tliglth_ <N,€11\;N) ( Ne ) '

Proof. Let u € VVO1 M(Q). By the elementary inequality & ( ) < e* for

x > 0 and s > 0, where I'(s) is the Gamma function, and the Finsler
Trudinger-Moser inequality, we have

]' t
DAt +1) /Q juf d
B 1 [l w1\ ¥
- T / (m(nﬂ(w)uwm)) ) dey ™ N H(T0) v ey

u(z)| ) F
S/QGXP (5Nm> )d 5N HH(VU)HLN

clQlsy HH(VU)HLN

N—-1

Put

N —1 1/t _N-1 _

Then we have
N-1
lullzt) < Dt~ [[H(Vu)[ Ly o)

Stirling’s formula implies that

(52 ) - (5)

as t — 0o. So we have

N1 /N—1\ ¥ 1 N—1\'~
N—1 — —

: _ - N _

tlggth_BN ( Ne > B <N/{%N> ( Ne ) ’

which is a desired result. O

o=




12 S. HABIBI AND F. TAKAHASHI

Recall that C, is defined in (1.2). Using the above Lemma and energy
comparison, we get the following.

Proposition 3.2. We have

N—-1
lim pV~'C, = Ve BN
p—r00 P N -1 '

1

where fny = N(Nry)V-T.

Proof. Lower bound liminf, ,«(p+1)V"1C, > (%BN)N_l is a direct
consequence of Lemma 3.1 and the fact

H(Vu,)|INy
o) o, T

HuPHgIH-l(Q)

for least energy solutions u,,.
Therefore we must prove only the upper bound. We will do this by
constructing a suitable test function for the value C,,.
We may assume that 0 € Q and Wy, C Q where Wy, = {x € R :
H°(x) < L}. For 0 <[ < L, consider the Finsler Moser function
N-1
o [t 0sme <t
o lOgm 0
= < <
ml(‘r) (NHN)I/N (log%)%7 l — H (.I') — L7
0, L < H(x).

We check that the Moser function m; € Wy (Q) and || H(Vm,) v ) =
1. Also it is easily checked that

1 1 N—-1
1, \ P +1, \ P 1 LN Y N Vi
(rae) ™ 2 (7o) = g (o) @t

Choosing | = Lexp (—(551) (p + 1)), we have

1 N—-1\ ¥~ - _ 1
oo > (5) 7 o+ 0 ().

= (Nky)/N N2
and
1H (V)| T o NZe \ "V N
< ||ml||N (D) < Nky <N_ 1) (p+1)_(N_1)<LNI€N) e
Lr+1(Q)

Ne

which implies limsup,_, . (p + 1)V 'C), < (4 8n) M
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/H(Vup)Ndx—/u]’;“dx
Q Q

and (3.1), we have the following lemma.

Since

Lemma 3.3.

Ne Nt
lim le/H(Vup)Nd:c = lim le/ug“d:c = ( 15]\]) :
Q Q

p—roo p—r00 N —

4. PROOF OF THEOREM 1.1

To obtain a lower bound for ||u,|| (), define the first eigenvalue of
the Finsler N-Laplacian Qy:

M(Q) = inf{/ H(Vu)Ndz :u € WOLN(Q),/ lu|Ndx = 1}.
Q Q
It is known that 0 < A\ (€2) < oo and

/uﬁ“dm = / H(Vuy,)Vdr > Al(Q)/ué,de.
Q 0 Q
Thus
/(ugrl — M (Qu))dz >0,
Q
which implies
(1) laplEE5Y > (@)

To obtain a uniform upper bound of ||u,||z=(), we use an argument
with the coarea formula and the Finsler isoperimetric inequality in RY.
Set

Tp = maxu,(z),

O ={r € Q:uy(z) > t},
A:{xeﬂzup(a:’)>%}.

By Lemma 3.1 with t = % and by Lemma 3.3, we have

N Np \'F
([afae) ™ <0 (525) 7 1HTuln < 01

where M is independent of p if p large. From this and Chebyshev’s
inequality, we have

Np_
(4.2) (%) YAl < M
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On the other hand, by approximating the constant 1 on 2, by C§°-
functions, we have

_ /Q v (H(Tu,) ¥ (VeH) (V) dr = / e,

Q¢

Thus integration by parts leads to

/Q ubde = — » H(Vu,)N "N (VeH) (Vuy,) - vds

H(vup)Nil(fo) (Vuy,) - Vu, ds

(4.3) =
o |Vup|
H(Vu,)™
— ( up) dS,
o ‘vup‘
since the outer unit normal v to 9€); is v = Vip.  Here we used

N [Vup|
Proposition 2.1 (3) in the last equality. Coarea formula implies

o d
o) = [1ae= [ [ L
Qy t {up=s} ‘vup|

d ds
4.4 _ Y0 = .
(4.4) any / o

By (4.3), (4.4), and the Schwartz inequality, we have

d Nl/ </ 1 )Nl( HN(Vu,) )
——|Q wPdr = —ds S
( dtl t|) a oa, |Vl oo, |V

(45) = ( Mds>N

a0 \Vup|

N
= < H(u)ds)
O
= Py (Q, RV > NV | Q) VL

In the last inequality of (4.5), we used the Finsler isoperimetric in-
equality in RN [3], [27], [18]:

(4.6) Py(E,RY) > NxJ|E|"%"

for any set of finite perimeter £ C RY with respect to H.
Now, define 7(¢) > 0 such that

1| = knr™(t).



FINSLER LANE-EMDEN PROBLEM 15

Then

d

£|Qt| = NuyrV =)' ().
Note that /() < 0. Putting this in (4.5), we have

N—-1
(—NRNTN_I(t)%(tO / wbdr > NVky| QN1
Q

dr\ Nt
<——> / ubdr > (N/iN)'rN’l,
dt o

N1
- % < (/Qt ugdx) (N/@V)_ﬁr_1

1 A 1 F5 1
< Cr | v = Oy

)

where C' is a constant dependent only on N and varies from line to
line. Integrating the last inequality from r = 0 to r = ry, we have

p N

t0) — t(ro) < Cryp el

Choose rq such that t(rg) = 2. Then the above inequality implies

N

_p _N _p
Yo S Cu g, e, % < Oy AR
Combining this with (4.2), we have

_p
YW <Cym ' | ——=
()7
2
L s
Tp < OCM®-02,

(N—1)2 N

2
Yp < C(N=1)24p N (N-1)2+p |

From this, we conclude that there exists C' > 0 (independent of p) such
that v, < C for p large.

The latter half part of Theorem 1.1 is already proven in Lemma 3.3.
Thus we have completed the proof of Theorem 1.1. O

From Theorem 1.1, we have the following consequence.

Corollary 4.1. There exist C,C" > 0 independent of p large such that
Ogﬂ*L%mgd

holds true.



16 S. HABIBI AND F. TAKAHASHI

Proof. By Theorem 1.1, we have
1 N—l/ p+1 [[up]l L= () N—l/ N—l/
— der < ———~ Pdr < Pd
R R

where (5 is as in Theorem 1.1. The left-hand side of the above inequal-
ity is bounded from below by a positive constant by Lemma 3.3. On
the other hand, Holder’s inequality implies

_b
N-1 P N1 1 LA S
D updr < | p updx prT QP
Q Q

and the right-hand side of the above inequality is bounded from above
by Lemma 3.3. This proves the conclusion. O

5. PROOF OF THEOREM 1.2

In this section, we prove Theorem 1.2. Since limsup,,_, ., ||up || z~@) >
1 immediately follows from (4.1) (this is true for any solution se-
quence, not necessary least energy solutions), we just need to prove
limsup, ., |upl 2@ < ¢’ . For this purpose, we follow the argu-
ment by Adimurthi and Grossi [1].

Let 2, € Q be a point so that the least energy solution to (1.1) takes

its maximum: w,(x,) = ||up|/z=(). As in [1], We make a change of
variable

P Q—x
(5.1)  z(z) = m (up(ept + @) —up(zp)), @€ Q= :) 5,
where €, > 0 is defined so that
(5.2) el p hup(z, PN = 1L

By Theorem 1.1, we see €, — 0 as p — 00. Since u, is a weak solution
to (1.1), z, is a weak solution to

p
—Qnzp = (1 + %") in Q,,
(5.3) Zlog, = =P,

max, g 2n(z) = 2,(0) = 0,
—p <z <0 in{,

by Lemma 2.7. We want to pass to the limit as p — oo in (5.3). For
this purpose, take any ball Bg(0) C 2, centered at the origin and
radius R. Consider

{ ~Quwy = (1+2)" in By(0),

wp|5BR(0) = 0.
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Comparison principle for —Qy (see for example, [33] Theorem 3.1) and
Serrin’s elliptic estimate Theorem 2.4 yield that 0 < w, < C' on Bg(0)
where C' is a constant independent of p. Set ¢,(z) = wy(x) — 2,(), v €
Bgr(0). Then v, is a nonnegative in B(0) and ¢,(0) = w,(0) —2,(0) =
w,(0) < C uniformly in p. Moreover, we have

0=—(Qnw, — Qnzp) = _QN(wp — %) = _QquZ)p

where

QN(wp_Zp)

- N9 llmHN(tV F(1-1V )dti( () — 2,(2))
_ . axl i Naglaé‘] wy Zp 81‘] Wp\T Zp\ T

Thanks to the assumption that HessH™ (£) is positive definite, Qu is
a quasilinear elliptic differential operator. Thus we can apply Serrin’s
Harnack inequality (Theorem 2.4 (3)) to t,, which implies that there
exists C'= C(R,r) > 0 for any 0 < r < R such that

sup (o) < C (14 _int 4,(0)) < ClLH40) = CL-u,(0) £

B,(0) z€Br(0)

Thus we have
0> z,(x) = wy(z) — YPp(x) > =C

for x € B,(0). Since 0 < r < R is arbitrary, we have {|z,|} C
L (Bgr(0))) is uniformly bounded in p. Again Serrin’s regularity es-
timate implies that {z,} is bounded in C.%(Bg(0))) for any R > 0
uniformly in p.

Now, we consider two cases:

Case (i): —diSt(i’;’aﬂp) — +00

Case (ii): %;’m”) is bounded and

Q, = RY(so) = {z = (2/,2n) €RY : zxy > 50} (p— )
for some s.

In the case (i), note that 2, — R as p — oo. Hence by the Ascoli-
Arzeld theorem, we know that (up to a subsequence), {z,} converges
to some function z € CY(RY) and z satisfies

—Qnz=¢€" inRY.

Now we claim that fRN e“dr < 4oo. In fact, since z, — 2 in

CE.(RY), we obtain

1o, (z) (1 + MY — (@)

p



18 S. HABIBI AND F. TAKAHASHI

pointwisely for € RY, where lq, is the characteristic function of €2,,.
By using Fatou’s lemma and Holder’s inequality, we deduce

P
/ e“dr < lim inf/ (1 + M) dx
RN p=oo Jq, p

N—1

ngL—iwmw

P00 (up(wy) )N

pN—l . p/(p+1) . .
<m_—ﬁqgwmﬁ@ /D
Q

- pooo (Up<xp)>
< (C <o
o(1)

where we have used the facts that [, ub™'dy = w—1 by Lemma 3.3

and u,(z,) > Cy > 0 by Theorem 1.1. Hence, we check that the limit
function satisfies

—Qnz=¢€* inRV,
(5.4) 2<0, inRY,
Jan €2da < oo.

In the case (ii), almost the same proof works, and we see that the
limit function z is a solution of
—Qnz=¢ in Rf(so),
2 <0, ian(so),
(5-5) z=—00, ondRY(sy),
fRﬁ(so) e*dr < 0.

Now we prove the following lemma. The case N = 2 was treated by
Ding (see [7]) when H(§) = |£], and by Wang and Xia [32] for general
H(E).

Lemma 5.1. If z is a C' weak solution of (5.4), then we have

N o\ V!
de > | —— NVky.
/RNe $_(N—1) KN

If z is a C* weak solution of (5.5), then we have

N N-1
/ e“dx > <—> NV%ky.
Rf(SO) N - ]_

Proof. As in the proof of Theorem 1.1, we use a level set argument.
First, we assume z is a solution of (5.4). Put

Q={recRY : z(z) >t}, wult) =]
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Integration by parts on {2; leads to

/ e“dr = — Qde$:/ HN"Y(V2)(V:H)(V2) - Vz
Q Qq o ‘VZ’
N
_ [ HVE),
o ‘VZl

By the Finsler isoperimetric inequality (4.6) and Hoélder’s inequality,
we see

H(Vz)
o0, |VZ|

() (L )
= ([ ean)” wens

here we have used coarea formula

0= ]
{z:z(x)=s} |VZ|
Thus we have

ult) < {N%V/N ( / | ede)}V <—u’<t>>NN1}N_I .

Therefore, we obtain

/ ezdx:/ e'u(t)dt

RN —00
L) e ([ )

— e e*dx — [

Nlijl\{N —oo Q

B 1 N-1 N —1 /maxz d

A\ N N . dt

NN~ < Py(Q,,RY) = ds,

IN

1
N H%N

which implies
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The proof when z is a solution to (5.5) is similar, since the boundary
condition z = —oo on IRY (sp) assures that all level sets of z are
confined in RY (sp). O

By the change of variables, we have

(5.6) pNt /ﬂugﬂ(y)dy = u)) () /Q (1 + #)pﬂ dz.

Let us take limsup,,_, ., of both sides of (5.6). Then we see

by Lemma 3.3. On the other hand, Fatou’s lemma and Lemma 5.1
implies

Ne \ V-1
lim sup LHS of (5.6) = ( ) Nk

lim sup RHS of (5.6) > (lim sup u,(x,))" x

p—o0 p—o0

{fRN e*dr when case (i)

Joisag) €7 when case (i)
N \N-1
> (lim sup u,(z,)) Y (—> N s
p—00 N-1
Hence, we have
Nt > (limsup [|up|| (o))
p—o0

which implies Theorem 1.2 O

6. PROOF OF THEOREM 1.3

In this section, we prove Theorem 1.3. Given any sequence p,, of p
with p, — oo, let us recall (1.3) and (1.6) for p = p,, u, = u,

1
N—-1
Un = % - n 1 >\” - </ uﬁndm) )
An (fq un"da) N1 Q

fulz) = 2

- Jounrdx’
1
o (Jy utedz) ™1
Ly = limsup b (fgjvun N_x)
n—oo (Nfle N >

Then v, is a weak solution of (1.4) for p = p,. By Holder’s inequality
and Theorem 1.1, we see

b . Ne N-1
ot [rae < ()™ e o (56

n*
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as n — 0o. This shows that

Ly < 6%5N7 L, < €%5Nd;\z(ﬁ)-

First, we prove S # ¢ for any sequence v, = v,, of v, with p,, = oo.
Indeed, by Theorem 1.1, we have ||u,||z~@) > Ci > 0 for any n € N.
Let x, € Q be a point such that u,(x,) = ||uy| 1~ @), then

() = u(x)l > ! — = 11 — +00
(Jqunrdz)N=T1 — ([, ubrda)~-—1 o(;;)
by Lemma 3.3. This implies that any accumulation point of {z,} is
contained in S and hence S # ¢.
Next, as in [6], [21], [22], we define (L,0)-regular set and (L,0)-

irregular set of a sequence {u,}. Since

., €L'(Q), fu>0. /fndaszl,
Q

ubr
- [yubrdz
there exists a subsequence (still denoted by n) such that
fo = p(Q) <1

in the sense of Radon measures of (), where p is a nonnegative Radon
measure.

Given L > 0 and 0 > 0, we call a point zg € Q a (L, d)-regular point
of {u,} if there exists p € Cp(2),0 < ¢ < 1 with ¢ = 1 near z( such

that Nt
BN -
d
Kﬁgﬂ<(L+35

where Oy = N(NF;N)ﬁ is as in Theorem 2.2. We put
Rr(6) ={xg € Q: zgis a (L, §)-regular point},
%0(0) = 2\ RL(9).

We call a point in 3 (d) an (L, d)-irregular point of the sequence {u,, }.
Note that (L,¢)-regular, or (L,J)-irregular points are automatically
interior points of Q. Also note that if g € ¥(5), then we have

(6.1) () = (755 5)N_1.

Since

1> p(0) > ( LiN%)N_I £53,(0)

by (6.1), we see that X.(J) is a finite set for any L > 0 and 6 > 0.
Next Lemma is the key to analyze the interior blow-up set S N 2.




22 S. HABIBI AND F. TAKAHASHI

Lemma 6.1. (smallness of x implies boundedness) Let xg be a (L1, 9)-
reqular point of a sequence {u,} where Ly is defined in (1.6). Then
{vn} is bounded in L*°(Bg,(x)) for some Ry > 0.

Proof. Key point in the proof is to get the following pointwise estimate

(6.2) fulz) < exp ((L1 + 5/2)dj\v,11)n(x)) ., x e
In checking (6.2), we use the elementary inequality
1 1
(6.3) ngg CY for any 0 <z <y<e.
x
Let
Nl Nl
Qn = i ESTE
(fQ u%"dx) pn )\npn

N-1 N1
and recall that A, = O (ﬁ) by Corollary 4.1, so A\,”* = O (ﬁ) A
1 as n — oo. Thus we have

lim sup o, = limsup ||ty || Lo (@) < N

by Theorem 1.2. From this, we see that for any small ¢’ > 0,

holds for any z € Q and for large n. Therefore by (6.3), we have for
fixed small € > 0

U, (

[

3

log ( Mn(z)
g(&nl) _logay, _ <N—1> 1
N
(&

2

—1

An?

for large n. Hence

log fu(x) = pnlog u"(i) <Pn (u" ﬁ)) (N]\—z : Nl_l +6>
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N-1
here we have used lim,,_,.o A\ =1 and
N ~ 1
pn)\n < N — 16%[11(1%71 +é

for large n by the definition of L;. Therefore

o8 £u(o) < (21 + 612045 ) o)

holds if we choose € > 0 small enough. This proves the pointwise
estimate (6.2).

Next, by the use of Brezis-Merle theory for the Finsler N-Laplacian,
we obtain the integral estimate

(6.4) / exp ((L1 + 5)d]1\\flvn(m)> de < C
Bpg, /2(%0)

for some Ry > 0 small and C' > 0 independent of n, here z( is a
(L1, §)-regular point.
Indeed, by the definition of (L;, d)-regular point, we can find R; > 0

such that
By !
fndx < ( ) .
/BR1 (o) Li+26

Also by Theorem 2.5 (i) and the fact that ||fn||L1 @) = 1, we have

[ exp (6 = <o) do < 210y
for any ¢ € (0, Sy). From this, we obtain
(6.5) foallov < €
where C' > 0 is independent of n. Next, let ¢, be a weak solution of
—Qn¢, =0 inBg,(r9) ¢, =v, on 8BRl(x0).

Then by Theorem 2.5 (2) and the fact that || f,
have

(6.6) /Q exp ((L1 + )T T o () — gbn(x)|) iz < C

if we choose ¢ € (0, Sy) sufficiently small. By the comparison prin-
ciple for the Finsler N-Laplacian (see [33] Theorem 3.2) and Serrin’s
estimates Theorem 2.4 (i), we have

BN
HLl (Br, (z0)) < Ti+260 W€

16nllo (B, 2@o)) < 1Vnllzoe(Br, a@o)) < Cllvnlley (B, @e)) < C

where we have used (6.5). Combining this with (6.6), we obtain the
desired integral estimate (6.4).
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Comparing (6.4) and (6.2), we see that f,, is bounded uniformly in n

in L9(Bpg, j2(x0)) where g = L?j:g% > 1. Therefore, Serrin’s regularity

estimate Theorem 2.4 (i) again implies that

HUTLHL"O(BR1/4($O)) <C
independent of n. Taking Ry = R;/4 ends the proof of Lemma 6.1. O

We know that ¥, (d) is a set of finite points, all of those are interior
of Q. From Lemma 6.1, we obtain SN Q =X, (9) for any 6 > 0 and

120 2 (2 )N_lmzm)):( Oy )N_lwsm).

L+ 36 Li+ 30
Hence
I s\N-1 1 d—(ﬁ) 5 N=
ﬁ(SﬂQ)<< 1—|—3) < en Bndy +3
o N o By

Taking a limit 6 — 0, we have

N—-1

H(SNQ) <e v dy

This proves the first part of Theorem 1.3.
If g € SNQ =X, (9), then for any R > 0, we have

(6.7) Tim {|vp || oo (B (o)) = +00-

Indeed, if for some R > 0, assume there exists C' > 0 independent of n
such that ||v,||zee(Ba(we)) < C for all large n. Then

Upn Pn—(N_l)
e <m0 (L) e o

N—l-pn —
An Pn pTL

uniformly on Bg(zg). This implies zg is a (L4, d)-regular point, which
is absurd. The same kind of argument leads to that the limit measure
1 is atomic and of the form

k
i=1

where SNQ = {zy,--- , 24 }. Since u(Q) < 1, we have 3% 7 < 1 and

Vi 2 (%)N_l

for all i = 1,--- , k by letting 6 — 0 in (6.1) with L = L;. This proves
Theorem 1.3 (i).
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On any compact sets in 2\ (SN), {v,,} is uniformly bounded. Then
by Serrin’s and Tolksdorf’s regularity estimate, {v, } is also bounded in
CL(Q\(SNQ)) for some av € (0,1). By Ascoli-Arzeld theorem, we have

a subsequence and a function G such that v, — G in C} _(Q\ (SNQ)).
That this G satisfies Theorem 1.3 (ii) is clear.
Finally, since A, = O(>-) as n — 0o and v, (z) = “’;(f) is uniformly

D
o (2\(SNQ)), we easily see that Theorem 1.3 (iii) holds.
Thus all the proof of Theorem 1.3 has been completed.

bounded in L

7. PROOF OF THEOREM 1.4

In this section, we prove Theorem 1.4.

Proof. Assume the contrary that zy € 0€2, where x; is the unique blow-
up point of a sequence v,, = v, with p, — +00 as n — oo. For R > 0
small, we may use the Pohozaev identity Theorem 2.6 on Q N Bg(zy),
with the aid of Theorem 2.4:

(7.1)
N pn+1
ulr e = / Un (x —y) - v(z)ds,
Pn+ 1 JonBg(wo) A(QNBr(z0)) Pn 1+ 1
1

- = HY (Vu,)(z —y) - v(2)ds,
N Jo@nBr(x))

FL T (VeH) (V) () (2~ ) vl
O(QNBRr(xo))

In order to remove the integral terms involving 0f2, we use a trick in
[25]. Define

HN(Vu,)(z — x0) - v(z)ds,
) HN(Vuy,)v(zg) - v(z)ds,

- faQﬂBR(:C())

=
f{')QﬂBR(xo

and put y, = xg + pov(x9). We assume R > 0 so small such that

1/2 < v(zg) - v(z) < 1 for x € QN Bg(xp). Then we have that
pn < 2R. By the definition of ¥, and p,,, we see that

/ HY (Vu,)(x —yp) - v(z)ds, =0
dQNBR(x0)
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for all n € N. Also since u,, = 0 on J€2 and u,, > 0 in Q, we see

v(z) = —gﬁ:g;r By using these, we see (7.1) with y = y,, becomes

(7.2)
N 1
ulrtdy = / ulr (2 — y,) - v(2)ds,
Pn + ]‘ QﬁBR(xo) Pn + 1 QﬂaBR(xo)
1
— N HN<Vun)<l' — yn) : V(l')dSm

QNOBR(zo)

L T ) (Vi) 1) (o ) - D)
QNOBR(x0))

Multiplying ()\A)N to both sides of (7.2) and recalling v,, =
(7.3)

N
N (i) / wPHdy
Dn + L\ QNBRr(zo0)

— 1 (i)N/ up”+1(:L‘ - ) . V({L‘)dS
Pn + 1 >\n QNIOBRr(zo) "

1 HY(Vv,)(z — ) - v(x)ds,

i we have
A’VL ’

N QﬁaBR(xo)
+ / (HY "M (Vv,)(VeH) (V) - v()) (2 — yn) - Vua(z)ds,
QﬁaBR(mo))
=I+1I+1II

We estimate the terms I, II,I11 on the right-hand side of (7.3) as
follows:

=1 (L N!/ @ (5 — ) - v(w)ds,|
Dn + An QNOBR(z0) ! ’

I romne [ @ =) @),
QﬂaBR(.Z’())

2 )
"+ 0 I ™ | L @08 O (RN TH).
We note that since S N = ¢ by assumption,
up’n
fn AN

uniformly on compact sets in {2 and

—0

-1, pn+1 < Pn < Cuﬁn(m) < C’
pa N (@) < unlle@pn M () < O < Cfa(@)

n
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by Theorem 1.1 and the fact that A, = O(pin) as n — oo. Thus we
have
prm\[iluﬁn+1HLOO(QﬂaBR(mO)) —0 as n— o

and thus
lim lim || = 0.

R—0n—o0

Also, by Theorem 1.3 (i), we have v, — G in CL*(Q\ (SN Q)).

loc

Thus we have HY(Vv,) = O(1) on Q N dBr(z), which implies

1
|[I1| = —‘ / HN(VUn)(a: — Ypn) - v(T)ds,
N1 JonoBr (@)

SOMK%B(NWWMWWW%SOQOWMW
11| = ( / (HNH(V,)(VeH) (V) - v(@)) (z — yn) - Voo (2)ds,
QNOBR(zo))

gom[%B(ymwmw@w%somome

Therefore we have
lim lim |I]| = hm hm |[I11] = 0.

R—0n—o0
From these, we obtain
(7.4) 11%1£n>0 nh_r)Ic}o(RHS of (7.3)) = 0.
On the other hand, recall
2n(2) = % (un(ent + 25) — up(xy)),
QNB — Ty
T € Qpn = ( r(z0)) — ’
En

where e pN =1y, (z,)P» =N = 1. Then we see from Fatou’s lemma,

Theorem 1.1, and Lemma 5.1, that

lim lim PN LuPr () dy

T'L
R—0n—o0 QNBr(z0))

pnt1
= lim lim un(a:n)N/ (1 + M) dx
QR,n

R—0n—o0 Pn

N N-1
Z O{V/ e“dx 2 OiN (ﬁ) NNH,N
U —

where u = RY or Rf (so) for some sy > 0 according to the cases

diSt(aTn,aQR,n) N —|—OO or diSt(a)n,aQRm)

. - — So. Note that our assumption
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g5 = 1 assures that we can choose x, as a maximum points of wu,.
From this and the fact that A\, = O(pll) as n — 0o, we have

(7.5) }%ilr%) lim (LHS of (7.3)) > C >0

for some positive constant C' > 0 independent of n.
Clearly (7.5) contradicts to (7.4), and we conclude that xy ¢ 0. O

Finally, as a corollary, we prove the following.

Corollary 7.1. Let R > 0 and let {u,} be a sequence of least energy
solutions to

—Qnuy = ubin Wh,
(7.6) up, >0 in Wk,
u, =0 ondWkg

where Wi = {x € RY : H%x) < R}. Then the blow-up set S of v,
satisfies SN Wpg = {0}, and

up = G(+,0) in Cioo(Wr \ {0})

where G is the unique Green function on Wg obtained in Theorem 2.3,
and

uP
P N

fo= 737100
P S, upd
in the sense of Radon measures on Wg, along the full sequence.

Proof. The usual method of moving plane to prove the symmetry of
solutions is not applicable in the anisotropic situation. However, we
can use Theorem 4.1 in [5] under the convexity and C'-assumption of
the map & — HY (). (Note that the key point of the proof of Theorem
4.1 in [5] is the Pohozaev identity Theorem 4.2 in [5] for C'*(Q)-weak
solutions, which is valid by the above assumptions). Thus we assure
that any positive solution w, to (7.6) is Finsler-radial, that is, all level
sets of u, are homothetic to Wg for any p > 1. Let S be the blow-up
set of v,. Then we see that S N Wpg = {0}. Indeed, if there were
a point g € S N Wk, then all points on the level set of u, passing
through zy must be blow-up points of v,, which contradicts to the fact
that §(S N Weg) is finite. Thus by Theorem 1.3, we see

vy — G(-,0) in Cjpo(Wr \ {0})

for some function G along a subsequence. The limit function must
be the unique Green function constructed in Theorem 2.3, and by the
uniqueness, the convergence is true for the full sequence. O
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