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ABSTRACT. It is known that an isometric action of a Lie group on a compact
symmetric space gives rise to a proper Fredholm action of a path group on a path
space via the gauge transformations. In this paper, supposing that the isometric
action is a Hermann action (i.e. an isometric action of a symmetric subgroup of
the isometry group) we study the principal curvatures and the austere property
of orbits of the path group action. Here an austere submanifold is a minimal
submanifold such that the set of principal curvatures in the direction of each
normal vector is invariant under the multiplication by minus one. The results
show that there exist many infinite dimensional austere submanifolds in Hilbert
spaces.
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INTRODUCTION

Let M = G/K be a symmetric space of compact type and H a closed subgroup
of G. Then H acts on M isometrically by left translations, namely

b (aK) := (ba)K,

where b € H and aK € M. This action is closely related to the isometric action of
H x K on G defined by the formula

(b,c) - a := bac™?,

where (b,c) € H x K and a € G. In fact the natural Riemannian submersion
m . G — M is equivariant with respect to these actions and each H x K-orbit is
expressed as the inverse image of an H-orbit under 7.
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In addition to those actions there is an associated path group action on a path
space, which was discovered by Terng [29] (see also [25], [28] and [30]). Let G :=
H'([0,1], G) denote the path group of all Sobolev H'-paths from [0,1] to G and
Vy == L*([0,1], g) the path space of all L?-paths from [0, 1] to the Lie algebra g of
G. Then G is a Hilbert Lie group and V; a separable Hilbert space. Consider the
isometric action of G on Vj given by the gauge transformations

gxu:=gug ' —gg ",

where g € G, u € V; and ¢’ denotes the weak derivative of g. Then the subgroup
P(G,H x K):={g€G|(9(0),9(1)) € Hx K}

acts on Vj by the same formula. The P(G, H x K)-action is closely related to the
H x K-action via a natural Riemannian submersion ® : V; — G, called the parallel
transport map, which has properties similar to those of 7 mentioned above.

The concept of P(G, H x K)-actions, or more generally P(G, L)-actions where L
is a closed subgroup of G x G, was introduced in her paper [29] with the purpose
of finding infinite dimensional analogues of finite dimensional symmetric spaces and
related concepts (see also [8]). In fact if H is a symmetric subgroup of G then
the P(G, H x K)-action is essentially the isotropy representation of an affine Kac-
Moody symmetric space ([2], [6], [26]). Besides, it should be also mentioned that
P(G, H x K)-actions serve as a useful tool for studying the geometry of H-actions
on M (e.g. [4]). A fundamental problem is to study the submanifold geometry of
orbits of P(G, H x K)-actions. Note that every orbit of the P(G, H x K)-action is
a proper Fredholm (PF) submanifold of the Hilbert space V; ([28]).

In this paper we study the principal curvatures and the austere property of orbits
of the P(G, H x K)-action. Here a submanifold is called austere if for each normal
vector ¢ the set of eigenvalues with multiplicities of the shape operator A is invariant
under the multiplication by (—1). By definition austere submanifolds are minimal
submanifolds. The concept of austere submanifolds was originally introduced by
Harvey and Lawson [5] in the study of calibrated geometry in the finite dimensional
Riemannian case. We can similarly define a PF submanifold to be austere ([19],
[20]) since its shape operators are compact self-adjoint operators. It is an interesting
problem to give examples of austere submanifolds.

To study the principal curvatures and the austere property of those orbits, in this
paper we will suppose that H is a symmetric subgroup of GG, that is, there exists an
involutive automorphism 7 of G such that H lies between the fixed point subgroup
G" and its identity component. Such an H-action is called a Hermann action ([9]).
It follows that any Hermann action is hyperpolar ([8]), that is, there exists a closed
connected totally geodesic submanifold Y of M which is flat in the induced metric
and meets every H-orbit orthogonally. Such a ¥ is called a section of the H-action.
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The principal curvatures and the austere property of orbits of Hermann actions can
be described Lie algebraically via the root space decompositions ([3], [10], [23]).

The purpose of this paper is to give an explicit formula for the principal curvatures
of P(G, H x K)-orbits (Theorem 5.1) and to show the relation between the following
two conditions:

(A) the orbit H - (expw)K through (expw)K is an austere submanifold of M,
(B) the orbit P(G, H x K) xw through w is an austere PF submanifold of V7,

where w € g and w denotes the constant path with value w. To explain the results
we write 0 and 7 for the involutions of GG associated to the symmetric subgroups
K and H respectively. We suppose that the bi-invariant Riemannian metric on the
semisimple Lie group G is induced by a negative multiple of the Killing form of g.
We denote by g = ¢+ m (resp. g = b + p) the orthogonal direct sum decomposition
into the (£1)-eigenspaces of the differential of o (resp. 7). Take a maximal abelian
subspace t in mNp so that ¥ := w(expt) is a section of the Hermann action. Let A
denote the root system of t associated to the adjoint representation of t on g® (cf.
Section 2). We will prove the following theorem (Theorem 6.1):

Theorem 1. If A is a reduced root system then (A) and (B) are equivalent.

Then without supposing that A is a reduced root system we will prove the fol-
lowing theorem (Theorems 7.2, 7.5 and 7.8):

Theorem II.

(i) Suppose that o = 7. Then (A) and (B) are equivalent.
(ii) Suppose that o and T commute. Then (A) implies (B).
(iii) Suppose that G is simple. Then (A) implies (B).

Note that (B) does not imply (A) in the cases (ii) and (iii). In fact we will show
a counterexample of a minimal H-orbit which is not austere but the corresponding
P(G, H x K)-orbit is austere (cf. Section 8). Without the assumption of (ii) or (iii)
we do not know whether (A) implies (B) or not, because in the non-simple case there
exist many non-commutative pairs of involutive automorphisms of G ([18]). However
the above theorems cover all known examples of austere orbits of Hermann actions
([10], [23]) and thus applying those examples to the above theorems we obtain many
examples of infinite dimensional austere PF submanifolds in Hilbert spaces. Notice
that so obtained austere PF submanifolds are not totally geodesic due to [19].

This paper is organized as follows. In Section 1 we review basic knowledge on
P(G, H x K)-actions and the parallel transport map. In particular we emphasize
that each P(G, H x K)-orbit is expressed as the inverse image of an H-orbit under
the Riemannian submersion 7o ® : V; — G' — M. In Section 2 we review funda-
mental results on the submanifold geometry of orbits of Hermann actions, especially
on Lie algebraic expressions of their tangent spaces, normal spaces and principal
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curvatures. In Section 3 we introduce a hierarchy of curvature-adapted submani-
folds in symmetric spaces and formulate the curvature-adapted property of orbits
of Hermann actions. In Section 4 we refine a formula originally given in [14] and
[20] that describes the relation of principal curvatures between a curvature-adapted
submanifold of M and its inverse image under m o ®. In Section 5, applying orbits
of Hermann actions to the refined formula we derive an explicit formula for the
principal curvatures of P(G, H x K)-orbits. In Section 6, using this explicit formula
we formulate the conditions (A) and (B) in terms of roots in A and prove Theorem
[. In Section 7 we show an inequality between the multiplicities of roots o and 2«
in A and prove Theorem II. Finally in Section 8 we show a counterexample to the
converse of (ii) and (iii) of Theorem II and mention further remarks on the converse.

1. PRELIMINARIES

Let G be a connected compact semisimple Lie group and K a closed subgroup of
G. Suppose that K is a symmetric subgroup of G, that is, there exists an involutive
automorphism o of G satisfying the condition Gj C K C G, where G° denotes the
fixed point subgroup of G' and G{ its identity component. We denote by g and ¢
the Lie algebras of G and K respectively. The differential of o induces an involutive
automorphism of g, which is still denoted by o. The direct sum decomposition
g = £+ m into the (41)-eigenspaces of ¢ is called the canonical decomposition. We
fix an Ad(G)-invariant inner product (-,-) of g which is a negative multiple of the
Killing form of g. Then it is invariant under all automorphisms of g and the canonical
decomposition is orthogonal. We equip the corresponding bi-invariant Riemannian
metric with G and the G-invariant Riemannian metric with the homogeneous space
G/K. Then M := G/K is a symmetric space of compact type and the projection
m: G — M is a Riemannian submersion with totally geodesic fiber.

We denote by G := H'([0,1],G) the path group of all Sobolev H'-paths from
[0,1] to G and by V, := L?*([0, 1], g) the path space of all L*-paths from [0,1] to g.
Then G is a Hilbert Lie group and V; a separable Hilbert space. We consider the
isometric action of G on Vj defined by the gauge transformations

gxu:=gug ' —gg ",

where g € G and u € V. We know that this action is proper and Fredholm ([24,
Theorem 5.8.1], [28, Section 4]). For any closed subgroup L of G x G the subgroup

P(G,L):={g€G|(9(0),9(1)) € L}

acts on V; by the same formula. It follows that the P(G, L)-action is also proper and
Fredholm ([29, p. 132]). Thus every orbit of the P(G, L)-action is a proper Fredholm
(PF) submanifold of Vg ([24, Theorem 7.1.6]). We know that the P(G,{e} x G)-
action on Vj is simply transitive ([30, Corollary 4.2]) and that the P(G,G x {e})-
action on V; is also simply transitive ([19, Section 5]).
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The parallel transport map ([29], [30]) @ : V; — G is defined by

P(u) == gu(1),

where g, € G is the unique solution to the linear ordinary differential equation

{ 99 = u,
g.(0) =e.

We know that ® is a Riemannian submersion and a principal 2. (G)-bundle, where
Q.(G) = P(G,{e} x {e}) denotes the based loop group ([30, Corollary 4.4, Theorem
4.5]). The normal space of the fiber ®~!(e) at 0 € Vj is identified with the subspace
g = {2 | z € g} of V;, where & denotes the constant path with value z. It follows
that ®(z) = expx. The composition

Py i=m0o®:V, -G — M

is a Riemannian submersion which is also called the parallel transport map.
We consider the isometric action of G on M defined by

b (aK) := (ba)K,
where b € GG and aK € M, and the isometric action of G x G on GG defined by
(b,c) - a := bac*,

where (b,¢) € G x G and a € G. Then 7 and ® have the following equivariant
properties ([29, Proposition 1.1 (i)]):
7w((b,c)-a) =b-7(a) for (b,c) € G x K and a € G, (1.1)
O(g*u)=(g(0),9(1)) - P(u) for g € G and u € V. (1.2)

From these we have
Dp(g*xu)=g(0)Px(u) for g € P(G,G x K) and u € V. (1.3)

Let H be a closed subgroup of G; in later sections we will suppose that it is a
symmetric subgroup of G. We denote by b the Lie algebra of H and g = § + p the
orthogonal direct sum decomposition. Then H acts on M, the subgroup H x K acts
on G and the subgroup P(G, H x K) acts on V. We know the following relations
for orbits ([29, Proposition 1.1 (ii)]):

(Hx K)-a=7""H-aK) and P(G,H x K)xu=®""((H x K)-®(u)).

Thus we have
P(G, H x K)*uzq)[}l(H-q)K(u)). (1.4)
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Then we obtain the commutative diagram

G DPGHxK)~ V, DPGHXK)xu= & ((HxK)-a)

Vi (S ) el el
GxG> HxK ~ G D> (HxK)-a = 7YH- aK)
pi pd Tl Tl

G DO H ~ M D H-aK (®(u) = a),

where p denotes the projection onto the first component and v the submersion
defined by ¥ (g) := (g(0), g(1)) for g € G. We know that the following conditions are
equivalent: the orbit H - aK is a minimal submanifold of M, the orbit (H x K) - a
is a minimal submanifold of G, and the orbit P(G, H x K) % u through u € ®~!(a)
is a minimal PF submanifold of Vj ([13, Theorem, 4.12], [7, Lemma 5.2]).

Recall that an isometric action of a compact Lie group A on a Riemannian man-
ifold X is called polar if there exists a closed connected submanifold > of X which
meets every A-orbit and is orthogonal to the A-orbits at every point of intersection.
Such a X is called a section, which is automatically totally geodesic in X. If X is
flat in the induced metric then the action is called hyperpolar ([8]). For a proper
Fredholm action on a Hilbert space we can define it to be hyperpolar by the similar
way. We know that the following conditions are equivalent ([8, Proposition 2.11],
[29, Theorem 1.2], [4, Lemma 4)):

(i) the H-action on M is hyperpolar,
(ii) the H x K-action on G is hyperpolar,
(iii) the P(G,H x K)-action on Vj is hyperpolar.

Since we fixed a bi-invariant Riemannian metric on G induced by a negative multiple
of the Killing form of g, the condition (ii) is equivalent to the existence of a c-
dimensional abelian subspace t in mNp where ¢ is the cohomogeneity of the H x K-
action ([8, Theorem 2.1]). Then 7w(expt), expt and t = {2 | € t} are sections of
the H-action, the H x K-action and the P(G, H x K)-action respectively. If the
actions are hyperpolar then the following conditions are equivalent ([29, Theorem
1.2]): aK € M is a regular point of the H-action, a € G is a regular point of the
H x K-action, and u € ® !(a) is a regular point of the P(G, H x K)-action. Here
a point is called reqular if the orbit though it is principal.

In general it is not easy to compute the principal curvatures of orbits of those
actions. However if H is a symmetric subgroup of G, that is, the H-action is a
Hermann action, then it is possible to describe the principal curvatures of those
orbits Lie algebraically via the root space decompositions. In the rest of this paper
we will focus on the case of Hermann actions.
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2. SUBMANIFOLD GEOMETRY OF ORBITS OF HERMANN ACTIONS

In this section we review fundamental results on the submanifold geometry of or-
bits of Hermann actions. For details, see Ohno [23] (see also Goertsches-Thorbergsson
[3] and Tkawa [10]). Throughout this section M = G /K denotes a symmetric space
of compact type and H a symmetric subgroup of G. We denote by ¢ and 7 the
involutions of G associated to K and H respectively and by g =¢t+mand g =h+p
the canonical decompositions. We choose and fix a maximal abelian subspace t in
m N p so that X := 7(expt) is a section of the Hermann action.

Consider the root space decomposition of g© with respect to t:

g“=0(0)+ > gla),

acA
g(0) = {z € g"|ad(n)z =0 forall nc t},

gla) ={z € g"|ad(n)z = vV—1{a,n)z for all n € t},

where A = {a € t\{0} | g(a) # {0}} is a root system of t ([10, Lemma 4.12]). Since
g(a) = g(—a), where the bar denotes the complex conjugation, the real form is

g=go+ Y fo

acAt

g0=00)Ng,  go=(8(a)+g(—a))Ng.

Note that
go={z €glad(n)z =0 foralln et}
go = {z € g ad(n)’r = —{(a,n)?x for all n € t}.
Since o commutes with ad(n)? for all n € t we have
E:EOJrZEa, m:m0+2ma.
aEAT aEAT
& =goNE, my = go Nm,
k., =g NE, My = go NM.
We define a linear orthogonal transformation 1, of g, by

Vo) = ad(a)x for x € g,. (2.1)
An equivalent definition is that
o2+ 2) :=vV—1(z — 2) for z € g(a).
Since o 0 Y, = —(1), 0 o) we have a linear isometry v, : m, — €,. Set

m(a) ;= dim ¢, = dimm,,.
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By setting z¢ = ¢,(y{") we can take bases {:pa}m(a) of ¢, and {y?};l(f) of m,
satisfying
[0, 27] = —(e,m)yi" and [, yf'] = (o, m)f (2.2)
for any n € t.
The root space decompositions above are refined by combining a decomposition
derived from the involutions o and 7. More precisely we consider the composition

ooT:.g—¢g

and the eigenspace decomposition

ecU(1)

g(e) ={z € 9" | (0o7)(2) = ez},
where the eigenvalues belong to U(1) = {¢ € C | |¢] = 1}. For each € € U(1) we

denote by arg e its argument satisfying —m < arge < 7. Since ¢ o 7 commutes with
ad(n) for all n € t we have

gczz Oe—i—zz

eeU(1) acAecU(1

9(0,¢) =g(0)Ngle),  gla,e) =gla)Ngle).
Since g(a, €) = g(—a, e ') the real form is
Z 90,¢ + Z Z Ja,es

ecU(1 aEAT ecU(1)

U(1)z0 = {6 € U(1) | Im(e) = 0},

go. = (8(0,¢) +9(0,¢ ") Ng,
Gac = (8(, €) + g(—a, 1)) Ng.
Setting pt =corT+ 700 and p~ =0 o7 — T o0 we can write
goe = {2 € go | p () = 2Re(e)},
Goe = {2 € ga | p7 () = 2Re(e)r, p~(2) = 2Tm(e)tha(2)},

where Re(e) and Im(e) denote the real and imaginary parts of € respectively. Since
go.e and g, . are invariant under o we have

E_ Z E()e"‘z Zkasa

ecU(1 acAt ecU(1

Z Mot ) Z Mo

ecU(1)>o acAt e€eU(1)
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E0,6 = 00,¢ N E, Eoz,e = Ba,e N E,
Moe = o M, Mae = Ga,e (1T
Since g, is invariant under v, we have a linear isometry 1, : my . — £,.. Set
m(a,€) :==dim#e, . = dimm,,.
Then similarly we can take bases {2} of £, . and {y®}7" of m, satisfying

[, 2] = —(a,myy;"" and [0,y = (a, )z (2.3)

for any n € t.

We now take w € t, set a := expw and consider the orbit N := H - aK through
aK. Denote by L, the isometry of M defined by L,(bK) := (ab)K. Identifying
T.x M with m we can describe the tangent space and the normal space of N as
follows ([23, p. 12]):

TucN = dLy Z moe+2 Z Mo ), (2.4)

eeU(1 aEAT EEU
e;él (aw>+ argegéWZ
THN=dL( t + Y > ma ). (2.5)
acAt eeU(1)

(a,w)-i—% arg een’Z

Moreover the decomposition (2.4) is just the eigenspace decomposition of the family
shape operators {A} . }eer. In fact ([23, p. 17]):

dL,(mg.) : the eigenspace associated with the eigenvalue 0,
dL,(m,.) : the eigenspace associated with

the eigenvalue — (o, §) cot({a, w) + 3 arge)

for each ¢ € t. If o and 7 commute then € = +1 and thus we get ([3, Theorem 5.3]):

ToxN =dL,( menbh+ > meNp+ > menh ), (2.6)

aeAT aEAT
(a,w)¢nZ (a,w)+7/2¢nZ
TN =dL( t + > meNp+ Y menbh ), (27
aeAT aeAT
(a,w)eTZ (ayw)+7 /2677

dL.(mgNB) : the eigenspace associated with the eigenvalue 0,
dLq(m, Np) : the eigenspace associated with the eigenvalue —(«, §) cot{a, w),

dL,(m, N ) : the eigenspace associated with the eigenvalue (a, &) tan{(a, w).
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In particular if ¢ = 7 then we have ([27, p. 122])

TN =dL,( > m, ), (2.8)
acAt
(a,w)énZ
TN =dL( t + > m), (2.9)
acAt
(awyenZ

dLq(m,) : the eigenspace associated with the eigenvalue —(«, &) cot(a, w).

3. THE CURVATURE-ADAPTED PROPERTY

In this section we formulate the curvature-adapted property of orbits of Hermann
actions. First we recall the concept of curvature-adapted submanifolds ([1]). Let N
be a submanifold of a Riemannian manifold M. For each v € TPLN at each p € N
the Jacobi operator R, is a symmetric linear transformation of 7, M defined by

Ry(z) = RM(x,v)v  for v € T,M,

where RM denotes the curvature tensor of M. Then N is called curvature-adapted
if for every v € TplN at each p € N the Jacobi operator R, leaves T),N invariant
and the restriction RU|TP ~ commutes with the shape operator Af}V of N.

We now make the following definition:

Definition 3.1. Let M = G/K be a symmetric space of compact type and N a
submanifold of M. For an integer ¢ satisfying 1 < ¢ < codim N we say that N is
c-curvature-adapted if for each a K € N the following two conditions are satisfied:

(i) for every v € T:5 N the Jacobi operator R, leaves T, N invariant,
(ii) for each v € T3 N there exists a c-dimensional abelian subspace t in m
satisfying v € dL,(t) C T:5 N such that the union

{Raro()mse v Yee U {AR (6 Yeer

is a commuting family of endomorphisms of T, V.

Note that if ¢ = 1 then 1-curvature-adapted submanifolds are just curvature-
adapted submanifolds in the original sense. Note also that if aK = eK then R,
is identified with —ad(v)? since M is a symmetric space. Typical examples of c-
curvature-adapted submanifolds are given by the following proposition, which was
essentially shown by Goertsches and Thorbergsson [3, Corollaries 3.3 and 3.4]:

Proposition 3.2 (Goertsches-Thorbergsson [3]). All orbits of Hermann actions of
cohomogeneity ¢ are c-curvature-adapted submanifolds.
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Proof. Let N be an orbit of a Hermann action H ~ M of cohomogeneity c. Take
aK € N. Since L;'N = (a™'Ka) - eK we can assume aK = eK without loss of
generality. Take v € T5 N. Choose a maximal abelian subspace tin mNp = T: N
containing v. Since m(expt) is a section of the Hermann action we have dimt = c.
Then it follows from the decomposition (2.4) that the Jacobi operator R, = — ad(v)?
leaves T, N invariant and

R,oRy,=RyoR, RlrvoAy=A 0R|nn, A oAy =A70A]
hold for any v,w € t. Thus N is a c-curvature-adapted submanifolds of M. 0
Remark 3.3. We do not know whether all orbits of hyperpolar actions of cohomo-
geneity ¢ are c-curvature-adapted submanifolds or not. We know that any indecom-
posable hyperpolar action of cohomogeneity at least two on M is orbit equivalent
to a Hermann action ([17]). We also know that any cohomogeneity one action on
M is automatically hyperpolar ([8, Corollary 2.13]). There exist examples of co-
homogeneity one actions on the sphere which are different from Hermann actions

([8], [16]). Since the sphere is of constant sectional curvature, all orbits of such
cohomogeneity one actions are 1-curvature-adapted submanifolds.

Let N be a c-curvature-adapted submanifold of a symmetric space M = G/K of
compact type. Take aK € N. Choose and fix an arbitrary c-dimensional abelian
subspace t in m satisfying the condition (ii) of Definition 3.1 for some v € T3 N.
Consider the root space decomposition

kZﬂ)—i—ZEa, m:mo—l—Zma,

acAT acAt

to={r e t|ad(n)xr =0 for all n € t},

t, = {x €t|ad(n)’z = —{a,n)*r for all 5 € t},
my={yem|ad(n)y=0 forall n € t},
m, = {y € m | ad(n)’y = —(a,n)?y for all n € t}.

These are just the eigenspace decompositions of the commuting operators {ad(£)?}¢et.
On the other hand, the following lemma concerns the eigenspace decomposition of
the commuting operators {A}; . }eet-

Lemma 3.4. There exists a unique finite subset A of t such that
T.xN =) Sy,
AEA

where Sy 1s a nonzero subspace of T,x N defined by

Sy={r e T,kN | AC]lVLa(n)(x) = (\,mx for all n € t}.
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Proof. By left translation we can assume aK = eK without loss of generality. It
is easy to see that such a subset A is unique. To see the existence we take a basis
{mi}i_, of t. We denote by {A(7:)1,- -+, A(1:)m@)} the set of all distinct eigenvalues
of the shape operator AN and by Wims s W), their eigenspaces. Since

{A}}s_, is a commuting famlly we have the decomposition

TokN = > (Wi, N+ N Wag,,):

J1=1 Je=1
Define a linear functional A;..;, : t = R by
Mo (@am + - +ane) = arA(m)j, + -+ acA(ne);., where aq,...,a. € R,
Then for each n =a1n; +---+acn. € tand = € T/V,\(m)j1 NN Wi, we have
AN () = (A + - + A ) (2) = Ajyg. ()
Set A = {/\j1"'jc}1§j1§m(1), e, 1<je.<m(c) and S)‘jl"'jc = W)\(m) -N W/\ Iden—

tifying t with the dual space t* we obtain the desired subset A C tand the decom—
position Texg N = >\ Sa. This proves the lemma. U

The following proposition concerns the eigenspace decomposition of the union of
commuting operators { Rar, () }eet U {Ac]lVLa(é)}&Gf'

Proposition 3.5. Let A be as in Lemma 3.4. Then the tangent space and the
normal space of N are decomposed as follows:

ToxN = (dLo(m) N Sy) + Y > (dLy(ma) N Sy), (3.1)

A€y ac€AT AEA,L
TN = dLq(mg) N TN + > (dLy(ma) N T, N), (3.2)
acAt

where Ag := {\ € A | dL,(mg)NS\ # {0}} and Ay := {\ € A | dLo(my)NS)\ # {0}}.

Proof. By left translation we can assume a K = eK without loss of generality. Since
the tangent space is invariant under { R¢ }¢c( the normal space is also invariant under
{R¢}eer and we have the decompositions

TokN =mgN TN+ > (mo N Tk N),
acAt

THN =mgNTEN + > (ma NT5N).
acAt

By the curvature-adapted property, moN7T.x N and m, NT.x N are invariant under
{A{}eer. Thus by similar arguments as in the proof of Lemma 3.4 we obtain the
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eigenspace decompositions

moﬂTeKN: Z(moﬂs,\), maﬂTeKN: Z(maﬁS,\)
AEAo AEAL

and the assertion follows. O

Example 3.6. Let H ~ M be a Hermann action of cohomogeneity c. Choose a
maximal abelian subspace t in m N p. Take w € ¢, set a := expw and consider the
orbit N = H - aK through aK. From the decomposition (2.4) it is clear that t is
a c-dimensional abelian subspace in m satisfying the condition (ii) of Definition 3.1
for any v € {dLy(&)}eer. We set U(1)g :={e € U(1)>¢ | mp # {0}} and

U(1) :={e€ U)o | e #1}.
We also set U(1), :={e € U(1) | my # {0}} and

U)) ={ecU1)y | {a,w) + % arge ¢ wZl},
Uy :={ecU1)y | {a,w) + % arge € m}.

Then we can rewrite the decompositions (2.4) and (2.5) as follows:

TN = Y dLi(moe) + > Z dLq(mgy.), (3.3)

eEU(l)J aceAt ecU(1
TLEN = dL.(t)  + Y Z dLy(Mg). (3.4)
aEAT ecU (1)L

For each o € A" and € € U(1)] we set
1
A, €) := — cot ((a,w> + 5 a8 e> a €t

Then Ay and A, in Proposition 3.5 are

Ao{z tor g gﬁggigg L A= {Mad) [ec UML)

Note that the correspondence U(1)] 3 € — A a,€) € A, is one-to-one because cot x
is strictly decreasing on R/7Z. Thus we have

Z szz(mO,e> - dLa(mO) N 507 dLa(ma,e) - dLa(ma,e) N S)x(oc,e)a
ecU(1)g
dLo(t) = dLq(mg) N TL N, > dLg(mae) = dLy(ma) N T3 N

eeU(1)4
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and therefore the decompositions (3.3) and (3.4) are expressed as

ToxN = dLo(me) NSy + > Y (dLy(ma) N S)), (3.5)
acAt AeA,
TN = dLo(me) N TN + > (dLy(ma) N T N). (3.6)
acAt

4. PRINCIPAL CURVATURES VIA THE PARALLEL TRANSPORT MAP

Let M = G/K be a symmetric space of compact type and @y : Vj — M the
parallel transport map. It is known that if NV is a closed submanifold of M then
the inverse image ®'(N) is a PF submanifold of V; ([30, Lemma 5.8]). Note
that this generalizes the orbital case (1.4). In [14] and [20] an explicit formula for
the principal curvatures of ®5'(N) was given under the assumption that N is a
curvature-adapted submanifold of M. In this section we refine that formula to the
case of c-curvature-adapted submanifolds so that orbits of Hermann actions can be
applied.

Let N be a c-curvature-adapted submanifold of M. To consider the PF subman-
ifold @' (N) of V; we can assume eK € N without loss of generality due to the
equivariant property (1.3) of ®x. Choose and fix an arbitrary c-dimensional abelian
subspace t in T5 N satisfying the condition (ii) of Definition 3.1 for some v € T3 N.
Recall the decompositions given in Proposition 3.5:

TeN =) (monS)+ Y. Y (manSy), (4.1)

)\GAO OéGA+ )\eAa
THN =mgNTEN + > (mo NTA5N). (4.2)
acAt
Set
m(0,A) := dim(mg N Sy), m(a, A) := dim(m, N S)),

m(0, 1) :=dim(myNTH5N), m(a, L) :=dim(m, NT5N).
Take bases

{yi ‘1“> of mg N Sy, {2 N of my, N Sy,

O of mg N TEN,  {ye MO of m, N TN
Then we obtain a basis
0, ,\ m(0,\) 0,Lym(0,L
U { ] 1 U {y l:(1 )
XS
of my and a basis

U ey o ety

AEAL
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of m,. Via an isometry v, : m, — €, defined by (2.1) we take a basis
U GBS 0 e
A€A.

of £,. Finally we choose a basis {z0}3™% of ¢. Then the relations

[€,29] =0, €,y =16y =0,
€20 = —(@, &)y, [yt =(a £>xk ,
Od_] - <Oé,§> yw("l’lv [guy% ] = <Oé,§> r

€, x

hold for any & € t.
We write V(g) for the Hilbert space V; = L*([0,1],g) and decompose

Vig) = V(&) + V(mo NT.xkN)+ V(mgN T N)
+ Z —i—VmaﬂTeKN)—i—V(maﬂTjKN))

acAt

We equip a suitable basis with each term above. Recall that in addition to
{1, V2 cos 2nmt, /2 cos 2nmt}2° |

there are two other kinds of orthonormal bases of L?([0, 1], R), namely

{1,V2cos 2nmt}° and {V2sinnwt}>

We consider bases

{2 sinnwt}; , of V (&),
{y?”\}/w U {y;.)’A cosnmtix jn of V(mgNT.xN),
{y/ h U )" cosnmt i, of  V(moNTexN),
{23 sinnt}y g0 U {z®t sinnat},,, of V(&)
{yr s U{ypcosnmttyni of V(mg NTkN),
{y@t}, U{y>t cosnrt}, . of V(m,NTEN).

Then all these bases form a basis of V(g) = V; = T3V,. Since © : V; — G is
a Riemannian submersion with the orthogonal direct sum decomposition ([30, p.
686))

TVe=T® ()@, X=(X-[jX®d)a [, X
we have the orthogonal direct sum decomposition

TV 2 Ty (N) @ TN, X = (X = (Jy X(D)d)h) @ (f; X(8)dt)*,
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where | denotes the projection from g = €@ T.x N & T5 N onto T N. Thus we
obtain a basis

{2)sinnnmt}; , U {yg”\}AJ U {y?”\ cosnmttr jn U {ySt cosnrt}, ,

U U ({8 sinntyy en ULy bak U {y cos nat}apon)
acAt

U U ({x%+sinnrt},,, U {y®* cosnat}, )

acAt

OfYBQR}UV»
1
For each ¢ € t we denote by A?K ™) the shape operator of @' () in the direction
of €. Similarly to [20, Lemma 3.1] the following lemma holds.

Lemma 4.1.

nm

<@,f> a, L

cosnmt) = ———+=x~ sinnmt,

—1 —1
(i) A7 M @lsinnrt) =0, ATF V0% = (6,
—1 —1
(ii) A?K () (y?’)‘ cosnmt) = AEK (N)(ylo’L cosnmt) = 0,
—1
(iii) AL ™) (z&+ sinnrt) = (&) y>+ cosnt,
(

a,l
é Yr n

. ! a a 2 «, - 1 e .
(iv) Az n 7)\) = (A, )y, N % Z E(xk”\ sinnmt),

‘ n=1
—1
(v) A?K () (23 sin nrt) = —w’—@y;“(—l + cosnt),
nm
1
(vi) A?K ) (yo™ cosmmt) = — (o, &) 2% sin net.
nm

The following theorem describes the principal curvatures of the PF submanifold
. (N) of V,. This theorem refines [20, Theorem 3.2] (see also [14, Theorem 3.3]).
In fact, if ¢ = 1 then it is equivalent to the original one. It can be proven by the
similar arguments using Lemma 4.1.

Theorem 4.2. Let M = G /K be a symmetric space of compact type, @ : Vg — M
the parallel transport map, N a c-curvature-adapted submanifold of M through ek,
and t an arbitrary c-dimensional abelian subspace in m satisfying the condition (ii)
of Definition 3.1. Then for each & € t the principal curvatures of the PF submanifold
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O (N) in the direction of € are given by
{03 ULA O [ A€ Do UUgearAst
(@, §)
Y { o)

arctan 15¥3) 5)

ol

a€ AN\AL, NeA,, mEZ}

+mm

o € AMAY, my NTAN £ {0}, n e Z\{O}} |

nm
where we set A = {f € AT | (8,£) = 0} and arctani g =3 5 if (N §) = 0. The
eigenfunctions cmd the multiplicities are given in the followmg table
Figenvalue  Basis of eigenfunctions Multiplicity
{29 sinnrt, y] 2 cos nmt, yl L cos NIt} AeAo,n€Zs i 4,1
0 U {xk sin nrt, yk ’\cosmrt},geA5 NeAg, n€Zs1, k 00
U {2%+t sinnrt, yP+ cos nWt}/gEAE, n€lsy,r
m(0,\) +
A€ U7 U b seac
< > { j }] { k }56 & Zﬁm(ﬁa)‘)
<a,§> arctan E)\ 5> +mm a\
arctan 2?\"3 +mm {Z arctan Ei‘ §> +(m+n)m (xk SIn 77T T yk COS nﬂ—t)}k m(oz, )\>
% {xff L sinnmt — y®t cosnnt}, m(a, L)

5. PRINCIPAL CURVATURES OF P(G, H x K)-ORBITS

In this section, from Theorem 4.2 we derive an explicit formula for the principal
curvatures of orbits of P(G, H x K)-actions induced by Hermann actions.

Let M = G/K be a symmetric space of compact type and H a symmetric sub-
group of G. Choose and fix a maximal abelian subspace t in m N p. Then 7(expt)
is a section of the Hermann action H ~ M and t = {& | = € t} is a section of the
hyperpolar P(G, H x K)-action on V. We take arbitrary w, £ € t and consider the
principal curvatures of P(G, H x K) % w in the direction of é .

Recall that the tangent space and the normal space of the orbit N = H - aK
where a := exp w are decomposed as follows (cf. Section 2 and Example 3.6):

TN = Y dLi(moe)+ Y Z dLqo(Mec),

e€U(1)g a€EAT ecU(1

TLHN = dL.(t)  + > Z dLg(ma),

aceAt ecU(1)L
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where we set U(1), :={e € U(1) | my, # {0}} and
1
U)) ={ecU1)y | {a,w) + 5 arge ¢ 7},

Ul)s i={ecU1)y | {a,w) + % arge € mZ}.

Here dL,(mg.) and dL,(m,.) are the eigenspaces of the shape operator AizVLa(g)

associated with the eigenvalues 0 and —(c, §) cot({a, w) + 3 arg €) respectively.
Using the above information we can describe the principal curvatures of orbits of
P(G, H x K)-actions induced by Hermann actions:

Theorem 5.1. Let M = G/K be a symmetric space of compact type and H a
symmetric subgroup of G. Take a maximal abelian subspace t in m Np and w € t.
Then for each & € t the principal curvatures of P(G, H x K) % w in the direction of
é are given by

{0}u{ {a.¢) a€ ANAL, ec U], mEZ}

—(o,w) — s arge + mm

(a,§) L
U {W a € AN\A] satisfying U(1), # 0, n € Z\{0} ;.
Taking bases {x}; of €, {x bk of o, {y?’e}j of mo ., {m}i of t and {y. }x of
m, . with the relation (2.3) we can describe the eigenfunctions and the multiplicities
as in the following table. Here we are identifying T, Vy with TV via the gauge
transformation gx : Vg — Vg for a unique g € P(G, G x {e}) satisfying g * 0 = 1.

Figenvalue Basis of eigenfunctions Multiplicity

{29sinnnt, v sinnxt, ncosnmt}
i Yy o T e€U(1)g ,n€L>1,i, 5,1

0 U {2} “sinnmt, y, sin ”m}ﬂeA+,6€U(1)6’”€Z>1’k >
U {xb’,e sinnwt, Yy, cos mTt}/aeM ecU(1)5

5 7nEZ>17
: + +
—<oc,w>—<oé éa?rg e+mm { Z (a, j 1—:)- ar;Zie(mT—Z)n ('Tk sinnmt + yk COS n’]rt)}k m(a> E)
Z—’? {:Ef)‘ “sinnat — Yy cosnmtfeepayl S m(a,e)

In particular, if w € t is a reqular point then the term o ’3 vanishes.

Proof. Take a unique g € P(G,G x {e}) satisfying g * 0 = @. By (1.2) we have
g(0) = expw = a. From (1.3) the diagram
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commutes. Thus setting N := L;!(N) we have g * .} (N) = &' (N) = P(G, H x
K) % by (1.4). Moreover since w € t it follows from ¢ * 0 = o that g(t) € expt
for all ¢t € [0,1]. Thus we have d(g*)f = gfg*1 = é Hence it suffices to compute
the principal curvatures of ®*(N) in the direction of £. Since t is a c-dimensional
abelian subspace in m satisfying the condition (ii) of Definition 3.1 we can apply N
to Theorem 4.2. From (3.3) and (3.4) the tangent space and the normal space of N

are
Z m06+ Z Z maev

ecU(1 acAt ecU(1
BA- 4 Y z o
acAt ecU(1
From (3.5) and (3.6) the above decompositions are rewritten as
TeKN =mgN g() + Z Z (ma N g)\))
CXGA+ )\eAa
THN =moN TN+ > (mo NTN),
acAt

where Sy := dL;*(Sp) and Sy := dL;1(S)). Since (3,&) = 0 implies (\(8,¢€),£) =0
the eigenvalue ( €) in the theorem is equal to 0. Moreover taking a unique m’ € Z
satisfying —m/2 < (o, w) + 5 arge + m/m < /2 we have

(o, €) :
arctan ———=—— = —(a,w) — — arge — m'm.
(Ma€),€) 2
Since m € 7Z in the theorem is arbitrary the assertion follows. 0

Applying (2.6) and (2.7) to Theorem 5.1 we obtain the following corollary.

Corollary 5.2. Suppose that 0 o7 = 7oo. Then the principal curvatures of the
orbit P(G, H x K) % in the direction of £ are given by

oo {28

— (o, w) +mm

N\ e

{1

The multiplicities are respectively given by

00, dim(m, Np), dim(m, N b), dim(m, Np) + dim(m, N h).

a€ ANAL manp # {0}, (o,w) & ©Z, m € Z}

a € AN\AL m,nh £ {0}, (a,w>~|—g¢7rZ, mEZ}

ae ANAL m,Np # {0}, (a,w) € 7Z, n € Z\{0}

or a € AT\AS, m,Nbh# {0}, {a,w) +g €nZ, ne€ Z\{O}} :
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(a,6)

In particular, if w € t is a regular point then the term ~ >~ vanishes.

Applying (3.5) and (3.6) to Theorem 5.1 we obtain the following corollary.

Corollary 5.3. Suppose that o = 7. Then the principal curvatures of the orbit
P(G,H x K) *xw in the direction of & are given by

{o}u{_ (@, )

(o, w) +mm

a € AN\AY, (a,w) & TZ, m € Z}

U{% ‘ a € ANAL (a,w) € 7Z, neZ\{O}}.

The multiplicities are respectively given by

0, dimm,, dimm,,.

(a,8)
Remark 5.4. Terng [28] showed that any principal orbit of the P(G, AG)-action,
where AG is the diagonal of G x G, is an isoparametric PF submanifold of Vj
and computed its principal curvatures. This result was extended by Pinkall and
Thorbergsson [25] to the case of P(G,K x K)-action, where K is a symmetric
subgroup of G. (Note that in the equation (28) of [25] the term «(Y") should be
—a(Y').) More generally, Koike [15] computed the principal curvatures of principal
orbits of the P(G, H x K)-action induced by a Hermann action with the assumption
that the involutions o and 7 commute ([15, p. 114]). Theorem 5.1 above does not

require such assumptions at all.
<a1, 3 meZy.
—(o,w) — 5 arge +mmn

Remark 5.5. For each o € AT and e € U(1)_] it is clear that
We will alternatively use the latter expression to describe the principal curvatures.

In particular, if w € t is a reqular point then the term vanishes.

mEZ}:{— (o, &)
(a,w) + Large +mm

6. THE AUSTERE PROPERTY OF P(G,H x K)-ORBITS: REDUCED CASE

In this section we study the austere property of orbits of P(G, H x K)-actions
induced by Hermann actions under the assumption that the root system A is re-
duced; the non-reduced case will be dealt with in the next section. Notice that this
assumption is independent of the choice of a maximal abelian subspace t in m N p.
The main result of this section is the following theorem (Theorem I in Introduction):

Theorem 6.1. Let M = G/K be a symmetric space of compact type and H a
symmetric subgroup of G. Suppose that the root system A of a maximal abelian
subspace t in mNyp s reduced. Then for w € g the following conditions are equivalent:

(i) the orbit H - (expw)K through (expw)K is an austere submanifold of M,
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(ii) the orbit P(G, H x K)* @ through w is an austere PF submanifold of V.

To prove this theorem we need the following lemma. The statement (i) was
essentially shown by Ohno [23, Proposition 13]. Note that this lemma is still valid
in the non-reduced case.

Lemma 6.2. Let t be a mazimal abelian subspace in m Np and w € t. Set

U, = {e € U(L)a | (o, w) + % arge ¢ 7},

which is a subset of U(1)}. Then

(i) (Ohno [23]) the orbit H - (expw)K through (expw)K is an austere subman-
ifold of M if and only if the set

{cot ((a, w) + % arg e) «

with multiplicities is invariant under the multiplication by (—1), where the
multiplicity of cot({a, w) + %arg €)a is defined to be m(a,€),

(ii) the orbit P(G,H x K) % through w is an austere PF submanifold of Vy if
and only if the set

a€ At ce U(l);}

(o2

1
: al aeAT ecUN):, meZ
(o, w) + 5 arge +mm

with multiplicities is invariant under the multiplication by (—1), where the

multiplicity of L a is defined to be m(a,€).

(a0w)+1 argetmm
In connection with the proof of (ii) we reprove (i) here.

Proof. (i) Set a := expw and N := H -aK. From the straightforward computations
([23, pp. 15-16]) the normal space of N is expressed as

TxN =dL(mNAd(a)'p) =dL.( ] Ad@®)t). (6.1)

beKnNa—1Ha

Thus for each v € T, N there exist £ € t and b € K Na 'Ha such that v =
dL,(Ad(b)€). Since b belongs to a™' Ha the isometry Ly, leaves the submanifold N :=
L;'N invariant. Moreover since b belongs to K the differential dL; of the isometry

L, at eK is identified with Ad(b). Thus the shape operators satisfy AANd(b)g =
dLy o Ag o dLb_l. From this we obtain

Al aawye = ALaodLyodL, 0 A), (o odL,odL, ' odL,".

This shows that the eigenvalues with multiplicities of the shape operators AY and
A(]iVLa © coincide. Thus to consider the austere property it suffices to consider normal
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vectors {dL,(€)}eer of N. Thus it follows from the eigenspace decomposition (2.4)
that the orbit H - (expw)K is an austere submanifold of M if and only if the set

{8 cor (tau) + Faree)

aeAT e€ U(l)l}

with multiplicities is invariant under the multiplication by (—1) for each & € t.
Notice that this condition is equivalent to the condition that the set

{Cot ((a, w) + % arg e) «

with multiplicities is invariant under the multiplication by (—1) (cf. [12, p. 459]).
Hence the assertion follows from the fact cot(§ + 7Z) = {0}.

(ii) Choose a unique g € P(G,G x {e}) satisfying g * 0 = . Then we have
a = g(0) and the commutative diagram

a€ At ee U(l)l}

cpKl (I)Kl (6.2)

Since @ is a Riemannian submersion it follows from (6.1) and (6.2) that each normal
vector of @ (N) is expressed as (dgx) Ad(b)¢ for some € € t and b € K Na 'Ha.

Denote by b € G the constant path with value b. Then by (1.3) we have the
commutative diagram

V. v

o | o |

M -2 M,

©
=1

where b is identified with Ad(b) acting on Vj by pointwise operation. Since L
leaves N invariant it follows that b* leaves @' (N) invariant. Thus we have

NN > (N) 2 N1
AAd(b)(é) —(db*)oAé o (dbx)™".

This together with the equality g * @' (N) = ®'(N) implies

H(N)
(dg*)(Ad(b

_ 7, —1 . 4%% () 2 \—1 —1
Thus similarly it suffices to consider normal vectors {d(g#)&}eeq of DR (N). Note

that g * 0 = & implies d(g*)é = é as mentioned in the proof of Theorem 5.1. Thus
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from Theorem 5.1 and Remark 5.5 it follows that the orbit P(G, H x K) % is an
austere PF submanifold of Vj if and only if the set

1
al ae At ecU),, meZ
(o, w)

—i—%arge—l—mw

with multiplicities is invariant under the multiplication by (—1). Hence the assertion
follows from the fact that the set {ma}mez with multiplicities is invariant under

the multiplication by (—1) due to the equality ma =(—1)x ma. O

We are now in position to prove Theorem 6.1.

Proof of Theorem 6.1. Take a maximal abelian subspace t in m N p. Since m(expt)
is a section of the H-action we can assume w € t without loss of generality.

“(i) = (ii)” : Let « € AT and e € U(1)%. Since the orbit H - (expw)K is austere
it follows from Lemma 6.2 (i) that there exist o/ € A" and € € U(1)%, such that

1 1
cot ((a,w) + 5 arg e) a=(—1) X cot ((o/,w} + 5 arg e’) o (6.3)
Since cot({o, w) 4 3arge) # 0 and cot((e/,w) + 3 arge’) # 0 it follows from the

reduced property of A that o/ = a. Moreover since the map € — cot({a, w)+ 3 arge)
is injective we have m(a, €) = m(«,€'). Then we have

cot (<a, w) + 5 arg e) (1) x cot <(a,w> + e e') |

Since cot x is strictly decreasing on R/7Z there exists a unique n € Z such that

1 1
(o, w) + S Arge = (—1) x ((a,w} +3 arge’) + n.
For each m € Z we set m' := —n — m. Then we obtain
1 1
a=(-1)x

(o, w) + 3 arge + mm (a,w) + § arge + m'T

Thus by Lemma 6.2 (ii) the orbit P(G, H x K) xw is an austere PF submanifold of
V.

“(ii) = (i)”: Since the orbit P(G,H x K) % w is austere it follows from Lemma
6.2 (ii) that for each « € AT, e € U(1)% and m € Z there exist o/ € A*, ¢ € U(1)%,
and m' € Z such that

1 1 ,

a=(-1)x

(a,w) + L arge + mm (o/,w) + Jarge +m'm
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1
+(arge)/2+mm

Since A is reduced we have a = . Moreover since the map (e, m) — )
is injective we have m(a, €) = m(a, €’). Then we have

1 1
=(—1) x

(a,w) + % arge +mm (a,w) + §arge +m'T’
that is,
1 1 , ,
(oz,w)+§arge+m7rz(—1)x <a,w>+§arg(—: +m'm ).

Hence we have

1 1
cot <(a,w> + 5 arg e) a=(—1) x cot <<a,w> + 5 arg e/) a.
Thus by Lemma 6.2 (i) the orbit H - (expw)K is an austere submanifold of M. O

Remark 6.3. In the above proof we essentially showed that the following conditions
are equivalent when A is reduced:

(i) the orbit H - (expw)K through (expw)K is an austere submanifold of M,
(ii) for each v € AT the set

{cot ((a,w> +%arg6) a| €€ U(UZ}

with multiplicities is invariant under the multiplication by (—1),
(iii) for each o € A™ the set

1
- al|lecU):, meZ
(a,w) + 5 arge +mm
with multiplicities is invariant under the multiplication by (—1).
(iv) the orbit P(G, H x K) % w through w is an austere PF submanifold of V,

7. THE AUSTERE PROPERTY OF P(G,H x K)-ORBITS: GENERAL CASE

In this section, without supposing that the root system A is reduced, we study
the austere property of orbits of P(G, H x K)-actions induced by Hermann actions.

As a preliminary we prove the following lemma, which generalizes Lemma 4.32 in
[10]. In fact if o = 7 then it is just the original one.

Lemma 7.1. Let M = G/K be a symmetric space of compact type, H a symmetric
subgroup of G and t a maximal abelian subspace in m N p. Suppose that there exists
a € A satisfying 2a € A. Then the multiplicities satisfy m(a) > m(2«).

Proof. We extend the inner product of g to the complex symmetric bi-linear form
on g© which is still denoted by (-, -). Choose € € U(1) satisfying g(a, €) # {0}. Since
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g(a,e) = o(g(a,€)) = g(—a,e ) the involution z — o(2) leaves g(a, €) invariant.
Thus we have the (+1)-eigenspace decomposition
(e, €) =gl 6)" D gla,e).
Take zy € g(a, €)™\{0}. Then by definition we have
o(z) = 20, 0(Z) =2, 7(2)=¢ck, 7(%)=-¢c 2. (7.1)

Since [g(a), g(a)] C g(2a) we have the linear map ad(z) : g(a) — g(2a). We
restrict this map to the subspace

(Cz)t :={z € g(a) | (z, %) =0}

It suffices to show that the restriction ad(zg) : (Czp)* — g(2a) is surjective. Take
arbitrary y € g(2a). We define x € (Cz)* by

-1
=
2| e[| zo[?
Then by the Jacobi identity we have
ad(20)[20, y| = —[20, [, 20]] — [y: [20, Z0]] = [[20, Z0], Y], (7.2)

where the last equality follows from [y, zo] € [g(2a), g(a)] C g(3a) = {0}. Notice

that 2o, Zo] € [g(a), g(—a)] C g(0). Moreover from (7.1) we have [z, Z] € m® N pC.

Hence we have [z, Zp] € t€ by maximality. Since
{[20, 20),m) = (20, [, 20]) = (Z0, V=1, m)20) = V=120 *(ct, )
for all n € t we get [20, 2] = v/—1||20/|>v. Applying this to (7.2) we obtain
ad(20)[Z0,y] = V=1l|z0*[ev, y] = =2 z0]*|e]*.

Therefore we have ad(zp)(z) = y. This proves the lemma. O

[20,y], where ||z]* := (20, Z0)-

Using this lemma we study the austere property of P(G, H x K)-orbits in the rest
of this section. First we consider the case ¢ = 7 (Theorem II (i) in Introduction):

Theorem 7.2. Let M = G/K be a symmetric space of compact type and H a
symmetric subgroup of G. Suppose that o = 7. Then for w € g the following
conditions are equivalent:

(i) the orbit H - (expw)K through (expw)K is an austere submanifold of M,
(ii) the orbit P(G,H x K) %W through W is an austere PF submanifold of Vj.

Remark 7.3. The above conditions (i) and (ii) are also equivalent to the following
conditions (see [10, Proposition 4.27, Theorem 4.31] and [19, Theorem 8]. See also
[21, Theorem 1] for the irreducible case):
(iii) the orbit H - (expw)K through (expw)K is a totally geodesic submanifold
of M,
(iv) the orbit H - (expw)K through (exp w)K is a reflective submanifold of M,
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(v) the orbit P(G, H x K) xw through w is a weakly reflective PF submanifold
of V.
Note that the orbit P(G, H x K) *xw is not totally geodesic ([19, Corollary 2]) and
thus not reflective.

Proof of Theorem 7.2. Take a maximal abelian subspace t in m = p. Since m(expt)
is a section of the H-action we can assume w € t without loss of generality.

“(1) = (ii)”: Let o € A™ satisfy (o, w) ¢ 7Z. Suppose that (a,w) ¢ 5Z. Then
from Lemma 6.2 (i) there exists o’ € A™ satisfying (o/,w) ¢ 5Z such that

acot{a,w) = (—1) x o’ cot{a’, w). (7.3)

Since (o, w) ¢ 57 we have o' # a. Then by the property of root systems ' is either
20 or %a. Suppose that o/ = 2a.. Then the multiplicities of left and right terms of
(7.3) are m(a) and m(2a) respectively. However m(a) > m(2«a) holds by Lemma
7.1. Thus o/ # 2a. Similarly o/ # 1. This is a contradiction. Thus (o, w) € ZZ
holds for all & € AT satisfying (o, w) ¢ 7Z. (Thus N is totally geodesic.) Hence
from Lemma 6.2 (ii) the orbit P(G, H x K) 1 is an austere PF submanifold of Vj.

“(ii) = (i)”: Let a € AT satisfy (o, w) ¢ 7Z. Suppose that (o, w) ¢ 5Z. Take
m € Z. Then it follows from Lemma 6.2 (ii) that there exist o/ € AT satisfying
(o/,w) ¢ 57 and m’ € Z such that

1 (1) x 1

Since (a,w) ¢ 57Z we have o/ # a. Then o' is either 2o or ;a. Suppose that

o/ = 2a.. Then the multiplicity of the left term is m(«) 4+ m(2a) due to the equality

@ w>1+m7roz = @ w>1+2m7r2a‘ However that of the right term is m(2«) since o’ # a.

Thus we have o # 2a. Similarly we have o' # %a. This is a contradiction. Thus
(o, w) € 5Z holds for all a € A" satisfying (o, w) ¢ 7Z. This shows that the orbit
H - (expw)K is totally geodesic and therefore austere. O

o (7.4)

(o, w) Ymn (o/;wy +m'm

To generalize Theorem 7.2 we recall an equivalence relation for involutions: For
two involutive automorphisms 7 and 7/ of G we write 7 ~ 7’ if there exists ¢ € G
such that 7/ = Ad(c) o7 o Ad(c)™'. If 7 ~ 7/ and H a symmetric subgroup of G
with respect to 7 then H' := Ad(c)H is a symmetric subgroup of G with respect to
7’. Moreover the actions of H and H' on M are conjugate, that is, there exists an
isomorphism ¢ : H — H’ and an isometry ¢ : M — M such that ¢(b-p) = ¢(b)-1(p)
for b€ H and p € M. In fact ¢ := Ad(c) and ¢ := L. satisfy the property. Thus we
can identify H’-orbits with H-orbits via 1) and the theorem is generalized as follows:

Corollary 7.4. Let M, H be as in Theorem 7.2. Suppose that o ~ 7. Then for
w € g the following conditions are equivalent:

(i) the orbit H - (expw)K through (expw)K is an austere submanifold of M,
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(ii) the orbit P(G, H x K)* @ through w is an austere PF submanifold of V.

Proof. Let ¢ € G satisfy 0 = Ad(c)oToAd(c)™!. Take g € P(G,G x {e}) satisfying
g(0) = ¢. Then from (1.3) the diagram

commutes. Since each P(G, H x K)-orbit is the inverse images of an H-orbit under
® - the assertion follows from Theorem 7.2. O

Next we consider the case 0 o 7 = 7 0 ¢ (Theorem II (ii) in Introduction):

Theorem 7.5. Let M = G/K be a symmetric space of compact type and H a
symmetric subgroup of G. Suppose that the involutions o and T commute. Then if
the orbit H - (expw)K through (expw)K where w € g is an austere submanifold of
M, the orbit P(G, H x K) % through w is an austere PF submanifold of Vj.

Remark 7.6. The converse of Theorem 7.5 does not hold in general. In the next
section we will show a counterexample of a minimal H-orbit which is not austere
but the corresponding minimal P(G, H x K)-orbit is austere.

Proof of Theorem 7.5. Take a maximal abelian subspace t in mNp. We can assume
w € t without loss of generality. Let a € AT, If the set Rae N A* consists of only «
then it follows by the same argument as in the proof of Theorem 6.1 that the set

)

1
e U(1); € Z
{(a,w>+%arge+m7ra ‘ (a, m }

with multiplicities is invariant under the multiplication by (—1). Let us consider the
other cases Ra N AT = {a,2a} or {a, a}. It suffices to consider the former case.
By Lemma 6.2 the union X UY of two sets

1
X = {cot ((a,w) + §arge) «

Y = {cot (<2a,w> + %argé) 20| 0 € U(l)%}

with multiplicities is invariant under the multiplication by (—1), and it suffices to
show that the union Z U W of two sets
1

Z::{ T

(o, w) 4 5 arge +mm
1

W= 2

{<2a,w>+%arg(5+m7r “

S U(l);} and

(67 a’

ecU(1); mGZ} and

deU(l)s,, me Z}
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with multiplicities is invariant under the multiplication by (—1).

Since o and 7 commute we have €,0 € {£1}. Thus if (o, w) € FZ then the sets
X, Y, Z and W are empty. Suppose that (a,w) ¢ 2Z. Then (a,w) + 1 arge ¢ 37
for all e € U(1)a. Thus U(1); = U(1)a. Hence m(a) = > ;). m(a,€). This
implies that there exist €,¢ € U(1)% such that

cot ((a,w> + % are e) o= (—1) x cot ((a,w> + % are e') o (7.5)

In fact, if this does not hold then for each ¢ € U(1)! there exists a unique d6(¢) €
U(1)5,, satisfying

cot (o w) + arge) a = (—1) x cot [ (20, w) + - arg 5(e) ) 2a
( 2 ) ( 2 )

The multiplicity of the left term is m(«,¢€), or m(a,€) + m(2a, ') if there exists
&' € U(1)3, satistying cot({a, w) + 3 arg e)a = cot((2cv, w) + 1 arg §’)2cv. That of the
right term is m(2c, 6(€)); due to negation of (7.5) we have cot((2c, w)+ % arg d(e)) #
cot({a,w) + £ arg¢) for any ¢ € U(1)% and thus it is not m(2a, §(¢)) +m(a, €) but
m(2a, d(€)). Thus we get m(a,€) < m(2«,d(e)). Hence we obtain

m(a) = Z m(a,e) < Z m(2a,d(e)) < m(2a),

ecU(1)y ecU(1)g
where the last inequality is due to the injective property of the map e — d(¢). This
contradicts the fact m(a) > m(2«) of Lemma 7.1. Thus from (7.5) we have

1 1
(o, w) + jarge = (—1) x ((a,w) + 5 arge’) ,  mod 7Z.

Thus (o, w) = —1 arge — + arg €’ mod 7Z. Since €, ¢’ € {£1} we obtain (o, w) € ZZ
and (2a,w) € §7Z. Thus

1 1
(o, w) + 5 AIge € %Z, (20, w) + 3 argo € gZ.

for any € € U(1), and § € U(1)a,. Thus the sets Y and W are empty. Hence the
set X with multiplicities is invariant under the multiplication by (—1). Therefore
by the same argument as in the proof of Theorem 6.1 the set Z with multiplicities
is invariant under the multiplication by (—1). This proves the theorem. O

To generalize Theorem 7.5 we recall an equivalence relation for pairs of involu-
tions introduced by Matsuki [18]. Let (o,7) and (¢’,7") be two pairs of involutive
automorphisms of G. We write (o, 7) ~ (¢, 7') if there exist an automorphism p of
G and an element ¢ € G such that

o =pooop?, 7 =Ad(c)opoTop toAd(c) ™t
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If K and H are symmetric subgroups of G then K’ := p(K) and H' := Ad(c)op(H)
are symmetric subgroups of G. Moreover the H-action on G/K and the H'-action
on G/K' are conjugate. In fact these actions are conjugate under the isomorphism
¢ :=Ad(c)op: H— H' and the isometry ¢ : G/K — G/K' defined by ¢(aK) :=
cp(a)K’'. Then the theorem is generalized as follows:

Corollary 7.7. Let M, H be as in Theorem 7.5. Suppose that there exists a pair
of commuting involutions (o', 7") of G satisfying (o, 7) ~ (¢',7"). Then if the orbit
H - (expw)K through (expw)K where w € g is an austere submanifold of M, the
orbit P(G, H x K) xw through @ is an austere PF submanifold of Vj.

Proof. Let p € Aut(G) and ¢ € G be as above. Since we equipped an Aut(G)-
invariant inner product with g the automorphism p is an isometry of G. Thus it
induces an isometry from G/K to G/K', which is still denoted by p. The differential
dp : g — g induces a linear orthogonal transformation of V; by pointwise operation,
which is still denoted by dp. Note that dp(g * 0) = (p o g) * 0 holds for all g € G.
Take h € P(G,G x {e}) satisfying h(0) = ¢. Then from (1.3) the diagram

vV, " v, o

‘PKJ ¢K,J ‘I’K’l
G/K — G/K' —Lt G/K'

commutes. Since each P(G, H x K)-orbit is the inverse image of an H-orbit under
® - the assertion follows from Theorem 7.5. ]

Finally, as far as possible, we consider the general case that ¢ and 7 do not nec-
essarily commute. In view of Corollary 7.7 it suffices to consider non-commutative
pairs of involutions which are not equivalent to commutative ones. According to
the classification result [18] if G is simple then there are three kinds of such non-
commutative pairs, and if G is not simple then there are many such non-commutative
pairs. For a technical reason, here we focus on the case that G is simple. In this
case if (o, 7) is one of those three pairs then the order of the composition o o 7 is 3
or 4 (see also [23, Section 5]). We will use this fact to prove the following theorem
(Theorem IT (iii) in Introduction):

Theorem 7.8. Let M = G/K be a symmetric space of compact type and H a
symmetric subgroup of G. Suppose that G is simple. Then if the orbit H - (expw)K
through (exp w)K where w € g is an austere submanifold of M, the orbit P(G, H
K) % through W is an austere PF submanifold of Vj.

Proof. From the above discussion it suffices to consider a pair of involutions (o, 7)
where the order [ of 0 o7 is 3 or 4. Take a maximal abelian subspace t in mNp. We
can assume w € t without loss of generality. Let & € AT. By the same argument as
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in the proof of Theorem 7.5 it suffices to consider the case Rae N AT = {«, 2a} and
to show that the austere property of X UY implies that of Z U W.

First we show that (o, w) € 5Z. If U(1);, € U(1)q then there exists € € U(1)q
satisfying (o, w) + 3 arge € 3Z. This shows (o, w) € Z7Z. If U(1);, = U(1), then
m(a) = > .cpay: m(a,€). Thus by the same argument as in the proof of Theorem
7.5 there exist €, ¢ € U(1)% such that

1 1
cot <(a,w> + 5 arg e) a=(—1) x cot <<a,w> + 5 arg (—/) a.

From this we have

1 1
(o, w) + Jage= (—1) x ((a,w) - 5 arge’) ,  mod 7Z.

Hence (o, w) = —1 arge — 1 arg € mod nZ. Therefore (o, w) € 27 as claimed.
Since (o, w) € 5,7 we have

1 1
<a,w>+§arg(—:6 %Z, (2a,w>+§arg5€ ;Z

for any e € U(1), and 0 € U(1)a,. Thus if [ = 3 then
1

1
cot [ (o, w) + —arge :i\/§, +—,
(< ' g) V3

and if [ = 4 then
1 1
cot ((a,w) + 5 arg e) =41, £(vV2+1), cot (<2a,w> + 5 arg 6) =+1

1 1
cot | 2a,w) + -argd | = £—=
<< ' g) V3

for e € U(1)} and 0 € U(1)3,. Therefore

cot ((a,w) + % arg e) a # (—1) x cot (<2a,w> + % arg 6) 2av.

for any e € U(1)X and § € U(1);,. This shows that the sets X and Y with mul-
tiplicities are respectively invariant under the multiplication by (—1). Thus by the
similar arguments as in the proof of Theorem 6.1 the sets Z and W with multiplic-
ities are respectively invariant under the multiplication by (—1). This proves the

theorem. O

Remark 7.9. By the same arguments we can generalize Theorem 7.8 to the case
that GG is not simple but the order of o o 7 is 3 or 4.

Remark 7.10. In the proofs of Theorems 7.5 and 7.8 we essentially showed that
the orbit H - (expw) is an austere submanifold of M if and only if the set

{Cot <(a,w> +%arge> al ee U(l)?l}
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with multiplicities is invariant under the multiplication by (—1) for each o € A™.

Example 7.11. Tkawa [10] classified austere orbits of Hermann actions under the
assumptions that G is simple and that ¢ and 7 commute. This result was extended
by Ohno [23] to the non-commutative case. Thus applying those results to Theorems
7.5 and 7.8 we can obtain many examples of homogeneous austere PF submanifolds
in Hilbert spaces. Note that so obtained austere PF submanifolds are not totally
geodesic due to Corollary 2 in [19].

8. A COUNTEREXAMPLE TO THE CONVERSE

In this section we show a counterexample to the converse of Theorems 7.5 and 7.8;
we show an example of a minimal H-orbit which is not austere but the corresponding
minimal P(G, H x K)-orbit is austere. Note that from Theorem 6.1 the root system
A must be non-reduced. We give such an example by the triple

(G, K, H) = (SU(p+q),S(U(p) x U(q),SO(p + q)).

We shall suppose that p > q.
The involutions ¢ and 7 of G corresponding to K and H respectively are

~E, 0

o = Ad(I,,) where I,, = [ 0 E
q

} and 7 : complex conjugation,

where E,, denote the unit matrix of order p. Clearly o and 7 commute. The canonical
decomposition of g = su(p + ¢) with respect to o is given by € = s(u(p) + u(g)) and

0 0 Z
m = o 0 W Z e gl(q,C), Wegllp—q,q,C)
—t7 W0

The canonical decomposition of g with respect to 7 is given by h = so(p + ¢) and

p={Vv-1X| X €Sym(p+¢,R), tr X =0}.
Thus we can write

0 0 X
mNp=<4+v—1| 0 0 Y X egl(q,R), Y egllp—q,q,R)
tX ty 0

We define a maximal abelian subspace t in m N p by

0 0 X T
t=Jdv=1| 0 0 0 || Xx= Lz, 1, €R
X 0 0 Tq
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Note that t is maximal also in m. For each i =1,--- ,q we set
0 0 Ey
e=v—-11 0 0 0
E; 0 0

where F;; denote the square matrix of order ¢ having 1 in the i-th row and j-th
column and zeros elsewhere. We set

0 0 X7 '
My, = 0 0 0 XD =2E;, reRy,
—tx@ o 0
0 0 0 1 0 W15 0
me, = 0 0 W(Z) W(z) = 0 0 y Wigy ,Wp—qi € C ,
—tp ()
0 44 0 | 0 wpqi 0
0 0 z65
Me,be, = 0O 0 0 709 = 2By F 2E;, 2€C p
—tzG@i) o 0
where
dimmy,, =1, dimm,, = 2(p — q), dimm,, 4., = dimm,, ., = 2.

Then we obtain the root space decomposition

q q
m=t+ Zmzei + Zmei + Z Me, te; + Z Mg, e
i=1 i=1

1<i<j<q 1<i<j<q

By commutativity of involutions this decomposition is refined as follows:

q
mOAp=t+> (m,Np)+ > (M NP+ > (Mg, Np).
i=1

1<i<j<q 1<i<j<q

mn h = Zeri + Z(mei N b) + Z <m3i+ej N h) + Z (mei—ej n 6)7
=1 =1

1<i<j<q 1<i<y<q

We now consider the orbit N := H - (expw)K, where w € t is defined by
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Set a := expw. Then from (2.6) and (2.7) the tangent space and the normal space
of N are

q

TaKN = dLa( Z(mei ﬂp) + Z (mei+ej mp) )

i=1 1<i<j<q
q q
+ dLa( Zeri + Z(mei N b) + Z (mei+ej N [j) + Z (meifej N h) )7
i=1 i=1 1<i<j<q 1<i<j<q

TN = dLo( t+ Z (Me;—e, NP) ),

1<i<j<q

and for each £ € t the principal curvatures of N in the direction of dL,(§) are
expressed as the inner product of ¢ with vectors

_(\/§+ 1)ei7 _(ei+€j)7 2€i7 (\/5_ ]_)67;, €i+ej7 07
whose multiplicities are respectively
b—4q, 17 17 b—4q, 17 L.

Since the set {—(v/2 + 1)e;, 2¢;, (v/2 — 1)e;} can not be invariant under the multi-
plication by (—1) the orbit N is not an austere submanifold of M. Note that if
p — ¢ = 1 then it is a minimal submanifold of M but still not austere.

On the other hand, from Corollary 5.2 (see also Remark 5.5) the principal curva-

tures of the orbit P(G, H x K) % in the direction of € are expressed as the inner
product of £ with vectors

1 1
Oh {-simef  {remmtata]
g T mm meZ 7 Tmm meZ
1 1 1
—3—2% ) —5 6 ) —3—(&' +€j) )
T+ mm el 3T + mm meZ 5T+ mm

1 1
{—ﬂ (ei—ej)} , {_(ei_€j>} ,
g tmm meZ nm nez\{0}

whose multiplicities are respectively

0, p—4q, 17 17 p—gq, 17 17 L.
Note that

1 1 1
Frta) Lot o L)
T+ mr meZ §7r~|—m7r meZ §7r+m7r mEZ

Note also that the sets {—m(ei — €;) ez and {==(e; — €;) bnezy jop With multi-
plicities are respectively invariant under the multiplication by (—1). Thus from the
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equalities

1 1 1 1
6 =(-1)x = €i, 3 ei=(-1)x3 €i;
g +mm T+ (=m—1)7 o +mm A+ (—m— 1)1

1
S+ (—m—1)7

(ei +e5) = (1) x (ei +¢;)

T+mm
the orbit P(G, H x K) % w is austere if and only if p — ¢ = 1. Therefore we have
shown that if p — ¢ = 1 then the orbit H - (expw)K is not austere but the orbit
P(G,H x K) % w is austere. This is the desired counterexample. In this case the
orbit H - (expw)K is a minimal submanifold of M as mentioned above, and thus
the orbit P(G, H x K) % is minimal PF submanifold of V; ([13], [7]).

Finally we mention further remarks on the converse. As we have seen above, if
the root system A is non-reduced then there exists a counterexample to the converse
of Theorems 7.5 and 7.8. However, even if A is non-reduced, the converse holds in
some cases. In fact, Theorem 7.2 and Corollary 7.4 are valid in the non-reduced
case. Moreover consider the case 0 o7 = 70 ¢ and set

AT ={ae AT |m,Np#{0}} and AT :={ae€ A" |m,Nh=#{0}}.

Suppose that A is of type BC and write AT = {e;, 2¢;}; U{e; £ €;}i<;. Suppose also
that dimt > 2 and A{NA™, = {e;};. Then it follows by straightforward calculations
that the converse holds (cf. [22]). Note that the counterexample shown in this section
satisfies ATQA—EI = {ei}iu{eiiej}z(j if dimt Z 2, and Ai‘—ﬂAtl = {61} ifdimt=1.
For the investigation of the triple (A, A;, A_1) and the corresponding commutative
Hermann actions, see Ikawa’s papers [10] and [11].
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