PARAFERMIONIC BASES OF STANDARD MODULES FOR TWISTED AFFINE

LIE ALGEBRAS OF TYPE 4{) , D%, E) AND D{¥

MASATO OKADO AND RYO TAKENAKA

ABSTRACT. Using the bases of principal subspaces for twisted affine Lie algebras except Ag) by Butorac
and Sadowski, we construct bases of the highest weight modules of highest weight kAo and parafermionic
spases for the same affine Lie algebras. As a result, we obtain their character formulas conjectured in
[14].

1. INTRODUCTION

In 1980’s, the attempts to obtain combinatorial bases of the integrable highest weight modules or
their (coset) subspaces using vertex operators were initiated in the seminal work of Lepowsky and Primc
[18]. Let g be the simple Lie algebra sl and b its Cartan subalgebra. Set § = g ® C[t,t~!] @ Ce,bh =
h @ C[t,t!] & Cc, where c is the canonical central element. Lepowsky and Primc constructed bases of
the coset space § D 6 of integrable highest weight modules build upon vertex operator components. This
work was generalized by Georgiev to the higher rank case g = sl,41. In [12], he first constructed the
bases for the pricipal subspaces studied by Feigin and Stoyanovsky [9, 10], and then did for the § D h
coset subspaces or equivalently the parafermionic spaces in [13]. As a result, he obtained a fermionic
character formula of the integrable highest weight module L(koAo + k;A;).

Recently, based on the works on constructing combinatorial bases of the principal subspaces for other
affine algebras (see e.g. [1, 2]), Butorac, Kozi¢ and Primc obtained fermionic formulas for integrable
highest weight modules similar to the above highest weight for all untwisted affine Lie algebras in [3], and
thereby proved the so called Kuniba-Nakanishi-Suzuki conjecture [16]. Although the untwisted cases are
settled, there are also twisted affine Lie algebras and a similar conjecture was stated in [14]. Fortunately,
necessary combinatorial bases for the principal subspaces have already been obtained recently in [21, 22, 4].
The purpose of this paper is to make use of their results to settle the conjecture in [14] for the twisted
cases.

This paper is organized as follows. In section 2, we review necessary results. In particular, we recall the
twisted vertex operator, construction of the level 1 highest weight representation by it, quasi-particles on
higher level representations and the result by Butorac and Sadowski on the construction of a basis of the
principal subspace by quasi-particles. We then give our main theorem in section 3 on the construction of
a basis of the standard module L(kAg). In section 4, we consider the so called Z-operator in the twisted
case and construct a basis of the parafermionic space. In the final section 5, we obtain the fermionic
character formula of the parafermionic space for the twisted cases. Note that the Ag) case is not included,
since it is not treated in [4] either. We wish to report also in this case in near future.

2. PRELIMINARIES

2.1. Notation on simple Lie algebras of type ADE. Let g be a complex simple Lie algebra of type
Ay, Dy or Ep (€ =6,7,8 for Ey), and let a; (i = 1,2,...,¢) be its simple root. The root lattice of g is
given by

L =70,®---® Zay.

Let b be the Cartan subalgebra and (-, -) a nondegenerate invariant symmetric bilinear form on g. Using
this form, we can introduce a symmetric bilinear form (-,-) also on h* by identifying an element h of h
with an element of aj of h* via (o, ap) = a(h). We fix the bilinear form (-,-) on h* so that we have
(o, ) = 2 if o is a root. We take the labeling of the Dynkin diagrams of our Lie algebras as in [4]. Let
v be the Dynkin diagram automorphism of Ag;_1, Djy1, Eg and Dy, where the order r of v is 2,2, 2 and
3, respectively. The Dynkin diagrams and the autormorphism v for each type are given in Table 1.

Remark 1. The results in this paper remain valid when we take g to be one of A;, Dy, Eg 78 and v = id.
1
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TABLE 1. Dynkin diagrams and the automorphism v

Let n be a primitive rth root of unity and set ny = (—1)"n. Following §2 of [5] (see also [4, 21, 22]),
we consider two central extensions of L by (g), denoted by L and L,,

1— (o) — L (or L,)—L—1
where ~ stands for the projection to L. L and L, differ from each other when r = 3. Define the functions
Co,C:LxL—C* by

r—1

Coler,B) = (=), C(a ) = [J (=)
§=0
The central extension L (resp. f/y) is defined by using the commutator map Cy (resp. C), namely, for
a,b € L (resp. L,) aba='b~! = Cy(a,b) (resp. C(a,b)). Let each commutator map correspond to the
2-cocyle ec,, €c. Namely, for ec,, it satisfies

€C C¥7ﬁ
€Cy (0[7 ﬁ)ECO (OZ + B»A/) = €Cy (57 7)6C0 (av B + ’7)7 €COEBO¢§ = CO(aa ﬁ)
0 )
We choose our 2-cocycle ec, to be
o)1 ifi<j
ECo(alvaJ) - (71)<ai,aj> if > ’

This 2-cocycle satisfies

cco(a, ) =1, ecq,(a,p) =ec,(va,vp).
The 2-cocycles ec, and e are related by

ecy(a, B) = H (77’79‘)(1/-7%,8) ec(a, B). (1)

—5<j<0
Using the 2-cocycle €¢, we obtain a normalized section e : L — L, by
e: L — ﬁu
a = ey

with eg =1, 5 = o and eqeg = ec(e, f)eqatrp. According to [5], there exists an automorphism  of L,
such that

va = va, va =aif va = a. (2)



» is also an automorphism of L satisfying (2). We have 0" = 1.
For j € Z, set '
by ={heblvh=n’h} ChH,

h= D bu-
JEL/TL
Here we identify b(; moa ») With b(;). Associated to this decomposition, we define a Lie algebra

mE%Z

so that we have

with Lie bracket given by
[a®t™, B@t"] = (o, BYmmanoc, [BlV],c] =0

for m,n € %Z and a € by and S € h(,p,). Consider the subalgebras fA][y]i =@ .o bm) @t Then
b[v]1, = b[v]T @ h[v]~ @ Cc is a Heisenberg subalgebra of h[v]. We introduce the induced h[v]-module

S = UBl) @0(@,,, bometmece C

where €D,,50 h(rm) ® t™ acts trivially on C and ¢ as 1. S[v] is an irreducible b[v]1,-module, linearly

isomorphic to the symmetric algebra S(h[v]™).
2.2. Twisted module and twisted vertex operator. Let P; be the projection from b onto b;) for
j € Z/rZ. Following [5] and [17], we set
N=(1-P)hnL={aecL]|(xbhq)=0}
Explicitly, we have

when r = 2, and
N ={ria; +rsazs+reag € L|r +r3+74 =0}

when r = 3. See [4].

Let N be the subgroup of L, obtained by pulling back the subgroup N of L. Then, by Proposition
6.1 in [17], there is a unique homomorphism

7N —C*
such that o
(o) =mo, Tlava ') =y~ =0/

onr a € ﬁy. Let C, be the one-dimensional N-module C with this character 7 and consider the induced
L,-module

Ur = CI[L,] ¢ C, ~ C[L/N] =~ C[RyL].
Here the last isomorphism is induced from the projection. The readers are warned that PyL ¢ L but
PyL C L. We have

Ur= [] (Ur)a

a€EPyL
where (Ur)q = {u € Ur | hu = (h, a)u for h € h(g)} and

a-(Ur)a C (UT)a+a(0) for a € ﬁy,a € PyL.
b0y acts on Ur as
a-b=(a,bb (3)
for o € b, b € L, and we set [, a] = (o, @)a. We also define the action of z* by
2 b=z (4)

and 7 by n® - b = n{®®b. Then for a € L,, we have 2% = az®T{®@) pog = qno+H{@a)  Moreover, as
operators on Uz, we have
f/a = anle’paf<zl’pa’a>/2' (5)
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Ur then becomes an E[V]—module by letting the Heisenberg algebra E[V] 17 act trivially. We set
V6 =SV ®@Ur

to be a tensor product of ﬁ[y]—module on which L, acts by its action on the second component. Set
h[v] = bv] ® Cd. d acts on Ur and gives the following grading

1 .
d-a= —§<&,d>a fora e L,.
VI is called the twisted module.
Next we define the p-twisted vertex operator. We follow §2 of [5]. For each a € h and m € %Z, let

a(j) stand for Pja € bj;). Set

a(m) = g, @t™, (6)
+ _ a(m) _,
E*(a,z) = exp Z z . (7)
tmelzy m

Note that from [19, Proposition 3.4], we have the following commutation relation

el 1\ (V'a,B)
_ _ i %9
Et(a,21)E~(B,22) = E~ (B, 22)E* (v, 21) H (1 -7 21> . (8)
i=0 z{
For a € ﬁl,, as defined in [5, 17], we consider the twisted vertex operator
5, a,a _ (a ,a ) a,a
Y?(a,2) = 5 0@E " (~a,2) Bt (—a,z)az" 0t r o (9)

where

2<Va,a)/2 (T _ 2)
@ ={ (e =y
acting on V. (In [5], this vertex operator is defined for an element of the lattice vertex operator algebra
V1. Since we do not use this fact in this paper, we simply defined it for a € ﬁ,,) We define the component
operators Y,”(m) for m € %Z, a € L by

Y7 (eq,2) = Z Y7 (m)z—m (/2. (10)
mE%Z
Set )
pPi = 5((0411)(0)7 (ai)(0)>' (11)
Then for a simple root «;, we have
Y?(0eq;,2) = Y (eq,, 2) IS (12)
from (5). For a component operator,
Yoo, (m) = n"™Yy (m). (13)

From this relation, we know if va; = «;, then YOZ_ (m) = 0 unless m € Z. By an explicit calculation, we
get, if n #£ 0,

[h(n),Y"(ea,2)] = (R(rn)s Q(—rn)) 2" Y (€a, 2). (14)
2.3. Twisted affine Lie algebras. Recall that g is a simple Lie algebra of type Ay, Dy or Ey. Let A
be its set of roots. Then we have the root space decomposition

g=bhe @ Cz,,.
a€A
We normalize a root vector x, so that we have
ecy(la,—a)a  ifa+ =0
[Ta,x8] =  ecy (@, B)Tayp i a+peA
0 otherwise.



+1
OO\

O—------ —O==0 O==O—------ —0==0
10/2 -1 1 0 1 -1 1
Eéz) Dz(lg)
O0—O0—0=0—0 O—C==0
0 1 2 3 4 0 1 2

TABLE 2. Twisted affine Dynkin diagrams

Then the symmetric bilinear form (-,-) on g reads as

ecy(a,—a) if a+8=0,

(h, za) =0, (@a, zp) = {0 ifa+B#0

where h € b.
Now, we assume g to be one of type Ag;—1, Diy1, Eg or Dy and v as in Table 1. Following [4, 5, 17,
21, 22], the automorphism v of b is lifted to an automorphism v of g by

Ve = Y(Q)xya
where v is some function from A to {£1}. For j € Z set
0) ={z e g|v(z) =n'z}
The twisted affine Lie algebra §[v] associated to g and v is given by
alv] = @ rm) @t @ Ce
mE%Z

with Lie bracket

[z @t y@t"] = [2,y] " + (z,y)mbminoc,  [6§V] =0
for m,n € %Z, T € g(rm) and Y € g(rn). We also define the Lie algebra g[v] by
glv] =gl Cd
where d is the degree operator such that

[d,z®@t"] =nzx@t"

forn € %Z, T € g(rny and [d, ] = 0. This Lie algebra g (or g) is isomorphic to a twisted affine Lie algebra

of type Ag)_l, Dl(i)l, EéZ) or Df’) depending on the choice of L and v. See Table 2 for their Dynkin
diagrams.

Theorem 2. ([5, Theorem 3.1],[11, Theorem 3],[17, Theorem 9.1]) The representation of b[v] on V[
extends uniquely to a Lie algebra representation of g[v] on VI such that

(wa)(Nn) Q™ Yol;/(m)
for allm € 17 and o € Ly = {o € L | (a, 0) = 2}. Moreover V[ is irreducible as a §[v]-module.

In fact, V' is an integrable highest weight module of highest weight Ao, where Aq is the fundamental
weight such that (Ag,c) =1 and (Ag, b)) = 0 = (Ag,d). A highest weight vector 1® (eq ® 1) € Vi =
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S[v] ® Ur is denoted by 17. We also have the following formulas on V.

eade;! =d+a — ~{a,a),

3
eaheyt = h —a(h),
cah(f)eq’ = h(j) for j #0,

ang(])e(zl = C(a’ﬁ)Yé’(] - <O‘76(0)>)

2.4. Standard module. Here we summarize the Cartan subalgebra and simple roots as the twisted
affine Lie algebras. Set | =4 for E((f) and [ = 2 for Df). The Cartan subalgebra is identified with

By @ Cce Cd.

r—1

p=0 vPa; otherwise for

Chevalley generators h; (0 <4 <) are given by h; = o; when va; = ay, hy =
i#0and hg = — Z;;é vP° where €° is given by

a1+ -+ a2 for ASL
g0 — ar + -+ q for Dl(i)l

a1 + 200 + 23 + g + a5 + g for Eé2)

a1 + as + a3 for Df’).

See [15, §8.3]. g[v] contains a finite-dimensional simple Lie algebra g[v]s (in Kac’s notation) whose Dynkin
diagram is obtained by removing the node 0 from that of the twisted affine Lie algebra. One can take the
set of simple roots of g[v]; as that of g modulo the automorphism v, namely, {a1,...,a;}. We denote
this root lattice of g[v]g by Q.

We consider the standard g[v]-module L(kAg) of higher level k, namely, the integrable highest weight
g[v]-module of highest weight kAg. Since we know L(Ag) ~ V', we realize L(kAo) as a submodule of the
tensor product of k copies of V" as

L(kAo) = UG[V]) - vo < (VE)™",

where v = 17 ® - - ® 17 is a highest weight vector of L(kAg). On L(kAg), elements of §[v] act through
the coproduct

A(k_l)(x):JJ®1®-~-®1+1®x®--~®1+~--+1®1®~-~®$,

where there are k components in each term. It is also true for the twisted vertex operator Y7 (e, z). For
a simple root «; and a positive integer n, we set

Tha, (2) = 5, (2)" = [AF D (Y7 (e, 2))]™ (19)
Note that @{, , ,, (2) = 0. We also define a component operator zj,,, (m) by
Tho () = Y @ha (m)z" ",
mE%Z

Later, we will use the following commutation relation which can be shown using (14). If m # 0,

[A(m), @10, (2)] = 2{hrmys Q(—rm)) 2" T, (2), (20)
or equivalently,

[h(m)vxzm (.7)] = n<h(rm),a(,rm)>xfmi (] + m)

For a € L, E*(a, 2) acts on (V)®* diagonally and hence also on L(kAg). One checks

k(arny, hirn)) 2" E(a,2) if Fn>0
+ _ (=rn)s t(rn) ’ )
[E=(a, 2), h(n)] = { 0 othewise. (1)

eq also acts on (VI)®* diagonally, namely,

a > e @R eq.
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This corresponds to the translation operator of the affine Weyl group of g[v]. See Section 1.5 of [3] for
the untwisted case. Based on the calculations (15)-(18) on V', we define the adjoint action on g[v] of
the multiplicative group isomorphic to @ by

eacest =c, (22)
eade;t =d+ o — %(a,o&c, (23)
eahey’ =h — a(h)c for h € (), (24)
eah(f)eg = h(j) for j #0, (25)
catf(f)eq’ = Cla, Bzf(j — (@ Bo)))- (26)

Note that ¢ = k on L(kAp).
Next we state the vertex operator formula that will be used later. This is a twisted version of (1.27)
in [3]. The proof is completely parallel to [18, Theorem 5.6] or [23, Theorem 6.4].

Lemma 3. For a simple root ov;, renormalize the twisted vertex operator z%, (z) as @7, (2) = ro(a;) ™15, (2).

o
Then, for p,q > 0 such that p+ q = k, we have

1 5 1 X
—E (i, 2)(235,(2)PET (@i, 2) = —ec(a, —ai) "1(287,, (2))Teq, 2@ TP (27)
b ' q: '
as an operator on (VI)¥* or L(kAo). Furthermore, (27) can be rewritten as
E™ (o, z)exp(ziczi (2))E* (i, 2) = exp(ec(a, —ai)flziﬁ_ai (Z))eaiz(o‘i)<”)+kpi. (28)

(o, )

Proof. Set yo(2) =r2 o(a)"'Y?(eq,, 2). From (9), we have
E7 (v, 2)Ya, (2)ET (s, 2) = eq, 2@ @FPi71

on V. Since yo,(2)? = 0 on VI, 72 (2)P acts on (VI)® as p!> ya, (2)1 ® -+ ® ya, (2)7F, where

[e23

Gm € {0,1} and ji + - -+ + jx = p. Since E*(ay;, 2), €q,, (@)@ TP all act grouplike on (VI)®F,
LHS of (27) = 2’E~ (ay, Z)(Z Yo, (2)F @ -+ @ Yo, (2)7*) BT (v, 2)

= colan, ~ai) U3 Yoo, (2) T ea 2O @@y (2) req, 00

1
= flec(ozi7 _O‘i)_q(ﬁ/{a,(Z))qeaiz(ai)wﬁkm_
q i

D)) —Pip— L _— -1 i i
Here we have used z(®i)©—r e, = €c(as, —a) Ca, 2@ P

Noting ZZ% (2)*** =0 on (V)®*, we obtain (28) from (27) immediately. O

2.5. Principal subspace. We will introduce the notion of the principal subspace of L(kAg) and twisted
quasi-particle bases which we will use to construct parafermionic bases. First, denote by A the set of

positive roots and by
n= @ Cz,,

aEA L
the Lie subalgebra of g which is the nilradical of a Borel subalgebra. Consider its twisted affinization

ﬁ[V] = @ Nirm) @ t™ @ Ce
mE%Z
and its subalgebra

i = P npm @™

mG%Z
In [4, 9, 10, 21, 22], the principal subspace W (kAg) of L(kAg) is defined as
W (kAo) = Un[v]) - vo.

From [4], we review twisted quasi-particle monomials. We define the twisted quasi-particle of color i,
charge n and energy —m for each simple root a;, n € N, and m € %Z as the coefficient x,”m (m) in (19).
A twisted quasi-particle monomial is then defined by

b = zz (1) ,al (mrl(1>7l) oo xfbl,lal (ml,l) I l‘z (1) 10(1 (mT§1),1) ... I?L1‘1041 (ml,l)' (29)
L T



8 MASATO OKADO AND RYO TAKENAKA

The sequence
r_ .
R = (TLTfl)J, N T ,nr§1)71 ... nLl)

is called its charge-type. We assume 1 <n ), <...<ny; <k for each i. The dual-charge-type
R = (rl(l),...,rl(k); .. .;7‘%1), e ,rgk))

is defined in the way that (7’51), .. ,rl(k)) is the transposed partition of (n1,...,7 ) ,) for each i. Namely,

7“55) stands for the number of quasi-particles of color ¢ and charge greater than or equal to s in the

monomial b. So we have rgl) > r£2) > > rgk) > 0. The color-type is defined by
C=(ry,...,r1)

where
M

k
;= Z Npi = Z ’I“ES). (30)
p=1 s=1

According to [4], we consider the following conditions (C'1)-(C3) for the mode m in %, (m) in b.

(Cl) my,epZ forl<p< r(l),l <i<l,

%

T§1—)1

(€2) myi < —(2p— Dping,i — (@) o). (@im1) (o)) Y min{n, i ngi1} for 1<p<riV, 1<i<y,
q=1

(03) Mp+1,i < Mpi — 2,01‘711,,1' if Np4+1,6 = Npi for 1 < P < TZ(I) — 1, 1< < l.
Here we understand ’I“(()l) =0. Set

By = U {b as in (29) | b satisfies (C1), (C2) and (C3)}

V> > M >0

rM>. . >rF)>0

We know that the principal subspace W (kAg) has a basis consisting from twisted quasi-particle mono-
mials.

Theorem 4. ([4, Theorem 5.1]) The set By = {bvg | b € Bw} is a basis of the principal subspace
W (kAo).

3. QUASI-PARTICLE BASES OF STANDARD MODULES
3.1. Spanning sets for standard modules.

Lemma 5.
(1) L(kAo) = U(hlv]7)QW (kA)
(2) L(kAo) = QW (kAo)

Proof. §[v] is generated by (x5)(m) ® t™ acting as xf(m) on L(kAo) for m € +7Z, 5 € A. Since every
xg can be expressed by taking brackets with z,, for 1 < i < £ and xl’jal (m) can also be expressed as
% _(m) by using (12), the standard module L(kAo) is spanned by noncommutative monomials in 27, (m),
1=1,---,l,me€ %Z. By using the vertex operator formula (27), we can express x’ja (m) in terms of
z% (m’), eq, and a polynomial in U(b[v]). From (20) and (25), we can move the elements of h[1]~ to the
left and the elements of h[v]T to the right. Since h(n)vy = 0 for n > 0, we see that (1) holds. U(h[v]™) is
spanned by the coefficients of E~ (—q;, z). Therefore we obtain (2) from (1) by using the vertex operator

formula (27) for ¢ = 0 and the commutation relation (21). O

The second statement in Lemma 5 implies that

{eqv | p € Q,v € Bw}
spans L(kAg). But this is not a basis.

For the proofs of Proposition 6 and the main theorem, we introduce a linear order on the quasi-
particle monomials in By, following [4]. For two monomials b abd b with charge-types R’ and R’ =



(ﬁffl_)7l, U TSI E ;ﬁf§1)717 ...,71,1) and with energies (mT;1>7l, ...,mq 1) and (mF§1)7l, ..., 1), we write
b < b if one of the follwoing conditions holds

(1) R <R

(2) R =R and (mrl(1>,l’ ce ,le) < (mﬂ(l),l’ c.. 7m1,1)
where we write R/ < R’ if there exists ¢ and s such that r§1) = Fj(-l)mt,j =ny  for j <i,1 <t < rﬁ-l)

_ _ _ _ _ 1 1
and ny; = N1,4,N2,; = N2y, Me1,3 = Ts_1,4,Msq < Tsj OF Ny = Ny for 1 <t < 7"1( ), Tz() <
7751). In the case that R = R/, we apply this definition to the sequences of energies to similarly define
(mrl(l),l’ ey ml,l) < (mﬁ(l),l’ e ,m1’1>.
Set

By = {hoq"'hal

and By, = Bw N Mg p. The following proposition can be proved in the same way as Lemma 2.3 in [3].

hai = Oéi(fmthi)n"%i cee Ozi(*mlﬂ‘)nl’i,i =1,... l,
by € Lso, My 5 > - > Mg, Myp; € psN,np; €N

Proposition 6. The set By, = {e, hbvy | p € Q, h € By, b € By} spans L(kAy).
Proof. By Lemma 5 (1), the set of vectors
{ephbvo | € Q,h € By,b € By}

spans L(kAg). It suffices to check that the arguments used in the proof of [3, Lemma 2.3] also hold for our
case. By the vertex operator formula (27), a quasi-particle x%a (m) is expressed by e,, and monomials
in U(h[v]¥). Then we can move e, and elements of h[v]~ to the left, and elements of h[v]T to the right
by the relations (21) and (25). As a result, we can express e,hbvy as a linear combination of vectors
e h'b'vg, where ' € Q,h' € By, and bV € Mgp. Note that b’ contains no quasi-particles x%al (m), but
is not necessarily in Byy. Take any vector e, h'b'vy that is not in Byy, if it exists. Since b'vg € W (kAo),
it is expressed as a linear combination of vectors b”vg such that b € By by Theorem 4. b may contain
xzai (m), but it is greater than b with respect to the order ”<” defined above. Since the set By, is upper
bounded with respect to this order, the process of eliminating quasi-particles zza (m) end in finitely
many steps and b in any term in the final linear combination belongs to By N Mé? p O

3.2. The main theorem. Consider the decomposition

L(kAo) = @ L(kAo)s, where L(kAo)s = @D  L(kA0)sars-tssastson-
SEZ 89, ,SIEL

To prove our main theorem, we use the Georgiev-type projection such that
TRy, - L(kAo) — L(Ao)rgl) Q- & L(Ao)r§k-,),

_ @) (k) - ) _ S (5 p—
where Ry, = (r7/,77,...,m ) is a fixed dual-charge-type for the color 1 and r; = > _,r"’. This
projection is naturally generalized to L(kAo)[[wt, 1, ..., w1,1,2,0) .-+, 211]]. We also denote this gener-

1 b

—m—1

alization by g, . Set a;(z)- =3, o ai(m)z . We consider the vector

!’ ~ ~
ny 1.0

’7
eual(*mil,z)nt” "'al(*m/m) Tn 1) o (m,;lu) ’ ~x£§1,1a1(m1,1)vo
L

with dual-charge-type R = (Ra,, -+ ;Ra,). Recall that the image of this vector with respect to mx,,,
coincides with the coefficient of the corresponding projection of the generating function

n, 4
i, o

ep(we, 1) o (win) g (7,0 ) @, 6 (21,1) 00
[

In order to prove the main theorem, we need a generalization of the twisted vertex operator Y7 (a, z)
defined in section 2.2 to the case where a belongs to an extension of the weight lattice P of g. We do not
repeat its definition. See [6].

Proposition 7. Let a,b be elements of an extension P, of P such that (a,b) € Z. Then we have the
following commutation relation for the twisted vertex operators.

Y?(a,21)Y? (b, 25) = (—1)@P¢, (@, b)Y (b, 22)Y" (a, 21)

Here ¢, (a,b) is some constant which belongs to C*.
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Proof. We use [6, Theorem 5.2] in the case when h, = 0. The condition (@, b) € Z is important, since we
use the property z™0(z) = §(z) (m € Z) for the formal delta function. O

Let \; (i =1,...,¢) be the fundamental weights of g and set
Yﬁ(e,\.72) _ Z A)\‘(m)z—m'ﬁ‘((ki)(o)7(/\1)(0)>/2—</\i,>w)/2.

mE%Z
From Proposition 7, we have

Ay, (m)Y? (n) = (=1)%4 ¢, (N, aj)Y(fj (n)Ay,(m) (31)

Qi

on V2, which is the extended space of V;I' by enlarging the root lattice L to the weight lattice P. We
also have
[h<n)7 A>\i (m)] = <hrna ()\i)(*T"I’L)>A/\i (m + 7’L) (32)
Moreover,
Ax,(m)1r € U(h[v] ey, for m > 0 and Ay, (0)11 = ey,. (33)

Theorem 8. The set By, is a basis of L(kAg).

Proof. We should prove the linear independence of Br,. We consider a linear combination of vectors in

BL»
Zcu,h,beuhbvo =0 (34)

of the fixed degree and b(g)-weight. From (24), for a h)-weight p, the action of e, maps the weigt space
V, to V,yku. Hence, we may assume that a summand in (34) with the maximal charge of color 1, chg;b,
has p with a1 coordinate zero. Namely, we assume that summands appear in the form

(A) euhbvg with chg;b=ry and p = ciay + -+ + coag, or

(B) ephbug with chgb < ry and i = Goy + -+ + Gy, where ¢ > 0.
Among the vectors v = e, hbvg with chg,v = 71, we choose a vector with the maximal charge-type Ry,
and the corresponding dual-charge-type

Ra, = (T§1)7 T 7r§k_1))

for the color ¢ = 1 where r; = 7{1) + -+ rik_l). Note that rgk) = 0 for a vector in By,. Denote the
Georgiev-type projection by 7, . Since

ta(1r @ @ 1) =€a, 17 ® - ® €q, 17,

we have
eshve P L(Aog)s, ®-+ ® L(Ag)s,-

S1,7 ,Sk—1€EZL
s >0

Therefore, for the vectors of the form (B) we have 7., (eghb)vg = 0. This means that the TR,, Projection
of the sum (34) contains only the summands of the form (A). Applying the same trick for the simple
roots ao,...,q;, we can assume pu = 0 in (34).

Consider a linear combination

Ch’bhbvo + Z Ch' b/ h/blvo =0. (35)
b >b
For a monomial b = hj(—my, ;)™ -+ hy(—mq 1)1, set b = hy(my, )™t - hi(mq,1)™* and multiply

h from left to (35). Using (20), it turns out to be
Chybbvo + Z C;L”,b” h”b”'UO = 0
b >b

up to an overall scalar multiple. Now, using (31),(32) and (33), one can argue in a similar way to the
proof of Theorem 5.2 of [12] to prove ¢, = 0. For the commutation relation of ey, and Y (m) is given
by substituting o = A; in (18). In place of (5.25) of [12], we use

TR, b’xf;’ai(fspi)vo = const TR, V(1® - @1®eq, @ - Qeq, | vo.
—_——

s factors
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Once we show ¢p,, = 0, substitute this relation to (35) and continue the process, then one eventually
shows all coefficients are zero. 0

4. PARAFERMIONIC BASES

4.1. Vacuum space and twisted Z-algebra. Denote by L(k/\o)a["rr the vacuum space of the standard
module L(kAy) , i.e.

— .
L(kAg)"™" = {v € L(kAo) | bt - v =0} (36)

By the Lepowsky-Wilson theorem [19] (A5.3) we have the canonical isomorphism of d-graded linear spaces
UBlv] ™) @ L(kAo)™" = L(kAo) (37)

h®u+—h-u
where U(h[v]™) ~ S(h[r]™) is the Fock space of level k for the Heisenberg subalgebra h[v]1, with the
action of ¢ being the multiplication by scalar k. We consider the projection
701 L(kAg) — L(kAg)"t)
given by the direct decomposition

L(kAo) = L(kAo)"™" @ bu] U (B[v]7) - LkAy)"™" (38)

By (25), we have the projective representation of ¢ on the vacuum space L(kAo)f’[”]Jr.
We set

Zna(2) = B (a,2)""ah, (2) EF (a, 2)""
for a quasi-particle of charge n and a root a. It is called the Z-operator. Note that the action

of Z-operators commutes with the action of the Heisenberg algebra h[v]1, on the standard module
L(kAg). More generally, we need to define the Z-operators for quasi-particles of charge-type R’ =

v 2 7 !
(nr,“) o sn1). For x%’z/(zrlu) P ALL) =Ty g (Zrl(l ) Thy o, (21,1) of charge-type R', we define
s ; 1) : :
z —F~ nr(l),l/k E- n1 1/k D
R'(Zn(l)’l,"' ,21,1) = (al72r§1> l) ! (o1, 21,1)™" JUR/(ZTLM P ,21,1)
n /k
+ SN + ni1/k
x B (OL[,ZTZ(Q l) l - K (ozl,zl,l) L1/ . (39)
For convenience, we write this formal Laurent series by
7mry~l(1),l7nrl(1),l —mai—n1a
ZR/(ZT(I)N'“ 72;171): E ZR,(mr(l)l"” 7m171)2 ) CeeZy g .
[} T 0l ’

1
m o1y o m11E€ELZL
) N

Since Z-operators act on the vacuum space and we can express quasi-particle monomials in terms of
Z-operators by reversing (39), we have

TLICA J;R,<Z7’L(1),l’ e, 211 U0 ZR’(ZQ(“,V e+, 211)V0.
Now, Theorem 8 implies
Theorem 9. The set of vectors
enZr (mrl(l),l’ S .M 1)V
such that p € Q and the charge-type R’ and the energy-type (mrl(l),l’ .-+ ,mq 1) satisfy the conditions for

By, is a basis of the vacuum space L(kAO)G[V]+.

The proof is parallel to that of Theorem 3.1 of [3].
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4.2. Parafermionic space and its current. Recall that the map a — e, for a € @Q is extended to
a projective representation of ¢ on L(kAg). This gives a diagonal action p(ka) = e4 ® -+ ® e, of the

sublattice £Q) C @ such that L(k’AO)f’L[V]Jr — L(kAO)Z[:]];. We define the parafermionic space of the
highest weight kA as the space of kQ-coinvariants in the kQ-module L(kAo)h[”]Jr
blv]* blv blv
L(kAo)PE" = L(kAo) ™" fspanc{(p(ka) — 1) -v | a € Q,v € L(kAo)"™"}. (40)
We have the canonical projection
n0 L LkA0) T s L(kAg) I (41)
and denote the composition wggﬁ omhI* L(kAo) — L(kAo),ig]+ by 7. Note that in this case, we have
h 14 + 3 v +
LA = P L(kag)
HEkNA+Q/kQ
For every root 3, we define the parafermionic current of charge n by
U5 (2) = Zap(z)2 oo ke R (42)
where €5 : L(kAg) — C* is given by
egu = C(B,p)u for u € L(kAo),.

Since Z-operators commute with the action of the Heisenberg subalgebra 6[1/} 15, the parafermionic

current preserves the vacuum space L(kAO)G[”]+. The commutation relation (26) can be written as
:cg(z)ea = C(a,B)*leaxg(z)zm’ﬁm”.
From this relation and the one between z* and e, we have

[o(ka), W7 5(2)] = 0.

5 A1t
Therefore, ¥” is well-defined on the parafermionic space L(kAO)ZM . For a quasi-particle of charge-type
R’ = (n ), ,n1,1), we define the parafermionic current of charge-type R’ by
1

—n 1) (@) /k
[ ..

~ —nr(l) L/k
0 - S
‘I/R/(ZT;UJa y21,1) ZR'(ZT§1>J, 721,1)27«1(1)’1

—n1,1(c1)0)/k
214 €a,

coe—ma/k
’ €a, .

Note that the parafermionic current of charge-type R’ also commutes with the diagonal action p(ka) for
a € (). As in the Z-operator, we set

—m —n
1 1% "'l(l)l Tl(l)vl —mi,1—"n1,1
\I/R'(Zrl(l),U"' ,21,1) = Z ’(/)R/(mrlu)’l’..- ’le)Zr(l) . 2y
m (1) ML b
1,
h h .. 1 h th 7, np,i{(@i)(0):1) h
where the summation is over all sequences (mrfl)vl’ e ,m1,1) such that my,; € piZ+ —————— on the

p-weight space L(cho)i[Vrr :

The following lemma associates the coefficients of Z-operators with those of parafermionic currents.

Lemma 10. For a simple root 3, m € %Z and weight p we have
Zp(m) ‘L(k’Ao)fi[”HZ C(B, W)vs(m + (B, )/ k) ‘L(kAo)fl[””

Proof. By applying (42) to the u-weight space L(kAO)Z[V]+, we have

(2) ‘L(k/\o),’i[”“: C(B, 1)~ 25(2)z Prm/F )

bt -
L(kAo) ]

Hence we obtain the statement by taking the coefficient of z=™~(Bw)m)/k=1 O
Next we consider the relations between different parafermionic currents. We have the following lemma

by direct computation. Noting that C(8,8) = 1 for a simple root 8, the proof is parallel to that of
Lemma 3.2 of [3].
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Lemma 11. For a simple root 8 and a positive integer n,

Z,B(Z) = H H -7 Z <V BBk \I/Z’(Zn) Tt \I/Z’(zl) Zp=-=21=2 - (43)
1<p<s<n i=0
We set
t
% —n;(Bi)0)/k 1/k
\Ijl;ltﬁt ----- nlﬂl(zt""’zl) :Z("mn-,nl)(ztv'"azl)Hzi ! @ 6[3{
i=1
for simplicity for a given simple roots B, ..., 1 and charges ni,...,n;. Analogously to Lemma 11, we

obtain the following lemma. The proof is parallel to that of Lemma 3.3 of [3].
Lemma 12. For given simple roots By, ..., 51 and positive integers ng,...,ny,
Ztﬁt,»--,nlﬁl (zty ..y 21)
— H C(Bs, Bp)™ np/k H <"sV BsympBp)/k Ztﬁt(zt) .. \I’Zlﬁl (21). (44)
1<p<s<t
From Theorem 9, we have

Theorem 13. For the highest weight kAq, the set of vectors

+ ~
7725] ZR’ (mrl(l),p e ,m1,1)’U0 = IM/Q/ (mrl(1>,l’ e ,m1,1)1)0
a1+
is a basis of the parafermionic space L(k‘Ao)zg] , where ZR'(mr§1>,l’ ---,mq 1)V 1S a vector that appears

in a basis of the vacuum space L(kAO)G[V]+.

5. PARAFERMIONIC CHARACTER FORMULA
5.1. Grading operator. Since we do not find the coset Virasoro algebra construction [20, §3] for the
twisted vertex operator case, we introduce, by hand, a grading operator for our parafermionic space

L(kAO)}?gH. Define an operator D acting on the space L(k]\o)i’[”]+ as follows.

_ {1 1)

D= _d_ pht Dot )
' L(kAg) BT 2k

Then, for a simple root 8 € L and m € Z, we have
17 <B 0 7ﬁ 0 > 17
[D,z5(m)] = <—m — OO/ )Qk( ) xig(m). (45)

Onwve L(k/\o)(’["ﬁ7 we also have

D.wtm] = (—m = L) i)

We call the coefficient of the right hand side the conformal energy of wg(m) and write
_ (B, Bw)

enpg(m) 2% (46)
Now we compute the conformal energies of @[’Zﬁ (m) and ’L/}Ztﬁty--<7n151 (my,...,mq).
Lemma 14. For a simple root B and charge n, we have
1% TL2<5 0 75(0 >
en 5 (m) = —m — # (47)
Moreover, for simple roots By, --- , 81 and charge ng,...,ny, we have

i—1, o
enwrﬁuﬂmm,mm (mt, A ,ml) = Z (enwziﬁi (mi) - Z <nz(ﬁl)(0)7]€np(ﬁp)(0)>> . (48)

i=1 p=1



14 MASATO OKADO AND RYO TAKENAKA

Proof. Consider the right hand side of (43). This means that 1/1’3 (m) can be expressed by wg (m;) with

i=1,---,n. Note that each term zw(o) B@I/F Leduces the conformal energy by (B(0y: B(oy)/k- Since (43)

contains n(n — 1)/2 such terms and the energy of wﬁ( m) is give by (46), we have

en vl zn: (ml (B(o), 5(o)>> n(n—1) (Bo),bo)

P 2k 2 k
R R CONEO)
2k
where my + - -+ + m,, = m. Now, (48) follows from (44) and the same argument by using the energy of
7 5(m) given by (47). O

Using (23) we can show [D, p(ka)] = 0 for (o € Q). Hence, the grading operator D is well defined on
the parafermionic space L(kAo)zg]+.

5.2. Character formula. We define the character of the parafermionic space L(l{:/\o)igrr by

Al/+ . 1/Jr m..r
hL(kA)IE = ST dim(L(kA)Y Vs @

m,r1,...71 >0

i1+
where (L(kAo)Z[CS] )(m.r1...,m) 15 the weight space spanned by monomial vectors of conformal energy —m
and color-type (r1,...,7; ) (see (30)). Consider an arbitrary quasi-particle monomial

'T’I’)lv‘(l) ey (mrl(l),l) e 'r'lr)u,zocz (ml,l) e xzr(l) e (mr§1>71) t x21,1a1 (mlvl) € B{/V (49)
(L 1

Denote by
R = (o omn), R= (")

=@, r = () = 0) for

by pi” =
i=1,...,1,s=1,...,k — 1, so that pgs) stands for the number of quasi-particles of color ¢ and charge
s in the monomial (49). Set P = (P,...,P1). To emphasize the dependence of k, we also write P*~1,

We consider the parafermionic space basis given in Theorem 13. From (48), the conformal energy of

its charge-type, dual-charge-type. We define P;

geeey

1
n_(1) Qsesn1100 (mrl(l),l’ cee 7m1,1)
s

is equal to

e e r® e

i 1—

17
_Z Zméz—i-z gzpl Z ZW_F 12 nsz(az)(O)knt,J(OZ])(O)>

i=1 = s=1 \ t=1 j=1t=1

l 7“51) (1) r(l)

SE53) UNEED 3) 3 LRI ()

i=1 s=1 i,j=1s=1t=1

where p; is defined in (11). Since
)

k—1
Z Nsi = Z sz(‘S)v
s=1 s=1

(50) is further calculated as

(1)
k—1
st
7227”52* Z Z al (0) Ot])(o)>p§ )pg) (51)
i=1 s=1 i,j=1s,t=1

To calculate the character of the parafermionic space, we use the corresponding result of the principal
subspace.
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Theorem 15. ([4, Theorem 6.1]) For each of the affine Lie algebras Ag)_l, Dl(i)l, EéQ), Df), we have

(s)

L k
s=15P;
H Y;
=1

35 (@) s(e5) () TF oy min{s,t}p{Tp{")
ch W (kAo) = ) : I z )
0] [Ti-1 Hs=1(qm)p§s>

where the sum runs over all sequences P) of Ik nonnegative integers.

Note that in this formula, we use the index set P*) rather than P*~1) since the basis vectors contain
quasi-particles of charge k by Theorem 4. Now we can obtain the character of the parafermionic space

v +
Lk

Theorem 16. For each of the affine Lie algebras Agll, Dl(i)l, Eéz), Df), we have

b+ q% Zi,j:1<((17‘,)(0)7((1j)(0)> ﬁ?il Dg’ft)PES)P;t) ! =1 (o)
— s=1 7
ChL(kAO)kQ = § : 1 k=1 . Ilyl
Plk—1) Hz’:l Hs:l (q 1)p55) i=1

where the sum runs over all sequences P*~1 of l(k — 1) nonnegative integers and

Dgfﬂt) = min{s,t} — %
Proof. Comparing Theorems 4 and 15, one can readily calculate the generating function with weight
given by the first term of (51) as
PERFEY(COHIGHCHITHD Dt min{s,t}p{”pl" 1 STR=1
p;n ITizs T2 (7)o 11;[1 " .

Taking the conformal shift, namely the second term of (51), into account, we obtain the desired formula.
O

Remark 17. We compare this result with [14, Conjecture 5.3]. First, note that due to the difference of
the normalization of the bilinear form (,) on the root lattice @, ¢ in this paper should be replaced with
q" to compare with [14]. Recalling rp; = t and removing the factor corresponding to the Heisenberg
subalgebra G[V]%Z, we see that the above formula is consistent with Conjecture 5.3 in [14].
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