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ABSTRACT. From a quantum K-matrix of the fundamental representation, we construct one for the
Kirillov-Reshetikhin module by fusion construction. Using the crystal theory by the last author, we
also obtain combinatorial K-matrices corresponding to the symmetric tensor representations of affine
type A for all quasi-split Satake diagrams.

1. INTRODUCTION

A quantum symmetric pair, is a pair (U, U") of a quantized enveloping algebra U and its coideal
subalgebra U*. The U" itself is referred to as an iquantum group. It is defined once we are given a
Satake diagram (in the sense of [20, Definition 2.7]) of symmetrizable Kac-Moody type. Consider the
Dynkin diagram of a symmetrizable Kac-Moody Lie algebra and let I be the set of its nodes. A Satake
diagram is a triple (I, I, 7), where I, C I is a subdiagram of finite type and 7 is a diagram automorphism
of order at most 2 satisfying certain conditions. From a Satake diagram of finite type (i.e., the Dynkin
diagram I is of finite type), Letzter constructed a right coideal subalgebra U* depending on parameters
[17]. Later, Kolb generalized her method to a wider class including arbitrary symmetrizable Kac-Moody
types [14]. Recently, new developments have been made. Universal K-matrix was obtained in [2] (see also
[1]), and the theory of canonical bases for symmetric pairs, also known as icanonical bases, was initiated
in [2] and developed in [3, 4].

Let us go back to the usual quantum groups. We consider a quantum group U associated to an affine
Lie algebra. It is known [9, 8, 19] that there exists a distinguished family of finite-dimensional U-module,
called Kirillov-Reshetikhin modules, that have crystal bases in the sense of Kashiwara [11]. For such
Kirillov-Reshetikhin crystals, a combinatorial version of the Yang-Baxter equation is satisfied by the
combinatorial R-matrix, and it is applied to the analysis of box-ball systems, a kind of discrete integrable
dynamical systems [7, 10]. We can also consider a box-ball system with boundary [15]. In that case,
together with the Yang-Baxter equation, a combinatorial version of the reflection equation is also needed
for integrability. It should be satisfied by the crystal limit of a quantum K-matrix. However, we cannot
take such crystal limit directly from the universal K-matrix. In the case of the quantum R-matrix, the
combinatorial R-matrix was determined by using the crystal theory. Very recently, the theory of :crystal
bases was initiated by the last author in [22], although it is restricted to quasi-split types I, = . We
would like to apply it to determine combinatorial K-matrices for Kirillov-Reshetikhin crystals that satisfy
the combinatorial reflection equation.

In this paper, we construct a quantum K-matrix for arbitrary Kirillov-Reshetikhin modules from that
of fundamental representations. This method is well known as fusion construction. However, we could
only find [5] for the case related to the quantum K-matrix, although it is not easy to see how their
construction and ours are related. So we decided to explain it in rather detail in this paper. We then use
the theory of scrystals in [22] and obtain explicitly combinatorial K-matrices of the Kirillov-Reshetikhin
crystals associated to the first fundamental representation, or symmetric tensor representations of arbi-
trary level, for all Satake diagrams of quasi-split type based on the Dynkin diagram of affine type A.
Satake diagrams of affine type are classified in [20, Table 16]. According to it, all quasi-split types are
A1, A.3 with no e and A.4. To be more precise, we also exclude A.3c to restrict our cases when 7(0) = 0
where 0 is the affine node. All the combinatorial K-matrices in this paper are new, although the A.1
case was also treated in [16]. This is due to the fact that the choices of parameters appearing in U* are
different. The parameters in this paper are chosen in a way such that the theory of scrystal is applicable,
and the crystal graph of the Kirillov-Reshetikhin crystals under consideration are connected.

Throughout the paper, we use the following notations: x(st) = 1 (st is true), = 0 (st is false). For an
integer m, we set (m)4 = max(m,0),0(m) = x(m is odd).
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2. KIRILLOV-RESHETIKHIN MODULES AND FUSION CONSTRUCTION OF QUANTUM K-MATRICES

2.1. Quantum group. We recall the definition of the quantum group associated with a symmetrizable
generalized Cartan matrix A = (a;;); jer. There exists a diagonal matrix D = diag(d;);er such that DA
is symmetric. We take d;’s to be pairwise coprime positive integers. Let {«; | i € I} and {h; | i € I} be
the sets of simple roots and simple coroots. Then we have (h;, o;) = a;; for i,j € I. The quantum group
U associated to A is defined to be an associative algebra over C(q) generated by Ei,Fi,Kiil (i €1
subject to the relations

N s K, — K
Kin = KjKi7 KZEJ = q?”EjKi, Kle = qi a”FjKi, EZF] — F]EZ = 5ij7f1,
qi — 4q;
1—a;; 1—ai;
S CWEVEETT = 3 (<) FORFT T =0 i
r=0 r=0
for i, j € I, where ¢; = q%, [m]; = q?:;]f:? [l =TI, [k, BX™ = Em/[m);), F'™ = F™/[m];!. U has
the structure of a Hopf algebra with c;product

This coproduct is sometimes denoted by Ay (see [11] for instance).

2.2. 1Quantum group. We introduce an quantum group U’. To do this, we first recall a Satake
diagram in the sense of [20, Definition 2.7]. A Satake diagram is a pair of a Dynkin diagram whose
vertices are painted white or black and an involutive permutation 7 on it satisfying a,(;)-(;) = ai; for
all i,j € I. Tt is represented by a triple (I, I,,7) where I,(C I) is the set of black vertices. We also set
I, = I'\ I,. Let w, be the longest element of the Weyl group W, associated to I, and p; the half sum of
the positive coroots of I,. Then (I, I,,7) should satisfy

we () = —ar(yy fori € I, (2)
(pl,c;) € Z fori € I, such that 7(i) = i. (3)
Next we recall Lusztig’s braid group action 7; = T} on U ([18, 37.1.3]). It is defined by

T(E —-FK; if ¢ =Js
D2 S (O EOBED i,
T ~K;'E; ifi=j,
i ]) B Zr+s:faij(‘Urﬂ}fFi(s)FjFi(r) ifi# j,

Set
Ty, =T, - T;
when we = 4, - -+ 5;, is a reduced expression.
To define a generator B;, we introduce two sets of parameters (;)icr, € (C(q)*)%, (ki)icr, € C(q)'°.
Gi should satisfy ¢; = ¢, (;) for i € I,. We set

B, = F; + §iTw. (ET(i))Ki_l + IiiKi_l. (4)

l

The 1quantum group U* defined as a subalgebra of U generated by U(I,) and {B;, K,-KT_é)}iE 1,, Where
U(I,) is a usual quantized enveloping algebra associated to I,. U® is a right coideal with respect to the

coproduct given in the previous subsection.

2.3. Kirillov-Reshetikhin modules. In this subsection, we assume A is of affine type and 0 € I to be
the affine node. Let {A; | i € I} be the set of fundamental weights and set P = @,.; ZA; ® Z6 where
0 is the standard null root. Since we are interested in finite-dimensional U-modules, our weight lattice
to consider should be P, = P/Z4. For a finite-dimensional U-module U, let U,g denote the U-module
C(q)[z,27'] ® U with the actions of E; and F; by 2% @ E; and z7%0 @ F;. For z € C(q), we define the
U-module U(x) by Uag/(z — x)U,g. For finite-dimensional modules U,V and z,y € C(g), we introduce
the quantum R-matrix Ry v (z,y) : U(zx) ® V(y) — V(y) ® U(z) as a U-linear operator. If U(z) @ V(y)



KIRILLOV-RESHETIKHIN MODULES AND QUANTUM K-MATRICES 3

is irreducible, Ry, v (z,y) is an isomorphism and is determined up to scalar multiple. But it happens for
some special elements z,y of C(q) that Ry v(x,y) is not an isomorphism. Quantum R-matrices satisfy
the Yang-Baxter equation.

Ry,w(y, 2)Ruw(x,2)Ruv (x,y) = Ruv(x,y)Ruw(x, 2) Ry,w (y, 2). (5)

We next explain Kirillov-Reshetikhin modules, KR modules for short, following [19, §3]. Set I =
I\ {0}. For r € Iy, we define w, = A, — (h,,c)Ag and call it a level 0 fundamental weight. Here c is the
canonical central element. In [13], a finite-dimensional U-module W (w, ) is constructed as a quotient of
the extremal weight module V (w,). It is called a (level 0) fundamental module. Let W be a fundamental
module. From W, we can construct a KR module Wy (s € Z~) by fusion construction. For s > 2, let
G, denote the group of permutations on s letters generated by o; = (i i + 1) for 1 <i < s — 1. We have
U-linear maps

Ry(z1,...,2s) : W(21) ® - @ W(25) — W(Zop(1)) @ -+ - @ W(Za(s))s (6)
for w € &, and x4, ...,zs € C(q) satisfying
Ri(z1,...,25) = ldwa)e-oWwz.)

Ry (x1,...,25) = (®j<ildw(a,)) @ R(i, wit1) @ ()5 i1idyw(a;)) »
wa’ (x17 B 375) = Rw’ (xw(l)v ey xw(s))Rw(ajh cee 7-7;5)’

for w,w’ € &, with f(ww') = ¢(w) +£(w’) where ¢(w) denotes the length of w and R(z,y) = Rww(x,y).
To construct a KR module W for s > 2, we need to set z; = ¢4 (¢=21+1) = ¢5=21+1 where d, is determined
in the beginning of §2.1. In particular, d,. = 1 for all r € I for untwisted ADE cases. Hence we have a
U-linear map Ry = Ry, (1,...,Ts):

Ry W@ ®...@aW(@™) — W@ @ ... W(g™).
Here oy is the longest element in G5. Now we define a KR module corresponding to W and s by
W, = Im R,. (7)

For a KR module W; corresponding to @, (r € Iy), we also define the dual KR module WY as follows.
Let W be the affine Weyl group and Wy its subgroup generated by {s; | ¢ € Iy} where s; stands for the
simple reflection for «;. Both act on FP,. Let wy be the longest element of Wy. For r € Iy, we define
rY € Iy by —wow, = w,v. From this fixed ¥, we set WY = W (w,v). WY is constructed similarly from
WY by the fusion construction.

2.4. Quantum R-matrix. Fusion construction is used not only for defining KR modules but also for
giving a quantum R-matrix for two KR modules. For two KR modules W,, W.,, define a linear map
Ry, wr, (z,y) from

Wi(@) @ Wi (y) € (g} *0) @ ... @ W(gi2)) @ W (g " y) ® ... W (g2 'y)) (8)
by
RWS,W;, <x7 y) = (Rs,erl T R273R1,2) e (Rs+s’72,s+s’71 ce Rs,s+1Rsfl,s)(Rs+s’71,s+s’ T Rs+1,s+2Rs,s+1>7

where R; ;11 stands for the quantum R-matrix acting only on the i-th and ¢ + 1-th components of the
right hand side of (8). Hence, it maps to

W(g "y ®... @ W (g 'y) ® Wig"2)®...@ W(g'z)),
namely, it interchanges W(g!~*z) ® ... ® W(¢2 " ) and W’ (g} * N®...® W’(qﬁ/_l ).

Proposition 1. (i) The image of Ry, w, (z,y) belongs to WL, (y) @ Ws(x).
(ii) They satisfy the Yang-Bazter equation:

Ry, wr, (4, 2) By, wr, (2, 2) Ry, ow (2, y) = Rw, o, (@, y) By, o, (2, 2) Ryyr, s, (3, 2).
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Proof. To prove (i), we slightly generalize the construction of R, (z1,...,2s) in (6). This time, for two
fundamental modules W, W’ and 1, ...,2s,91,...,ys € C(q), we consider the U-linear map

R oo (@1 @541,y ) W (@1) @ - @ W () @ W () © - @ Wi (ys)
—W(ys) @ @W () @ W(as) ® - @ W(a1).

Here USSJFS/) is the longest element of G, 4. Let 0(()8) (resp. 0'(()8/)) be the longest element of the subgroup
S, of the former s letters {1,...,s} (resp. Sy of the latter s’ letters {s+1,...,s+ s'}) of S41s. Then

0'(()8) and 0'(()5/) commute with each other. Let 6(()5) (resp. 6(()8/)) again be the longest element of &, but

of the latter s letters {s' + 1,...,s+ s’} (resp. of the former s letters {1,...,s'}). 65" and Erésl) also
commute with each other. Set

_ 1 e s s+1 -+ s+
T\ s 41 o s+s 1 e s '
Then we have Ta(()s/)a(()s) = 6(()8,)685)7 = U(()SJFS/). The corresponding relation for the quantum R-matrices

R,,’s verifies the assertion.
(ii) is shown by successive uses of the Yang-Baxter equations among quantum R-matrices Ry,
Rw . wr, Ry i with various parameters. O

2.5. Quantum K-matrix. Quantum K-matrix is a solution to the reflection equation. Let W be a
fundamental module. Following [20], we consider two cases: Untwisted case

Kw(a) : W(z) = W(z™), (9)
and twisted case
Kyy(x) : W(z) — WY (™). (10)
To deal with two cases together, we introduce symbols * = (J,V, so that one can write uniformly as
Kw(z) : W(x) — W*(z~1). Under this notation, for two fundamental modules W, W', the reflection
equation reads as
Ry e (y ™ 2™ Ko (y) R wr (271, y) K () = Kw () Ry w(y ™ @) Kwr () Ry (2,y) - (11)

as a map from W(z) @ W (y) to W*(x™1) @ W*(y~1).
We define a quantum K-matrix for the KR module W, by composing the ones and the quantum R
matrices for fundamental modules by

Ky, (z) —K® (z)-- K® (x)K(l) (z),
K9 (z) =K1 (g, "7 2) Ry 5 (25307 g P2 ) RS 4 (g2~ P2t g ot ) -

* s—1_—1 —s+2j—1
jfl,j(QT T 4, ).

Here Rj; (w,y) is the quantum R-matrix R}y, (7,y) acting on the i-th and i + 1-th components.
Ky, () is a map from W(g} ~*z) @ - - @ W(¢Z 1z) to W*(¢t Sz 1) @ - @ W* (g2~ tx™1). We can also
write inductively as

Ky, (z) = Kl(Qf_lx)Riz(qr_ergiU_l’ Qi_lw)Ré,s(qr_s%x_l?Qi_lx) e

R (g e g ) (B, (g ) 1) (12)

Proposition 2. (i) The image of Ky, (z) belongs to Wi(z™1).
(ii) The quantum K-matrices satisfy the reflection equation:

Ryyrs oz (v~ 2™ Koy, () Bz owr, (270 ) K, (2) = Kw, (2) By, (v~ @) Kowr, () Ry, o, (2, 9).-

Proof. To prove (i), we note that Ky, (r)Rs = RsKyy, () holds, where Ky, (z) is defined by replacing g,
with ¢, ! in Ky, (x). It can be proven by successive uses of the Yang-Baxter equation and the reflection
equation (11). (ii) is also shown by successive uses of (11). O
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W*(g; 2™ t)

FIGURE 1. Graphical representation for Ky, (z)

3. CRYSTALS AND 2CRYSTALS

3.1. Crystals. A crystal is a set B equipped with maps E;, F; : B — B U {0} for i € I, where 0 is a

formal symbol. By depicting b — b when F;b = v for b,0" € B, B becomes a colored oriented graph

called crystal graph. We set €;(b) = max{m > 0 | E"b # 0}, p;(b) = max{m > 0| E/*b # 0} for b € B.
Let B and B’ be crystals. Then B ® B’ also has the structure of crystal by

€i(b1 ® b2) = €i(b2) + (gi(b1) — pi(b2))+,
pi(b1 @ ba) = @i(b1) + (pi(b2) — €i(b1))+,

= B Eiby @by if £i(b1) > @i(b2),
Ei(b1 ® b)) = { by @ E;bs if £(b1) < i(ba),
= B Fiby @ by if £;(b1) > @i(b2),
Fi(by ® by) = { by @ Fiby if £;(b1) < pi(b2).

It is called the tensor product of crystals, though it is the Cartesian product of two sets. Note that this
convention is opposite to [11].

The notion of crystal was abstracted from that of crystal basis. We again use a different convention
from [11], namely, we replace q with ¢~'. Set A = {f(q) € C(q) | f(q) has no pole at ¢ = oo} and
let M be a U-module. Then a crystal basis of M is a pair (L,B) of a A-lattice £ and a C-basis B of
ﬁ/ ¢~ L. Moreover, operators F;, F; have concrete meanings on M and we have E;L C L, F;,L C L, so
E;B c BU{0}, ;B c BU{0} where 0 € M.

It is known that a KR module W; introduced in section 2.3 has a crystal basis when our Cartan
matrix A is of nonexceptional affine type [19]. We call it a KR crystal and denote it by Bs;. We
remark that because of the convention of crystal basis with ¢ replaced by ¢!, our tensor product rule
of crystals is consistent with our coproduct (1). Let Bs a KR crystal. One can consider its affinization
By(z) = {b®@z% | b e Bs,d € Z}. We often write 2% instead of b ® z¢. Crystal operators E;, F; act
on By(x) as E;(z%) = x50 Eb, Fy(x%) = x? %0 F;b. Let B,, B, be KR crystals. Then, there exists
an isomorphism of crystals Rp, g, : Bs(x) @ By/(y) — By/(y) ® Bs(x), namely, a map that commutes
with the action of crystal operators By taking a suitable limit of ¢, ¢ — oo in our case, we obtain a
set-theoretical Yang-Baxter equation

Rp, 5, (Y,2)Re, 5, (x,2)RB, 5, (x,y) = Ra, 5, (2, y)Rs, 8, (¥, 2)Re, 5, (Y, 2).
s S s S S s s s

from (5).
For a crystal B there is a notion of its dual crystal BY [12]. It is defined by BY = {b¥ | b € B} with

EbY = (Fb)Y,  FbY = (Eb)V. (13)
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Although it is not written in the literature except in simpler cases, the dual crystal of the KR crystal B
is given by the KR crystal of the KR module WY introduced in section 2.3. We will see examples in type
A in section 5.

3.2. 1Crystals. In this subsection, we briefly recall the notion of «crystals, which is an analogous notion
to crystal for the :quantum group. It was introduced in [22] under the following assumptions:

(A1) I, = 0.
(A2) a; ;) €{2,0,—1} for all i € 1.
(A3) If a; ;s = 2, then ¢; = ¢ ' and k; = q;:q;:l for some s; € Z.
A4) If a; ;;y =0, then ¢; =1 and k; = 0. '
(%)
(A5) If a; ;3 = —1, then ¢; = ¢;*, GiSr(s) = ¢, and k; = 0 for some s; € Z.

Therefore, we always keep this assumption whenever we consider ucrystals.
An crystal is a set B equipped with structure maps wt*, 5;, and B; for i € I. As a special case of [22,
Corollary 5.2.2], we obtain the following.

Proposition 3. Let B be a KR crystal. Then, it has an wcrystal structure as follows: Let b € B and
1€l

o wt'(b) = wt(b), where X denote the image of A € Py in P!, := Py/{\+7(\) | A € Py}

o Ifaj ) =2, then

gi(b) +1 if |si| < @i(b) and s; — p;(b) is odd,
Bi(b) = q Isil = (ha, wt(b))  if [si] > i(b),
;(b) if |si] < wi(b) and s; — pi(b) is even,
Fb if 1si] < wi(b) and s; — p;(b) is odd,
Bib= < sgn(si)b  if |si| > @i(b),
Eb if |si| < wi(b) and s; — p;(b) is even,

where sgn(n) denotes the sign of n € Z \ {0}.
o Ifaj ) =0, then
Bi(b) = max(i(b), @7 (i) (b)) — (hr(iy, wt(b)),
B {J@b if i(0) > (i) (),
Erpb  if 9i(b) < wr0y(b).
o Ifaj ) = —1, then
Bi(b) = max(0i(b), r (i) (b) + si) — si = (hr(ay, Wt(b)).
— When i(b) > ¢,3)(b) + s,
Bib— {\}iﬁ‘zb if 0i(b) = @r(i)(b) + si +1 and saT(i)(Fib) = @) (b) + 1,

Fib otherwise.

~ %Ez—(i)b ] if 9i(b) = 75y (b) + si and i (E-(yb) = vi(b),
Bib = S5 (Er@pb+ Fib)  if ¢i(b) = 07y (b) + 8i > (=5:(5))+ and i(E-(yb) = ¢i(b) — 1,
ET(i)b otherwise.

4. EXISTENCE OF THE COMBINATORIAL K-MATRIX

In this section, we define the notion of combinatorial K-matrix in a similar way to that of combina-
torial R-matrix. Then, we show that each combinatorial K-matrix satisfies the set-theoretical reflection
equation. After that, we give an interpretation of the combinatorial K-matrix from a viewpoint of
icrystals.
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4.1. Definition. Let W; be a KR module, z a formal spectral parameter, and Kw_(x) : Ws(z) —
Wi (2~1) the quantum K-matrix. Recall that x = (), V depending on the Satake diagram we consider.
Let (Ls,Bs) denote the crystal basis of W,. Set L,(z) := L; ®c C(x) and By(z) := {b@x? | b €
Bs, d € Z}. We often write zb instead of b ® z?. As seen in section 2.5, matrix coefficients of our
quantum K-matrix Kyy_(z) are rational functions in ¢, z. Hence, by multiplying a suitable power of g,
one can normalize it in a way such that Ky, (z)(Ls(z)) C Li(z~1) and the induced C(z)-linear map
Ky, () : Lo(x)/q Ls(x) — Li(x1) /g Li(z™1) is not zero. Set Kp,(z) = Kw, (¢)|p,x)- If Kz, (z)
gives rise to a bijection By(x) — Bi(x~1), then we call it a combinatorial K-matriz on Bs.

Lemma 4. If a combinatorial K-matriz exists, then it is unique up to multiplication of x@ for some
deZ.

Proof. Let K1, Ko be normalizations of Kyy, which give rise to combinatorial K-matrices K1, Co. Then,
there exists a unique f € CJg~](x) N C(q,z) such that Ky = fK;. Hence, we have

Ko = foky, (14)

where fo € C(z) denotes the constant term of f. In order to prove the assertion, we need to show that
fo = x¢ for some d € 7Z.
Let b € B,. Then, we have K1 (b), K2(b) € BX(z~1). On the other hand, by equation (14), we have

K2 (b) = fok1(b).
Since B is a basis of the C-vector space L(W?)/q~1L(W?), the fact that both K1(b) and fo/kCq(b) belong
to B¥(z~!) implies that fy = 2% for some d € Z. Thus, the proof completes. O

4.2. Set-theoretical reflection equation. Let W;, W., be KR modules, and B, B., their crystal bases.
Assume that the combinatorial K-matrices Kp_ (), Kp:, (y) exist.

Proposition 5. The combinatorial K-matrices Kp,(x) and Kp,(y) satisfy the set-theoretical reflection
equation

Rersi: (e s, (V) Re: 5, (a7, y)Ks, () = Kp, (@)Rers 5, (v 2)Ks, (y)Re, 5, (2,y).  (15)
Proof. The assertion is clear from Proposition 2. O

4.3. 1Crystal theoretical viewpoint. Let W, be a KR module and B; its crystal basis. Assume that
the combinatorial K-matrix K, (x) exists.

Proposition 6. The combinatorial K-matriz is an isomorphism of wcrystals.
Proof. Immediate from the definitions. O

By Propositions 5 and 6, we see that when finding the combinatorial K-matrix, it would be meaningful
to find an scrystal isomorphism from B (z) to B (x~!). Indeed, as we will see below, in some cases, we can
obtain the combinatorial K-matrix explicitly in this way without knowing the quantum K-matrix. This
can be seen as a natural generalization of the fact that the combinatorial R-matrix can be constructed
from the tensor product of two KR crystals, without knowing the quantum R-matrix. This fact suggests
that there is a general theory which ensures the existence of combinatorial K-matrix by means of scrystals.

5. TYPE A CASE

In this section, we consider the quantum affine algebra of type A;l_)l with n > 3, the simplest family of
KR modules W and its dual W', and investigate quantum/combinatorial K-matrices for all quasi-split

cases.

5.1. The simplest KR modules and their R-matrices. The fundamental module W associated to
the first level 0 fundamental weight w; is the vector representation W = @, C(q)v;. Since —wyw =
@n—1, its dual representation WY = @', C(¢)vy’ has a highest weight w,,_1. The actions of Chevalley
generators on W and WV are given as follows.

Eivj = 0iy1jvi,  Fivj = Sivip1,  Kivy = ¢"9 7% o0,

Y =5 .V Y s Y oV =0+, V
Eiv; = 04051 1, Fv; = 0i41,59; , K] = q 9T iy
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In this section, indices i,j like in the above should be considered in Z/nZ. The crystal basis of W is
B = {b1,bs,...,b,} and its crystal graph is given as follows:

1 2 n—1

by ba bn

‘\_’//

0

The crystal basis of WY is BY := {by,by,..., b} and its crystal graph is obtained from that of B by
reversing the arrows:

bY 1 by 2 .t bY
0

The quantum R-matrices among W and WV are given as follows [6].

—Z
RWW SU Z/ % % l<J)En®E‘” +Zq ZEij@Eji7
2753 i#] e
i—j—1 n\x(<j) ¢" — ¢ % (—q)"z
RWV’W(mvy) = Z(_q> / ((_Q) Z)X J Eij ® Eij + Z 1= q2 Eij &® Eﬂ,
7] i,
—Z
va Wv z y ZE11®EZZ+Z ZX(1>])EZZ®EJJ +Zq q ZEij ®Ejz
i#j i#j

Here z = z/y and Ej; is the linear operator such that E;;v7 = v;" when it belongs to Hom(W*, W*')
(%, % =0, V).

Next we describe W, obtained from W by fusion construction. The linear space W®* has a standard
basis {v; | i € {1,...,n}*}. Here, for i = (i1,...,15), we set v; = v;; ® --- @ v;,. Define the weight of i
wt(i) by @ = (v, ..., o) where ; is the number of ¢’s in i. For v € {(avq,..., ) | o > 0,0 | a; = s},
define

> Wy, () =#{p,0) | 1 <p < g <nyip > g}

wt(vi)=a

Then {v, | & > 0,27 | a; = s} turns out a basis of the KR module Wj defined in (7). The actions of
Chevalley generators are given by

Eivg = [ai + 1}1}Oé+e1:—ei+1a Fv, = [O‘i—i-l + 1]Ua—e,-+ei+1, Kiv, = g%~ %41y,

Here e; is the standard basis vector and subscripts of « should be considered modulo n. If a contains a
negative integer upon application, then v, should be considered as 0.
Similarly, one can realize a basis of WY/ as a linear combination of v = v} ® --- ®@ v} € WV®*. Set

SOy, 70 =#{(p,q) | 1<p < g <nyip <ig)
wt(i)=a
{vd ] a; > 0,51 a; = s} turns out a basis of WY. The actions of Chevalley generators are given by
Eiv(\; = [O‘i+1 + 1}1}(\1/—e,-+e7;+1’ Fiv [al + 1] Votei—eiy1? Kiv(\; = qiaiJraHlU;c/'

We also review the piece-wise linear formulas for the combinatorial R-matrices. See e.g. [15], but note
that the tensor product rule in this paper is opposite to it.

R, 5,0 (@,9) (% @ y°bg) = y* @Dy, @ 21>y,

Bl =Bi+Qila, ) — Qi_1(a, B), o} =i+ Qir(e,B) — Qi(, B),
Ry 5, (1, y) (@b @ ybg) = y+ @Dy, @ pd=(Apy,

Bi = Bi + Pi(a, B) — Piea(e, B), o = a; + Pya, B) — Pima(a, B),
RBy,B:, (x, y)(ﬂcdbg ® yebg) = ye+Q°(ﬁ‘a)bg/ ® xd_QO(ﬁ’“)bxl

Bi=Bi+Qi—1(B,a) = Qi(B,a), ai=a;+ Qi(a,B) — Qi—1(a, B),
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where @Q;, P; are given by

Qi(o, B) = 1I<I}cl£n Z Qitj + Zﬁzﬂ Pi(a, 8) = min(aiy1, Bit1).

Jj=k+1

Let £ (x € {0,V}) denote the crystal lattice of W spanned by v,’s. Set b% := v, + ¢ 'L%. Then,
B .= {b%} forms the crystal basis. We write « instead of b, if no confusion can occur. We summarize
the crystal and wcrystal structure below. Note that for the parameters s; in (A3) in section 3.2, we set
s; = 0. The crystal structure of Bs(x) = {2, | d € Z, b, € B,} is as follows:

(hi, wt(z%a)) = a; — g1,
£i(2%y) = avit1,
‘Pi(xdba) = Qy,
Bi(2%by) = at+oiop
Fi(2%q) = 2% %00

ate;—e;t1s
a—e;t+e;t1-

Then, the scrystal structure of Bs(x) is described as follows (below, a; ;) = —1 occurs only when
n=2n'+1 for some n’ € Zsp and i =n’,n’ + 1):

e When ai’.,—(i) = 2.
Bi(z%a) = i1 + 0(cvi),
~ —1)0(«i)
Bi(xdba) = der( D ba+(71)9(ai)(eiiei+l).

e When a; ;) = 0.

ﬂi(fﬂdba) = {ai - aT(i) + aT(i)Jrl if oy > O‘T(i),

Qr(i)+1 if a; < azgy,
d—6; :
" d € Z’obafei+ei+1 if Q; > a‘l’(i)?
Bl(.’ﬂ ba) = A+ o .
T D0bate, iy —espn I X5 S ary)-

e When ai7T(i) = —1.

Bi(x%by) = {ai —Qr() ()41 — S0, i > o) s

. )
Qr(i)+1 if o; < Olr(3) 1 Sis
1 ,..d 3 —
ﬁx baien"i’enurl if Q' = Op’41 + S+ 17
d .
~ d x ba_e7L,+e”,+1 if Ayt > Q41 + S + ]_7
Bn(2%0) = 1 4 _ ’
Wokd ba+en’+1*en’+2 if oy = a1 + S,
d .
x ba+en/+1—en/+2 if Qp < Qprq1 + Sy
d .
z ba_en’+1+en’+2 if a1 > apr + Sprya,
5, d 1 ..d : —
Bn’+1($ ba) = ﬁm (baJren/fen/Jrl + bafenurlJren/JrQ) if Qp/y1 = Qp/ + Sprq1 > (_sn’)+7
d .
%ate, —e, otherwise.

Also, the crystal and scrystal structure of BY (v71) = {29 | b, € By} is as follows (below, we will not
consider BY (z~!) when we have a; ;) = —1 for some 1):

<hi,Wt( de)> = —q; + Qit1,
( dbv) - aia

ei(zb)) = @iy,

1(39de) = d 61 Obx e;+e;41’

Fy(z%)) = a®t0op)

ate;—e;t1”
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e When a; .;) = 2.
Bi(xbY) = ci + 0(cvir1),
~ d d—(—1)0(@it1)
Bi(x b;/) — 24D b;/—(—l)“o%l)(ei—ei“)'

e When a; ;) = 0.

@(Idb(z) _ {OliJrl + i) — Qry41 i Qip1 > a4,

Qr (i) if aip1 < argysr,
d-‘réi,g Vv 3 . .
Bi(xdb\/) _ x ba+ei_ei+1 if a1 > Qr(i)+1>
« xdiéT(i)'Ub(\;_e . . lf (e 78] < Qs 1-
r()Fer(i)+1 = Ar()+

5.2. Type A.1. We consider the iquantum group U* of type A.1. In this case, 7 is the identity. We take
parameters ¢;, k; in (4) as ¢; = ¢~ %, k; = 0 for any 4. The scrystal graph of B is given as follows:

1 2 n—2 n—1

by ba aE bn—1

1 2 n—2

Here b; = v; + ¢~ L. This type is twisted (10), and the quantum K-matrix for W is given by

KW(x) = Z Ent1-jj,
J

which is a U'-linear map from W(z) to WY (xz~1).
Let s > 1, and consider KR crystals B,(z) = {z%,} and BY (x~1) = {z9Y}. We shall define a map

K:Bs(z) = BY(z7Y), a%y — zdH(@pY, (16)
where
—o|®| ., _
I(Oz)—Q\‘2J = Q1 9(041),
o =(a,...,al), o =ai1+0(c;) = 0(isr).

Below, we shall show that the map K is the combinatorial K-matrix. First of all, let us observe that
K is a bijection. Actually, the assignment

xdbx —> I’d+'](a) ba//7
where
J(a) = —an + 0(ay,),
a;/ =1+ H(Ozi) — 9(0&1',1),

gives rise to the inverse map.
Next, let us fix a normalized K-matrix as follows. It is easy to see that

{a] Bi(ba) = s} = {e1 + (s — 1)es, ses},

and . .
Blbe1+(s—1)e2 = bseg; Blbseg - be1+(s—1)e2~
Then, by [22, Section 4.1], there exists a unique u € L, such that

U+ qil‘cs = be1+(s—1)e2 + bseg
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and that
{w € W, | Byw = [sjjw} = C(q)u.

Similarly, there exists a unique u" € LY such that
u’ + q*IEZ = 172/3—1)el-|-e2 + b;/elv
and that
{we W) | Byw = [sjiw} = C(q)u".
The above observation enables us to normalize the quantum K-matrix Ky, () as
Ky, (z)(u) = u".
Lemma 7. The rcrystal By(z) is connected. Consequently, we have Ky, (x)(Ls(x)) C LY (x71).

Proof. By [21, Theorems 3.3.6 and 4.3.1], each b, is connected t0 by a1 e, | (5o 21 |)e,- Also, when
aq > 2, we have

Bléobzt%J =b

e1+(s—2| L |)ex — Y(2| | -2)er+(s—2| G |+1)eaten

Since the right-hand side is connected to b(2L oY so is a.. Therefore, « is connected
2

—2)e1+(s—2| - |+2)ex’
t0 bge,. This proves the assertion. O

By Lemma 7, the quantum K-matrix Ky, («) induces a C-linear map
Ry, (2) : Lo(x) /g7 Lo(w) = LI (@71 /g7 L (z7).
As before, we set Kp, (x) := Kw, ()5, (2)-
Lemma 8. Let « = e; + (s — 1)es. Then, we have
Ks. (2)(ba) = K(ba)
Proof. Since
nge1+(s—1)e2 = be, 4 (s—1)es> Bobse, =0,
we see that
B3u+q Lo = be, 1 (s—1)es = ba-

Similarly, we have

- bY if s is odd,
Biu' +q 'L = bf,el F s
(s 1)erte, If 818 even.

= K(by)
Since we normalized the quantum K-matrix as Ky, (z)(u) = u", we obtain
Ks,(2)(ba) = K, (2)(Bf (u+ ¢~ Ly(2)))
= Bi(u" +q¢ 'L (z7))
= K(ba),
as desired. This proves the assertion. O
Lemma 9. Let 2%, € B,(z), and write K(x%,) = x'bY,. Then, for each i € I, we have
0(c) = 0(av;).

Proof. Noting that n — 6(n) is even for all n € Z, we see that the parity of o = ;11 + 0(a;) — 0(it1)
coincides with that of 6(«;). Hence, the assertion follows. O

Proposition 10. The map K given in (16) is the combinatorial K-matriz.
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Proof. We only need to show that
K(z%,) = Kg, (2)(2%,)
for all 2%, € B,(x). To this end, by Lemmas 7 and 8, it suffices to prove that the map X commutes

with B; for all i € I. Below, we often use Lemma 9 without stating explicitly at each time.
Let i € I, 2%b, € B,(x), and write K(2%,,) = wd/bx,. We see that

~ ’ ’_ 6(ay )61
Bi(.’I}d b;/ ) d (-1) +1 sz 7(*1)6(ai+1)(ei*ei+1). (17)
Setting o/ := o/ — (—1)%(®+1)(e; — e;11), we have for each j € I,
of — (—1)f(ai) if j =1,
of = Qo+ (=)0 =it 1,
o otherwise,
i1 + (i) = aipr) — (=1)%) if j =1,
= q ipa + (1) — O(eiga) + (1)) if j =i+ 1,
a1+ 0(a;) — 0(ajr1) otherwise,
@it1+0(a;) +0(aip1) — 1 if j =1,
= q @itz — 0(aip1) — O(aip2) +1  if j =i+ 1,
a1+ 0(a;) —0(ajr1) otherwise.
On the other hand, we have
~ _1)0(ai)g.
Bi(l'dba) - .’L'd+( 1) 67”0ba+(71)9(ai)(eiieH»l). (18)

Let us write
K(B;(z%g)) = =%

a///

Then, we have
d" =d+ (—=1)%@5, o + Ia+ (—1)%@) (e; — e;141)),

and for each j € I,

a; 4+ (=1)9@) 4+ 9(a;_1) — O(a; + (—1)9() if j=i—1,
ol = ir1 — (=1)%@) 1 0(a; + (—1)%@)) — 0y — (—1)%@)) if j =1,

Qito +0(cip1 — (—1)%@D)) — 0(ay0) if j=i41,

aji1 +0(a;) —0(ajp1) otherwise.

Now, it is an easy exercise to verify that d’/ = d’ — (—1)%(®i+1)§; 4 and that o’ =af forall j € I. Thus,
we see that K commutes with B;, and hence, the proof completes. O
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Example 11. Set n = 3. Below is the graphical presentation when we apply the both hand sides of the
combinatorial reflection equation (15) on b2 2) ® y°b(2.1,0) € Bs(z) @ Bs(y)

z9(122)

z9(122)

y°(210)

29(320) v°(210)

y y®(012)V

y5(012)

z~1(320)V

z~1(320)V

5.3. Type A.3. We consider the tquantum group U" of type A.3 in the quasi-split case. In this case, 7 is

given by 7(i) = —i (mod n). Weset n’ = | 251 |. We take parameters ¢;, x; in (4) as o = ¢!, 1 = ¢ *
if n is even, ¢,111 = ¢ if n is odd, ¢; = 1 otherwise, and x; = 0 for any i. The scrystal graph of B when n

D] >
n'+1 n n'+2

FIGURE 3. Satake diagrams of type A.3 when n is odd (left) and even (right)

is even is given as follows:

1 2 n’
b1 be EE by 1
OI in'-{-l
1 2 n’
bn bn—l e

bn’+2
Here b; = v; + ¢~ L. This type is untwisted (9), and the quantum K-matrix for WV is given by

z) =) Eij
i

which is a U'-linear map from W(z) to W(x~1).
Note that By = {bs |a = (i)1<i<n, 0 > 0, . c; = s}. To describe the combinatorial K-matrix
K, (), we need to divide the set {a = (i)1<i<n | ba e Bs} into n subsets as follows. If («;) satisfies
ap+ag+ -+ oy < Qpog

ot Qpo, oy < Qpog et Qp2, e, 0 < Qg
and a1 > i1, Qi1 + Qg2 2> Opi2 + Q1,7+ Qg1+ F Oy > Oy + -+ i1,
and a1 + -+ a; +ap_;+ -+, odd

for some ¢ such that 0 < i < n/, then say Case (2i + 1) holds. If (o) satisfies

ap o+t <apit+tap—, 0+ Fap < apo + -

and o1 > i1, Q41 + Qg2 > Q2 + Qp_i1,
and o1 + -+ +ap—; +-

“tap—g,- 0 < apy,
aai+1+"'+an/ > Qpop + -

a1,
-+« even

for some 4 such that 0 <4 < n’, then say Case (2i+ 2) holds. Note that when both n and s are odd, then
Case (n + 1) does not occur. We use this case division only when s is odd
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Remark 12. We list the case divisions when n is small and s is odd.

n=23
Case (1) a1 > ag, asisodd,
Case (2) a1 > e, a3 is even,
Case (3) a1 < as.
n=4
Case (1) a1 > a3, a4 isodd,
Case (2) a1 > as, aq is even,
Case (3) a1 < a3, a1+ as+ ayisodd,
Case (4) o1 < a3, a1+ as+ayis even.
n==>5
Case (1) a1 > ay, a1+ > ag+ay,, asis odd,
Case (2) a1 > ay, a1+ > a3+ ay, asis even,
Case (3) a1 < ay, Qg > as, a1 + a4 + as is odd,
Case (4) a1 < ay, Qg > asg, a1 + oy + as is even,

Case (5) a1+ as <az+aq, ay<as.

Lemma 13. Suppose s is odd. Then, for any o such that b, € By, it belongs to one and only one Case
(i) for some 1 <i<n.

Proof. For n = 3,4 cases, it is readily checked.

We show one can reduce the proof of the n case to the n — 2 case by taking the n = 5 case for example.
Suppose a1 > ay. Then, under this condition, only Case (1),(2),(5) can occur. Note that in Case (5), the
second inequality automatically satisfied if the first one holds. Thus, the fact that one and only one case
of Case (1),(2),(5) occurs is deduced from the n = 3 case by considering the case of (a1 + ag, ag +au, o).
Next, suppose a1 < ay. Then, under this condition, only Case (3),(4),(5) can occur. Note that in Case
(5), the first inequality automatically satisfied if the second one holds. Thus, the fact that one and only
one case of Case (3),(4),(5) occurs is deduced again from the n = 3 case by considering the case of
(a2, 3,1 + a4 + a5). Finally, suppose a1 = ay. Then, under this condition, only Case (1),(4),(5) can
occur, and the fact that one and only one case occurs is deduced again from the n = 3 case by considering
the case of (aq, as, as). O

Proposition 14. The wcrystal By is connected.
This proposition follows from the next three lemmas.

Lemma 15. Suppose i # 0.
(1) If Biby = b, then By, _iby = by.
(2) If Biby = %(ba/ + bar), then Bi_1by = %ba and Bi_1bgr = %ba. It happens only when n is
even and i =n' + 1.

(3) If Biba = %ba', then Bii1bar = %(ba + by ) with some other o'. It happens only when n is
even and i =n'.

Proof. The assertions follow from [22, Sections 4.2 and 4.3]. O
Lemma 16. Any element b, € By is generated by B; (i # 0) from by where o/ = (Z;le a; —y1)er +
(n +71)en. 71 is defined inductively by
Yoo = (@ — )4, Y = (Vi1 + @ — )4 forj=n'—1n"—2,... 1
Proof. We give the proof for n = 5 only. Note that n’ = 2,n —n’ = 3 in this case. Applying Bs, we have
B§‘3ba X by + -+, o = (1,00 + az — 2,0, a4 + Y2, 5).

We used the symbol o since the factor % may occur upon application. Other terms may also appear.
Similarly, we continue the calculation as

Bz‘2+a3_72+71ba/ X by - o = (al 4+ as + a3 —v2,0,0,a4 +v2 — 71,05 + ")/1)7
(B3 By) ™2 by o b 4+, o = (a1 + oz + ag — 72,04 + 72 — 71,0,0, a5 + 1),

Bz4+’y27’ylbo¢’” o0 ba”” +oeey a//” = (al Foax+ a3+ ag — 71707 Oa 03 as + ’71)
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In view of Lemma 15, we find that b, is generated from bg/. O

Lemma 17. (1) If a is even, bs_a)e,+ae, @M bs_a—1)e,+(at1)e, aT€ cOnnected by By.
(2) Ifn >3 and a is even, b(s_q)e,+ae, AN b(s_q—2)e,+(a+2)e, aT€ connected by applications of B;’s.
(3) If n =3 and a is odd, b(s_q—1)e,+(at+1)es i TEPresented as a linear combination of vectors which
are generated from bis_q)e, +aes Y applying B;’s.

Proof. (1) is immediate. For (2), consider two vectors be, 4 (s—a—2)es+en_1+ae, a0 D(s—a—2)es+en_1+(at+1)en
which are connected by By. On the other hand, by Lemma 16, the former can be connected with
b(s—a)er+ae, and the latter bis_q_2)e, +(a+2)e,- Note that cases (2),(3) of Lemma 15 do not occur during
the applications.

To prove (3), set ¢ = s — a and divide the cases whether c is even or odd. Suppose ¢ is even. Then we

have
1

525 He/241

B2BoBY*  bre, taes = ﬁ(bc/2el+(c/271)e2+(a+1)e3 + b(e/2-1)e1+(c/2—1)es+(at2)es )-
Applying By, we obtain a linear combination of the same two vectors, but with different coefficients.
Hence, one obtains b /e, 1 (c/2—1)es+(a+1)e; @S a linear combination of vectors which are generated from

bee,+aes Dy applying B;’s. Applying 35/271, one obtains b(._1)e;+(a+1)e;- Next suppose c is odd. We
have

H(c—1)/2
B% )/ bcel+aeg = b(c+1)/261+(571)/292+ae37

. 1
+1)/2
BaB ™ Pbeey taey = ﬁ(b<c+1)/2e1+(c—1>/2e2+ae3 + b(e—1)/21+(c—1)/2ea+(at1)es)-

Hence, one obtains b(._1)/2e,+(c—1)/2es+(a+1)e; @S a linear combination of vectors which are generated

—-1)/2

from bee,+ae; Dy applying By’s. Applying Béc further, one obtains b(._1)e, +(a+1)es - O

Lemma 18. Under a suitable normalization, we have
K, (2)(bse, ) = bey+(s—1)e, if s is odd,
° sen bse, if s is even.
Proof. Let us first consider the case when n is odd. By weight consideration, we can normalize the
quantum K-matrix as

KWS (z)(vsenurl) = Usenurl .
Hence, we have
Ks. (x)(bsen/H) =bse, ;-
Applying V2B | BS - Bfuwéfuﬂ on the both sides, we obtain
K:Bs (x)(belJr(sfl)en + bsen) = beﬁ»(sfl)en + bsen- (19)
When s is odd, applying By on the both sides of (19), we have
’CBS (1’) (xbsel + x_lbeﬁ»(sfl)en) = x_lbsen + xbeﬁ»(sfl)en .
Comparing this with (19), the assertion follows.
Similarly, when s is even, applying B2 on the both sides of (19), we have
Kz, (x)(ber(sfl)en) = bel+(sfl)en-

Comparing this with identity (19), the assertion follows.
Next, let us consider the case when n is even. As in type A.1l, from the consideration of 3,1, we can
normalize the quantum K-matrix as

ICBS (benx+1+(371)en/+2 + bsen/+2) = ben/+1+(371)en/+2 + bsen/+2-
Applying BS | BS - -- BfL,JrQ on both sides, we obtain
’CBS (x)(bel+(571)en + bsen> = bel+(sfl)en + bsen-

Now, as in the n being odd case, applying By when s is odd or Bg when s is even, we obtain the desired
identity. O
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Proposition 19. The combinatorial K-matriz Kp_(x) is given by

ba (s is even)

. , 20
ba+(71)i71(eﬂien_i/+1) (S 18 Odd) ( )

Ks, (2)(abs) = 2%+ {

where we assume for o Case (i) (1 <i < n) holds and i’ = |“5L]. The energy function I(c) is given by

an + 71 + x(s is even)
2

I(a) = 2| ]

where 1 was defined in Lemma 16.

Proof. In view of Proposition 14 and Lemma 18, it suffices to show that the right hand side of (20)
commutes with B; for any 4, which is to be proved next. O

Lemma 20. The right hand side of (20) commutes with B; for any i.

Proof. We let K(z) denote the right hand side of (20), and show K(z) comments with B; for any i. If s
is even, K(1) is the identity. Hence, the commutativity is trivial except the case of By where there is a
change in the power of z. Since this case is close to when s is odd, we omit its proof.
We assume s is odd below. To reduce the number of cases to handle, we first note the following facts
that can be checked easily from previous results.
(i) If n is odd and Case (n) holds for «, then K(1)(bs) = ba.
(ii) Suppose i < n' if n is even. If Case (2i 4+ 1) (resp. (2 + 2)) holds for «, then for IC(1)(b,) Case
(2i + 2) (resp. (2i+ 1)) holds.
(iii) If Case (2i 4 1) or (2¢ + 2) holds for «, then I(a) = 72L(a”+“'+a”*i2)_(“i+'”+0”)J.
(iv) B;(i # 0) does not change the energy function, i.e., I(B;a) = I(a).

From these facts, one verifies that K(z71)K(x) = id. Regarding them and Lemma 15(1), one notices that
we can restrict the cases for the proof of the commutativity of B; and K(x) to the following ones.

(a) B;O and Case (1) holds.
By and Case (2i + 1) holds for 0 < <n/.

B;+1 and Case (2¢ + 1) holds for 0 < i < n/'.

)
(c) B
(d) Bj and Case (2¢ +1) holds for j #i+1,1<j<n/,0<i<n’

)

)

)

B,/ 41 and Case (2n' 4+ 1) holds for n even.

B,/4+1 and Case (2i + 1) holds for 0 < i < n' and n even.

B, 41 and Case (2n’ — 1) holds for n odd.

g
(h) B 41 and Case (2i + 1) holds for 0 < i <n’ — 1 and n odd.

We prove only in the cases of (a),(c) and (g).

Let us show (a). Suppose a, is odd. Then we have K(z)(by) = 2~ +1by, Boby = 'V, where
o = a+e; —e,. Since Case (2) holds for o, K(2)(Boba) = BoK(z)(ba) = £~ bs. Note that K(z)(ba)
belongs to Bs(z~1). The case a,, is even is similar.

Next we show (c). Because of the fact (iv) above, one can ignore the dependence of z. We have
K(l)(ba) = ba+e7;+1—en,m and

Boob. =4 ba—eiiteirs (i1 > an—i—1)
i+1 o b J—
aten—i—1—€en—; (i1 = ap_i_1).

For the former case, Case (2i 4+ 1) holds, whereas for the latter, Case (2¢ + 3) holds. In either case,

K(1)(Bit1ba) = batess—e, ;, which agrees with B 1/(1)(bs).
Finally, we show (g). In this case, we have K(1)(ba) = ba+e, —e,/ .,

since Case (2n’ — 1) for « implies a,,s > ayr41. Since Case (2n’ — 1) holds also for Bn/+1ba, one finds

Bn’-}-l’C(l)(ba) = K(l)(én’+lba) = ba+2en/—en/+1—en/+2- g

and Bp41ba = barte

n! TC€n/41
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Example 21. Set n = 3. Below is the graphical presentation when we apply the both hand sides of the

combinatorial reflection equation (15) on b2 1) ® y%b(2.1,0) € Bs(z) @ Bs(y).

z0(221) 20(221)

v°(210)

v0(210)

y*(210)

y*(210)

2°(320) 20 (320)

5.4. Type A.4. We consider the :quantum group of type A.4. In this case, n should be even and we set

n' =n/2. This type is twisted (10), and the quantum K-matrix for W is given by

1

X

oo/O 02\0
\O 04/3

FIGURE 4. Satake diagram of type A.4 when n = 6.

Ky(z) = Z a:X(j>"’)Ej+nf,j,
J
which is a U'-linear map from W(z) to WY (z71).
Proposition 22. Define K : By(x) — BY (1) by K(2%,) =z ()Y, where

n
I(e) = min(ag, ap 1) — @y,
j=n/+1

/
@ = Qi1 + Qi1+ max(, Qipnr) — o — Max(Qit1, Qigpnr11)-
Then, it is the combinatorial K-matriz Kp_(x).

We list necessary lemmas to prove this proposition below.

Lemma 23. We have
K(bsel) = ICBS ('T) (bsel) = bv

S€,r4q”

Proof. The assertion follows from weight consideration and easy calculation.

Lemma 24. K commutes with B; for anyi € I.

Proof. We first prove the commutativity when = = 1. Let b, € Bs. In the case of type A.4, the action
of B; on B; is given by the case of a; (;y = 0. To describe it concretely, we assume ©;(ba) > @itn' (ba)-
In this case, it satisfies Bib, = bo—e;+e;:- Then, the entries of KB;b, related to the i-th and (i 4+ 1)-th
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ones of B;b, are described as follows:

(’L — ].)—th Qjyn’ — Q1 + max(ai_l, ai+n’—1)

i-th Q41 + Ajpn/+1 — max(aiﬂ + ]., ai+n/+1) +1

(i + 1) th Qg9+ Qiynig2 + max(aiﬂ +1, ai+n/+1) — Qg1 — max(aprg, ai+n’+2) -1
(i4+n — 1) th  Qyn — Qipnr—1 + max(ay_1, Qjgnr—1)

(i+n ) Qi+ Qg1 — Qi + Qg1 — max(oipr + 1, ignrg1)

(i+n"+1)-th iy + Qipnrp2 + max(@ipr + 1, Qign 1) — Qignr41 — Max(Qit2, Qigpr42)

To see the action of B; on K(by), we should compare ¢;(K(by)) and @; 4, (K(ba)). Assume @;(K(ba)) >
Pitn (K(ba)). We can see immediately the condition is equivalent to @ynr41 > aj1. Then, it satisfies
BiK(by) = FiK(bs). The entries of K(ba) except i-th and (i + 1)-th ones are invariant by the action of
B; and equivalent to the ones of K(B;b,) in this case. The i-th entry is a;1, 4+ 1 and (i + 1)-th one is
it + Qignrgo + Qipnrg1 — Qi1 — @41 — max(@t2, Qipn42) — 1, and they are equivalent to the i-th
and (i + 1)-th one of K(B;by) in the condition oy 41 > aiy1. Similarly, we can see the assertion on the
other conditions.

To get the formula for I ( ) we compare the dependence of z by applying By on both sides of K(by) =

xl(a)bv Noting that o — aj,,,, = iy — @, we obtain

I(Fya) = {
I(Epa) = {

> Oy, 1 Z an’+1)7
> gy 01 < Oén/+1),

< Qpr,a1 2 Qprgt),

, < a0 < Qrgt).

Here Fya or E,« should be understood as an action on B,(z = 1). Noting the fact that B; with i # 0,n’
does not change the value of I(a), we obtain the desired formula. O

Lemma 25. The wcrystal Bs is connected.

Proof. Let us introduce the notation B to mean B"*h = B¢b where ¢ = max{k > 0 | B¥b # 0}.
Then, for any bo € By, we have Bmaxb = bor where o, ; = 0. Using this property of Bmax apply to
ba Bg}aj{l, Bil'la,x’ BIIlaX Bl’ﬂaX

n+17
A/ 42, Ap/41,&n/y ooy

max
n/—2s

Iﬂax

successively. Then, at each application, ay,, a1, ...

)

g turn out to be 0. Slnce B; BZ-Jrn/ = id, we are done. O

Example 26. Set n = 4. Below is the graphical presentation when we apply the both hand sides of the
combinatorial reflection equation (15) on b3 12,1y ® ¥°b(1,2.1,1) € Br(x) @ Bs(y).

z0(3121) z9(3121)

y0(1211)

2—1(1222)V y0(1211)
y yr(112)v
z0(2122)V
yr(112)v
z—4(2131)V z~4(2131)V
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