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Abstract

We consider the two-dimensional eigenvalue problem for the Laplacian with the
Neumann boundary condition involving the critical Hardy potential. We prove the
existence of the second eigenfunction and study its asymptotic behavior around
the origin. A key tool is the Sobolev type inequality with a logarithmic weight,
which is shown in this paper as an application of the weighted nonlinear potential
theory.
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1. Introduction

Let Q c R? be a smooth bounded domain with 0 € Q. For simplicity, we
assume sup,.q |x| = 1 without loss of generality. Let a > 1. In this paper, we
consider the following linear eigenvalue problem

—Au = /l_u 3 in Qa
(N) it (log )
&=0 on 0Q,
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here v denotes the unit outer normal vector to Q2. The problem stems from
the critical Hardy inequality on a bounded domain Q C R? for functions in the
Sobolev space Hy(Q): for any u € H) (L), it holds that

1 2
qu—zdxsflvmzdx. (1)
Q | xf? (log l‘j) Q

Moreover, the constant }‘ on the left-hand side is best possible and is not attained.
We recall that the Sobolev space H'(Q) is a set of functions u € L*(Q2) such that
its distributional gradient Vu is also in L*(Q). H'(Q) is a Hilbert space with an
inner product (i, v)gq) = fQ(Vu - Vv + uv)dx, and Hé (€2) is a closure of C’(Q)
with respect to the norm |[ul|g1q) = (u, u)}i/lz(g). For the inequality (1), we refer the
readers to [11], [15], [17] [18] and the references there in.

In a higher dimensional case, we know the subcritical Hardy inequality for

functions in H}(€):
2
HNfu—zdxéfWulzdx
o Xl Q

holds for any u € Hé (Q), here Q is a bounded domain in RN, N > 3, with 0 € Q.

2. . . .
The constant Hy = (NT‘Z) is optimal and is never attained by a non zero func-

tion in Hé(Q). In [6], Chabrowski, Peral and Ruf consider the linear eigenvalue
problem

{—Au =A%  inQCcRY.N23

=0 on 9Q.

4

Clearly, the first eigenvalue is A = 0 and constant functions are the first eigenfunc-
tions. To seek the nontrivial solution in H'(Q), the authors in [6] introduce the
minimization problem

| o IVul dx 1 u
Ap =inf{ =——— | u e H'(@\{0}, | —dx=0¢,
Q% a ]

and prove that if Ay < Hy, then Ay is attained and the minimizer corresponds the
second eigenfunction of the above eigenvalue problem. Also the authors obtain
several examples of domains such that the condition 1y < Hy holds true. Es-
pecially, they establish the existence of the second eigenfunction on balls in RY,



N > 7. Moreover, they study the asymptotic behavior of the second eigenfunc-
tions around the origin in the case 0 € Q. To obtain the asymptotic estimate of
the second eigenfunction near the origin, they use De Giorgi-Nash-Moser type
procedure and the Caffarelli-Kohn-Nirenberg inequality [4].

The aim of this paper is to extend the results in [6] to the two-dimensional
problem (N). Let a > 1 and 0 € Q c R2. We consider the minimization problem

Vul? d
A, = inf o [Vuldx ueHl(Q)\{O},f;dx:O )

Jua|? a \?
fQ P (log &)’ dx  Jdf? (log m)

We show A, > 0 for a > 1, see (12). We seek for sufficient conditions to assure
the existence of minimizers, which yiedls the second eigenfunction of the problem
(N). Our sufficient condition claims thatif a > 1 and 1, < i, then A, is attained by
a non trivial function in H'(Q). We also study the asymptotic behavior near the
origin of the second eigenfunctions. We remark that, unlike [6], we can treat the
case 0 € 0Q too. Furthermore, since our Hardy potential involves the logarithmic
weights, it is difficult to control the weights by Caffarelli-Kohn-Nirenberg type
inequality, which was useful for treating power type weights. Therefore, we need
to establish the Sobolev type inequality with logarithmic weights. Combining
this inequality with the De Giorgi-Nash-Moser procedure, we obtain the expected
asymptotic behavior of the second eigenfunctions. To obtain the Sobolev type in-
equality with logarithmic weights, we exploit weighted nonlinear potential theory
by [1]. We believe that this part is also interesting in itself.

In the following, L°(Q2) will denote the standard Lebesgue spaces. Also for
a given nonnegative weight function w and 1 < s < oo, the weighted Lebesgue
space L*(Q2, w(x)dx) is the set of functions u such that fg lul*w(x)dx < co. B, will
denote a ball in R? of radius r with center the origin. “—” and “— will denote the
strong and weak convergence in Banach spaces, respectively. (Possibly different)
general positive constants are denoted by C.

2. The critical Hardy type inequalities for H'(<).

Let Q c R? be a smooth bounded domain with 0 € Q and sup,_, |x| = 1. In §6,
we prove the following Hardy-Sobolev type inequality with logarithmic weights.



Theorem 1. Lera > 1, p > 2, B < 1, A > 1 + £(1 — B). Then there exists a
positive constant C, 4 p such that the inequality

C f iy i<f1 a BlV 2d 3)
— aX og — u X
PP Jo Plog 2 ) = Jo\ B 1

holds for any u € CZ(Q).

Note that if we set p = 2, A = 2, B = 0, then (3) is nothing but the critical
Hardy inequality (1). Also we remark that if A = 1 + £(1 — B) and Q = B, then
the inequality (3) has the scale invariance under the following scaling C°(B)) >
u — u, forany A < 1, where

A1 2u (('ai')ﬂ_l x) for x € B .1,
uy(x) = a
0 forxeBl\Ba%.

When A < 1+£(1-B), (3) does not have this scale invariance and by letting A — 0,
we can easily show that the inequality does not hold when A < 1 + £(1 — B).
The proof of Theorem 1 is postponed to §6.

To prove the existence of the second eigenfunctions for the problem (N), we
need the critical Hardy inequality for functions in H'(Q), and also for functions in
H'(Q) with average zero. Also to treat the case 0 € dQ, we need the next lemma.

Lemma 1. Let x = (x1,x;) € R>, h € C'(R), 0 < r < 1 and h(0) = 0, and

W) = 0. Set B* = B, N {x € R*|x, > h(x))}. Let a,p,A,B as in Theorem 1.
Then, for any & > 0, there exists 6 > 0 such that if |h'(x,)| < 6 for any x; € (-1, 1),
then the inequality

271 (f u” )'2’ <+ )f (10 “)BN Pd
r —— aX < & — u X
A\ Jy P log £ s\ o

holds for any u € H'(B,) with suppu C B,, where C,, 4 p is given in Theorem 1.
Especially, we have

2
f — L _dx< (4+g)f VuP dx
h 2 a h
5 |x? (log £) B!

for any u € H'(B,) with suppu C B,.



Proof. We follow the argument of the proof of [8] Lemma 2.1.
(I)  Assume that h(x;) = 0. Since the value of u(x) are irrelevant for x, < 0, we
may suppose that u(x) is even in x,. By the inequality (3) in Theorem 1, we have

2

2
14 14
|u|? 1 ||
CoaB [fo ﬁ dx] =Cpan (E f ﬁ dx
BY || (1og m) B, |x| (1og m)
<27 f (log | I) \Vul® dx
5 B
=2 f (log —) IVul* dx.
B? |x]

(IT)  We consider the case where /(x;) # 0. Then we set y; = x1,y, = xo — h(xy)
and i(yy, y2) = u(xy, x3). From (I), we have

2
) e ’ a\?
20 'Cpan f ———dy| < f (log—) Vil dy. 4)
8 Iyl (log ) AN

Direct calculation implies that

ou 2 ou |?
Vii(yn, y)P —‘—+—h( o+
ou Ou
= Vs v + 255 20 x 1)+‘ S| o
< (1 + 6)*|Vu(xy, ). (5)
Also, for any B € [0, 1)
B B
(log ) =|log ¢ ]
vl VIX2 + [h(x)P = 2x0h(x))
a )B
<|log
VIXP? = 26]x, 17 (x)|
B log 1 \B B
< |log = 122 | [ < (1 + Cs%)|log — 6
< °g||)( (mga) < (1+€o%){log 5 (6)




and for any B <0

a 5 a g a 5
(log —) < (log ) < (log —) . (7)
Iyl VI + 82[xf? + 26]x]? |1l

On the other hand, we have

~1p p
L dy = ] dx.
B |y (10 i)A B! .
ny g " (Ix? + [R(x)? = 2x0h(x1)) (log 4 )

VxR -2x20(x1)

3)
Since h(0) = |1’ (0)] = 0 and |1’ (x;)| < d for any x; € (—r, r), we have |h(x;)| < J|x;]
A

A
for any x; € (-r,r). Also note that (log \/|x|2+|h(x1a)|2—2x2h(x1)) > (log ﬁ) for any

x1 € (=r,r). Thus we have

1 1

A ) 1 a A
(IxI? + [A(x1)? = 2x2|h(x1)]) (log 4 ) ] ( 0g m)
< 1 1
T UxP + AP = 2Ixllh(x)])  |xP

VIx2+hCe ) P=2x2h(x1)
_ lxal + 1h(x)DIA(xy)] (lo a )_A

a —-A
(log —)
|x]
T PP = 20xllhGe)l S I
B (2|x2|+6|x1|>|h<x1)||x1|(10 a)‘A< ca( a)_A.

X1 (1> = 26]x2]lx11) |x] |x? |x]

for any x € B’;. Therefore, from (8), we have

|i2|? |ul?
——dy > (1 -Co) —dx. 9)
B |y (10 E)A BE |2 (10 i)A
r T og gy ’ &7

From (4-7) and (9), if we choose 8, > 0 such that (1+8)*(1+Cé%)(1 —Cé)_% < l+e¢
for any ¢ € (0, dp). Then we have

2
- Jul? ! a\’
20 Chan ————dx| <(l+e¢) log — | |Vul|” dx.
B |xf2 (log I%I) B! ||




Next is the critical Hardy inequality for functions in H'(Q).

Proposition 1. Assume 0 € Q. For any & > 0, there exists a constant C =
C(g,a,Q) > 0 such that the inequality

2
fu—zdxs(4+8)f|Vu|2dx+Cfu2dx (10)
Q |x2 (log ﬁ) Q Q

holds for any u € H'(Q).

Proof. (I) Assume that 0 € Q. Then there exists 6 > 0 such that B,s C Q. Let
$€C(Q),0<¢p<1,¢=10nBsand ¢ = 0onQ\Bys. Then, forany u € H'(Q),
we have

f u? de:f' u? de+f 12 de
Q |x|? (log l) Bs |x|? (log ﬁ) Q\B; |x|2 (log ﬁ)

Ixl

2

Sf dex+Cf u* dx.
Bas |x|2 (log I%I) Q\B;

From the critical Hardy inequality (1) on Hé (Bys), we have
2
f ——dx<4 IV(uo)* dx + C f u? dx
Q |x? (log ﬁ) Bos Q

<4 +g)f \Vul® dx + Cfuzdx,
Q Q
which yields the result.

(IT)  Assume that 0 € 9Q. Since JQ is smooth, we may assume that 0Q is
represented by the graph x, = h(x;), where & € C'(R) and h(0) = |h’(0)| = 0 near
the origin. Namely, it holds that Q N B, = B" for any small > 0. From Lemma 1,
for any € > 0 there exist small 6, r > 0 such that if |4’'(x;)| < ¢ for any x; € (-r, 1),
then it holds

2
f U dx < (4 + f)f \Vul*dx "u e H'(B,) withsuppu c B,. (11)
B! | x| (log ﬁ)z 27 Jgy



Letp € C°(B,),0<¢p<1,¢=10n B: and ¢ = O on B,\Bg. From (11), it holds
that for any u € H'(Q)

f u? de:f u? 2dx+f ”—22dx
@ Jaf? (log ) 5 | (log 1) ansy |2 (log &)

2
:f Ldx+Cfu2a’x
BY | xf2 ) Q

(log I

s 4+— flV(u¢)|2dx+Cfu2dx
2 B! Q
S(4+s)f|Vu|2dx+Cfu2dx,
Q Q

which ends the proof in this case. O

Now, we show the critical Hardy inequality for functions in H'(€2) with aver-
age zero conditions.

eps e 2
Proposition 2. Assume that 0 € Q, g € L (Q " |2(10g‘ . ) fg L log‘ =1

Let a > 1. Then there exists a constant C = C(a, Q) > 0 such that the mequalzty

2
f [u - f o dx] ® f IVul? dx
Q Q |x2 ( 1) |2 (log ﬁ) Q

log o

holds for any u € H'(Q).

Proof. From Proposition 1, we have

[ ug ]2 dx
f u— f > dx 2
ol Vo | (log ) P (log )

2
<C u—fLde
o (log )l
2
u
< C IVl g + u—Lﬁd}c
X 0g [x] L2(Q)



Therefore, it is enough to show that there exists a positive constant C such that the
inequality

u
u— f — B x| <ClIVuly,
 Ja? (log le) L2(Q)

holds for any u € H'(Q). Assume that such positive constant C does not exist.
Then there exists {u,,} € H'(Q) such that

Vu,, |2
Vinlzzco 0 (o o)
— f u)?lg
Q |x|2 log IX\) LZ(Q)
Set
L} |x|2 10g| ]
Vi 1=
f _ Uum8
Q |x‘2 log \xl) LZ(Q)
Then we see that [|Vv,ll;2q) = 0(m = 00), [Vll20) = 1 and [, —2£—dx =0

|x|2(1°g [ |)2
for any m € N. We may assume that v,, — vin H'(Q) and v,, — v in L*(Q). Then,
for any ¢ € C°(Q),

fvgbxidx = limfvm¢x,.dx
Q m—oo Q

= limexivqudx
Q

D.vodx| =
Q

< lim [|Vvull2@) IVOll 2 = 0.
m—o0 m—oo
Therefore Dv = 0 ae. in ©Q which implies v is a constant function. Since

dx = lim,e |. —28 —dx = 0, we get v = 0 which contradicts
L |x|2 log " L \xlz(log ﬁ)z &

IVll2) = hmm—wo WVmll2) = 1. o

-1
If we substitute g for ( fQ m) in Proposition 2, then we see that the
HP08 1y

2
szdeCfWulzdx (12)
Q|x|2( a Q

log |x|)
holds for any a > 1 and u € H'(Q) with [

inequality

x = 0.

X d
P (log &)



3. Existence of the second eigenfunction

Recall the minimization problem (2):

1nff|Vu|2dx

A = {u e H'(Q) \ {0}

dex: l,f%dsz}.
Q |2 (log I%I) Q i)

2
I (log &
Main goal in this section is the following existence result.

Theorem 2. Assume 0 € Qand a > 1. If A, < 3, then A, is attained.

Proof. Let{u,}>_, C Abeaminimizing sequence for A,. Thus, we have f Vu,,|* dx —

Um |um| — 1 f h
A, a8 m — oo, fQ—|x|2(1og ﬁ)zd = 0, and fQ—lxlz foe 2T dx = 1 for each m. Since
—L > min { m 1a)2, } for any x € Q, we have that {u,,} is bounded in H'(Q).
Ix?(log &) g

Thus we may assume that

Uy, — u in H'(Q),

u, = u inl*(Q, —&—|,
Ix?(log )

U, — u a.e.in Q.

Therefore, we see that fQ ||2— dx =0and

(log )

2 2
OstzdxsliminffLdezl.
“ P (log ) " R (log )

We claim that

2
f Lz dx = 1. (13)
Q |2 (1og ﬁ)

If we show (13), then we have 4, < [/ [Vul? dx < liminf,, o [ [V, dx = A,
which implies that u € H'(Q) is a minimizer of A,.

10



First, we show that u # 0. Assume the contrary that u = 0. Then by the
compactness of the embedding H'(Q) — L*(Q), we see fQ u? dx — 0. Thus by
the critical Hardy inequality for H'(€) (10), we have

2
1= f Lﬂx < (4+5)f Vil dx + o(1)
2 |x? (log £) Q
<4+ &), + o(1) + o).

Letting m — oo and then € — 0, we have 1 < 44,, which contradicts the assump-
tion 4, < j—l. Therefore, u # 0. Let us assume by contradiction that (13) does not

Ju* :
hold and fQ g ﬁ)z dx < 1. Since

Uy —u—0 in H'(Q) and inL?

d
Q. _xz}
Ix? (log )
we see fQ |u,, — u*> dx = o(1) and by (10), again we have

e [ g [ [ b,
Q |42 (log 1) Q |x2 (log 1) Q |2 (log 1)

[x] Ix] |1

2
:flum—ulzdx+0(1)
Q|x|2(10g|“7|)

S(4+8)f|V(um—u)lzdx+Cf|um—u|2dx+o(1)
Q Q

s<4+g)(f |Vum|2dx—f|vu|2dx)+o(1)
Q Q

=@+e)d, -4+ 5)f|Vu|2dx+ o(1)
Q

: u _ Juaf? 2
as m — oo. Also since fQ i ‘%‘)2 dx = 0, we have 4, fQ m dx < fQ |Vul|* dx
by the definition of A,. Therefore letting m — oo, we have

2 2
1_fL2dxs<4+%[l_fL2dx],
Q |2 (1og ﬁ) Q |2 (1og ﬁ)

11



which implies that 1 < (4 + £)4,. Again, letting € — 0, we have a contradiction
to the assumption of 4,. Therefore, we have (13).
The proof is now complete. O

In the end of this section, we give two examples of the domain which satisfies
A, < 1
4

We say that the domain Q satisfies condition (A) if there exist o, 6., 6° > 0,
0 <6, < 6 < 2nsuch that

{(r,)e(1-6,1)x(6,,0} cQ
holds, where (7, 0) is a polar coordinate in R2.

Proposition 3. If Q satisfies condition (A), then there exists a positive constant C
such that A, < Cloga fora > 1.

Proof. Let @5 be a smooth cut-off function which satisfies ¢5(r) = 1 for r €
[1=5.1]. ¢s(r) = 0 for r € [0,1-61,0 < ¢ < 1, and [Vip,| < C5™". Consider the
following test function.

¢s(x) = Ps(r,0) =

r<p5(r) sin (22 if g € [6,,67]
if 6 ¢ [6.,0°]

Note that

1 9*
f Ps dx = f @5(r) dr (f Sin(27r59— 9*)) dH) _0o
Q |2 (log ) 1-6 (log 1) 0, 0 — 0,

[x] ||

Applying ¢; to 4, implies that

fll—a f: [(F%)l sin (zn(e 9))+‘p (ehe) cos (M)] rdrd

Ay <
271(9 9)
[ Gt ) (£ i (5252) )
Since
1 2 log a—log(1-6/2)
) gamos dt
f : zdrz(l——) f < =0(toga)™)
2 1
1-6/2 (log %) loga
asa — 1, we have 1, < Cloga fora > 1. O

12



For the next example, we say that a pair (a, L) is admissible ifa > 1,0 < L < 1,

and
81 < f ! 5 dx.
By (log i)

|x|

holds.

Lemma 2. The set of admissible pairs (a, L) is non-empty.
1

(tog &)’

limf ! de:f ! 2d)c
=170, (log i) B, (log i)

[x] |x|

€ LY(B,) for any a > 1, we have

Proof. Indeed, since

So it is enough to show that the following integral

1 1 co -t
f s dx = 27rf r sdr = 27ra2f e—zdt
a a t
5 (log ) 0 (log¥) e
is large enough for some a > 1 and 0 < L < 1. Since
00 2t 1 © 00 =2t
27T612f e—zdt = 2na’ [(——) e‘”] - 2f € ar
loga t t loga loga t

2 o2
= — 4na’ f —dt,
10g a loga t
we have

0o =2t log(a+1) e 00 e
4na® f —dt = 4nd? f —dt + f —dt)
loga ! loga t log(a+1) !

log(a+1) e—210ga 00 e—2t
< 4na® f dt + f —dt)
loga t log(a+1) log(a + 1)

log(a+1) 1 1 00
= 4na’ a_2f —dt+ — e‘z’dt)
loga t 10g(61 + 1) log(a+1)

= 4na* |a? (loglog(a + 1) — loglog a) + log@+ ) 7

2

1 6_2 log(a+1) )

2 a
log(a+1)(a+1)?
= —4nrlogloga + O(1) (asa — 1+0).

= 4nrloglog(a + 1) —4rlogloga +

13



Therefore,

1 2 © e
f s dx = * 47ra2f € ar
By <10g ﬁ) loga loga !

2r
> — (—4rlogloga + O(1))
log
+4nlogloga + O(1) —» +c0  (a — 1 +0).
loga
Then, there exists ag > 1 such that f ) ——— dx > 16m. Therefore, there exists
S T
Lo < 1 such that ———dx > 8. O

Let 0 < L < 1. We say that the domain Q C R? satisfies the condition (L) if

2

2
B.(0)cQc B, and Z[fﬁdx] % 0.
i Q x| 0og X

i=1

Proposition 4. If Q satisfies the condition (L) for some L € (0,1) and (a, L) is
admissible, then 1,() < 1/4.

Proof. Set a; = fg o log dx fori = 1,2 and u(x) = apx; — a1x,. Note that

u € H'(Q) satisfies that fQ s dx = 0. Testing 1,(Q2) by u(x) = arx; — 1xz,

|x|2(l°g \x\)
we have

f \Vul*dx = (a + a3)|Q.
Q

From the symmetry, we have

2 2
[ gen [y,
Q |x2 (log Il) Br |x|2( a

log |x|)

NSNS

X X1X2

— 1 4 f —=—dx+2 f —d
o (10g 1)2 X+ a; b ap (10g )2 X+ 2010 b o (10g |x|)2 X

[ox]

14



Therefore,

Q) < I |T;|2 dx > +(011 +a)lQl 2|Q|
fQ P (log & 5 fBL m dx fBL logl .
S__g__<l
s LA
since || < |B;| = m and (a, L) is admissible. Thus we have 4,(Q) < 1/4. O

From Proposition 3, Proposition 4 and Theorem 2, we have the following.

Corollary 1. Assume Q satisfies the condition (A) and a > 1 sufficiently close
to 1, or condition (L) for an admissible pair (a, L). Then there exists the second
eigenfunction of the eigenvalue problem (N).

Proof. From Proposition 3 or Proposition 4, we have 1, < 1/4 and by Theorem
2, there exists a minimizer u of 4,. Now, we check the Euler-Lagrange equation

satisfied by u. Let ¢ € H'(Q) with fQ —) dx = 0. Set
[E]
|1V + r¢)|2 dx
o
h(t) f |u+t()>|2
Q |)‘|2 ]Og I \

Since the function 4 attains a minimum at ¢ = 0, we have

fVu-Vqux—/laszdx:O.
Q Q|x|2( a

log |x|)
To extend this identity for any ¢ € H'(Q), we set

j;) |x|2 IOg \ |
j;) |)C|2 IOg\ J

Since dx = 0 and u is orthogonal to 1 in L*[Q, —4* , we have
o ey & ( wme

fVu-ngdx:fVu-dex:/laszdx:/laszdx
o 0 2 |xP (log ) 2 |xP? (log )
for any ¢ € H'(Q). i

=9~

15



4. Asymptotic behavior of the second eigenfunction around 0.

In this section, we study the asymptotic behavior of the second eigenfunction
around the origin, which is obtained in §3. To obtain the asymptotic behavior in
our case by De Giorgi-Nash-Moser iteration technique ([7], [8], [6]), we need a
Sobolev type inequality with a logarithmic weight in Theorem 1 and its extension
to H'(B,) in Lemma 1.

Theorem 3. Ler 1, € (0, Alf) be the second eigenvalue of (N) and u, € H'(Q) be
the corresponding second eigenfunction of (N). Then there exist 6 > 0 and C > 0
such that

=

VT
2 { for x€ Bs\ {0} if0€Q,

u,(x)| < C (log i) _
| x] for xe BsNQ if 0 € 0Q.

Remark 1. It is known that for v € (0,1), a > e, and 0 € Q, the solution u, €
Hé (Q) of the following eigenvalue problem corresponding A = A(v):

-Au-—* i =Adu inQ,
(D) *1ap1og )’
u>0 inQ,u=0 on oQ.

satisfies the following estimates.

1-v

1, Vi-y
2

1
2

2t —2t 72
C, < liminf (log i) i, ()] < lim sup (log i) lu, ()] < C;
x—0 |X| x—0 |X|
e
lim sup (log i) |x Vi, (x)| < C,
x—0 |X|
See [2] Theorem 1.5.
Proof. Put u, = u for simplicity. Define
a\"” u(x)
v(x) = (log —) u(x) = ——,
|x] Va(x)
where V,(x) = (log l“;‘)a and @ = % - 1;““. Note that V, satisfies the equa-
tion —AV, = —% _V, in Q. By straightforward calculations, we see that

|x|2(1og ﬁ)

16



veH! (Q, (log ﬁ)za dx) and

2a
div ((log ﬁ) Vv) -0 inQ. (14)
X

We shall show v € L™. Let0 < r < p. Weputg =n vv?(s D where ¢, s > 1,
v, = min{}v|, £}, and ) is a C'-function such thaty = 1 on B,,n = 0 on R?\ B, and
V| < p%r on R?. Testing (14) with ¢ we have

2a
O:f logi Vv~V(n vvi(s 1)) dx
Q |x]
2a
- f (log I%I) [anv[(s Dy - Vi + 2 IV + 2(s — Iv; P VP ]
Q

Therefore, we have

2a
f (log i) [PV IV + 205 = D DIV P | dix
Q |x|

2a
f (logl I) 22UV - Vi dx
2a

1 2w
< Ef(logl I) A\ dx+Cf(10g| I) v SVl dx

which implies that

2a
a 1 . o
f(logm) [277 vt,( 1)IVv|2+2(s l)v?( 1)IVv ? 2] X
Q
2a
<C f (1og| I) VAV dx (15)

Here, we have used the inequality (3) in Theorem 1 with u = nvvg“. We choose

B=2a€[0,1),A>1,p= 2% > 2. By using Theorem 1 for the case where

17



0 € Q and Lemma 1 for the case where 0 € 9Q2, we have

2
| vvs—llp P
([ i an
ans, 1xI*(log m)

2a
<C f (log ) IV HI> dx
onB, |x]

2a
=C f (logl I) VP20 4 i i DI + (s = D21V P | dx
QNB,

2a
<Cs f (logl I) VA0 Il dx,

A+2a
where the last inequality comes from (15). Since v*v;* < v*v,” and |x/* (log ) <

C for any x € Q, we have

2
2 ps—2 P 2252
LA (= Ty G R
ans, P(log ) (0= 12 Jans, WP(og &)

Take py > 0 such that B,,, C Q and

J )
So=2,8; = So(g) ,rj=p0(1+pé) for j=0,1,2,---.

Applying the inequality (16) with p = r;,r = r;,;, we obtain

1

222 T Cs. % P22 25
f = 7 dx < 3 2j f 2 . avicd
QnB,,,, |x*(log m) (0o —p(z))2poj QnB,, |x[*(log |x|)

Therefore, we have

1 1
251 Cs: 2s; 2s;
25741-2 ! S 25,-2
(f vzvé, s dx] < [_2] vzve dx
QNB,,,, Po QnB,,
gl J -1 j

18



which implies that
”V”L‘”(QHB,,O) = }gg Jlgg ||Vf||L2s,-+1(Qan0)
1
o8 — 2o oksy! = o a 2 2 ’
<(VC) po ] s log—| |VvPdx| .
k=0 Q |x|

Since the infinite sums and the infinite product on the right-hand side of the above
inequality are finite, v € L¥( N B,,). The desired result follows. O

5. The Robin boundary conditions

As in the former sections, we can consider the minimization problem

|Vul*dx + |, Bu*dS
AR :=inf Jo - Jio ue H' @\ {0} ¢,
[T—,

¥ (log &7

where 3 is a continuous function on dQ and a > 1. Then AX is the first (small-
est) eigenvalue of the following linear eigenvalue problem with Robin boundary
conditions

_Au = /l 4 2 ln Q’
(R) It (log )
% +pu=0 on JQ.

Clearly we have A¥ < 1 for any B € C(6Q) by using H)(Q) ¢ H'(Q) and the
inequality (1). In this section we prove some results about AX. Since the arguments
we use are similar to those in §3 and §4, we will omit the most proofs here.

First, we assume that § is a non-negative continuous function.

Theorem 4. (A% with a non-negative coefficient B) Assume 0 € Q. Leta > 1,
B=0B%0. Then /lf > 0. Furthermore, if /lf < }L, then /lf is attained.

Remark 2. Let Q = Bg(0). Using the test function u = 1, we have

/lR < J(;Qﬁ dS

a = f dx
Q |x*(log (1)

Therefore, AR < }‘ if 1Bll.~@o)R log & < }T holds.

a
< il @R log .
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Proof. First we show that AX > 0. Obviously A > 0. Assume that A¥ = 0. Then
there exists a sequence {u,,} C H'(Q) such that
]

f|vum|2dx+f Buy,dS — 0 (m — ), ————dx=1 (YmeN).
Q 00 a |xI*(log %)

. 2
Since 8 > 0, we have ||Vu,,|l;2) = o(1) as m — oo and moreover (loéa) fQ ui <

fQ lxlz(li‘(;';,' T dx = 1. Thus {u,} is bounded in H'(Q) and we may assume that
Ixl

u, — uin H'(Q) for some u € H'(Q), u,, — u in L*(Q) and L*(Q), since the

embedding H'(Q) — L*(0Q) is compact. Since Vu,, — 0 in L*(Q,R?), we have

Vu = 0, that is u is a constant. On the other hand, fag Buf”dS = o(1) implies

fag Bu*dS = 0, which is impossible if « is a non zero constant. Thus we have

u = 0 and u,, — 0 in H'(Q) strongly. However this contradicts fg W dx=1
I)r

and the critical Hardy inequality (10) for u,, € H'(Q). Hence /15 > 0.
The attainability of A% can be shown by a minor modification of the proof of
Theorem 2. We omiit it here. |

Theorem 5. (Simplicity of AX) Leta > 1, 3% 0, 8> 0, and A% < }‘. Then the first
eigenvalue AX is simple and the corresponding eigenfunction does not change its
sign.

Proof. The proof follows from [6]. We omit it here. |

Theorem 6. (Asymptotic behavior of the first eigenfunction of AX) Let a > 1,
B>08%0 A° < 1 and u, be a positive minimizer of AR Then there exist a
0 > 0 and positive constants C1, Cy such that

¢, (log &)’ = A .
( 0g |x|) < ug(x) <Gy (10g H) for xe Bs\ {0} if0eQ,

)T forxeB;nQ if0€dQ,
hold true.

Proof. The upper bound follows from the same argument as in the proof of The-
orem 3. The lower bound in the case 0 € Q follows from the same argument as in
the proof of [2] Theorem 1.5. O

Next we assume that £ is a non-positive continuous function.
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Theorem 7. (AX with a non-positive coefficient 8) Assume 0 € Q. Leta>1,8%0
and B < 0. Then —oo < AR < 0. Furthermore, AR is attained.

Proof. Obviously, we see that AX < 0 by using the test function u = 1. Recall the
following trace inequality in H'(€2) ([3] Lemma 1): for any & > 0 there exist a
constant C(g) > 0 such that

f u’ds Safqulzdx+C(8)fu2dx
oQ Q Q

for any u € H'(Q). If we choose &£ > 0 so that ellBllL=@q) < 1, then the above
inequality implies

f \VulPdx+ | Bu*dS
Q 0Q

z(1—g||/3||oo)f|vM|2dx+||,6||m(ef|w|2dx—f uzdS)
Q Q 0Q

Jul?

— 2 - 1+ 2(Tao 22
> —|Bll.C(e) fQ ' dx lwllwcfglxlz(logﬁ)z .

which implies that AX is bounded from below. The attainability of ¥ can be shown
by a minor modification of the proof of Theorem 2. O

Finally, we assume that § is a sign-changing continuous function. For S, set
B+ =max{+g, 0}. Then B =" - 5".

Theorem 8. (A% with a sign-changing coefficient B) Assume 0 € Q. Leta >
1,8" 2 0and B~ # 0. Then A% is bounded from below. Especially, in the case
where fag BdS <0, /lif < 0 is attained. On the other hand, in the case where

fmﬁdS > 0, AR is artained if A® < }L.
Proof. In the case where fag BdS < 0, we easily see that AX < 0 by using the test

function u = 1. If fag BdS = 0, then we test AX with a function u(x) = v(x) + ¢,

where ¢ > 0 is a constant and v € Cg(ﬁ) with v > 0 suppv N suppB~ = 0, and
fmﬁ_v dS > 0. Then we have

f|vu|2dx+f Bu’ dS :f|Vv|2dx— Bv dS—2tf BvdS <0
Q 0Q Q 0Q 0Q

for sufficiently large ¢ > 0. Therefore, we see that A% < 0. The boundedness of A%
from below follows from the proof of Theorem 7. The attainability of AX can be
shown by a minor modification of the proof of Theorem 2. O
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6. Sobolev type inequalities with logarithmic weights

In this section, we prove Theorem 1.

Our basic tools are the generalized rearrangement of functions by Talenti [19,
20] and the weighted nonlinear potential theory by D. R. Adams [1]. Basically,
we follow the arguments by Horiuchi and Kumlin [10] to establish Theorem 1. In
[10], Caffarelli-Kohn-Nirenberg inequalities with critical or supercritical power
type weights are studied.

In the case where p = 2 or B = 0, the optimal constant and the attainability of
the inequality (3) are studied by [10, 15, 14, 12, 16]. Therefore, we shall show the
inequality (3) in the case where B # 0 and p > 2.

For Trudinger-Moser inequalities with logarithmic weights, see [5, 13].

Recall the following Theorem.

Theorem A . ([1] Theorem 7.1) Let p > 2. Assume that w belongs to Muck-
enhoupt A,-class, g € L! (R*) and g > 0 a.e. on R%. Then the following two

loc
assertions are equivalent to each other:

(1) sup ( f g(x)dx)J[w](x,r)‘z’<oo,
B, (x)

xeR2, r>0

(2) There exists a constant C > 0 such that for any f € L*(R?; wdx),
1y * fllr@2: e axy < Clfllzzm2: wax-

Here, I,(x) = 2“'7rl“(§)

<1 dy \ dt
““’W:[ —(fw—@))—

Proof of Theorem I: Let B # 0 and p > 2. We divide the proof into two cases
with respect to the range of B.

(I) Let B <0. In this case, we can apply a theory of generalized rearrangement
of functions ([19, 20]). Set

_B .
fx) = (1og %) if |f <1,
(loga)™®  if x> L.

|x|73=9) is the Riesz potential for s € (0,2) in R? and
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Since f € Llloc(Rz) N C(R? \ {0}) is radial, non-increasing with respect to r = |x],
and f > 0 on R?\ {0}, f is admissible. Thanks to zero extension, it is enough
to show the inequality (3) for u € C°(B;). Now, we define the rearrangement

function R¢[u] of u with respect to f as follows: For x € RZ\ {0},
Rylul(x) = Ryelul(|x]) = sup{t > O us[ul(t) > s (Biy)},
Hp(A) = ff(x) dx,
A

pplud@®) = py ({lul > 1}) = f(x)dx.

{lu|>1}

In the case where f = 1, Ry[u] coincides with the well-known rearrangement u.

Given A, B, we fix a > 1 such that W is decreasing with respect to r = |x].
x|*(log “‘7‘

Then we have

|ul” dx < C |uef” () d
5 12 (1 iAx— BlzliA_fox
Ixf2 (log ) xi? (log )
Relul |P Relul |P
< Cf %f(x)dstf L”Adx,

81 |xf (log &) 31 |x (log &)

where the second inequality comes from the Hardy-Littlewood type inequality,

see e.g. [10] Proposition 4.4. On the other hand, the Pélya-Szegd type inequality,

see e.g. [10] Proposition 4.5, implies

a\’ IVuf?
log — | |Vul*dx = d
fgl("g |x|) ibdxe= | T ™
VRul? a\’ 2
> 5 de—‘[& (log m) |VR}¢[M]| dx.

Therefore it is enough to show the inequality (3) only for radial functions. Here,
we recall the Hardy type inequality with logarithmic weigts (see e.g. [12, 14] or
[16] Corollary 1.3):

_ p\2 2 2
2 a 2-B B
o |+ (log ) dll

1 {log ﬁ)
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and the radial lemma with logarithmic weights (see e.g. [5] lemma 5):

1-B
2

C a\’ : a
lu(x)| < (f |Vul? (lo —) dx) (10 —) (wecCr (By) (18)
Vi—B \Us I oE d 1
By using (17) and (18), we have

|ul? |u|?
g dx<C > 2 11205 dx
B, |x[*(log m) B, |x|*(log M) 2

|ufP> Jul?
<C f — — dx
" (jog &) T FPOoE 7

|x|

p-2

SCf log —| |Vul|"dx f—dx
[ B.( g|x|) Vu ) 5, WP (log )5

P

B 2
sc[ f (log 3) Vu? dx)
Bi |x]

Therefore, the inequality (3) holds for any radial functions.
) Let0O < B < 1. In this case, we apply the weighted nonlinear potential
theory by D. R. Adams to prove Theorem 1. In order to do so, we need to choose
appropriate weights to which Theorem A is applicable: Set

w2 (log &) " ifxe B,
gx) = &l ’ (19)
0 if x e R2\ By,
and
log & )B if xe B
o) = (08 L ohres (20)
x| (loga)® if x e R?\ By,

where 0 < y < 2. Note that g € L} (R?) and w € C(R? \ {0}). Furthermore, we
obtain the followings.

Lemma 3. w belongs to Muckenhoupt A,-class.

Lemma 4. SUPer2 >0 (fBr(x) g(x) dx) Jw](x, ”)g < oo,
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For the moment, we assume the validity of Lemma 3, 4. Then from Theorem
A, Lemma 3 and Lemma 4, we see that the inequality

11 * fller@egan < Cllflle@e;way (21

holds for any f € L*(R*;wdx) and p > 2 where I;(x) = 5-|x|"". From the
Sobolev’s integral representation:

1 \vJ . —
21 Jge |x -yl

we have
lu(x)| < [I; * |Vull(x) for x € R>.

Combining this with (21) for f = |Vu| implies

2
|u|? ? 2
(fg log 7 @) = Wliricoas
X

2
<My VUl 2000 an)

B
a
< ClIVUl g2,y = € fg (log m) Vul* dx.

This proves Theorem 1. O
From now on, we will prove Lemma 3 and Lemma 4. We start by showing the
useful computational lemma.

Lemmas. Let—-1 <a<1,a>1, and R > 0 such that % > e. Then there exists a
positive constant C such that

f (log i) dy < CR? (log ﬁ) .
Br(0) Il R

Proof. By a change of variables, we have

al’ : ay” > (T 2
f (log —) dy = Zﬂf (log —) sds = 2na f e~ "dt.
Bg(0) Il 0 s log &
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First, we consider the case where @ € (—1,0]. Since the function g(r) = * is
monotone decreasing in (log o 00), we have

(oo

2na? f t“e™dt < 2na* (log E) f e dt
log % R 1

a
Og§

al =2t a
= 2na’ (log ﬁ) [e—] = 7R’ (log ﬁ) .

Next, we consider the case where @ € (0,1). Set § = 2log % > 2. Since the
function g(¢) = Pe~? is monotone decreasing in (log 1%, oo), we have

(oo

0 B
2na® f 1P Pe M dt < 2na? (log ﬁ) e’ f 1Pt
log % R log %

= o (logz)ﬂ(z)‘z et
R/ \R) |a-pB+1

log %

(log %)a—/ﬂl

B—(a+1)

2n ) a\e! 2, a\®
= R (log —) < R (log —) ,
2log % — (@ + 1) R I—a R

s
= 2nR? (log ﬁ)
R

where we have used @ — 5+ 1 < 0 and the last inequality comes from f(x) =

X 1
m<mf0ranya<1<x.

Proof of Lemma 3: To show that w in (20) belongs to Muckenhoupt A,-class, we
show

1
sup S(x,r)= sup —— ( f w(y) dy) ( f w(®)™! dy) < 0. (22)
x€R2,r>0 wer2,r50 T \ U () B, (x)

Note that we are in the case 0 < B < 1. According to the value of |x|, we divide
the proof into three parts.
(I) The case where x = 0.

First, we assume that » < 1. From Lemma 5, we have

1 a\’ a\’
SO.r) = 5= log—| d log—| d
On= (fB,w) ( o8 Iyl) y) (Lr(o) ( o8 |Y|) y)

1 ) a\B ) a\B
< W(CR (log E) )(CR (log 1_2) )S C.
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Next, we assume that » > 1. Then we have

1 B
SO,1) ==~ ( f (10g i) dy + f (loga)” |y dy]
2 \U g0 Il B,(0)\B1(0)

-B
XL{ (bgﬁj rh+¥f @%aYﬂﬂ”dﬂ
B1(0) Iyl B(0)\B1(0)

<S(+P)(14P7) s 4 C <o
since 0 <y < 2.
(IT) The case where 0 < |x| < 1.
Let M > 0 be a large constant such that M > a%l We divide the prof into four
parts.
(IT-a) The case where 0 < r < min {% 1- |x|}.
Then we see that y € B,(x) C Bjj+,(0) \ Bjy--(0) C B,. Therefore, we have

1 a_\ |
S(x,r)SW( fBr(x)(log |x|—r) dy)(fg,(x)(log |x|+r) “ )

(logﬁ + log |x|ﬁ,]B (logf‘;l +log —A}fl]B
= < <
~ |log & +log -
I M+

8

x|
|x]+r

log & + log

=

\%

for any x € B;(0) \ {0}. Here we have used 2L < M and 1L > M £ <

|x]-r — M-1 |xl+r = M+1
(IT-b) The case where 1 — |x| < r < %
In this case, since 0 < |x] < 1, wehave 0 < r <
see that y € B,(x) C Bj+,(0) \ Bjy--(0) and |x| + 7 <
we have

1 B
S@ﬂsT{f @g“ )@+f mwfm+m@)
n2r B(x)NB;(0) x| —r B (x)NB1(0)°
_B
X (f (log a ) dy + f (log a)_B dy)
B,(x)NB;(0) x| + 7 B,(x)NB; (0)°
M+1\° M+1Y M \B
< C((log . 1a) + (loga)®? (T) )((log T la) + (log a)_B) < oo,

(II-c) The case where & < r < 1 — |
M

<l

1 M
2
o x| —r

=

| < 1. Then we
;} Therefore,

VI
E‘E
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In this case, B,(x) C Bjy+,(0) C B1(0). From Lemma 5, we have

1 B -B
Sx,r) < —— ( f (log ) dy) ( f (log ) dy)
2t \ U, D B\ Y]

B . a \?
P ) (x| + 1) (log P r)

(lx|+r)4 Mr+r\*
<C sc( ) < o,

C
F(|x| + r) (log

r r

(II-d) The case where r > max { b p - le}

Then we see that r > —— is away from O and |x| + r < (M + 1)r. Therefore,
by Lemma 5, we have

1 B
SC,r) < = ( f (log ) dy + f (loga)” |y dy)
72t \ U0 Il B+ (0)\B1(0)

X ( f (log ) dy + f (loga) Iy dy)
Bo\ D Bler(O\B1(0)
C (M+1)r (M+1)r
<3 ((log a)® + (log a)Bf s’”ds) . ((log a)® + (loga)™® f s‘y“ds)
0 0

< %(1 + r”z)(l + r2_7) < 0o

since 0 <y < 2.
(ITII) The case where |x| > 1.
Again, we divide the proof into four cases.
(III-a) The case where 0 < r < mm{'x| |x] — 1}.
Then we see that B,(x) N B; = 0. Since B,-,(0) C B,(x) C Bjy+,(0), we have

1 “B, -
S(x.r) = 2—,,4( (loga)” |y dy) ( f (loga) ™Iy de)
T B,(x) B,(x)
x|+ r)’ 2 Y 2 Y
< =11+ <|1+ < 00
x| — 7 @ -1 M-1
(ITI-b) The case where [x| — 1 < r < '—A);'

The proof is the same as it in the case (II-b). We omit the proof.
(ITI-c¢) The case where % <r<|x-1.
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Then we see that B,(x) N B; = (. Therefore, we have

1 4
S, < == (f Iylydy)(f Iyl_ydy)sC(erl) :C(1+
4 r4 B\Xl+"(0) le\+r(0) r

(ITI-d) The case where r > max {%, |x| — 1}.
The proof is the same as it in the case (II-d). We omit the proof.
Finally, we obtain (22), which ends the proof of Lemma 3.

Proof of Lemma 4: Set

dy

T(x,r) = f gy dy = f —
B,(x)NB;(0) B,()NB1(0) [y|? (log bil)

* 1 d d
J(x,r>:J[w]<x,r>:f ﬁ(fm??)) 23

where g and w are defined in (19) and (20). Our goal is to show

P
sup T(x,r)J(x,r)? < oo.
xeR2, r>0

According to the value of r > 0, we divide the proof into two parts.
(I) The case where 0 < r < %
(I-a) The case where r < %' and |x| < %

)
— | < o0.
M

(23)

Then we see that %' < xl-r<lyl <lxl+r< %lxl < 1 fory € B,(x). We fix

~\—A
@ > 1 large enough so that the function |y|= (log ;—l) is radially decreasing on

x|

B;. Then using 5 < [y|, we have

T(x,r) < C f & cr _
. a 2
B JyP? (log \y|) Jxf? (log |x|)

Set

xl

[ L ﬂ ﬂ ” L ﬂ
1) = fr nt? (Lt(x) w()’)) 0t fz nt? (fo(") Wiy ))

= Ji(x,r) + Jr(x).
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-B -B
For J,, since (log I;il) < (log %) for |yl < 2|x|, we have
e dy | dt 2a\ % ar
Jl(x,r):f ) f B —S(10g3—) f —
ro T Bi(x) (log |(;_|) t |)C| r t
2a\7" |x|
=|log—| log—. 24
(Og 3|x|) %25, 4
For J,, note that B,(x) € B1(0)if 0 <t < %, since |x| < % Also note that
d
f Y <on(oga)® < oo, fora>1,B>0,
B(0) (log l;’—l
dy R
f — = < (loga)_Bf s'ds forany R > 1.
BB 0y [y (log a) 1
Thus we have
<1 dy dy dt
L= | = f _+ f — = =
o 7= JBwonBio) (1Og ﬁ) BonB 0y [yl (loga)” | 1
. i f dy |dt
7 b (log 2)”) !
<1 d d dt
I T e
L7t JBionBi ) (10g l;_l) BB, 0 |yl (loga)” | 1
2a\% (3 dt o b+t dt
< [1og =2 f —+ C(loga)Bf 1 +f s'7ds | —
3|x] oot 1 : 3
2 1-B
<log=2)] +c (25)
3|x]
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since 0 < B < 1 and 0 <y < 2. Combining (24) and (25), we obtain

T(x, NI nE <27 T06n) (D10 + Da(xnf)

)ga—B)

3)x|
<

B |x|? (log lsz)A (log %)% |x[* (log %)A

P\
<C|—] (log—]| +C,
| x| 2r

where the last inequality follows from the assumption A > 1 + g(l -B) > g(l - B)
in Theorem 1. In the case (I-a), we have = < 1/2. Since the function ¢ —

|x|
r*(log 5-)"'* is bounded for 0 < ¢ < 1/2, we have the result (23) in this case.
(I-b) The case where r < ';—' and % < |x| < 1.

If % < r, then we easily show that T'(x, r)J(x, r)g < C for some C > 0 in-
dependent of x € R? and r > % Therefore, we assume that r < % Since
T<l-r<i-t<|xd+t<|x+r < %fors e [r,1], we have, as in the
former case,

Cr? (log %)IE N Cr? (log 24

T(x,r) < Cr,

3 dt ~ ] e dt
J(x,r) < f 2(loga)™® = + C(log a)_Bf — (1 +f sty ds) =
r t % Tt 1 t

1
SC(log3—+1).
r

[STps}

Thus we obtain T'(x, r)J(x,r)? < Cr? (log 3% + l)
r<i
=3

< oo forany x € R? and 0 <
(I-c) The case where r < %' and |x| > 1.

If » < |x| =1, then T(x,7) = 0. Therefore, we assume that » > |x| — 1. Then we
see that [x| + 7 < r+ 1 + ¢ < 3 + 1. Therefore, we have

T(x,r) < Cr?,

% dt > 1 %H dt
J(x,7r) < f 2(loga)™® = + C(loga)‘Bf — (1 +f sty ds) =
, 1 L om | t

1
SC(log2—+1).
r
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Thus we obtain T(x, r)J(x,r)? < Cr? (log 5+ 1),7 < oo forany x € R? and 0 <
r < %
(I-d) The case where ';‘—' <

We may assume that r < % Then we see that B,(x) C B3,.(0) C B;(0). First,
we consider the case where |x| < % From Lemma 5, we have

d 2 1-A
T(x,r) < Y i lo 4 ,
AT A-1\%%3
5.0 [yP (log ) d

1-|x] 1 00 1 |x|+t dt
J(x,r) < f f (log ) —2( sty ds) —
o\ D)1 1y 70 t

= 4 ¥ 1 dt
<C lo — 1 r+ 1)) =
- ( )( |x|+t) fm? *e+ 1) )t

2

1—|x| a -
<C 331 1 +1},
= f (°g||+r) t+|x| (Og )

Thus we have

P a 1-A 2(1 B)
T 00t < Clog 57 ((log ) +1)_
r

The last expression is finite since A > 1 + §(1 — B). We can also show the case
where % < |x| < 1 in the same way as above, so we omit the proof.
(IT) The case where r > %

If |x| < 2, then we can easily see that T'(x, r) and J(x,r) are finite. Also, if
r < |x| =1, then T(x,r) = 0. Therefore, we assume that |x| > 2 and r > |x| — 1.
In this case, we can also show in the same way as (I-c) that T'(x, r) and J(x, r) are
finite. Therefore, we omit the proof.

Finally, we obtain (23), which ends the proof of Lemma 4. m]

Note added in the proof.

After the completion of the manuscript, we have been informed by Prof. T.
Horiuchi (Ibaraki University) that the inequality in Theorem 1 is a special case
of a series of weighted inequalities proved in his recent paper [9] (Theorem 3.1.).
His method is different from that in our paper and do not exploit the weighted
nonlinear potential theory. We thank Prof. Horiuchi for informing us of the fact.
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