WP APPROXIMATION OF THE MOSER-TRUDINGER
INEQUALITY

MASATO HASHIZUME AND NORISUKE IOKU

ABSTRACT. We propose a power type approximation of the Moser—Trudinger
functional and show that its concentration level converges to the Carleson—
Chang limit.

1. INTRODUCTION

Let N > 2,1 < p < N, B be the unit ball in RY, and Wol’p(B) be the com-
pletion with respect to the Sobolev norm ||ul[w1.»(p) = (||u||’£p(B) + ||Vu||’L’p(B))1/p
of smooth compactly supported functions in B. Then, the Sobolev inequality in B
states that, there exists a constant C' > 0 such that

(1.1) [ullzo- () < ClIVullLe )

for every u € Wol’p(B), where p* = Np/(N — p) is the critical Sobolev exponent.

In the borderline situation where p = N, the inequality (1.1) is known to hold
when p* is replaced by any number greater than or equal to 1. However, a stronger
result, proved by Trudinger [24] (see also [19, 26]) is available. This is

N
(1.2) sup / el 4y < OB
uewyN(B) YB
HV“HLN(B)Sl
and is true for some constants « and C, depending only on N. Moser [18] sharpened
the inequality to

(1.3) sup / ealu‘N{1 dx < ClB] if a<an,
wewdN(p) JB =400 if a>ap,

HV'“”LN(B)Sl

1

where ay = Nw fvv:ll and wy_1 is the surface measure of the unit sphere in RV,

The Trudinger inequality (1.2) is considered to be a limiting case of the Sobolev
inequality in the framework of Orlicz spaces. After the contribution of Adams [1],
Cianchi [7] established the optimal extension of inequalities (1.1) and (1.2) to the
case where Lebesgue norms are replaced by any Orlicz norm. This extension coin-
cides with (1.1) for Wy?(B) and (1.2) for W™ (B), respectively. Even though the
Sobolev inequality (1.1) and its limiting case (1.2) were unified in [7], the latter is
not obtained via a direct limiting procedure in the former as p — N.
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In this paper, we focus on this discontinuity and propose an equivalent form of
the LP" norm that converges to the Moser-Trudinger functional in (1.3) asp — N.
To state our result, we define a function Fj, : R = R, for p € (1, N) by
Np-1)

—-P

—Poayls|71 :

N
Fp(S) = |:]. + m

(1.4)

P
—1

% 1_1\pP
op = (aN |B|» N)

Proposition 1.1. Let u be a smooth compactly supported function in B. Then
there holds

el < [ (Fylu) = 1) < cafulf
B

for some ¢y, co > 0 depending on p, N, and |B|. Furthermore, there holds
N
/Fp(u) —>/ NN gy (p— N).
B B

Proposition 1.1 clearly follows from lim, o, Fj,(s)/s? = ¢ for some constant
¢ > 0. Furthermore, as we will see, the proposed function F}, yields new insight
into the concentration level of the Moser-Trudinger functional in (1.3).

The concentration level of the Moser—Trudinger functional (1.3) for « = ay was
first investigated by Carleson—Chang [6]. Let B. be the ball centered at the origin
with radius € > 0 and

NN 1
Glu)i= [ e
B
It is revealed in [6] that
(1.5) lim sup G (u,,) < |B|(1+ezf§:ﬂl%)

n—0o0
if {un} is a concentrating sequence, that is lim, o [[Vu,|/z~ s,y = 1 holds for
every ¢ > 0. The maximal limit in (1.5) on concentrating sequences is called the
Carleson-Chang limit. Later, de Figueiredo-do O-Ruf [9] constructed a concen-
trating sequence {y,} such that lim, . G(y,) = |B|(1 + et %), which means
the value of the Carleson—Chang limit is the right hand side of (1.5). It should also
be mentioned that Carleson-Chang [6] considered (1.5) to prove the existence of a
function which attains the supremum in (1.3) for & = ay. Specifically, they de-
scribed a function u* such that G(u*) > |B|(1+ et %), and combined this fact,
the concentration compactness argument, and (1.5) to show that all maximizing
sequences of the supremum in (1.3) with o = an are precompact. This method
has been extended to more general cases, as shown in the works of Struwe [22],
Flucher [10] and Li [15]. See also [20, 14, 12, 17, 11] and references therein for other
discussion of maximizing problems related to the Moser—Trudinger functional.
We define %, and X, by

(L6) By 1= {u e Woka(B) | |Vul, <1},

where Wol)’fad(B) denotes the set of radially symmetric functions belonging to
Wy*(B), and

(1.7) X, = {{un} C B,

lim [|Vu,|rr(p.) =1 for any e > 0} )
n—oo
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The main result of the presented paper shows that the concentration level associated
with F}, converges to the Carleson-Chang limit.

Theorem 1.2. It holds that

sup <limsup/ Fp(un)dx) — |BJ(1+ eZist %) (p— N).
B

{un}eX, n—00

Remark 1.3. It is important to notice the derivation of Fj,. In the proof of (1.5),
the following inequality, termed Alvino’s inequality or the radial lemma, plays an
essential role:

N—-1

N
) IVl s ()

N-—1

(1.8) ()] < ay ™ (Nlog1

||
for every x € B and u € WO1 }]Zd(B)' It is easy to check that (1.8) is equivalent to

an (Ju@|/1Val v ) ST o L

e |$‘N

Similarly, for the case of 1 < p < IV, it holds that

p—1

1_1 Noiny~l p—1 _N=p P
19 @l < (B ey ) {NEZD (o5 1) b IVl

for every x € B and u € Wol’fad(B). The function F), is defined so that (1.9) is
equivalent to
1

Fy(u(@)/[[Vullrr(s)) < L

We prove (1.9) at the end of Section 2 for the convenience of readers.

Remark 1.4. Theorem 1.2 can be rewritten by using g-exponential function and
g-logarithmic function, which are defined by

1 ri—¢ -1
exp,(r) == [1+ (1 —q)r]T™9, Ingr:= T4
for ¢ >0, ¢ # 1, and r > 0. It is easy to verify that
(1.10) (}L}Ir%lnqrzlogr and (}1_>mlequr:e

for every r > 0 and
(1.11) exp,(In, r) = Iny(exp,r) =7

for every ¢ > 0, ¢ # 1, and r > 0. These modified functions were originally
introduced by Tsallis [25] to study nonextensive statistics. Then, it clearly holds
that

_p_
(1.12) Fp(u) = exppsp-an (%IUIP”) :

These relations in (1.10)—(1.12) make the proof clearer.
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2. PROOFS

In this section we prove Theorem 1.2. The best possible constant in (1.1) ob-
tained by Aubin [4] and Talenti [23] is
(2.1)

1

Sp = inf

p—1 N N
19l oo N—p) Hr(d)r(vei-)
u€Wy P (B) HUHLP*(B)

:ﬁNp<p—1 D(N)T (1+5) 7

This plays a crucial role. First we define %, X, by (1.6), (1.7), and then we set a
constant M, by

M, := sup <limsup/ Fp(un)dx>.
B

{u"}eXp n—oo

With this setting, we divide the rest of the proof into two steps.
Proposition 2.1. If p > 2N/(N + 1) then

M, = |B| + [N](Vp__ﬁ)%] s
Proposition 2.2. It holds that
lim M, = |B|(1+ eZia 1),
Theorem 1.2 follows from Propositions 2.1 and 2.2.
Proof of Proposition 2.1. For any positive constants a, b and v > 1, it holds that
a’V+b <(a+b) <a”+b + y27 71 (ab"’_l + a”‘lb) .
Thus, for p > 2N /(N + 1) we have that

Np=-1)
N—p N=»p x
(2.2) L+ [N(pl)%} [s|” < Fy(s)
and
N N(p=1)
—p N-—p «
(2.3) Fp(s) <1+ []\,(]3_1)04 [s|” + H(s),

where H(s) = Cy|s|7°T + Cy|s|P" ~7 1 with positive constants Cy, Cs.
We take any sequence {u,} € X,. We prove that

(2.4) /B H(un)dz = o(1)

as n — 0o. In order to prove this, we set

T :z/ |un|%dm, T2 :z/ |un|p*7ppjdx and  Kne = UnloB. -
B B
Recall that the embedding
(2.5) Wih(B\B.) = ¢ (BVB.)

holds for every € > 0, and for every ¢ € [1,p*] there is a constant S, such that
(2.6) SqHu”LQ(B\EE) < ||vu||Lp(B\§s)
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for every u € W% (B \ B.) with u = 0 on dB. By the definitions of %, and X,
we obtain [[Vunl 1, g5,y = 0(1), and then [Jun|| 1,5 5,) — 0 as n — oo for any
€ > 0 by (2.6). It holds from the embedding (2.5) that x,, . — 0 as n — oo for any
e > 0. Using this fact and (2.6) again, we observe that

T = / |un\ﬁdx+/ |t |71 da
B. B\B.
o1 p
pP— P
<||un - Hma”Lﬁ(BE) + ||I€n,a||Lp%l(BE)) + /B\BE | 71 da
(p—1)p* p—T1
[tun — Kin,e LP*(BS)‘BEW’*UPMP + on(1) + on(1)
p

(p—1)p* p—1
(S;lnwnuuwsntwwp+on<1>) T on(D)

0:(1) + 0, (1),

IN

2

IN

where 0,(1) — 0 as n — oo and 0.(1) — 0 as ¢ — 0. Letting ¢ — 0 after n — oo,
we obtain 73 = o(1) as n — oo. Similarly, we deduce that 72 = o(1) as n — oc.
Thus, we obtain (2.4).

Applying (2.4) to (2.3) with the aid of the Sobolev inequality, we have

(27)/F( )d < / 1 [N_p }NN(PpU' |p* H( ) d
. Up)dr < + | =« Uy, + Uy, X
B P B N(p—1) P
N N(p—1)
—p N—p . .
< 1B+ gy S IV ot
N N(p—1)
—p N—p o
< |B _— S-P 1).
— | |+|:N(p_1)ap:| P +0()

This proves the upper estimate of M.
Next, it remains to prove the lower estimate of M,. We define

p_ _N—-p
U(x) = 1+ [z[71)" 7,
and then for £,, — 0 as n — oo, set

-D

(2.8) W, (z) = K, [a,;”T (U(z/en) —U-)] |

N
where U., := (14¢, 7 7)" 7 and K, is the constant satisfying VW, = 1.
It is easy to see that {W,} € X,. By direct computation, we have

/B (WP dz = ;7" +o(1)
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as n — 0o. Combining this with (2.2), we have

N(p—1)
N—-p N

N(p—1)

N - ¥ .
P } W, 7" b do

Np-1n"

lim 1+ {

n— oo B

IN

sup Hmsup/ Fy(up,)dz.
B

{u,}eX, n—oo

Hence, the lower estimate is obtained, and consequently (2.7) and (2.9) yield Propo-
sition 2.1. g

Proof of Proposition 2.2. It follows from (1.4), (2.1), and Proposition 2.1 that

o1 | NP
M, — B+ |-N=P | pF_TN
P N(p—1 ! ¥
=D\ raey)”
A
p—1
« fN1<N—p>” r(y)r(vei-g)
TN r
p—1 L(N)T (1+5)
T(N) i
= |B|+|B| | — _
F(;)F(N+1—;)
Let q := 1\71)1—\[71;7-4-1)_ We observe that
T(N) ’ T(N) '

= exp, | Ing

F(%)F(]\Urlf%) F(%)F(NJrl—%)

Due to the continuity of the g-exponential function, it suffices to prove that
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By the definition of the g-logarithmic function with g = ij_\,ijz\fﬂ’, we have

P
N-—p

T(N)

F(%)F(N+l—%)

In,

P (17NPJ—VN+10)

T(N) o ’ )
r(%)P(NH—%)
1_Np1_\7];\;[+p
1 1
N r(N)%—F(%>”F(N+1—g)”
() r(ver- )Y v 1
p P
Putting t = % — 1, we derive that
I(N) K
P ) (v )
p p
. N (P(N)N—r(tﬂ)fvr(zv—t)fv)
S0 (4 )V T (N — )V t
_ N di —r(t+1)%r(zv—t)%)
I (N)~V at t=0
_ vy @
L) Ira)

Here L log(I'(z)) = 1;/((;) is called the digamma function. It is known that the
digamma function is written by (see for example Section 13.2 in [3])

d — (1 1
P log(I'(2)) = —v +j; (j - z—1—|—j> ;

where v denotes Euler’s constant. Thus, it holds

P

T(N) R

1
lim In, = —.
N (M) (N ) ;;k
This completes the proof of Proposition 2.2. (]

We give a proof of (1.9) for the convenience of readers.

Proof of (1.9). Let 1 <p < N and fix u € VVolyfad(B). Then there exists v : [0,1) —
R such that u(z) = v(|z]). By the fundamental theorem of calculus and the Holder
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inequality, we have

vt < | o/ (s)lds < (/ 1 sN-1|u’<s)|pds); (/ 1 sitas) |

p—1
_1 N—p/ N> E
<wrhlVulm {52 (3t 1)} T
. - p—1 11 Noan~l
The conclusion follows from wy?, = N7 <|B|P N\ N ) . O

3. ADDITIONAL REMARKS
In a final section, we state some remarks.

Remark 3.1. Theorem 1.2 still holds for more general settings. Indeed, Propo-
sition 2.1, and hence Theorem 1.2, holds when 2, and X, are replaced by the
following sets, without assuming radially symmetric conditions:

@, = {u e WP (B) ‘ 1Vl Lo () < 1},

X, = {{un} C%E,

uy, — 0 weakly in Wol’p(B)} .

We give a sketch of the proof. Since {W,} constructed in (2.8) belongs to X,
the lower estimate of Proposition 2.1 holds by the same argument as in the proof
for X,,. For the upper estimate, it is enough to prove [ H(u,)dz = o(1) for any
{u,} € Xp, where H is defined in (2.3). This computation is a direct consequence of
the definition of H and the compactness of subcritical Sobolev embeddings. Hence,
Proposition 2.1 holds for X,,.

Remark 3.2. By Lions [16], it has been proven that if a sequence {u,, } C € satisfies
: LN
U, — up weakly in Wy (B) and

lim inf eO‘Nlu"l%dx > eaNluol%da:
n—oo B B ’
then {u,} € Xy. This means that the Moser-Trudinger functional can be discon-
tinuous only for some sequences in X . However, the situation p < N is different.
Indeed, one can construct a sequence {u,} C %, such that u, — ug # 0 weakly in
WyP(B) and liminf,_, I Fp(un)dz > [ F,(ug)dz as follows:
We first consider
N N]E,p—l)
—-p —p .
T,(s) = E,(s) — [a ] [s|P .
? g Np-1)"

By (2.2) and (2.3), we observe that 1 < T,,(s) < 1+ H(s). Applying a variant of
the dominated convergence theorem, we have

/BTp(un)dx—>/BTp(u0)dx

for any {u,} € Wy?(B) with u, — ug weakly in Wy*(B). Therefore, it suffices
to identify a sequence {u,} C %, such that u, — ug # 0 weakly in W,?(B) and
Hminfy, oo [ |ualP dz > [4 |uo|P da.
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Take ¢, v € WyP(B) with |[Vg|[2 = 1/2,[|V¥[[2 = 1/2 and consider zero exten-
sion of v outside of B. Define a sequence by

un(@) = Co ((2) + 07" (na) ),
where C,, is taken such that [[Vu,]||, = 1. Under the setting, we see that
Cn—1, u, — ¢ weakly in W,?(B)

as n — oo. Therefore, {u,} does not belong to X Moreover, it follows from the
theorem of Brezis and Lieb [5] that

lim / |y, [P das*/ |p|P” da + hrn / [t |P d:c>/ |p|P da,
n— oo

hence the sequence {u, } satisfies the desired condition.

Remark 3.3. Several inequalities for W1V functions can be derived from WP cases
using the direct limiting procedure as p — N. For instance, WP approximation of
the Alvino inequality (1.8) and the Hardy inequality in the half space was obtained
n [13] and [21], respectively.

Remark 3.4. The optimal constant SUD|| V|| 1o 5y <1 fB F,(u)dx is lower semicontin-
uous as p — N, namely there holds

N
lim inf sup /Fp(u)dx > sup /6aw\u|N—1dx.
PN\ | VullLp () <1 /B IVull v <1/B

Indeed, it follows from ||Vul|Lr(p) < |B|%7%||V’U,||LN(B) that

sup / Fp(u)dx
B

(IVullLp(s)<1

N(p—1)

N-—-p 1_1 T | NP
= 1+ — (BN ) d
sup /B[ —i—N(p_l)ozp |B|~ "7 |ul ] x

IVullpp(s)<IB|? N

N(p—1)

N — p(N—1) N—>p
= sup / [l—f—N(pl)aN(p ) |u|7-T ] dx
1_ 1 -
IVullpo sy <|Blp N /B P

N
> sup / [1 + 71)0&@71) |up'&] dx
IVull v gy <1/ B N(p—1)

N
— sup / N dy (p— N).
B

HVUHLN(B)Sl

The continuity of the optimal constant remains open.
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