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1. INTRODUCTION

In this thesis, we study generalized quantum groups Ux(¢) (X = A, B,C, D).
Us and Ug, introduced in [3] without Serre relations, are certain extension of the
well known quantum group of type A and type B respectively. The similarity
between these algebras and the quantized enveloping algebra in [5] was pointed
out. In Section 2, we first review the quantized superalgebra Ule] from [5] and
the algebra Uy (e) from [3]. We then establish an isomorphism between them,
which enable us to transport Serre relations of the former to the latter. We also
study the isomorphism that switching adjacent components of €. In Section 3,
we examine the Hopf algebra structure of U4 (e). In Section 4, we study Ug(e) in
similar manner to Section 2. Based on the studies of U4 (€) and Ug(€), we introduce
new algebras Uc(€), Up(e), and we show there is an isomorphism between them
under certain conditions. In Section 6, we consider representations of U, Up, Uc
and Up. Throughout the paper we use the notations : [i,j] ={k € Z|i <k < j},

m

the g-integer [m] = [m], = %’ [X,Y]: = XY —tYX, where [X,Y]; is simply

denoted by [X,Y]. We assume that n > 4.
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2. Ule] AND Ua(€)

For a sequence ¢ = (e1,...,€,) of 0 or 1, we introduce two algebras Ule] and
Uy (€) and show they are isomorphic as a C(g)-algebra to each other by adding
elements having simple commutation relations with generators. Ule] was defined in
[5] and U4 (€) was defined in [3] without Serre relations.

2.1. Quantized superalgebra Ule]. For ¢,j € [1,n — 1], Set
(2.1) Cij = Cji = 6i5((=1)7 + (1)) = 6 j41 (1) — iga 5(—1) 7+

We also set €;; = €; — ¢;. Let Ule] be a C(g)-algebra with generators K, E;, F;
(7 € [1,n — 1]) and relations

(2.2) KK '=K 'K, =1, K;K; = K;K;,
(2.3) K,E;K; ' =q¢“E;, K,F;K; ' = ¢4 F},
K, —K;!
(24) [EZ, Fj](_l)‘i,i+1€j,j+1 == (51']'7_7'1,
qa—4q
(2.5) E?=F?=0 ife# e,
(2.6) [Ei,Ej] —1)%,i+1%5,5+1 = [FZ',FJ‘] —1)¢,i+1%5,5+1 = 0 if |Z —j| Z 2,
(1) -1
(2.7) (Ei, [Ei, Ejlglg—r = [F3, [Fi, Filglg— =0 if e = e, i = j[ = 1,
(28) [El [[Ei_l,Ei](_l)fi—l,iq7Ei+1](_1)51,—1,71+15i+1,i+2q—1](_1)51,—1,7‘,4—‘2

:(E—>F):0 ifﬁi#ﬁprl.

Remark 2.1. The notations p(«;), d; in [5, P328,P331] are replaced with €; 41,
(—1)e.
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2.2. Hopf algebra Ua. For i,j € [1,n — 1], Set
q (e = 0) g (J=1)
(2.9) % = { o ) Dij=Dji = { Uaxiiyy (G =i%1)
1 (otherwise).

Let Ua(e) be a C(g)-algebra generated by e;, fi, k' (i € [1,n — 1]) obeying the
relations

(2.10)  Kik; ' =k =1, kiky = Kk,
(2.11) k‘iej‘k’i_l = Dijej s Ififjk‘i_l = Di_jlfj,
ki — k!

eir fi] = 05—,

(212) - lea fil = 07— =

( ) 612:,]012:0 ifq#q+1,

(2.14) €i7€j] = [fi>fj] =0 lf ‘Z —j‘ Z 2,
(2.15)

(2.16)

efej — (—1)“[2]e;eje; + eje? =(e—=f)=0 ifeg=r¢€11,li—j|=1,

eiei—1eei41 + (—1)[2]e;ei—r1ei11€; — e;eip1€i€,1
—ei_1€€i11€; + eir1€eiei_1€; = (e = f) =0 if € # €;41.

Remark 2.2. The algebra Uy (e) was introduced in [3] without relations (2.13)-
(2.16).

Example 2.3. For U[1,1,0,0,1] and U4(1,1,0,0, 1) one has

¢ ¢ 1 1 ¢? —¢ 1 1

e _|la 1ot o1 e | —e -1 ¢t
(@7 )ij=1 = 1 ¢! ¢ ¢ (Dij)ije1 = 1 ¢! @2 gt
1 1 ¢! 1 1 1 ¢! -1

We see from this example that the difference of ¢©* and D; ; are just by signs.

2.3. Isomorphism as a C(q)-algebra. We add to Ule] invertible elements 6;, 6,
(¢ € [1,n — 1]) such that

Gr=0t =1, (0,02 = (—1)re,

and that they commute with K; and have the following commutation relations with
Ej and Fj.

(2].7) QZEJ = aijEjGi, QQEJ = a;jE]ﬂ;,

(2.18) 0.F; = o Fi6;,  0F; =o'} Fj0l.

Here

(2.19) a;j = (_1)5i+1,j€i+1+e¢€j+1 V1" (ifj)(eiefrei“ej“)’
(220) a;j — (_1)5i717]€i+6i6j+1 \/:Sgn (jfi)(5i5j+5i+1€_7'+l)’

and sgn (i) =1(i >0), =—-1(i <0).
Let Ule] be the algebra enlarged from Ule] by adding 6, F);il (i e[l,n—1)).
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Proposition 2.4. The C(q)-linear map v : Ua(e) — Ule] defined by
L(el) = Elﬂz, L(fl) = Fﬂ;, L(k;tl) = a;leﬂﬂﬂi
gives an C(q)-algebra homomorphism.
Proof. We show that ¢ preserves (2.12).
L([ei, f]]) :Elelee‘; — FJH;EZGZ
:O[;jl(EiFj — a”a;ZFJEZ)&G;
:ai_jl([Ei7 Fj](_1)(‘i+€z‘+1)(F]‘+€j+1))oig_;'
K, — K *
q9—4q
ki — kf1>
=t 6171 .
( Tq—q!
The other cases are similar. |

We also enlarge U4 (€) by adding 6;, ¢, that commute with k; and have the same
commutation relations with e;, f; as in (2.17),(2.18). Let Ua(e) be the resulting
algebra. Then the previous proposition immediately implies

Theorem 2.5. Ule] is isomorphic to Ua(e) as a C(q)-algebra.

Remark 2.6. The C(g)-isomorphism :*! is defined by
Lil(ei) =0, Lil(eg) = 92, Lil(a;l) = 6‘;17 Lil(eéil) = 92717
L_l(ei) = Ei9;17 L_l(fi) = Fzﬂfl, L(k:tl) = aiinIQi*lH;*l.

2.4. Isomorphism switching adjacent components of e. Fore = (e1,...,¢;, €41, ..

let € = (€},...,€,€41,-..,€,) denote the new sequence (€1, ..., €41, €, ..., €,) Ob-
tained by switching the i-th and (i + 1)-th components.
Theorem 2.7. Fori € [1,n — 1] define a map 7; by
(ki) =k, Ti(ei) = —fiki, 7i(fi) = —k; "es,
7i(k;) = kik;, Ti(e;) = [ei, €5]p, milfy) = filp o (li=3l=1),
(X)) =X, forX=efk (li—=1>2).
Then 7; gives an isomorphism from Ua(e) to Ua(€e'). Moreover, 7';1 is given by
7 (k) = kY 7 He) = =k i, 7 (fi) = —eiki,
7, (ky) = kikj, 77 Hey) = [ej €l T () =i filpy (li—dl=1),
N X)) =X, forX=e [k (li—1]>2).
Proof of this theorem is given in Appendix B.

3. HOPF ALGEBRA STRUCTURE

Uy (€) is a Hopf algebra with coproduct A, counit € and antipode S given by

AT =k @k, Ale)=1®ei+e; 0k, Alfi)=fiol+k'® fi
eki) =1, ele)=e(fi)=0, Sk =kF', Sle;)=—eik;', S(fi) = —kifi.

,€n)



6 SHOHEI MACHIDA

The homogeneous cases are identified with the usual quantized enveloping algebras
as

(3.2) UA0,...,0) =Uy(An_1), Ua(l,...;1) =U_g1(Ap_1).

The most difficult part for checking it is a Hopf algebra lies in the proof that A is
an algebra homomorphism. It is given in Appendix A.

Remark 3.1. UJ¢], extended by an element o, also becomes a Hopf algebra with co-
product A’. ¢ is an involutive element (02 = 1) and commutes with the generators
of Ule] in the following manner.

oE;, = (-1)"*'E,0, oF,=(-1)%"*Fo, UKl-il = Kl-ila.
With this o the coproduct A’ is given by
N(o)=o®0o,  AN(KF) =K' oK,
AN(E)=0"*"RE+FEoK, AF)=Fol+tK o+ @F,.

Although both U (e) and Ule] are Hopf algebras, ¢ does not induce a Hopf algebra
homomorphism.

Set Ggm) = [Z],vfi(m) = [{;]‘ and define
Ri = Z qm(7”_1)/2 H(qa _ q—a)egm) ® fz(m)7
m=0 a=1
00 m
R; — Z(_l)mq—m(m—l)/Q H(qa . q—a)ez(_m) ® fl(m)
m=0 a=1

Let V, W be Uz-modules. If there exist mg > 1 such that ez(-mo)V =0or fi(mO)W =
0, then R =R; " on Vo W.

Theorem 3.2. For any x € Ua(€) we have
(7' @77 )(AT(2) = RiA(2)R;.

Proof. The case of ¢; = €;41 = 0 is proved in [4, Prop 37.3.2.], and the case of
€; = €i41 = 1 is similar by replacing ¢ with —¢g~!. So, we check this when ¢; # €;41.
In this case, thanks to (2.13), R; and R} become finite sum. Therefore, this can be
checked directly. For instance,

(r7 ' @7 D) (A(r(e:)) =(r @7 ) (A(—fiks))
:(Ti_1 ® Tz’_l)(Ti(ei) Rk +1®7(e;))
=e; @k +1®e;.
On the other hand,
RiA(e)R; =101+ (q—q Nei®@ fi)(1®ei+e@k)(1®1—(¢—q e ® fi)
=1®e+e;@ki+(qg—q e ®@ fies — (g—q ei @eif;
-1 k'i - kz_l
=lQe+e®@k—(g—q¢ e ® —
q—dq
=e; @k +1®e;.

The other cases are checked similarly. O
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4. Z/{B(e)

In this section we define an algebra Up(€) and state a similar result to Theorem
2.5. First, D;; (2,7 € [1,n]) for this case is the same as (2.9) except when i = j = n,
in which case

Dm:{ ¢ (6n=0§

—q (en =1

We define Up(e) as a C(q?)-algebra generated by e;, fi, k(i € [1,n]) obeying
the following relations.

) kik =k Mk =1, kiky = kiks,

(4.2) kiejk;' = Dyje; , kifik; ' = D;jlfjv
ki — k7t
(4.3) les f5] = 5ijm if (i,7) # (n,n),
(4.4) e =f2=0 ife #eir1,i#n,
(4.5) les,e5] =[fi, ;] =0 if |i—j] >2,
(4.6) efe; — (1) [2leieje; +ejer = (e — f) =0 if e = ey, |i — j| = 1,i #n,
(4.7)

.,
eiei—1eei41 + (—1)[2]e;ei1ei41€; — €;eip1€i€,1

—ei_1€i€it1€; +eirieiei1e; = (e = f) =0 if ¢ # €41,

kp — k1
(48) [envfn] = 1 ﬁ;v
q2 —q7 3

(4.9) en_lei — eien_l + (14 (-1) [2])(63%_16" - enen_lefl) =(e— f)=0.

As seen from above, the first 7 relations are the same as those in section 2.2 for
Ua(€) except a possible restriction on i. Up is also a Hopf algebra with (3.1).

Remark 4.1. The algebra Up(€) was introduced in [3] without relations (4.4)-(4.9).
We also made the replacements ¢ — —1/q,¢; — 1 — ¢;.

Theorem 4.2. Theorem 2.7 holds as it is with Ua(€) and Ua(€') replaced by Ug(€)
and Ug(€').

5. Uc(e) AND Up(e)

In this section, we introduce Uc(€) and Up(€). For €,_1 # €,, T—1 becomes an
isomorphism between Uc(€) and Up(€').

5.1. Uc(e). We define the constants D; j(= D; ;) as follows. First, D;; (4,7 € [1,n])
for this case is the same as (2.9) except
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Let Uc () be the C(q)-algebra generated by e;, fi, k(i € [1,n]) obeying the
relations below.
1) kbt =k k=1, ik = kjki,
(5.2) kiejk; ' = Dyje; , kifik; ' = D' fj,
ki =kt
3) e fi] =6¢jﬁ if (i,7) # (n,n),
4) e =f2=0 ife #eip1,1#n,
5) leies] =[fi, fi] =0 if|i—j] =2,
6) eZej — (—1)%[2]eieje; +ejel = (e — f) =0if & = €41, i — j| = 1,4,j #n,
7) eiei_1eieip1 + (—1)[2)eiei_1€i 116, — €ieipi€i€1

—ei1eeip1e; teipieiei1e; = (e — f) =0 ife #eq1,1<i<n—2,

-1
(5:8) lens fu] = S5,
(5.9) [en—1,[en—1,[en-1,en]g2lg2]=(e = f) =0 if e, 1 =€p,
(5.10)
e2en 1 — (@ +q 2)epen_16n +en_162 =(e— f) =0,
(5.11)

[[len—2,en—1]D,[len—2,en—1]D,en]p-2],en—1] = (e = f) =0
ifen_oFen_1#€n, Di=Dp_9p_1,
(5.12)
[[[[[[en—3,en—2]D,en—1]D,€n]p-2,€n—1]_p-1,€n—2]p, €n—1] = (e = f) =0
ifep_o=€p_1#€n,D:=Dp_2,_1.

Example 5.1. For Us(1,1,0,0,1) one has

g? —q 1 1 1
] —q -1 ¢t 1 1
(Dij)ij=1 = ' ¢ gt 12

1
1 1 ¢t -1 g
1 1 1 ¢ q*

Uc(€) becomes a Hopf algebra with (3.1).

5.2. Up(€). We define the constants D; j(= D, ;) as follows. First, D;; (i,j € [1,n])
for this case is the same as (2.9) except

(et =0) Tl me =0
Dn72,n = , Dn,n =41 (en—l 7é en) y

— =1
q (en ! ) q72 (Gn_l = €p = 1)

*qz (€n—1=0,6, =1)
Dn,n—l =<1 (Enfl = En)

—CI—2 (enfl = 1a €n = O)
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Let Up be the C(q)-algebra generated by e;, fi, k' (i € [1,n]) obeying the rela-
tions below.
(5.13) kik; ' =k ki =1, kik; = kjki,
(5.14) k:iejk L= Dijej 5 kifjk;1 = D;jlfj,

%

5.21
5.22

e%en,g — (=) 12lenen—sen + en,gefl =(e—= f)=0if €,_1 = €n,

ki — kot
(5.15) [es, f5] = 51-]-#,
(5.16) €2 = f2 =0 ife #€1,i#n,,
(5.17) €2 =f2=0 ifen_1 # en,
(5.18) [ei,ej] =[fi, f;]=0 if D;; =1,
(5.19) eZe; — (1) [2]eieje; +ejel = (e — f) =0if ¢ = €41, i —j| = 1,5 #n,
(5.20) €2_sen — (—1)""'[2en_2enen o +enel o= (e— f)=0if e, o =¢, 1,
(5.21)
(5.22)

eiei—1eieip1 + (—1)“[2]eje;_1ei11€; — eieip1eie; 1
—ei1eeir1e; teipieie e, = (e — f) =0 ife #eq1,1<i<n—2,
(5.23) ep_sen_sen_sen + (—1)"2[2]en_2en_36n€n—2 — €n_2€n€n_2€n_3
— en_3€n—26nen_o+enen o€, sen_o=(e— f)=0 ife,_oFe,_1,
(5.24) ep_senen_1 —en_2en_16, + (—1)" 1 [2](ep—16n—26n — €n€n_2en_1)
+enen_16n—2 — en_1ntn_o=(e— f)=0 if €,_1 # €.

Example 5.2. For Up(1,0,1,0) and Up(0,1,0,0) one has

-1 ¢! 1 1 -1 —q 1 1
-1 -1 -1

4 _|a -1 —q —q 4 _ |9 -1 ¢ q
(Dw)i,jzl = 1 —q 1 _qu ) (D%J)Lj:l = 1 q’l q2 1
1 —q —¢?* -1 1 ¢t 1 q?

Up (€) becomes a Hopf algebra with (3.1). The homogeneous cases are identified
with the usual quantized enveloping algebras as

(5.25)  Ux(0,...,0) = Uy(X,), Ux(1,....1)=U_,1(X,) (X=B,C,D).

5.3. Isomorphism between U (€) and Up(e) as a C(g)-algebra. In the case of
Uc(€), for i € [1,n — 2] Theorem 2.7 holds as it is with U (e) and U4 (€") replaced
by Uc(€) and Uc(€'). If €,-1 = €,, a C(g)-algebra automorphism 7,,_; is defined
by

(5.26)  Tu_1(en) = _1[)2] (€2 _1en — (14 D)en_1enen_1+ Deney_y),
oetl) = R D = (U D) s fafacs + Faf2)
Tt (en) = (_1[)2?_1 (De2_ie, — (1+ D)ey_1enen_1 +ene ),
) = S Bt = (U D b + D7 a2,
Tn1(kn) = k2 _1kn, 7. (kn) =k2 1k, (D:=Dy_1., €Uc).
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For other elements, 7,,_1 is defined in the same manner as Theorem 2.7. If ¢,,_1 #

€n, C(q)-algebra isomorphism 7,,—1 : Uc(€1,. .., €n—1,6n) = Up(€1,. .., €n,€n—1) i
defined by

1 (=1)en—
(527) Tnfl(en) = 7[6n7136n]Dn_1m,7 Tnfl(fn) = 7[]071; fnfl]Dfl ;

B 2
Toti(en) = (1) [ensen—1]D, 1 05 Toti(fn) = [fnflvfn]D;ilyna

Tno1(kn) = kn_1kn, 7,2 (kn) = kn_1kn.

n

For other elements, 7,1 is defined in the same manner as Theorem 2.7.
In the case of Up(e), for i € [1,n — 2] Theorem 2.7 holds as it is with U4(€) and
U (€") replaced by Up(e) and Up(€’) except next cases:

(5.28)
Tn72(en) - [en727 en]Dn,nfw Tn72(fn) = [fna fn72]D;1n_27 Tn72(kn) = knknf%
Tn_—lz(en) = [eﬂ?en_2]Dn,n—2’ 7'n_—12(fn) = [fn—27fn]D;1n727 77:—12(]%) = knkp 2.

If €,—1 = €,, a C(g)-algebra automorphism 7,,_1 is defined by

(529) Tn—l(en) = €n, Tn—l(fn) = f’ru Tn—l(kn) =

Tn__ll(en) = €n, Tn_—ll(fn) = f’m Tn_—ll(kn) =

For other elements, 7,,_1 is defined in the same manner as Theorem 2.7.

6. REPRSENTATIONS OF U4 (€), Up(€), Uc(e) AND Up(e)

Set

W i ) (o) = ..o

1
Vi e [l,n],m; € Z,0<m; < >,

|m> S W,imz = l> R
i=1

le;) :=10,...,0, 1707 ...,0) €W (See also [3, Section 2]).

W, = C(q) <|m> =|my,...,my)

Proposition 6.1. The map 7 : Ua(e) — End(W,) defined by

eilm) = [m;]lm — e; + e;11),
film) = [m;1]|m +e; —eiyq),

Mi+41

kilm) = q;mqul jm)

fori € [1,n — 1] is an irreducible representation, where 0 <1 < n ife;---€, =1
and l € Z>o otherwise.
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Proposition 6.2. The map 7 : Up(e) — End(W) defined by
eim) = [m;]lm —e; +e;41) (1 <i<n),
film) = [m;i1]lm+e; —eipq) (1 <i<n),
kilm) = ¢; "™} fm) - (1< <n),
enlm) = \/jlﬁ[mn”m —ep),
falm) = m +e,),
knlm) = V=1q 2,

is an irreducible representation, where

. by

qg—1

Proposition 6.3. The map 7 : Uc(e) — End(W) defined by

e;im) = [m;]lm—e; +e;11) (1<i<n),

film) = [mig]lm+e; —eip1) (1<i<n),

m)

(6.1)

—m;  Mit1

kilm) = g; 4;1 lm) (1<i<n),

en|m> = [mn] [[Zj; — 1] |m - en>v
fnlm) = |m +ep),
kn|m) = —¢~*™" " |m)

is an irreducible representation, if €, = 0.

Proposition 6.4. The map 7 : Up(e) = End(W) defined by

e;lm) = [m;]m—e; +e;41) (1 <i<n),
film) = [m;1]lm +e; —eiy1) (1 <i<n),
kijm) = ¢;7™q\ ' m) (1 <i<n),

en|m) = [my,_1]lm—e,_1 —e,),
folm) = |m+e,_1 +ey),
kn|m) = (=g~ """ (gno1) ™" m)
is an irreducible representation, if €, = 1.
Proposition 6.1 and 6.2 are stated in [3], and Proposition 6.3 is stated in [1], where
€ =€ = = ¢, = 0. We define 7(k; ') to be 7(k;)~!, and the image 7(g) is

denoted by g for simplicity. In the above propositions, vectors jm’) = |m/,...,m.)
are understood as zero unless 0 < m) < ei

Proposition 6.1, 6.2, 6.3, and 6.4 can be directly checked. For example, we show
that 7 preserves (5.11) when €, = 0.

[[[en—2;en—1]D; [[en—2;€n—1]D;en]p-2], €n—1]

=[3len—1€n—2€n_1n—2€nn_1 — [3]€n_1€n_2€n€n_1€n_2€n_1
+ (=1)*[2]en—2en—1nen—16n—2en_1 — (=1)"[2]en_16n_2€n_1€n€n_1€n_2
+en_2€n_1€n_2€n_1€n€n_1+ €n€n_1€n—2€n_1€n_2€n_1

— €n—-16n—26n_16n—26n_1€n — Ep_1€p€p_1€n_2€n_1€n_2.
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Here,
[3]en_1€n_2€n_1€n_2€nen_1|m)
:[3] [mn—l]en—len_gen_len_an‘m —e,_1+ en>
:[[Q?E]Q[mn +1][ma][mn-1len—1en—2en—1€n—2lm —e,_1 —ey)
:[[23]]2[7”” + Ylmn][mna][ma—slen—1en—sen—1|m — e, s +en)
_[5’3]2[% ] 127 2]en—16n_s]m — €n_s + €n_1)
:[[23]]2[% 1]t 202 — en—1]m — 2en_3)
:[[23]]2[7”” + 1m)[mn 1] [mno][mn—o — 1]jm — 2e, 5 — en_1 + €p).
Similarly,

[3]enflenf2enen716n72enfl |1’I’1>

—ﬂm m m 3Im Mp—o — 1ljm —2e,_2—e,_1 +e€
_[2]2[ n+2][ n"'l][ n—l][ n—Q][ n— 1” 2ep— n—1 1 n>7

(=) [2len—2en—1€nen_1€n_2e,_1|m) =0,
- - €n—1€n—2€6p—1€n€p—1€p—2/M) =U, € _2€p_16p_26n_1€p€n_1|M) = U,
(=1)—[2] lm) =0 lm) =0

€n€n—1€n—2€p—1€n—2€n_—1 |m>

=gl + 8l + 2l = i = 2,2 = e, + )
en71€n72en716n72€n,16n|1’n>
1
~ el

My, — [mu—1]3[mp—o][mn—2 — 1]jm — 2e,_2 — e,_1 +e,),

€n—1€n€n—1€p—2€n_-1€n—2 |1’I’1> =0.
Now,

[mnfl]g[mnfﬂ [mnf2 — 1]
[2]2

(Blma + lmn] = [8][ma + 2[mn +1]

+ [my + 3][mn + 2] — [mp][my — 1]) = 0.

Therefore, [[[en—2,€n—1]D, [[€n—2;€n—1]D, €n]D-2], €n—1]jm) = 0.
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Remark 6.5. In view of (3.2) and (5.25), the representations of Proposition 6.1,

6.2, 6.3, and 6.4 reduce to the known ones in the homogeneous case € = --- = ¢, :
W, =~ I-fold symmetric tensor rep. of Uy(A,_1) for e =--- =€, =0,
W, ~ I-fold anti-symmetric tensor rep. of U_,-1(A,_1) for eg =--- =€, =1,
W ~ g-oscillator rep. of U,(B,,) [1] for ¢ =--- =¢, =0 in Prop 6.2,
W =~ spin rep. of U_,-1(B,,) [2] for ¢, =--- =€, =1 in Prop 6.2,
W o~ g-oscillator rep. of Uy(C,,) [1] for ¢; =--- =€, =0 in Prop 6.3,
W =~ spin rep. of U_,-1(D,,) [2] for ¢, = --- =€, = 1 in Prop 6.4.

APPENDIX A. PROOF OF A

We prove that A is an algebra homomorphism. Suppose that [i—j| = 1,|i—I| > 2.

Proof. We show that A ppreserves relation (2.13). Assume €; # €;41.
Ale?) =(1@ e; +e; @ k;)?
=1®e2+e; ek +e; ® kie; + €2 @k?
=e; @ eik; —e; ® eik;
=0.
We show that A preserves (2.14). Assume ¢; # €;11.
Alles,e]) =(1@e;+e, k) (1@e+e k) —(1@e+ea@k)(1®e +e @k;)
=1®eje;+ e ek +e; ke +ejep  kiky
—(1®ee; +e ek +e @ ke, + ee; @ kik;)
=0.
We show that A preserves (2.15). Assume €; = €;41.
Aefe; — (1) [2leseje; +ejef)
=(1®e +e k) (1@e; +e; @k;)
—(—D2J(1@ei+ei@k)(1®@ej +e; k) (1@ e +e @ k)
+(1@e+e@k)(1@ej +e; @k;)?
=1®@ (efej — (1) [2]eieje; + ejef)
+e; ® (efk; — (1) [2eikje; + kjel)
+e; ® (kiesej — (—1)[2]esejk; + eikie;)
+ei ® (ejkiei — (—1)“[2]kieje; + ejeik:)
+eie; ® (kiek; — (—1) [2]kikje; + ekik;)
+eje; ® (kjkie; — (—1)%[2]eskik; + kjeik;)
+e; ® (kfe; — (1) [2kiejh; + e;k7)
+(efe; — (1) [2esejei + ejef) © kik;.
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Now, we pay an attention to D; ; + D; jl = (—1)¢[2]. The second term vanishes as,

® (e7k; — (=1)[2)eikjei + kjef) = D; j(Dij + D; | — (=1)[2])(e; @ €7k;) = 0.

The other terms vanish similarly.
We show that A preserves (2.16). Assume €; # €;41.

.
Aeiei—reieirr + (—1)[2]eje;_1€i41€; — €i€ip1€i€i-1 — €i_1€i€41€; + €;41€,€;_1€;)

=1® (e;ei—1eiei11 + e + (—1)[2]e;ei1ei41€; — €;eip1€i€,-1

— €i_1€i€i+1€; + €i11€i€i_1€;)
(1+ (=1)“2IDisig1 + D} i1 Dim1i1)ei @ eieireikipn

(Diiv1+ (=1)[2] = Dii—1)e; ® ejei_1ei11k;

(Di-1,iDiiDiit1 — 1)e; ® e;—1eieip1k;

((=1)“[2]D;,iD; ix+1Dii—1 — D; i D; iy1 + D iD; iv1)e; ® e;—1€i41€ik;
(—DiiDiiv1Dii—1 + 1)e; @ eir1e.ei_1k;

(=1)“[2]Ds—1,i+1Di—1,; — D} 1 ;Di—1,i41 — 1)ei—1 ® eieipreiki1
(1=D;;D;;i—1D; q1)eieir1 @ ejei_1kikita

(D;iD;i—1 4+ (=1)%[2]D; iD; i41D; i1 — D;iD; iq1)eieir1 @ e;_1€;kikip1
(Dijiv1 — Diji—1 + (=1)%[2])ei—1e; @ ejeiprki1k;

(=D iD;iv1D; -1+ 1Dei—1e; ® eiy1e:ki—1k;

(1=D;;D;;—1D; i11)eiei—1 @ ejeir1ki—1k;

((=1)“[2]D;;D; i—1Diiv1 — DiiDjiv1 + DiiD;i—1)eiei—1 @ ejr1€:ki—1k;
((=1)[2] = Diji—1 + Djiy1)eir1e; @ eiei1kip1k;

(=14 D;;D; i—1D; iy1)eir1€i @ €;_1€ikit1k;

(14 D7, + (—1)“[2]D; i1)eiei—16; @ €1 kiki1ks

(DiiDj i1+ (1) [2]D;i i D;i—1Ds 541 — Dy iDiiv1)eiei—1ei1 @ eikiki_1kiy1
(1=D;;D;;i—1Djiv1)ei—1€i€ir1 @ ekiki—1kit1

(1=D;;D;;-1D; i11)eir1ei€i—1 @ e;kiki—1kiy1

(=D“[2]Dii—1 — D?,i—1 —Dejeirie; ® ei—1kikip1k;

((=1)%[2] = Dsji—1 + Djiq1)ei—1€iy16; @ eiki_1kiq1k;

(e

eiei—1€ieir1 + (—1)[2)eiei_1€i1€, — eieip1eie,1

i i ae s e S e e

2
—€;_1€i€i+16; + €i1€i€i_16;) ® kiki_1kit1.

Since Di,iDi,i—lDi,H-l = 1, (—1)67[2] = Di,i—l — Di,i+17 all coefficients become

0.

O

APPENDIX B. PROOF OF T

Theorem 2.5 is proved by direct caluculations. We show some cases. First, we

show that 7; preserves the relation (2.11).
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By Dj; we denote the constants D;; for Ua(e').

Ti(kiei+1ki_l) :ki_l[eiaei+l]Dgyi+lki
:Dgngg;il le:, ei+1]DgJ+1k;1ki
:Dg7i—1[€i’ ei+1]D£=i+l
=Ti(Diit1€i4+1)-

Other cases are proved similarly.

Next, we show that 7; preserves the relation (2.12).

i(lei, i) =fikik; tes — ki teifik
=—les, fi
kT ks
Cq—q7!

ki — k7t

q-q! -

Next, we show that 7; preserves the relation (2.13). Assume €;11 # €;42.

=i(

2 N [ 12
Ti(ei—i-l) —[61, el+1]Di,i+1
2 2 2
=eieiy1€ieit1 — Diip1eiviejeirn — Diipieieie; + Diqeirieieipie. (%)

Casel. €; = €;41 # €;42. Note that (—1)%[2] = D; ;11 + D;¢1+1~ By using relation
(2.13),(2.14), and (2.15),

2 2
(¥) =eieir1eieit1 — Diivieipi€ieivt + Di ;i qeip1eieire;

e%e?H + ei+1€%€i+1 9 9 efﬂe? + €i+1€%€i+1
= — = Dijiv1€it1€i€it1+ Dy —
Diiv1+ Dy iy Dijiv1 + D; i
2 -1
1+ D71 — Diit1(Diiv1 + Dy i q)

—1
Diit1+ Di,i+1

2
€i+1€;€i41

=0.

Case2. ¢; # €;41 # €;42. This is proved similarly.
Next, we show that 7; preserves the relation (2.14). Suppose that [i—j| =1, |i—1] >
2,|i —m| > 2,]|j — m| > 2. By using the relation (2.11),(2.12),(2.14),

Ti(lei, e]) = Ti(eier — erei) = fikier — e fiki = 0,
7i([ej, em]) = [ei, €j]D,,€m — emlei, €j]D,; = emles, €j]p,; — emlei, e5]p,; = 0.
Ti([ei—h €i+1])
=lei,ei—1]p; . [ei€ir1]D; iy — [€ir€iv1]D; 1 €6 €i1]Ds oy
=eiei1€i€i41 — Dii_1e;_1€7ei11 — Diiy1€iei1eivie; + Dii 1D iv1ei1€i€i41€;
— €i€;11€;€;_1 + D¢,¢+1€i+1612€¢—1 + Di,¢—1€¢€i+1€¢_16¢ — Di,i—lDi,i—i-lei+1€i€1‘_1€i-

Casel. €; = €;41. Since D; ;1 = D; j41, we put D := D; ;1 = D; ;41. By using
(2.15),

2 2 —1
D;i—1ei—1€jeir1 =D(—ei—1€41€; + (D + D™ )ej_1eei41€5),

2 2 -1
Di7i+1€i+1€i €i—1 :D(—6i+16i716i + (D -+ D )6i+1eiei716i)~
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Hence,
(*) =€i€;—1€i€i+1 — €;-1€6;€;41€; — €;€;11€;€;_1 — €;4+1€;6,_1€;
1
D+ D!
2 2 2 2
— €i4+1€;€i—1 — €;€;116;—1 + €;41€;_1€; + €;11€; 62'71)

=0.
Case2. €; 7é €i+1- Note that Di,i—lDi,H—l = _LDi,i—l — Di,i-‘rl = (—1)Ei [2] By
using relation (2.14),(2.16),
(*) =€i€;—1€;€+1 + (*1)61' [2]61'61'—161‘4-161' — €i€i11€€;—1 — €;_1€;€;11€; + €;11€6;€;_1€;

=0.

2 2 2 2
(ei—lei €i+1 + €,€i—1€i+1 —€;—1€;€i41 — €;-1€;11€;

Next, we show that 7; preserves the relation (2.15). Suppose that €; = €;41.
Ti(e?ei,l — (=D)“[2]e;ei—1e; + ei,lef)
=fikifikilei,ei—1]p, .o, — (1) [2] fiki[es, ei—1]p, ,_, fikifikilei, ei—1]p, ., fiki fiks.
We focus on the first term.
fikiles,ei1]p,,_,

=D, ;D; ;—1(fieiei—1 — D i1 fiei—1e;)k;

ki — k! ki — k!
=D; ;D 1((eifi — ——-)ei-1 — Dii—1ei—1(eifi — ——=))k;
(( q—q*l) ( = )
ki — k7Y ki — kY
=D;;;Dji-1lei,€i-1]p,,, fiki + DiiDji—1(Diji—1€i-1—— qil v qil ei—1)k;

=D, leiseialp,, o fiki + Dyl e
Hence,
fikifikilei,ei—1]p, ,_,
:fik'i(Di_,iLﬂeia ei—1)p,,_ fiki + Di_,i1+1€i—1)
:D;,iQ-;-l([ei, ei—1]p, . fikifiki) + (1 + Dijﬁt,_l)eiflfiki'

fikilei,ei1]p,,_, fikifiki
=(D; aleiseicalp,, fiki + Dl yeion) fiks
:D;,il+1[€i7 ei—1]p, ., fikifiki + D;ihleiflfiki-

Since (—1)%[2] = D; ;41 + Di_’ilJrl, when €; = €;41,
mi(e2e;i 1 — (=1)[2]esei_1e; + ei_1€2)
:(D;,?H - Dijz'l_;,_l(Di,i+1 + D;zl_l,_l) — Dles,ei—1]p, ., fikifiki
+ (1 + Di_?ii_l)ei—lfiki - Di_,il_,_lei—lfiki
=0.

Next, we show that 7; preserves the relation (2.16). We assume that €; # €;41.
Here,

kflei[fﬁfi]p;jl = _Dij[fjafi]D;jlki_lei - [
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So,
7i(fififi) =(=k; el fy, filpor (=ki Ter)

=(=Dijlf, filp-rki e = f)k; e

== fiki e

=fi7i(fi)-
Hence,

Ti(fifi-1fifiv1) =fi-17i(fifit1)
== Diip1fiani(fivr fi) = ficifirr-

Therefore,

i(fificififirr + (V)R fificifirafi — fifirr fifior — ficafifiafi + foa fifioi fi)
== Diirifiaani(firafi) — fisifin

+ (=) (=D i—17i(fim1) firrmi(fi) — ficami(fixn fi))

— (=Dsiari(firfi) = fic1) — milfic1) fiami(fs) + 7i(fiva) fiami(fi)
:Di,iflfiJrlTi(fifl) + DZ'27Z'_1Ti(fi71)fi+1 - Di,iflfiflTi(fiJrl) + Ti(fi+1)fi71
=0.

Finally, We check the well-definedness of 7, *.
T omi(f;)
=7, '(fifi— D;j_lfifj)
=(fifj = Dij i fi)(—eiks) = Dij H(=eski) (fif s — Dy ffi)-
Since D;;'D;;' D' =1,
D teiki(fif; — D' fifi)
=D} ' D D ei(fif; — Dij £ fi)k
ks

— k! ki — k!
-1 i -1 ? 4
= ((fifj — Dy fifi)ei + pp— fi =D [ P ) ki

D' — Dy
= ((fz’fj — D fifiei + ;j_q_ljfjk{1> ki
=(fif; — Di;' fifi)eiki + f;.

Hence,
7 bomi(fi) = (fif; — Dy fifi)(—eiks) + (fif; — Dy fifi)eiki + f; = f.
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