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1. Introduction

In this thesis, we study generalized quantum groups UX(ϵ) (X = A,B,C,D).
UA and UB, introduced in [3] without Serre relations, are certain extension of the
well known quantum group of type A and type B respectively. The similarity
between these algebras and the quantized enveloping algebra in [5] was pointed
out. In Section 2, we first review the quantized superalgebra U [ϵ] from [5] and
the algebra UA(ϵ) from [3]. We then establish an isomorphism between them,
which enable us to transport Serre relations of the former to the latter. We also
study the isomorphism that switching adjacent components of ϵ. In Section 3,
we examine the Hopf algebra structure of UA(ϵ). In Section 4, we study UB(ϵ) in
similar manner to Section 2. Based on the studies of UA(ϵ) and UB(ϵ), we introduce
new algebras UC(ϵ), UD(ϵ), and we show there is an isomorphism between them
under certain conditions. In Section 6, we consider representations of UA, UB , UC

and UD. Throughout the paper we use the notations : [i, j] = {k ∈ Z | i ≤ k ≤ j},
the q-integer [m] = [m]q = qm−q−m

q−q−1 , [X,Y ]t = XY − t YX, where [X,Y ]1 is simply

denoted by [X,Y ]. We assume that n ≥ 4.

Acknowledgment

I would like to express my gratitude to my supervisor, M. Okado for continuing
support. I also want to thank H. Yamane and A. Kuniba whose comments made
enormous contribution to this thesis.

2. U [ϵ] and UA(ϵ)

For a sequence ϵ = (ϵ1, . . . , ϵn) of 0 or 1, we introduce two algebras U [ϵ] and
UA(ϵ) and show they are isomorphic as a C(q)-algebra to each other by adding
elements having simple commutation relations with generators. U [ϵ] was defined in
[5] and UA(ϵ) was defined in [3] without Serre relations.

2.1. Quantized superalgebra U [ϵ]. For i, j ∈ [1, n− 1], Set

(2.1) Cij = Cji = δij((−1)ϵi + (−1)ϵi+1)− δi,j+1(−1)ϵi − δi+1,j(−1)ϵi+1 .

We also set ϵi,j = ϵi − ϵj . Let U [ϵ] be a C(q)-algebra with generators K±1
i , Ei, Fi

(i ∈ [1, n− 1]) and relations

KiK
−1
i = K−1

i Ki = 1, KiKj = KjKi,(2.2)

KiEjK
−1
i = qCijEj , KiFjK

−1
i = q−CijFj ,(2.3)

[Ei, Fj ](−1)ϵi,i+1ϵj,j+1 = δij
Ki −K−1

i

q − q−1
,(2.4)

E2
i = F 2

i = 0 if ϵi ̸= ϵi+1,(2.5)

[Ei, Ej ](−1)ϵi,i+1ϵj,j+1 = [Fi, Fj ](−1)ϵi,i+1ϵj,j+1 = 0 if |i− j| ≥ 2,(2.6)

[Ei, [Ei, Ej ]q]q−1 = [Fi, [Fi, Fj ]q]q−1 = 0 if ϵi = ϵi+1, |i− j| = 1,(2.7)

[Ei, [[Ei−1, Ei](−1)ϵi−1,iq, Ei+1](−1)ϵi−1,i+1ϵi+1,i+2q−1 ](−1)ϵi−1,i+2(2.8)

= (E → F ) = 0 if ϵi ̸= ϵi+1.

Remark 2.1. The notations p(αi), di in [5, P328,P331] are replaced with ϵi,i+1,
(−1)ϵi .
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2.2. Hopf algebra UA. For i, j ∈ [1, n− 1], Set

(2.9) qi =

{
q (ϵi = 0)

−q−1 (ϵi = 1),
Dij = Dji =


qiqi+1 (j = i)

q−1
max(i,j) (j = i± 1)

1 (otherwise).

Let UA(ϵ) be a C(q)-algebra generated by ei, fi, k
±1
i (i ∈ [1, n − 1]) obeying the

relations

kik
−1
i = k−1

i ki = 1 , kikj = kjki,(2.10)

kiejk
−1
i = Dijej , kifjk

−1
i = D−1

ij fj ,(2.11)

[ei, fj ] = δij
ki − k−1

i

q − q−1
,(2.12)

e2i = f2
i = 0 if ϵi ̸= ϵi+1,(2.13)

[ei, ej ] = [fi, fj ] = 0 if |i− j| ≥ 2,(2.14)

e2i ej − (−1)ϵi [2]eiejei + eje
2
i = (e → f) = 0 if ϵi = ϵi+1, |i− j| = 1,(2.15)

eiei−1eiei+1 + (−1)ϵi [2]eiei−1ei+1ei − eiei+1eiei−1(2.16)

− ei−1eiei+1ei + ei+1eiei−1ei = (e → f) = 0 if ϵi ̸= ϵi+1.

Remark 2.2. The algebra UA(ϵ) was introduced in [3] without relations (2.13)-
(2.16).

Example 2.3. For U [1, 1, 0, 0, 1] and UA(1, 1, 0, 0, 1) one has

(qCi,j )4i,j=1 =


q−2 q 1 1
q 1 q−1 1
1 q−1 q2 q−1

1 1 q−1 1

 , (Di,j)
4
i,j=1 =


q−2 −q 1 1
−q −1 q−1 1
1 q−1 q2 q−1

1 1 q−1 −1

 .

We see from this example that the difference of qCi,j and Di,j are just by signs.

2.3. Isomorphism as a C(q)-algebra. We add to U [ϵ] invertible elements θi, θ
′
i

(i ∈ [1, n− 1]) such that

θ4i = θ′i
4
= 1, (θiθ

′
i)

2 = (−1)ϵi+ϵi+1 ,

and that they commute with Kj and have the following commutation relations with
Ej and Fj .

θiEj = αijEjθi, θ′iEj = α′
ijEjθ

′
i,(2.17)

θiFj = α−1
ij Fjθi, θ′iFj = α′−1

ij Fjθ
′
i.(2.18)

Here

αij = (−1)δi+1,jϵi+1+ϵiϵj+1
√
−1

sgn (i−j)(ϵiϵj+ϵi+1ϵj+1)
,(2.19)

α′
ij = (−1)δi−1,jϵi+ϵiϵj+1

√
−1

sgn (j−i)(ϵiϵj+ϵi+1ϵj+1)
,(2.20)

and sgn (i) = 1 (i ≥ 0), = −1 (i < 0).

Let Ũ [ϵ] be the algebra enlarged from U [ϵ] by adding θ±1
i , θ′i

±1
(i ∈ [1, n− 1]).
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Proposition 2.4. The C(q)-linear map ι : UA(ϵ) → Ũ [ϵ] defined by

ι(ei) = Eiθi, ι(fi) = Fiθ
′
i, ι(k±1

i ) = α−1
ii K±1

i θiθ
′
i

gives an C(q)-algebra homomorphism.

Proof. We show that ι preserves (2.12).

ι([ei, fj ]) =EiθiFjθ
′
j − Fjθ

′
jEiθi

=α−1
ij (EiFj − αijα

′
jiFjEi)θiθ

′
j

=α−1
ij ([Ei, Fj ](−1)(ϵi+ϵi+1)(ϵj+ϵj+1))θiθ

′
j

=δijα
−1
ii

(
Ki −K−1

i

q − q−1

)
θiθ

′
i

=ι

(
δij

ki − k−1
i

q − q−1

)
.

The other cases are similar. □
We also enlarge UA(ϵ) by adding θi, θ

′
i that commute with kj and have the same

commutation relations with ej , fj as in (2.17),(2.18). Let ŨA(ϵ) be the resulting
algebra. Then the previous proposition immediately implies

Theorem 2.5. Ũ [ϵ] is isomorphic to ŨA(ϵ) as a C(q)-algebra.

Remark 2.6. The C(q)-isomorphism ι±1 is defined by

ι±1(θi) = θi, ι±1(θ′i) = θ′i, ι±1(θ−1
i ) = θ−1

i , ι±1(θ′−1
i ) = θ′−1

i ,

ι−1(ei) = Eiθ
−1
i , ι−1(fi) = Fiθ

′−1
i , ι(k±1

i ) = αiiK
±1
i θ−1

i θ′−1
i .

2.4. Isomorphism switching adjacent components of ϵ. For ϵ = (ϵ1, . . . , ϵi, ϵi+1, . . . , ϵn)
let ϵ′ = (ϵ′1, . . . , ϵ

′
i, ϵ

′
i+1, . . . , ϵ

′
n) denote the new sequence (ϵ1, . . . , ϵi+1, ϵi, . . . , ϵn) ob-

tained by switching the i-th and (i+ 1)-th components.

Theorem 2.7. For i ∈ [1, n− 1] define a map τi by

τi(ki) = k−1
i , τi(ei) = −fiki, τi(fi) = −k−1

i ei,

τi(kj) = kikj , τi(ej) = [ei, ej ]Dij
, τi(fj) = [fj , fi]D−1

ij
(|i− j| = 1),

τi(Xl) = Xl for X = e, f, k (|i− l| ≥ 2).

Then τi gives an isomorphism from UA(ϵ) to UA(ϵ
′). Moreover, τ−1

i is given by

τ−1
i (ki) = k−1

i , τ−1
i (ei) = −k−1

i fi, τ−1
i (fi) = −eiki,

τ−1
i (kj) = kikj , τ−1

i (ej) = [ej , ei]Dij , τ−1
i (fj) = [fi, fj ]D−1

ij
(|i− j| = 1),

τ−1
i (Xl) = Xl for X = e, f, k (|i− l| ≥ 2).

Proof of this theorem is given in Appendix B.

3. Hopf algebra structure

UA(ϵ) is a Hopf algebra with coproduct ∆, counit ε and antipode S given by

∆(k±1
i ) = k±1

i ⊗ k±1
i , ∆(ei) = 1⊗ ei + ei ⊗ ki, ∆(fi) = fi ⊗ 1 + k−1

i ⊗ fi,

(3.1)

ε(ki) = 1, ε(ei) = ε(fi) = 0, S(k±1
i ) = k∓1

i , S(ei) = −eik
−1
i , S(fi) = −kifi.
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The homogeneous cases are identified with the usual quantized enveloping algebras
as

UA(0, . . . , 0) = Uq(An−1), UA(1, . . . , 1) = U−q−1(An−1).(3.2)

The most difficult part for checking it is a Hopf algebra lies in the proof that ∆ is
an algebra homomorphism. It is given in Appendix A.

Remark 3.1. U [ϵ], extended by an element σ, also becomes a Hopf algebra with co-
product ∆′. σ is an involutive element (σ2 = 1) and commutes with the generators
of U [ϵ] in the following manner.

σEi = (−1)ϵi,i+1Eiσ, σFi = (−1)ϵi,i+1Fiσ, σK±1
i = K±1

i σ.

With this σ the coproduct ∆′ is given by

∆′(σ) = σ ⊗ σ, ∆′(K±1
i ) = K±1

i ⊗K±1
i ,

∆′(Ei) = σϵi,i+1 ⊗ Ei + Ei ⊗Ki, ∆′(Fi) = Fi ⊗ 1 +K−1
i σϵi,i+1 ⊗ Fi.

Although both UA(ϵ) and U [ϵ] are Hopf algebras, ι does not induce a Hopf algebra
homomorphism.

Set e
(m)
i =

emi
[m]!

, f
(m)
i =

fm
i

[m]!
and define

Ri =
∞∑

m=0

qm(m−1)/2
m∏

a=1

(qa − q−a)e
(m)
i ⊗ f

(m)
i ,

R′
i =

∞∑
m=0

(−1)mq−m(m−1)/2
m∏

a=1

(qa − q−a)e
(m)
i ⊗ f

(m)
i .

Let V , W be UA-modules. If there exist m0 ≥ 1 such that e
(m0)
i V = 0 or f

(m0)
i W =

0, then R′
i = R−1

i on V ⊗W .

Theorem 3.2. For any x ∈ UA(ϵ) we have

(τ−1
i ⊗ τ−1

i )(∆(τi(x))) = Ri∆(x)R′
i.

Proof. The case of ϵi = ϵi+1 = 0 is proved in [4, Prop 37.3.2.], and the case of
ϵi = ϵi+1 = 1 is similar by replacing q with −q−1. So, we check this when ϵi ̸= ϵi+1.
In this case, thanks to (2.13), Ri and R′

i become finite sum. Therefore, this can be
checked directly. For instance,

(τ−1
i ⊗ τ−1

i )(∆(τi(ei))) =(τ−1
i ⊗ τ−1

i )(∆(−fiki))

=(τ−1
i ⊗ τ−1

i )(τi(ei)⊗ ki + 1⊗ τi(ei))

=ei ⊗ k−1
i + 1⊗ ei.

On the other hand,

Ri∆(ei)R
′
i =(1⊗ 1 + (q − q−1)ei ⊗ fi)(1⊗ ei + ei ⊗ ki)(1⊗ 1− (q − q−1)ei ⊗ fi)

=1⊗ ei + ei ⊗ ki + (q − q−1)ei ⊗ fiei − (q − q−1)ei ⊗ eifi

=1⊗ ei + ei ⊗ ki − (q − q−1)ei ⊗
(
ki − k−1

i

q − q−1

)
=ei ⊗ k−1

i + 1⊗ ei.

The other cases are checked similarly. □
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4. UB(ϵ)

In this section we define an algebra UB(ϵ) and state a similar result to Theorem
2.5. First, Dij (i, j ∈ [1, n]) for this case is the same as (2.9) except when i = j = n,
in which case

Dnn =

{
q (ϵn = 0)
−q−1 (ϵn = 1).

We define UB(ϵ) as a C(q 1
2 )-algebra generated by ei, fi, k

±1
i (i ∈ [1, n]) obeying

the following relations.

kik
−1
i = k−1

i ki = 1 , kikj = kjki,(4.1)

kiejk
−1
i = Dijej , kifjk

−1
i = D−1

ij fj ,(4.2)

[ei, fj ] = δij
ki − k−1

i

q − q−1
if (i, j) ̸= (n, n),(4.3)

e2i = f2
i = 0 if ϵi ̸= ϵi+1, i ̸= n,(4.4)

[ei, ej ] = [fi, fj ] = 0 if |i− j| ≥ 2,(4.5)

e2i ej − (−1)ϵi [2]eiejei + eje
2
i = (e → f) = 0 if ϵi = ϵi+1, |i− j| = 1, i ̸= n,(4.6)

eiei−1eiei+1 + (−1)ϵi [2]eiei−1ei+1ei − eiei+1eiei−1(4.7)

− ei−1eiei+1ei + ei+1eiei−1ei = (e → f) = 0 if ϵi ̸= ϵi+1,

[en, fn] =
kn − k−1

n

q
1
2 − q−

1
2

,(4.8)

en−1e
3
n − e3nen−1 + (1 + (−1)ϵn [2])(e2nen−1en − enen−1e

2
n) = (e → f) = 0.(4.9)

As seen from above, the first 7 relations are the same as those in section 2.2 for
UA(ϵ) except a possible restriction on i. UB is also a Hopf algebra with (3.1).

Remark 4.1. The algebra UB(ϵ) was introduced in [3] without relations (4.4)-(4.9).
We also made the replacements q → −1/q, ϵi → 1− ϵi.

Theorem 4.2. Theorem 2.7 holds as it is with UA(ϵ) and UA(ϵ
′) replaced by UB(ϵ)

and UB(ϵ
′).

5. UC(ϵ) and UD(ϵ)

In this section, we introduce UC(ϵ) and UD(ϵ). For ϵn−1 ̸= ϵn, τn−1 becomes an
isomorphism between UC(ϵ) and UD(ϵ′).

5.1. UC(ϵ). We define the constants Di,j(= Dj,i) as follows. First, Dij (i, j ∈ [1, n])
for this case is the same as (2.9) except

Dn,n =

{
q4 (ϵn = 0)

q−4 (ϵn = 1),
Dn,n−1 = Dn−1,n =

{
q−2 (ϵn = 0)

q2 (ϵn = 1).
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Let UC(ϵ) be the C(q)-algebra generated by ei, fi, k
±1
i (i ∈ [1, n]) obeying the

relations below.

kik
−1
i = k−1

i ki = 1 , kikj = kjki,(5.1)

kiejk
−1
i = Dijej , kifjk

−1
i = D−1

ij fj ,(5.2)

[ei, fj ] = δij
ki − k−1

i

q − q−1
if (i, j) ̸= (n, n),(5.3)

e2i = f2
i = 0 if ϵi ̸= ϵi+1, i ̸= n,(5.4)

[ei, ej ] = [fi, fj ] = 0 if |i− j| ≥ 2,(5.5)

e2i ej − (−1)ϵi [2]eiejei + eje
2
i = (e → f) = 0 if ϵi = ϵi+1, |i− j| = 1, i, j ̸= n,(5.6)

eiei−1eiei+1 + (−1)ϵi [2]eiei−1ei+1ei − eiei+1eiei−1(5.7)

− ei−1eiei+1ei + ei+1eiei−1ei = (e → f) = 0 if ϵi ̸= ϵi+1, 1 ≤ i ≤ n− 2,

[en, fn] =
kn − k−1

n

q2 − q−2
,(5.8)

[en−1, [en−1, [en−1, en]q2 ]q−2 ] = (e → f) = 0 if ϵn−1 = ϵn,(5.9)

e2nen−1 − (q2 + q−2)enen−1en + en−1e
2
n = (e → f) = 0,

(5.10)

[[[en−2, en−1]D, [[en−2, en−1]D, en]D−2 ], en−1] = (e → f) = 0

(5.11)

if ϵn−2 ̸= ϵn−1 ̸= ϵn, D := Dn−2,n−1,

[[[[[[en−3, en−2]D, en−1]D, en]D−2 , en−1]−D−1 , en−2]D, en−1] = (e → f) = 0

(5.12)

if ϵn−2 = ϵn−1 ̸= ϵn, D := Dn−2,n−1.

Example 5.1. For UC(1, 1, 0, 0, 1) one has

(Di,j)
4
i,j=1 =


q−2 −q 1 1 1
−q −1 q−1 1 1
1 q−1 q2 q−1 1
1 1 q−1 −1 q2

1 1 1 q2 q−4

 .

UC(ϵ) becomes a Hopf algebra with (3.1).

5.2. UD(ϵ). We define the constants Di,j(= Dj,i) as follows. First, Dij (i, j ∈ [1, n])
for this case is the same as (2.9) except

Dn−2,n =

{
q−1 (ϵn−1 = 0)

−q (ϵn−1 = 1)
, Dn,n =


q2 (ϵn−1 = ϵn = 0)

−1 (ϵn−1 ̸= ϵn)

q−2 (ϵn−1 = ϵn = 1)

,

Dn,n−1 =


−q2 (ϵn−1 = 0, ϵn = 1)

1 (ϵn−1 = ϵn)

−q−2 (ϵn−1 = 1, ϵn = 0)

.
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Let UD be the C(q)-algebra generated by ei, fi, k
±1
i (i ∈ [1, n]) obeying the rela-

tions below.

kik
−1
i = k−1

i ki = 1 , kikj = kjki,(5.13)

kiejk
−1
i = Dijej , kifjk

−1
i = D−1

ij fj ,(5.14)

[ei, fj ] = δij
ki − k−1

i

q − q−1
,(5.15)

e2i = f2
i = 0 if ϵi ̸= ϵi+1, i ̸= n, ,(5.16)

e2n = f2
n = 0 if ϵn−1 ̸= ϵn,(5.17)

[ei, ej ] = [fi, fj ] = 0 if Di,j = 1,(5.18)

e2i ej − (−1)ϵi [2]eiejei + eje
2
i = (e → f) = 0 if ϵi = ϵi+1, |i− j| = 1, j ̸= n,(5.19)

e2n−2en − (−1)ϵn−1 [2]en−2enen−2 + ene
2
n−2 = (e → f) = 0 if ϵn−2 = ϵn−1,(5.20)

e2nen−2 − (−1)ϵn−1 [2]enen−2en + en−2e
2
n = (e → f) = 0 if ϵn−1 = ϵn,(5.21)

eiei−1eiei+1 + (−1)ϵi [2]eiei−1ei+1ei − eiei+1eiei−1(5.22)

− ei−1eiei+1ei + ei+1eiei−1ei = (e → f) = 0 if ϵi ̸= ϵi+1, 1 ≤ i ≤ n− 2,

en−2en−3en−2en + (−1)ϵn−2 [2]en−2en−3enen−2 − en−2enen−2en−3(5.23)

− en−3en−2enen−2 + enen−2en−3en−2 = (e → f) = 0 if ϵn−2 ̸= ϵn−1,

en−2enen−1 − en−2en−1en + (−1)ϵn−1 [2](en−1en−2en − enen−2en−1)(5.24)

+ enen−1en−2 − en−1enen−2 = (e → f) = 0 if ϵn−1 ̸= ϵn.

Example 5.2. For UD(1, 0, 1, 0) and UD(0, 1, 0, 0) one has

(Di,j)
4
i,j=1 =


−1 q−1 1 1
q−1 −1 −q −q
1 −q −1 −q−2

1 −q −q−2 −1

 , (Di,j)
4
i,j=1 =


−1 −q 1 1
−q −1 q−1 q−1

1 q−1 q2 1
1 q−1 1 q2

 .

UD(ϵ) becomes a Hopf algebra with (3.1). The homogeneous cases are identified
with the usual quantized enveloping algebras as

UX(0, . . . , 0) = Uq(Xn), UX(1, . . . , 1) = U−q−1(Xn) (X = B,C,D).(5.25)

5.3. Isomorphism between UC(ϵ) and UD(ϵ) as a C(q)-algebra. In the case of
UC(ϵ), for i ∈ [1, n− 2] Theorem 2.7 holds as it is with UA(ϵ) and UA(ϵ

′) replaced
by UC(ϵ) and UC(ϵ

′). If ϵn−1 = ϵn, a C(q)-algebra automorphism τn−1 is defined
by

τn−1(en) =
(−1)ϵn−1

[2]
(e2n−1en − (1 +D)en−1enen−1 +Dene

2
n−1),(5.26)

τn−1(fn) =
(−1)ϵn−1

[2]
(D−1f2

n−1fn − (1 +D−1)fn−1fnfn−1 + fnf
2
n−1),

τ−1
n−1(en) =

(−1)ϵn−1

[2]
(De2n−1en − (1 +D)en−1enen−1 + ene

2
n−1),

τ−1
n−1(fn) =

(−1)ϵn−1

[2]
(f2

n−1fn − (1 +D−1)fn−1fnfn−1 +D−1fnf
2
n−1),

τn−1(kn) = k2n−1kn, τ−1
n−1(kn) = k2n−1kn (D := Dn−1,n ∈ UC).
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For other elements, τn−1 is defined in the same manner as Theorem 2.7. If ϵn−1 ̸=
ϵn, C(q)-algebra isomorphism τn−1 : UC(ϵ1, . . . , ϵn−1, ϵn) → UD(ϵ1, . . . , ϵn, ϵn−1) is
defined by

τn−1(en) =
1

[2]
[en−1, en]Dn−1,n , τn−1(fn) =

(−1)ϵn−1

[2]
[fn, fn−1]D−1

n,n−1
,(5.27)

τ−1
n−1(en) = (−1)ϵn [en, en−1]Dn−1,n , τ−1

n−1(fn) = [fn−1, fn]D−1
n−1,n

,

τn−1(kn) = kn−1kn, τ−1
n−1(kn) = kn−1kn.

For other elements, τn−1 is defined in the same manner as Theorem 2.7.
In the case of UD(ϵ), for i ∈ [1, n − 2] Theorem 2.7 holds as it is with UA(ϵ) and
UA(ϵ

′) replaced by UD(ϵ) and UD(ϵ′) except next cases:

τn−2(en) = [en−2, en]Dn,n−2 , τn−2(fn) = [fn, fn−2]D−1
n,n−2

, τn−2(kn) = knkn−2,

(5.28)

τ−1
n−2(en) = [en, en−2]Dn,n−2 , τ−1

n−2(fn) = [fn−2, fn]D−1
n,n−2

, τ−1
n−2(kn) = knkn−2.

If ϵn−1 = ϵn, a C(q)-algebra automorphism τn−1 is defined by

τn−1(en) = en, τn−1(fn) = fn, τn−1(kn) = kn,(5.29)

τ−1
n−1(en) = en, τ−1

n−1(fn) = fn, τ−1
n−1(kn) = kn.

For other elements, τn−1 is defined in the same manner as Theorem 2.7.

6. Reprsentations of UA(ϵ), UB(ϵ), UC(ϵ) and UD(ϵ)

Set

W := C(q)
⟨
|m⟩ := |m1, . . . ,mn⟩

∣∣∣∣∀i ∈ [1, n],mi ∈ Z, 0 ≤ mi ≤
1

ϵi

⟩
,

Wl := C(q)

⟨
|m⟩ := |m1, . . . ,mn⟩

∣∣∣∣∣|m⟩ ∈ W,
n∑

i=1

mi = l

⟩
,

|ei⟩ := |0, . . . , 0,
i
1, 0, . . . , 0⟩ ∈ W (See also [3, Section 2]).

Proposition 6.1. The map π : UA(ϵ) → End(Wl) defined by

ei|m⟩ = [mi]|m− ei + ei+1⟩,
fi|m⟩ = [mi+1]|m+ ei − ei+1⟩,
ki|m⟩ = q−mi

i q
mi+1

i+1 |m⟩

for i ∈ [1, n − 1] is an irreducible representation, where 0 ≤ l ≤ n if ϵ1 · · · ϵn = 1
and l ∈ Z≥0 otherwise.
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Proposition 6.2. The map π : UB(ϵ) → End(W) defined by

ei|m⟩ = [mi]|m− ei + ei+1⟩ (1 ≤ i < n),

fi|m⟩ = [mi+1]|m+ ei − ei+1⟩ (1 ≤ i < n),

ki|m⟩ = q−mi
i q

mi+1

i+1 |m⟩ (1 ≤ i < n),

en|m⟩ =
√
−1κ[mn]|m− en⟩,

fn|m⟩ = |m+ en⟩,

kn|m⟩ =
√
−1q−

1
2 q−mn

n |m⟩
is an irreducible representation, where

κ =
q + 1

q − 1
.(6.1)

Proposition 6.3. The map π : UC(ϵ) → End(W) defined by

ei|m⟩ = [mi]|m− ei + ei+1⟩ (1 ≤ i < n),

fi|m⟩ = [mi+1]|m+ ei − ei+1⟩ (1 ≤ i < n),

ki|m⟩ = q−mi
i q

mi+1

i+1 |m⟩ (1 ≤ i < n),

en|m⟩ = [mn][mn − 1]

[2]2
|m− en⟩,

fn|m⟩ = |m+ en⟩,
kn|m⟩ = −q−2mn−1|m⟩

is an irreducible representation, if ϵn = 0.

Proposition 6.4. The map π : UD(ϵ) → End(W) defined by

ei|m⟩ = [mi]|m− ei + ei+1⟩ (1 ≤ i < n),

fi|m⟩ = [mi+1]|m+ ei − ei+1⟩ (1 ≤ i < n),

ki|m⟩ = q−mi
i q

mi+1

i+1 |m⟩ (1 ≤ i < n),

en|m⟩ = [mn−1]|m− en−1 − en⟩,
fn|m⟩ = |m+ en−1 + en⟩,
kn|m⟩ = (−q−1)1−mn(qn−1)

−mn−1 |m⟩
is an irreducible representation, if ϵn = 1.

Proposition 6.1 and 6.2 are stated in [3], and Proposition 6.3 is stated in [1], where
ϵ1 = ϵ2 = · · · = ϵn = 0. We define π(k−1

i ) to be π(ki)
−1, and the image π(g) is

denoted by g for simplicity. In the above propositions, vectors |m′⟩ = |m′
1, . . . ,m

′
n⟩

are understood as zero unless 0 ≤ m′
i ≤ 1

ϵi
.

Proposition 6.1, 6.2, 6.3, and 6.4 can be directly checked. For example, we show
that π preserves (5.11) when ϵn = 0.

[[[en−2, en−1]D, [[en−2, en−1]D, en]D−2 ], en−1]

=[3]en−1en−2en−1en−2enen−1 − [3]en−1en−2enen−1en−2en−1

+ (−1)ϵn−1 [2]en−2en−1enen−1en−2en−1 − (−1)ϵn−1 [2]en−1en−2en−1enen−1en−2

+ en−2en−1en−2en−1enen−1 + enen−1en−2en−1en−2en−1

− en−1en−2en−1en−2en−1en − en−1enen−1en−2en−1en−2.
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Here,

[3]en−1en−2en−1en−2enen−1|m⟩
=[3][mn−1]en−1en−2en−1en−2en|m− en−1 + en⟩

=
[3]

[2]2
[mn + 1][mn][mn−1]en−1en−2en−1en−2|m− en−1 − en⟩

=
[3]

[2]2
[mn + 1][mn][mn−1][mn−2]en−1en−2en−1|m− en−2 + en⟩

=
[3]

[2]2
[mn + 1][mn][mn−1]

2[mn−2]en−1en−2|m− en−2 + en−1⟩

=
[3]

[2]2
[mn + 1][mn][mn−1]

2[mn−2][mn−2 − 1]en−1|m− 2en−2⟩

=
[3]

[2]2
[mn + 1][mn][mn−1]

3[mn−2][mn−2 − 1]|m− 2en−2 − en−1 + en⟩.

Similarly,

[3]en−1en−2enen−1en−2en−1|m⟩

=
[3]

[2]2
[mn + 2][mn + 1][mn−1]

3[mn−2][mn−2 − 1]|m− 2en−2 − en−1 + en⟩,

(−1)ϵn−1 [2]en−2en−1enen−1en−2en−1|m⟩ = 0,

(−1)ϵn−1 [2]en−1en−2en−1enen−1en−2|m⟩ = 0, en−2en−1en−2en−1enen−1|m⟩ = 0,

enen−1en−2en−1en−2en−1|m⟩

=
1

[2]2
[mn + 3][mn + 2][mn−1]

3[mn−2][mn−2 − 1]|m− 2en−2 − en−1 + en⟩,

en−1en−2en−1en−2en−1en|m⟩

=
1

[2]2
[mn][mn − 1][mn−1]

3[mn−2][mn−2 − 1]|m− 2en−2 − en−1 + en⟩,

en−1enen−1en−2en−1en−2|m⟩ = 0.

Now,

[mn−1]
3[mn−2][mn−2 − 1]

[2]2
([3][mn + 1][mn]− [3][mn + 2][mn + 1]

+ [mn + 3][mn + 2]− [mn][mn − 1]) = 0.

Therefore, [[[en−2, en−1]D, [[en−2, en−1]D, en]D−2 ], en−1]|m⟩ = 0.
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Remark 6.5. In view of (3.2) and (5.25), the representations of Proposition 6.1,
6.2, 6.3, and 6.4 reduce to the known ones in the homogeneous case ϵ1 = · · · = ϵn :

Wl ≃ l-fold symmetric tensor rep. of Uq(An−1) for ϵ1 = · · · = ϵn = 0,

Wl ≃ l-fold anti-symmetric tensor rep. of U−q−1(An−1) for ϵ1 = · · · = ϵn = 1,

W ≃ q-oscillator rep. of Uq(Bn) [1] for ϵ1 = · · · = ϵn = 0 in Prop 6.2,

W ≃ spin rep. of U−q−1(Bn) [2] for ϵ1 = · · · = ϵn = 1 in Prop 6.2,

W ≃ q-oscillator rep. of Uq(Cn) [1] for ϵ1 = · · · = ϵn = 0 in Prop 6.3,

W ≃ spin rep. of U−q−1(Dn) [2] for ϵ1 = · · · = ϵn = 1 in Prop 6.4.

Appendix A. Proof of ∆

We prove that ∆ is an algebra homomorphism. Suppose that |i−j| = 1, |i−l| ≥ 2.

Proof. We show that ∆ ppreserves relation (2.13). Assume ϵi ̸= ϵi+1.

∆(e2i ) =(1⊗ ei + ei ⊗ ki)
2

=1⊗ e2i + ei ⊗ eiki + ei ⊗ kiei + e2i ⊗ k2i

=ei ⊗ eiki − ei ⊗ eiki

=0.

We show that ∆ preserves (2.14). Assume ϵi ̸= ϵi+1.

∆([ei, el]) =(1⊗ ei + ei ⊗ ki)(1⊗ el + el ⊗ kl)− (1⊗ el + el ⊗ kl)(1⊗ ei + ei ⊗ ki)

=1⊗ eiel + el ⊗ eikl + ei ⊗ kiel + eiel ⊗ kikl

− (1⊗ elei + ei ⊗ elki + el ⊗ klei + elei ⊗ klki)

=0.

We show that ∆ preserves (2.15). Assume ϵi = ϵi+1.

∆(e2i ej − (−1)ϵi [2]eiejei + eje
2
i )

=(1⊗ ei + ei ⊗ ki)
2(1⊗ ej + ej ⊗ kj)

− (−1)ϵi [2](1⊗ ei + ei ⊗ ki)(1⊗ ej + ej ⊗ kj)(1⊗ ei + ei ⊗ ki)

+ (1⊗ ei + ei ⊗ ki)(1⊗ ej + ej ⊗ kj)
2

=1⊗ (e2i ej − (−1)ϵi [2]eiejei + eje
2
i )

+ ej ⊗ (e2i kj − (−1)ϵi [2]eikjei + kje
2
i )

+ ei ⊗ (kieiej − (−1)ϵi [2]eiejki + eikiej)

+ ei ⊗ (ejkiei − (−1)ϵi [2]kiejei + ejeiki)

+ eiej ⊗ (kieikj − (−1)ϵi [2]kikjei + eikikj)

+ ejei ⊗ (kjkiei − (−1)ϵi [2]eikikj + kjeiki)

+ e2i ⊗ (k2i ej − (−1)ϵi [2]kiejki + ejk
2
i )

+ (e2i ej − (−1)ϵi [2]eiejei + eje
2
i )⊗ k2i kj .
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Now, we pay an attention to Di,j +D−1
i,j = (−1)ϵi [2]. The second term vanishes as,

ej ⊗ (e2i kj − (−1)ϵi [2]eikjei + kje
2
i ) = Di,j(Di,j +D−1

i,j − (−1)ϵi [2])(ej ⊗ e2i kj) = 0.

The other terms vanish similarly.
We show that ∆ preserves (2.16). Assume ϵi ̸= ϵi+1.

∆(eiei−1eiei+1 + (−1)ϵi [2]eiei−1ei+1ei − eiei+1eiei−1 − ei−1eiei+1ei + ei+1eiei−1ei)

=1⊗ (eiei−1eiei+1 + ei + (−1)ϵi [2]eiei−1ei+1ei − eiei+1eiei−1

− ei−1eiei+1ei + ei+1eiei−1ei)

+ (1 + (−1)ϵi [2]Di,i+1 +D2
i,i+1Di−1,i+1)ei+1 ⊗ eiei−1eiki+1

+ (Di,i+1 + (−1)ϵi [2]−Di,i−1)ei ⊗ eiei−1ei+1ki

+ (Di−1,iDi,iDi,i+1 − 1)ei ⊗ ei−1eiei+1ki

+ ((−1)ϵi [2]Di,iDi,i+1Di,i−1 −Di,iDi,i+1 +Di,iDi,i+1)ei ⊗ ei−1ei+1eiki

+ (−Di,iDi,i+1Di,i−1 + 1)ei ⊗ ei+1eiei−1ki

+ ((−1)ϵi [2]Di−1,i+1Di−1,i −D2
i−1,iDi−1,i+1 − 1)ei−1 ⊗ eiei+1eiki−1

+ (1−Di,iDi,i−1Di,i+1)eiei+1 ⊗ eiei−1kiki+1

+ (Di,iDi,i−1 + (−1)ϵi [2]Di,iDi,i+1Di,i−1 −Di,iDi,i+1)eiei+1 ⊗ ei−1eikiki+1

+ (Di,i+1 −Di,i−1 + (−1)ϵi [2])ei−1ei ⊗ eiei+1ki−1ki

+ (−Di,iDi,i+1Di,i−1 + 1)ei−1ei ⊗ ei+1eiki−1ki

+ (1−Di,iDi,i−1Di,i+1)eiei−1 ⊗ eiei+1ki−1ki

+ ((−1)ϵi [2]Di,iDi,i−1Di,i+1 −Di,iDi,i+1 +Di,iDi,i−1)eiei−1 ⊗ ei+1eiki−1ki

+ ((−1)ϵi [2]−Di,i−1 +Di,i+1)ei+1ei ⊗ eiei−1ki+1ki

+ (−1 +Di,iDi,i−1Di,i+1)ei+1ei ⊗ ei−1eiki+1ki

+ (1 +D2
i,i+1 + (−1)ϵi [2]Di,i+1)eiei−1ei ⊗ ei+1kiki−1ki

+ (Di,iDi,i−1 + (−1)ϵi [2]Di,iDi,i−1Di,i+1 −Di,iDi,i+1)eiei−1ei+1 ⊗ eikiki−1ki+1

+ (1−Di,iDi,i−1Di,i+1)ei−1eiei+1 ⊗ eikiki−1ki+1

+ (1−Di,iDi,i−1Di,i+1)ei+1eiei−1 ⊗ eikiki−1ki+1

+ ((−1)ϵi [2]Di,i−1 −D2
i,i−1 − 1)eiei+1ei ⊗ ei−1kiki+1ki

+ ((−1)ϵi [2]−Di,i−1 +Di,i+1)ei−1ei+1ei ⊗ eiki−1ki+1ki

+ (eiei−1eiei+1 + (−1)ϵi [2]eiei−1ei+1ei − eiei+1eiei−1

− ei−1eiei+1ei + ei+1eiei−1ei)⊗ k2i ki−1ki+1.

Since Di,iDi,i−1Di,i+1 = 1, (−1)ϵi [2] = Di,i−1 − Di,i+1, all coefficients become
0. □

Appendix B. Proof of τ

Theorem 2.5 is proved by direct caluculations. We show some cases. First, we
show that τi preserves the relation (2.11).
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By D′
ij we denote the constants Dij for UA(ϵ

′).

τi(kiei+1k
−1
i ) =k−1

i [ei, ei+1]D′
i,i+1

ki

=D′−1
i,i D′−1

i,i+1[ei, ei+1]D′
i,i+1

k−1
i ki

=D′
i,i−1[ei, ei+1]D′

i,i+1

=τi(Di,i+1ei+1).

Other cases are proved similarly.
Next, we show that τi preserves the relation (2.12).

τi([ei, fi]) =fikik
−1
i ei − k−1

i eifiki

=− [ei, fi]

=
k−1
i − ki
q − q−1

=τi(
ki − k−1

i

q − q−1
).

Next, we show that τi preserves the relation (2.13). Assume ϵi+1 ̸= ϵi+2.

τi(e
2
i+1) =[ei, ei+1]

2
Di,i+1

=eiei+1eiei+1 −Di,i+1ei+1e
2
i ei+1 −Di,i+1eie

2
i+1ei +D2

i,i+1ei+1eiei+1ei. (∗)

Case1. ϵi = ϵi+1 ̸= ϵi+2. Note that (−1)ϵi [2] = Di,i+1 +D−1
i,i+1. By using relation

(2.13),(2.14), and (2.15),

(∗) =eiei+1eiei+1 −Di,i+1ei+1e
2
i ei+1 +D2

i,i+1ei+1eiei+1ei

=
e2i e

2
i+1 + ei+1e

2
i ei+1

Di,i+1 +D−1
i,i+1

−Di,i+1ei+1e
2
i ei+1 +D2

i,i+1

e2i+1e
2
i + ei+1e

2
i ei+1

Di,i+1 +D−1
i,i+1

=
1 +D2

i,i+1 −Di,i+1(Di,i+1 +D−1
i,i+1)

Di,i+1 +D−1
i,i+1

ei+1e
2
i ei+1

=0.

Case2. ϵi ̸= ϵi+1 ̸= ϵi+2. This is proved similarly.
Next, we show that τi preserves the relation (2.14). Suppose that |i−j| = 1, |i−l| ≥
2, |i−m| ≥ 2, |j −m| ≥ 2. By using the relation (2.11),(2.12),(2.14),

τi([ei, el]) = τi(eiel − elei) = fikiel − elfiki = 0,

τi([ej , em]) = [ei, ej ]Dijem − em[ei, ej ]Dij = em[ei, ej ]Dij − em[ei, ej ]Dij = 0.

τi([ei−1, ei+1])

=[ei, ei−1]Di,i−1 [ei, ei+1]Di,i+1 − [ei, ei+1]Di,i+1 [ei, ei−1]Di,i−1

=eiei−1eiei+1 −Di,i−1ei−1e
2
i ei+1 −Di,i+1eiei−1ei+1ei +Di,i−1Di,i+1ei−1eiei+1ei

− eiei+1eiei−1 +Di,i+1ei+1e
2
i ei−1 +Di,i−1eiei+1ei−1ei −Di,i−1Di,i+1ei+1eiei−1ei. (∗)

Case1. ϵi = ϵi+1. Since Di,i−1 = Di,i+1, we put D := Di,i−1 = Di,i+1. By using
(2.15),

Di,i−1ei−1e
2
i ei+1 =D(−ei−1ei+1e

2
i + (D +D−1)ei−1eiei+1ei),

Di,i+1ei+1e
2
i ei−1 =D(−ei+1ei−1e

2
i + (D +D−1)ei+1eiei−1ei).
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Hence,

(∗) =eiei−1eiei+1 − ei−1eiei+1ei − eiei+1eiei−1 − ei+1eiei−1ei

=
1

D +D−1
(ei−1e

2
i ei+1 + e2i ei−1ei+1 − ei−1e

2
i ei+1 − ei−1ei+1e

2
i

− ei+1e
2
i ei−1 − e2i ei+1ei−1 + ei+1ei−1e

2
i + ei+1e

2
i ei−1)

=0.

Case2. ϵi ̸= ϵi+1. Note that Di,i−1Di,i+1 = −1, Di,i−1 − Di,i+1 = (−1)ϵi [2]. By
using relation (2.14),(2.16),

(∗) =eiei−1eiei+1 + (−1)ϵi [2]eiei−1ei+1ei − eiei+1eiei−1 − ei−1eiei+1ei + ei+1eiei−1ei

=0.

Next, we show that τi preserves the relation (2.15). Suppose that ϵi = ϵi+1.

τi(e
2
i ei−1 − (−1)ϵi [2]eiei−1ei + ei−1e

2
i )

=fikifiki[ei, ei−1]Di,i−1 − (−1)ϵi [2]fiki[ei, ei−1]Di,i−1fikifiki[ei, ei−1]Di,i−1fikifiki.

We focus on the first term.

fiki[ei, ei−1]Di,i−1

=Di,iDi,i−1(fieiei−1 −Di,i−1fiei−1ei)ki

=Di,iDi,i−1((eifi −
ki − k−1

i

q − q−1
)ei−1 −Di,i−1ei−1(eifi −

ki − k−1
i

q − q−1
))ki

=Di,iDi,i−1[ei, ei−1]Di,i−1fiki +Di,iDi,i−1(Di,i−1ei−1
ki − k−1

i

q − q−1
− ki − k−1

i

q − q−1
ei−1)ki

=D−1
i,i+1[ei, ei−1]Di,i−1fiki +D−1

i,i+1ei−1.

Hence,

fikifiki[ei, ei−1]Di,i−1

=fiki(D
−1
i,i+1[ei, ei−1]Di,i−1fiki +D−1

i,i+1ei−1)

=D−2
i,i+1([ei, ei−1]Di,i−1fikifiki) + (1 +D−2

i,i+1)ei−1fiki.

fiki[ei, ei−1]Di,i−1fikifiki

=(D−1
i,i+1[ei, ei−1]Di,i−1fiki +D−1

i,i+1ei−1)fiki

=D−1
i,i+1[ei, ei−1]Di,i−1fikifiki +D−1

i,i+1ei−1fiki.

Since (−1)ϵi [2] = Di,i+1 +D−1
i,i+1, when ϵi = ϵi+1,

τi(e
2
i ei−1 − (−1)ϵi [2]eiei−1ei + ei−1e

2
i )

=(D−2
i,i+1 −D−1

i,i+1(Di,i+1 +D−1
i,i+1)− 1)[ei, ei−1]Di,i−1fikifiki

+ (1 +D−2
i,i+1)ei−1fiki −D−1

i,i+1ei−1fiki

=0.

Next, we show that τi preserves the relation (2.16). We assume that ϵi ̸= ϵi+1.
Here,

k−1
i ei[fj , fi]D−1

ij
= −Dij [fj , fi]D−1

ij
k−1
i ei − fj .
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So,

τi(fifjfi) =(−k−1
i ei)[fj , fi]D−1

ij
(−k−1

i ei)

=(−Dij [fj , fi]D−1
ij

k−1
i ei − fj)k

−1
i ei

=− fjk
−1
i ei

=fjτi(fi).

Hence,

τi(fifi−1fifi+1) =fi−1τi(fifi+1)

=−Di,i+1fi−1τi(fi+1fi)− fi−1fi+1.

Therefore,

τi(fifi−1fifi+1 + (−1)ϵi [2]fifi−1fi+1fi − fifi+1fifi−1 − fi−1fifi+1fi + fi+1fifi−1fi)

=−Di,i+1fi−1τi(fi+1fi)− fi−1fi+1

+ (−1)ϵi+1(−Di,i−1τi(fi−1)fi+1τi(fi)− fi−1τi(fi+1fi))

− (−Di,i−1τi(fi−1fi)− fi−1)− τi(fi−1)fi+1τi(fi) + τi(fi+1)fi−1τi(fi)

=Di,i−1fi+1τi(fi−1) +D2
i,i−1τi(fi−1)fi+1 −Di,i−1fi−1τi(fi+1) + τi(fi+1)fi−1

=0.

Finally, We check the well-definedness of τ−1
i .

τ−1
i ◦ τi(fj)

=τ−1
i (fjfi −D′−1

ij fifj)

=(fifj −D−1
ij fjfi)(−eiki)−D′−1

ij (−eiki)(fifj −D−1
ij fjfi).

Since D′−1
ij D−1

ii D−1
ij = 1,

D′−1
ij eiki(fifj −D−1

ij fjfi)

=D′−1
ij D−1

ii D−1
ij ei(fifj −D−1

ij fjfi)ki

=

(
(fifj −D−1

ij fjfi)ei +
ki − k−1

i

q − q−1
fj −D−1

ij fj
ki − k−1

i

q − q−1

)
ki

=

(
(fifj −D−1

ij fjfi)ei +
D−1

ij −Dij

q − q−1
fjk

−1
i

)
ki

=(fifj −D−1
ij fjfi)eiki + fj .

Hence,

τ−1
i ◦ τi(fj) = (fifj −D−1

ij fjfi)(−eiki) + (fifj −D−1
ij fjfi)eiki + fj = fj .
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