THE EQUIVARIANT GENERA OF MARKED STRONGLY
INVERTIBLE KNOTS ASSOCIATED WITH 2-BRIDGE KNOTS

MIKAMI HIRASAWA, RYOTA HIURA, AND MAKOTO SAKUMA

ABSTRACT. A marked strongly invertible knot is a triple (K, h,d) of a knot K
in S%  a strong inversion h of K, and a subarc § C Fix(h) = S' bounded by
Fix(h)NK = S°. An invariant Seifert surface for (K, h,§) is an h-invariant Seifert
surface for K that intersects Fix(h) in the arc §. In this paper, we completely
determine the equivariant genus (the minimum of the genera of invariant Seifert
surfaces for (K, h,d)) of every marked strongly invertible knot (K, h,d) with K a
2-bridge knot.

1. INTRODUCTION

A smooth knot K in S3 is said to be strongly invertible if there is a smooth
involution A of S which leaves K invariant and fixes an unknotted loop intersecting
K in two points. The involution h is called a strong inversion of K. As in [12, 22],
we use the term strongly invertible knot to mean a pair (K, h) of a knot K and
a strong inversion h, and regard two strongly invertible knots (K, k) and (K’ h')
equivalent if there is an orientation-preserving diffeomorphism ¢ of S® mapping K
to K’ such that h/ = php™!.

Recently, strongly invertible knots attract attention of various researchers (see [12,
Sections 2 and 6] and references therein). In particular, significant progresses on the
equivariant 4-genera of strongly invertible knots have been made by [3, 5, 6, 7, 18].
This paper is a sequel of [12] which is devoted to the study of the (3-dimensional)
genera of strongly invertible knots. The equivariant genera are actually defined for
marked strongly invertible knots.

A marked strongly invertible knot is a triple (K, h, ), where (K, h) is a strongly
invertible knot and ¢ is a subarc of Fix(h) bounded by Fix(h) N K. Two marked
strongly invertible knots (K, h,d) and (K’,h',§’) are regarded to be equivalent if
there is an orientation-preserving diffeomorphism ¢ of S mapping K to K’ such
that b’ = phyp~! and ' = ©(d). By an invariant Seifert surface for a marked strongly
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invertible knot (K, h,d), we mean a Seifert surface S for K such that h(S) = S and
Fix(h) NS = §. Every marked strongly invertible knot (K, h, ) admits an invariant
Seifert surface (see [5, 12, 13]), and the equivariant genus g(K,h,d) of (K, h,0) is
defined to be the minimum of the genera of invariant Seifert surfaces for (K, h,0).
An invariant Seifert surface for (K, h,d) is said to be of minimal equivariant genus
if its genus is g(K, h,9).

As for a periodic knot, namely, a knot K which is preserved by a periodic rotation
of $3 whose axis is disjoint from K, Edmonds [8] has shown that every periodic knot
admits an invariant minimal genus Seifert surface (cf. Edmonds-Livingston [9]). As
observed in the previous paper [12, Proposition 1.5], it is also true for a marked
strongly invertible knot K if K is a fibered knot. However, in general g(K, h,0d) is
not realized by a minimal genus Seifert surface for K. Even so, the following two
variants of Edmonds’ theorem hold:

Theorem 1.1 ([12, Theorem 1.3]). Let (K, h) be a strongly invertible knot. Then
there is a minimal genus Seifert surface F' for K such that F' and h(F') have disjoint
imntleriors.

Theorem 1.2 ([12, Theorem 1.4]). Let (K, h,d) be a marked strongly invertible
knot, and let F' be a minimal genus Seifert surface for K such that F and h(F)
have disjoint interiors. Then there is an invariant Seifert surface S for (K, h,0) of

minimal equivariant genus such that the interior of S is disjoint from those of F
and h(F).

In this paper, we use Theorem 1.2 to obtain our main result (Theorem 2.4) which
determines the equivariant genera of all marked strongly invertible 2-bridge knots,
i.e., marked strongly invertible knots (K, h, ) with K a 2-bridge knot. We actually
visualize invariant Seifert surfaces attaining equivariant genera. Appendix presents
a table of the equivariant genera for 2-bridge knots up to 10 crossings.

In the previous paper [12, Theorem 1.2], we proved that the gap between the
genus ¢g(K) and the equivariant genus g(K, h,d) can be arbitrarily large. Our main
Theorem 2.4 implies the following refinement of the result, which says that the genus
g(K) and the equivariant genus g(K, h,d) are totally independent, except for the
obvious relations (i) g(K) < g(K,h,0) and (i) g(K,h,d) = 0 if g(K) = 0 (cf. [12,
Proposition 2.2(1))]).

Corollary 1.3. For any pair of positive integers (g, §) with g < g, there is a marked
strongly invertible knot (K, h,d) such that (9(K), g(K,h,0)) = (g,§).

As for the behavior of the equivariant genera of a strongly invertible knot (K, h)
for the two different choices of subarcs ¢ and §¢ of Fix(h), we have the following
corollary which says that the gap between the equivariant genera can be arbitrarily
large.
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Corollary 1.4. For any integer d, there is a strongly invertible knot (K, h) such
that g(K, h,d) — g(K, h, ) =d.

Both this paper and the preceding paper [12] are also motivated by our interest
in the natural action of the symmetry group Sym(S3, K) = mDiff(S3, K) on the
Kakimizu complex M S(K) of a knot K. The complex was introduced by Kakimizu
[16] as the flag simplicial complex whose vertices correspond to the (isotopy classes
of) minimal genus Seifert surfaces for K and edges to pairs of such surfaces with
disjoint interiors. In [12] we observed the following corollary of Theorem 1.1, which
may be regarded as a refinement of a special case of a theorem proved by Przytycki-
Schultens [21, Theorem 1.2].

Corollary 1.5 ([12, Corollary 1.6]). Let (K, h) be a strongly invertible knot, and let
hs« be the automorphism of MS(K) induced from of the strong inversion h. Then
one of the following holds.

(1) There ezists a vertex of MS(K) which is fized by h.
(2) There exists an hy-invariant edge of MS(K) on which hy acts as the reflec-
tion in the central point of the edge.

At the end of this paper, we describe the actions of the strong inversions on
MS(K) for every 2-bridge knot (Theorem 5.4), which illustrates Corollary 1.5.

This paper is organized as follows. In Section 2, we recall the classification of
the marked strongly invertible 2-bridge knots (Proposition 2.2), and state the main
theorem (Theorem 2.4) which determines their equivariant genera. In Section 3,
we give a systematic construction of invariant Seifert surfaces for marked strongly
invertible 2-bridge knots which turn out to realize the equivariant genera. In Section
4, we use “invariant sutured manifolds” to give lower bounds for equivariant genera,
which turn out to be sharp. In Section 5, we give a description of the actions of the
strong inversions on the Kakimizu complex of 2-bridge knots. Appendix presents
a table of equivariant genera of marked strongly invertible 2-bridge knots up to 10
crossings.

2. CLASSIFICATION OF MARKED STRONGLY INVERTIBLE 2-BRIDGE KNOTS AND
THE STATEMENT OF THE MAIN RESULT

Let K(q/p) be the 2-bridge knot of slope ¢/p. Then naturally p is odd. Since
K((q £ p)/p) is isotopic to K(q/p), we always assume q is even and 1 < |q| < p.
Then ¢/p admits a unique continued fraction expansion of the following format, with
non-zero integer entries. Following our previous paper [12], we use this “negative”
format which is different from the “positive” one used in other papers like [22] etc.
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We use the following notation for describing 2-bridge knots throughout this paper,
except for Section 5. For example, K (2/3) = K2, 2] is the positive trefoil knot and
K(2/5) = K[2,—2] is the figure eight knot.

K(q/p) = K[2a1,2b1,- - ,2ay, 2by,]
A 2-bridge knot is a torus knot only when +¢ = p — 1. Note that K((p—1)/p) =
K[2,2,...,2] is a torus knot of type T'(2, p) of genus (p—1)/2. Other 2-bridge knots
are hyperbolic knots.

By [12, Corollary 2.3 and Remark 2.4], the following holds.

Proposition 2.1. Up to equivalence, the number of marked strongly invertible knots
associated with K(q/p) is equal to two or four according to whether £¢q =p —1 or
not.

Now we are going to see the four marked strongly invertible knots associated to
2-bridge knots K (q/p). (The case where K (q/p) is a torus knot is included, but the
number 4 (of the marked strongly invertible knots) is reduced to 2.)

For K(q/p), let 8 be the 4-braid g2 ¢1g2%25202. .. 520520 described with
Artin’s standard generators o; and oy. Then as in Figure 2.1(1), K(q/p) is de-
picted as the plat closure 3 of 3. As in Figure 2.1(2), we can also depict K(q/p) as
the plat closures of another 4-braid, /', defined by

b1 _2a2

05% (o103)%2 - o3

B = 03" (o103) o3 (o103)",

together with the axis of g/, and the short and long arcs 7/, and ch/p of Fix(hgp)-

Since K(¢/p) has cyclic period 2, it follows from [12, Proposition 2.2(2)] that
(K(q/p), hgyp,d) with & € {7y, ch/p} are distinct marked strongly invertible knots.

By [12, Proposition 2.1(3)], K(q/p) admits one more strong inversion (see Figure
2.2). To describe it, note that K[2ay,2by,--- ,2ay,,2b,] is isotopic to K(¢'/p) =
K[2by,2ay, -+ ,2b1,2a1], where ¢'/p = [2bn,2ay, -+ ,2b1,2a1]. (Here ¢’ is an even
integer with ¢q¢’ = 1 (mod p).) By applying the preceding construction to this
setting, we obtain the strong inversion hy /, of K(q'/p) and the short and long arcs
g jp and 77, of Fix(hy ) as in Figure 2.2.
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K(q/p) = K[4,6,-2,—4,2,2,—4, 4]

@) Q/\/\/\/—/\%/ﬁ/\/—xy %/\/—/&/\/\/\/—/\//\ )
C/\/\/\/m/_/ \/H /\\K_/\/i/_/\/\/\/w 7(q/p)

FIGURE 2.1. K(gq/p) and its short and long involution arcs

Q/\/\/\/—X\/ %r\/—/&/\/\/\/—y H/\/\/\/\/\/—/m
C/\/\/\/H /\X_/vi/_/\/\/uH [/\/\/\/\/\/ S w =@/

K(d'/p) = K[4,-4,2,2,-4,-2,6,4]

FIGURE 2.2. K(q¢'/p) and its short and long involution arcs

By pulling them back through an isotopy between K (q/p) and K (q'/p), we obtain
a strong inversion of K (q/p), which we continue to denote by hy ,. We also continue
to denote the subarcs of the fixed point set of the strong inversion hy , of K(q/p),
obtained as the pullback of 7./, and ch, Ip by the same symbols respectively.

If ¢ # ¢, ie., ¢ #1 (mod p), then K(q/p) is hyperbolic and Isom™ (S3\ K (q/p))
(orientation-preserving isometry group) is isomorphic to Z/27Z @& 7Z/27Z. Thus, as
described in [22, Proposition 3.6 and its proof], hy/, and hy , are the two distinct
strong inversions of K(q/p). See [22, Fig. 3.2(1)] or [2, Fig. 2(1)], where the two
strong inversions are illustrated simultaneously in a single knot diagram.

Finally, if ¢ = ¢, i.e., ¢> =1 (mod p), then Isom™ (5% \ K(q/p)) is isomorphic to
the dihedral group Dsg of order 8. The strong inversions hg/, and hy /, are equivalent,
but another exceptional strong inversion h; Ip of K(q/p) can be seen as follows:

When ¢?> = 1 (mod p), ¢/p has a palindromic continued fraction expansion, i.e.,
q/p = [2¢1,2¢0,++ ,2¢p—1,2¢pn,2¢n, 2Cp—1, -+ ,2¢2,2c1]. In this case, K(¢/p) has a
symmetric diagram in which Fix(h; /p) is vertical to the projection plane as in Figure
2.3, where K = K[2,—4,—4,2]. We can see that K has such a diagram from the
fact that K is the boundary of a minimal genus Seifert surface obtained by a linear
plumbing of unknotted annuli with k& half-twists where k = 2, —4, —4,2 (see Figure
3.4(1)). The short vertical arc py/, is in the central crossing ball, and the long
complementary arc pf,, goes through infinity. Then, by [12, Proposition 2.2(2)],

(K(q/p), W (q/p),0) with 6 € {p, Jps Py /p} are distinct marked strongly invertible
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knots. See [22, Fig. 3.2(2)] or [2, Fig. 3(1)], where the two strong inversions are
illustrated simultaneously in a single knot diagram.

&f\%ﬁ/\fﬁ“ﬁwﬂ%@

FIGURE 2.3. A palindromic diagram for K[2, —4, —4, 2], obtained as
the boundary a linear plumbing on unknotted annuli

In summary, we obtain the following proposition:

Proposition 2.2. The marked strongly invertible knots associated with a nontrivial
2-bridge knot K = K(q/p) are classified as follows.

(1) Suppose £q =p—1, i.e., K is a torus knot. Then K has a unique strong in-
version hgy, up to equivalence, and there are precisely two marked strongly invertible
knots (K, hgyp,,0) with § € {Tq/p,TqC/p} associated with K.

(2) Suppose q is an even integer such that 1 < |q| < p, i.e., K is a hyperbolic knot.

(i) Suppose ¢> # 1 (mod p), then K has precisely two strong inversions hq/p
and hq s, up to equivalence, where q is the unique even integer such that
q¢ =1 (mod p) and 0 < |¢'| < p. Up to equivalence, there are precisely four
marked strongly invertible knots associated with K, as listed below.

(K7 hq/p’5)7 d€ {Tq/va(;/p}a
(K, hq//p,(S), 0 ¢ {Tq//p,T;//p}.

(ii) Suppose ¢> =1 (mod p), then K has precisely two strong inversions hq/p and
h; /p Up to equivalence. Up to equivalence, there are precisely four marked
strongly invertible knots associated with K, as listed below.

(Kv hq/p75)a S {Tq/paT;/p}a
(K7 hg/pa(s)u o€ {pq/pap(cl/p}‘

Remark 2.3. In the case where ¢ = 1 (mod p), the number of the strong equiv-
alence classes of strong inversions is bigger than the number 2 of the equivalence
classes of strong inversions. Here two strong inversions are said to be strongly equiv-
alent if they are conjugate by a diffeomorphism ¢ of (5%, K) which is pairwise iso-
topic to the identity. In fact, in this case, there are 4 strong inversions up to strong
equivalence, which are distinguished by their images in Sym(S3, K(q/p)) = Ds.

Theorem 2.4 below is the main theorem of this paper which completely deter-
mines the equivariant genera of marked strongly invertible knots for 2-bridge knots.
Construction of invariant Seifert surfaces and lower bounds for equivariant genera



EQUIVARIANT GENERA OF STRONGLY INVERTIBLE KNOTS 7

are given in Sections 3 and 4, respectively. Corollaries 1.3 and 1.4 obviously follow
from Theorem 2.4(2).

Theorem 2.4. Let K = K(q/p) , 1 < |q| < p be a 2-bridge knot with g(K) = n
denoted by K|[2ay,2b1,...,2an,2b,], and let ¢'/p = [2by, 2an, . .., 2b1,2a1].

(1) Suppose £q = p — 1, i.e., K is a torus knot. Then K has two equivariant
genera, which coincide with g(K).

g(K, h’é) :g(K, h75c) = g(K)

(2) Suppose +q # p — 1, i.e., K is a hyperbolic knot.
(2.1) If ¢* £ 1 (mod p), K has four equivariant genera as follows:

9 hy s Tgrp) = > ey lail :.Q(K) + >0 (Jail = 1) ‘
(K. by 7o) = gUK) + 4] b > 1 = 2g(K) — #{il [0l = 1}
g(Kv hq’/vaq’/p) = Z?:l ‘bl| :g(K) + Z:L:l(|bl| - 1) .
9K hg jpy7,) = 9K+ #{il |ai| > 1} = 29(K) — ##{i] |as| = 1}
(2.2) If > =1 (mod p) (i.e., [2a1,2b1,...,2an,2b,] is palindromic), then K has
four equivariant genera as follows:
g(K7 hq/vaq/p) = Z?:l |al’ :‘g(K) + Z?:lﬂai‘ - 1) .

g(K,h/q/p,(Sc) = g(K)

Remark 2.5. The formulae in (2) hold even when +g = p—1. In fact, if ¢ = p—1,
then |a;| = |bi] = 1 for all 7 and all quantities in the formulae in (2) become g(K).
From (2.1), we see that there can be an arbitrarily large gap between the genus and
the equivariant genus if we use the short invariant arc, but the gap can be at most
g(K) if we use the long invariant arc.

Proof of Theorem 2.4. (1) In this case, K is a fibered knot, and the conclusion is
given by [12, Proposition 1.5]. Also, our construction of invariant Seifert surfaces
in Section 3 yields the invariant fiber surfaces (whose genera are of course equal to
g(K)), for each choice of an invariant subarc of Fix(h).

(2) In Section 3, we construct an invariant Seifert surface for a given (K (q/p), h, 7).
In Section 4, we give a lower bound for g(K(¢q/p), h, ), which is equal to the genus
of the Seifert surface constructed above. O

3. CONSTRUCTION OF MINIMAL GENUS INVARIANT SEIFERT SURFACES

In this section, we construct invariant Seifert surfaces for marked strongly in-
vertible 2-bridge knots (K, h,d). Some of them realizes ¢g(K), in which case we
immediately see g(K,h,0) = g(K). The rest of them having greater genera than
g(K) are proved to realize g(K, h,d) by the lower bounds given in Section 4.
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3.1. An invariant Seifert surface containing the short arc 7,/,. Let K =
K(q/p) = K[2a1,2b1,- - ,2an,2by,], h = hy),, T = 74/, and let k be one of the two
subarcs of K bounded by K N7. Then kU 7 spans an embedded disk D (Figure
3.1(1)), and D U h(D) is an immersed disk with ribbon singularities spanned by
K (Figure 3.1(2)). Then by smoothing the singularities, we obtain an invariant
Seifert surface F' for (K, h,7) as in Figure 3.1(3). Since the number of the ribbon
singularities is Y ; |a;|, we have the following equalities:

n n

g(F) =" lai| = g(K) + Y (lai| —1).

i=1 i=1

" PTG

(2) Qm_ /m‘ﬂc;\/—’mﬁ\__‘_ XX
RS 5SS

FIGURE 3.1. An invariant Seifert surface for the short arc 7

Remark 3.1. In [12] cf. [13], we gave an algorithm to construct an invariant Seifert
surface from a diagram where the involution axis lies in the projection plane. The
surface in Figure 3.1 can be also obtained by that method.

3.2. An invariant Seifert surface containing the long arc Tg/p. We have two
cases according to whether all b;’s are even or not.

First, suppose that all b;’s are even. Then we span an invariant Seifert surface of
genus 2¢ as in Figure 3.2, which is constructed as follows: First take a disk with n
holes. Then for i = 1,2,...,n add a band with a; twists to the i** hole and plumb
a pair of unknotted annuli with b;/2 twists in a symmetric manner. In [12, Section
4] (cf.[13]) we proved that some of these surfaces realize the equivariant genera and
showed that there can be arbitrarily large gap between the genus and the equivariant
genus. The following is the completion of construction of invariant Seifert surfaces
for all marked 2-bridge knots. Next, if some b; is odd (Figure 3.3(1)), we twist the
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diagram (fixing the left end) at each site where b; is odd as in Figure 3.3(2). Then
each band has an even number of twists. Note that there are two ways in each
twisting. In particular, when some b; = +1, we twist the diagram at that site so
that the resulting band has no twist at all. As a conclusion, we can span an invariant
Seifert surface F' as in Figure 3.3(3) according to if b; is even, odd other than +1,
or £1. Figure 3.3 depicts the case where (b1, ba, b3, bg, b5) = (2,5, -2, —1,—2). For
the entries by = 2,b3 = —2 and b; = —2, we build bands as in Figure 3.2(2), and
for the entry by = 5 we build bands in a twisted way, and for the entry by = —1 we
locally span the surface in a special way. The genus of that surface F' is as follows:

9(F) = 29(K) — #{i | bi = £1} = g(K) + #{i | |bs| > 1}.

(1) ’

FANPAN /

|

@) et

E-7-f
s ey

h

bod  bod e

FIGURE 3.2. An invariant Seifert surface for the long arc 7¢

3.3. The exceptional case. When ¢> = 1 (mod p), ¢/p has a palindromic con-
tinued fraction expansion. As described in Section 2, the exceptional strong in-
version h; Jp comes form the palindromicity, with the short and long vertical arcs
Pq/p and pf . Note that K (¢/p) has a minimal genus Seifert surface which is a
linear plumbing of unknotted twisted annuli. From Figure 3.4, we immediately see
that (K (q/p), h; Ip2 P /p) and (K (q/p), h; Ip? P, /p) have minimal genus Seifert surfaces
which are h; Jp-invariant.
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FIGURE 3.3. Modification when some b; is odd

a@fwﬁ\gff@?

» v ol s e

F1GURE 3.4. Invariant Seifert surfaces for the palindromic case

4. SHARP LOWER BOUNDS FOR EQUIVARIANT GENERA

In this section, we give lower bounds for the equivariant genera of marked strongly
invertible knots (K (q/p), hg/p: Tq/p) and (K(q/p);hg/ps ch/p). We build a sutured

manifold between two minimal genus Seifert surfaces for K(¢/p) which are exchanged

by hg/p,

and then use Theorem 1.2 to limit the existing range of invariant Seifert

surfaces of minimal equivariant genus for the marked strongly invertible knots.

4.1. Sutured manifolds and product decompositions. In this subsection, we
first recall some of the terminology concerning sutured manifolds such as product

decompositions.
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A sutured manifold (M,~y) defined by Gabai in [10, Definition 2.6] is a compact
oriented 3-manifold M together with a set v C M of pairwise disjoint annuli A(~y)
and tori T'(y). In this paper, we only deal with sutured manifolds with - consisting
of only annuli. Each component of A(y) contains a suture, i.e., a homologically
nontrivial oriented simple closed curve. The set of sutures is denoted by s(v). Every
component of cl(OM \ ) is oriented, so that the following condition is satisfied. Let
R (v) and R_(7) be the subsurfaces of 9M whose normal vectors point out of or
into M, respectively. Then ORy () and OR_(v) are homologous to s(v) in 7.

Convention 4.1. A sutured manifold (M,~) is uniquely determined by the pair
(M, s(y)) and vice versa. Therefore, throughout this paper, we identity OR4(7)
with the closed up component of M \ s(7), and let v denote the suture s(v).

A product disk in a sutured manifold (M,~) is a disk A properly embedded in
M such that OA N~ consists of two transversal intersection points, i.e., (A, AN
v) is a bigon in (M,~). Given a product disk A in (M,~), we can produce a
new sutured manifold (M’,v) as illustrated in Figure 4.1(1), by cutting M along
A and reconnecting the sutures naturally. This operation is called the product
decomposition of (M,~) along the product disk A.

In the rest of this section, we consider a surface F' embedded in a sutured man-
ifold (M,~) such that OF = v and FF' N A is an arc. Then we apply a product
decomposition to (M, ) cutting F' along F'N A (see Figure 4.1(2)).

FIGURE 4.1. A product decomposition

4.2. Sutured manifolds between minimal genus Seifert surfaces. As in Fig-
ure 4.2, we construct an h-invariant sutured manifold (M, ) embedded in S® such
that ~ coincides with K(q¢/p) = K[2a1,2b1,--- ,2ay,2b,] in the form of Figure
2.1(2)). Actually, (M,~) is obtained as follows: (i) arrange n 3-balls penetrated
by the involution axis, (ii) connect each adjacent pair of balls by a pair of 1-handles,
(iii) attach a 1-handle to the last ball, (iv) drill out the balls along 7y p» and finally
(v) set up ~y which coincides with the knot K (q/p).

Note that the subsurfaces Ry(vy) and R_(v) of M are minimal genus Seifert
surfaces for K(q/p) which are exchanged by the involution h,/,. (We will see in
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FIGURE 4.2. The sutured manifold (M,~y) between exchangeable
minimal genus Seifert surfaces

Theorem 5.4(1-ii) that this is the only mutually disjoint pair of minimal genus
Seifert surfaces that are exchanged by hg/,.)

4.3. Lowest genera of invariant Seifert surfaces for (K(q/p), hg/p, 74/p)- Asin
Figure 4.3, take 2n — 1 product disks for (M, ), among which one is invariant under
hq/p and the other 2n — 2 are paired into those exchanged by h,,,. Apply 2n —1
product decompositions to cut the 1-handles so that (M, ) is decomposed into n
sutured manifolds (M;,~;), each of which is the complementary sutured manifold
of an unknotted annulus with a; full-twists (i = 1,2,...,n). Each piece (M;,~;)
appears as in Figure 4.4(1).

TN TN TN TN T KA s
o R — ) - - -
_oN_on_on_on it

Lon_e

Do

s\’ "\ ,
A A\ ’

FIGURE 4.3. Product disks for (M, ) containing 7/,

FIGURE 4.4. The sutured manifold (M;,;) and its quotient by A/,

Since 7/, C M, we see by Theorem 1.2 that there is an invariant Seifert surface
F; of minimal equivariant genus for (K (q/p), hq/p, 74/p) contained in (M, ) so that
OF: =~ and hy,(F:) = F;. Let A be any of the product disk taken above. Then
F; N A contains an arc which is properly embedded both in F; and A. If F; N A
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contains a loop, we can remove the innermost of such loops by an h,/,-equivariant
surgery (in fact an h,/,-equivariant isotopy), and therefore, we may assume that F-
intersects each product disk in an arc. Hence, through the product decompositions
above, F; is cut into F;’s, where F; := FrNM,; is an h, /p-invariant orientable surface
properly embedded in M; such that 0F; = ; (1 <i <n).

Lemma 4.2. We have 51 (F;) > 2]a;| — 1.

Proof. Consider the manifold pair (M, ;) that is obtained as the quotient of (M;, ;)
by hg/, (see Figure 4.4(2)). We identify (M;, %) with (S' x D?, k) where [x] =
2a[S1] + [0D?] € Hi(S' x dD?*). Here a = a;, and we assume « > 0 without
loss of generality. Denote F; by F, and let F = F/ hq/p be the image of F' in the
quotient space M; = S' x D?. Then F is a compact surface properly embedded in
S' x D? with F = k. We show by induction on a that 8;(F) > a. If a = 1, then
[k] = 2[S'] # 0 in H;(S' x D?). Hence F' is non-orientable, and so 31(F) > 1 = a.
Suppose a > 2. We may assume F' intersects a meridian disk D? of S' x D?
transversely. By cut and paste operation, we may assume without increasing 31 (F)
that F' N D? is a non-empty union of disjoint arcs. Pick an outermost component
of F' N D? in D?, and consider the surface F’ obtained from F by cut and paste
operation along the outermost disk in D? bounded by the component. Observe
that OF’ is a simple loop whose homology class (with a suitable orientation) in
Hy(S' x 0D?) is 2(a — 1)[S'] + [0D?]. Hence, we have B1(F') > a — 1 by the
inductive hypothesis, and so 51 (F) = B1(F')+1 > a. On the other hand, since F is
a double covering of F, we have 1 — 81 (F) = x(F) = 2x(F) = 2(1 — $1(F)). Hence
we have (1 (F) = 261 (F) — 1> 2o — 1. O

Remark 4.3. We can isotope Figure 4.4(2) so that it appears as in Figure 4.4(3).
Then we can see a (non-orientable) surface in M; bounded by # that is obtained
from the vertical, square-shaped disk by attaching oo = |a;| bands. This surface has
the first Betti number « and its inverse image in M; is an hgy/,-invariant orientable
surface bounded by ~; with the first Betti number 2|a;| — 1. Thus the inequality in
Lemma 4.2 is promoted to an equality.

Since F; is obtained from { F; }1<;<y by glueing along 2n—1 arcs, we have 51 (F;) =
n+ > Bi(F;). Since B1(F;) > 2|a;| — 1, we have the following conclusion:

Bi1(Fr) =n+ Zﬁl(ﬂ) > ZQ\@J, and hence
i=1

=1
9(Fr) > lail = g(K(g/p)) + Y (lai| = 1)
i=1 1=1

See Figure 3.1(3) for an invariant Seifert surface realizing the equality above.



14 MIKAMI HIRASAWA, RYOTA HIURA, AND MAKOTO SAKUMA

4.4. Lower bound for genera of invariant Seifert surfaces for (K(q/p), hy/p, ch/p).
Let (N,v) = (cl(S3—M),~) be the complementary sutured manifold of (M, ). Note
that (N,~) contains Ty/p» and hence, by Theorem 1.2, there is an invariant Seifert
surface Fre of minimal equivariant genus for (K, h, /p,TqC/p) contained in (N,7). As

in Figure 4.5, take 2n — 1 product disks in (N, ).

FIGURE 4.5. 2n — 1 product disks for (N, ) containing T;/p

First, apply n product decompositions (along the product disks in the drilled
holes) to fill in the drilled holes, and then n — 1 product decompositions (along
the product disks whose central parts are omitted in Figure 4.5) to decompose
the result into n sutured manifolds (N;,~;), each of which is the complementary
sutured manifold of the sutured manifold (that is shaded in Figure 4.6(1)) obtained
by thickening an unknotted annulus with |b;| full-twists (i = 1,2,...,n). As in
Subsection 4.3, we may assume that F,c intersects each of the product disks in an
arc. Set I; := F;c N N;. Remark that F; is a surface properly embedded in N; with
OF; = ~;, where N; is the complement of the shaded handlebody in Figure 4.6(1).

(1) (2)
o 3 [ peed |

OC

FIGURE 4.6. Each of N; and N; := N;/h
the shaded handlebody

q/p 15 the complement of

Lemma 4.4. 51(F;) > { 3 (|bs| > 1)
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Proof. Consider the following quotient quadruple

(Niafyiv FZ77:zC) = (N’iafyiu Fi77—qc/p N NZ)/h

Note that Nj is a ball, and F; is a surface embedded in the ball N; in such a way
that OF; consists of the two arcs 4; in ON; and the two arcs 7{ properly embedded
in ON;. Thus, OF; = ¥; U 7¢ (see Figure 4.6(2)). Now, 0F; is a torus knot or link
of type T(2,b;) and hence B1(F;) > 1 except for the trivial case of |b;| = 1, in
which case, F; is the unknot. By using the fact that Fix(h, /plF;) consists of two
arcs, we see 1 — B1(F;) = x(F;) = 2x(F;) — 2 = —2831(F;). Therefore, 3;(F;) >
261 (F;) +1 > 3 except for the primitive case |b;| = 1, in which case, 81 (F;) > 0 and
so p1(F;) > 1. O

Remark 4.5. According to whether |b;| = 1 or |b;] > 1, let G; be a disk or an
unknotted annulus with |b;| half-twists in M; bounded by ji; U#f. Then the inverse
image of G; is an h,/,-invariant annulus or two-holed torus bounded by p;. Thus,
the inequality in Lemma 4.4 is promoted to an equality.

q/p-

Since Fye is obtained from {F;}i<i<n by glueing along 2n — 1 arcs, we have
Bi(Fre) = n+ Y i, Bi(F;), and we have the following estimate from below (see
Figures 3.2 and 3.3 for surfaces realizing the equality):

01 (F.rc) =n-+ Z ﬁl(Fz)
=1

>n+ 3;L —2#{i | |bj| = 1}, and hence,
9(Fre) = 29(K(q/p)) — #{i | [bil = 1}
= 9(K(q/p)) +#{i | [bi| > 1}

Now we have obtained lower bounds for equivariant genera for all cases, which
coincide with the upper bounds obtained in Section 3 by explicit construction. This
concludes Section 4.

5. ACTIONS OF STRONG INVERSIONS ON KAKIMIZU COMPLEXES

For an oriented link L in S3, the Kakimizu complez MS(L) of L is the flag
simplicial complex whose vertices correspond to the (isotopy classes of) minimal
genus Seifert surfaces for L and edges to pairs of such surfaces with disjoint interiors
(see [16]). Kakimizu also introduced a similar complex I.S(L) whose vertex set is
the set of incompressible Seifert surfaces, and proved that both M S(L) and IS(L)
are connected if L is non-splittable, refining the result of Scharlemann-Thompson
[25] for minimal genus Seifert surfaces for knots. Since then, various interesting
results have been obtained [1, 4, 14, 15, 17, 19, 20, 21, 23, 24, 26, 27]. In particular,
Przytycki-Schultens [21] proved the Kakimizu conjecture, which says that M S(L) is
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contractible for every non-splittable link L. (To be precise, they prove the conjecture
in a more general setting with a “rectified” definition of the complex, where the
two definitions coincide for oriented non-splittable links in S® all of whose minimal
genus Seifert surfaces are connected.) They also proved various interesting results
concerning the fixed point sets of the actions of subgroups of the symmetry groups of
non-splittable oriented links L on (the rectified) M S(L), including a generalization
of Edmonds’ theorem. Our Corollary 1.5 may be regarded as a slight refinement of
a special case of (a variant of) their theorem [21, Theorems 1.2].

In the remainder of this section, we study the case where K is a 2-bridge knot.
For a 2-bridge knot K = K(q/p), the minimal genus Seifert surfaces for K were
classified by Hatcher-Thurston [11, Theorem 1] and the structure of MS(K) was
described by [22, Theorem 3.3]. In this section, we describe the actions of the strong
inversions on M S(K). Throughout this section, we assume ¢/p has the following
continued fraction expansion (recall the convention introduced in Section 2).

q
= = [2a1,2az, - ,2a2,—1, 202y

For the above positive integer n, let K(n) be the simplicial complex characterized
by the following properties (see Figure 5.1).

(1) The underlying space |K(n)| is the (2n — 1)-dimensional cube [—1,1]?"! in
the vector space R?"~1 = R[éy, &, -+, E2n_1].

(2) The vertex set of |KC(n)] is the set of corners {—1,1}?"! of the cube. Thus
a vertex of K(n) is identified with a vector €= Y71 €;& with ¢; € {£1}.

(3) The (2n — 1)-simplices of K(n) are described as follows. Consider the 2n
vectors 7; := (—1)""12(€;_; + &) € R**! (1 <i < 2n), where &1 := 0 and
€y = 0. Note that 22221 ¥ = 0, which is the unique linear relation among
{Ui}1<i<on up to scalar multiplication. Then 2n vertices of K(n) span a
(2n — 1)-simplex if and only if we can arrange them into a cyclically ordered
set (€p, €1, ,€p—1) so that

{€1 — €, 62— €1, -+ ,Ep—1 — E2p—2,€0 — €2p—1} = {1, V2, -+ , Vo }.

We first recall the following special consequence of [22, Theorem 3.3], which also
guarantees that /C(n) is a simplicial complex.

Proposition 5.1. If |a;| > 2 for every i (1 <i < 2n), then MS(K) is isomorphic
to K(n).

In order to explain Proposition 5.1, let T" be a tree, with 2n vertices, whose
underlying space is homeomorphic to a closed interval, and let vy, va, ..., vo, be the
vertices of T, lying on the interval in this order. For each vertex v; we associate an
unknotted oriented annulus A; in S3 with a; right-hand full twists. Then, K (q/p)
is equal to the boundary of a surface obtained by successively plumbing the annuli
A1, As, ..., Aoy, and this surface is a minimal genus Seifert surface for K. Moreover,
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every minimal genus Seifert surface for K is obtained in this way by [11, Theorem
1].

There are 22771 different ways of successive plumbing, according as A1 is
plumbed to A; from above or from below with respect to a normal vector field
on Aj. Thus, successive plumbing can be represented by an orientation of T, direct-
ing each edge in one of two ways, by the following rule: If p is an orientation of T,
then we plumb A;11 to A; from above or below according as the edge joining v; and
v;4+1 has initial point v; or v;11, respectively, with respect to p (cf. [22, Section 2]).
We denote by F(p) the Seifert surface for K(¢/p) determined by the orientation p.
By [11, Theorem 1] (cf. [22, Theorem 2.3]), the condition that |a;| > 2 for every i
implies that the correspondence p — F(p) determines a bijection from the set O(T")
of all orientations of T" to the vertex set of MS(K).

To describe the structure of M S(K), we introduce a few definitions. A vertex v;
of T is said to be a sink for the orientation p of T' if every edge of T incident on v;
points towards v;. If v; is a sink for p, then let v;(p) denote the orientation of T'
obtained from p by reversing the orientations of each edge incident on v;. A cycle
in O(T) is a sequence

Vig Vig Vign—1 Yign
pPL—2>pP2 —7 .. — 2 Pp — 7 P1,
where (i1,12,...,42,) is a permutation of {1,2,...,2n} and p1, p2, ..., p2, are mu-
tually distinct elements of O(T') such that v;, (px) = pr+1 for every k, where the
indices are considered modulo n. According to [22, Theorem 3.3], M S(K) can be
described as follows:

o The vertex set of MS(K) is identified with O(T).
o A set of vertices {pg, p1,-..,pr} spans a k-simplex in M S(K) if and only if
it is contained in a cycle of O(T).

Moreover, M S(K) gives a triangulation of the cube [—1,1]*"~! whose vertices are
the corners of the cube (see [22, Propositions 3.9 and the paragraph after Remark
3.10]).

Note that there are two special elements p; and p_ of O(T) that are alternating
in the sense that every vertex is either a sink or a source. We assume that v; is a sink
or a source for p; according to whether ¢ is odd or even: p_ is obtained from p; by
reversing the orientation of every edge. In [11, Figure 2| (under a suitable orientation
convention), F'(py) is constructed by plumbing of the bands Ay, Ag, -+, Ag, where
every plumbing disk A; N A;11 is the horizontal plumbing square. For F'(p_), every
plumbing disk is the complement of the square in the horizontal plane containing
it, compactified by a point at co. We can also observe that F'(p1) are the surfaces
R4 (7) in the boundary of the sutured manifold (M,~) with v = K introduced in
Figure 4.2.

In order to show Proposition 5.1, we introduce a notation which is a variant of that
in [22, the paragraph after Remark 3.10]. For p € O(T), let € = (e1, -+ ,€ap—1) =
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2?21_1 €;€; be the vertex of K(n), determined by the rule that ¢; is +1 or —1 accord-
ing to whether p. and p determine the same or distinct orientations on the edge
between v; and v;11. Then the correspondence p — € gives a bijection from O(T),
the vertex set of MS(K), onto the vertex set of K(n). Moreover, we see that it
induces an isomorphism between the flag simplicial complexes M.S(K) and KC(n) by
using the following fact. Let p and p’ be distinct elements of O(T'), and let € and €’
be the corresponding vertices of IC(n), respectively. Then, there is a vertex v; of T'
that is a sink for p and p’ = v;(p), if and only if €’ = €+ v; for some v;. Hence, we
obtain Proposition 5.1.

In the case where |a;| = 1 for some i, M S(K) is the quotient of (n) as described
below (see Figure 5.1).

K(4,H)
H={1} H = {2}
O © O
H=1{1,3}
O———oO O
H=1{2,3}
O]

H={1,2},{1,4} H=1{1,2,3},{1,2,4},{1,2,3,4}

FIGURE 5.1. The complexes K(n) (left) and K(n, H) (right), rep-
resenting the Kakimizu complex MS(K(q/p)). In the left figure,
the symbol (4, 4+, —), for example, denotes the vertex of K(4) cor-
responding to the vector € = (+1,+41,—1). An edge with an ar-
row and a number i represents the vector ¥;, where 7 = (2,0,0),
Uy = (—2,2,0), v3 = (0,—2,2) and 94 = (0,0, —2). In all figures, the
red dot represents the unique fixed point of the involution h induced
by the strong inversion h,,. If the fixed point is a vertex then it is
represented by a circle with a red dot.
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Set
H=H(q/p)={i €{1,2,--- ,2n} | |a;| =1},

where the symbol H stands for the Hopf band. Let W = W (q/p) be the subspace
of R?"~! spanned by the vectors {; | i € H}. Let 7 = m,/p be the projection from
R?7~! to the quotient space R?"~!/W. Then there is a unique simplicial complex,
K(n; H), such that the underlying space |K(n; H)| is the image 7(|C(n)|) and that
7 induces a simplicial map from K(n) onto K(n; H).

By [22, Theorem 3.3 and Proposition 3.11], we obtain the following.
Proposition 5.2. For a 2-bridge knot K = K(q/p) with
% == [2@1, 2@2, T 72a2n—17 20/271]7

MS(K) is isomorphic to K(n; H) with H = H(q/p).

Remark 5.3. (1) In the above proposition, the vertex of MS(K) = KC(n; H) de-
termined by € € {—1,1}?""! is represented by the Seifert surface F(p), where p is
the element of O(T) corresponding to € through the bijection between O(T') and
{—1,1}?>""! described at the end of the explanation of Proposition 5.1.

(2) Except when H is equal to the whole set {1,2,--- ,2n}, we have dim |M S(K)|
2n — 1 — (#H). The exceptional case occurs if and only if K is a fibered knot.

We now describe the action of the strong inversions on M S(K) with K = K(q/p).
To this end, let h and B, respectively, be the linear automorphisms of R2—!
represented by the diagonal matrix (—d;)i<i j<2n—1 and the anti-diagonal matrix
(52,]-)1@,]-9”_1, where §; ; is Kronecker’s delta, and 527]- = 1 or 0 according to whether

i+j = 2n—1 or not. Note that (1) the subspace W = W (q/p) is preserved by b and
that (2) W is preserved by b’ if and only it it is symmetric in the following sense:
for any pair of positive integers i and j with ¢ + j = 2n, we have ¢ € H if and only
if j € H. Now we define automorphisms h and §’ of the simplicial complex K(n; H)

as follows (see Figures 5.1 and 5.2).
(1) The linear automorphism b descends to a linear automorphism of R2*~1 /¥,
and its restriction to |KC(n; H)| determines the automorphism b of K(n; H).
(2) Suppose H is symmetric. Then the linear automorphism §’ descends to a

linear automorphism of R?"~! /W and its restriction to |K(n; H)| determines
the automorphism b’ of K(n; H).
Then we have the following theorem.
Theorem 5.4. For a 2-bridge knot K = K(q/p) with
q

B = [2&1, 2ag, -+ ,2a2p-1, 2a2n]a

the actions of strong inversions of K on MS(K) are described as follows.
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(1) The automorphisms of MS(K) = K(n; H) induced by the strong inversions
hq/p and hy s, of K are both equal to the automorphism Y. Moreover, the following
hold, where Fy :== F(p4) = F(+1,--- ,+1) and F—- = F(p_) = F(—1,--- ,—1).

(i) Suppose |a;| = 1 either for all odd i or for all even i, namely, H = H(q/p)
contains either all odd © or all even i. Then Fy and F_ represent the same
vertex of MS(K), and it is the unique fized point of b.

(ii) Suppose the above condition does not hold, i.e., |a;| > 2 for some odd i and
also for some eveni. Then Fy and F_ represent distinct vertices of MS(K),
and they span an edge e in MS(K). The center of e is the unique fixed point
of b, and e is the unique edge preserved by b.

(2) Suppose ¢*> =1 (mod p). Then H = H(q/p) is symmetric, and the automor-
phism of MS(K) = K(n; H) induced by the exceptional strong inversion h;/p is equal
to . In particular, Fix(h') is a ball properly embedded in |K(n; H)| of dimension
n— §(#H).

FIGURE 5.2. The action of §’ on K(4;0) = K(4) induced by the
exceptional strong inversion h; Ip° The shaded plane represents the

fixed point set of h’. The automorphism b’ of K(4; H) for any non-
empty symmetric subset H of {1,2,3,4} is the identity.

Proof. (1) For each element p € O(T'), let —p be the element of O(T") obtained from p
by reversing the orientation of every edge of T'. Then we can observe that both of the
the strong inversions h,/, and hy , map the Seifert surface F'(p) to F'(—p) for every
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p € O(T). This means that both strong inversions map F'(€) to F(—€) for every € €
{—1,1}?"~1. Hence both of them induce the automorphism h of M S(K) = K(n; H).
Since b is determined by the restriction to |K(n; H)| of the linear-automorphism Z —
—i of R?"~1 /W, the fixed point set Fix(h) C K(n, H) consists only of the origin. On
the other hand, the Seifert surfaces Fly = F(+1,---,+1) and F_ = F(—1,--- ,—1)
are disjoint, as observed in the explanation of Proposition 5.1. So, if the vertices
[Fy] and [F_] of MS(K) are distinct, then they span an edge e. The center of e
corresponds to the origin, and it is the unique fixed point of . If [F] = [F_], then
the vertex corresponds to the origin of K(n : H), and it is the unique fixed point of
h. By using Proposition 5.2 (cf. [22, Section 5]), we can observe that [F] = [F_]
if and only if |a;| = 1 either for all odd 7 or for all even i. Hence we obtain the
assertion (1).

(2) We can observe that the exceptional strong inversion h; /p aps the Seifert sur-
face F'(e1,€2,- -+ ,€2p—1) t0 F(€2—1,+ -+ , €2, €1) up to isotopy for any (€1, €2, -+ , €2,-1)
€ {—1,1}?""1. (To be precise, though the strong equivalence classes of exceptional
strong inversions are not unique as noted in Remark 2.3(2), the above holds for
any exceptional strong inversion.) This implies that it induces the automorphism
b’ of MS(K) = K(n; H). Thus Fix(h’) is equal to the ball properly embedded in
|KC(n; H)| C R™/W obtained as the intersection of |/C(n; H)| with the fixed point set
of the linear automorphism of R?"~! /W induced by the linear automorphism b of
R?"~1. By the definition of i/, the fixed point set (or the eigen space with eigen value
1) of b’ is the n-dimensional space with basis {€ + ém—i}ti<i<n. We can observe
the set {U; — Uan—i}i<i<n is also a basis of Fix(f)’). On the other hand, since H is
symmetric, there is a subset J C {1,2,--- ,n} of cardinality d = %(#H), such that

W = Ker(m) has a basis {0}, Uan+1-i }ics. Hence, the subspace W +Fix(h’) has basis
{2_};', 172n+1_i}iej U {171 - UQn_i}iGJc. Thus dim(W + FiX(f)/)) =2d+ (n - d) =n-+d.
Since the fixed point set of the linear automorphism of R2"~1/TV is equal to the

subspace (W + Fix(h’))/W, its dimension is equal to (n + d) — 2d = n — d. This
completes the proof of (2). O

6. APPENDIX: TABLE OF ENHANCED EQUIVARIANT GENERA OF 2-BRIDGE KNOTS
UP TO 10 CROSSINGS

By using Theorem 2.4, we give a table of equivariant genera for (K, h,d) with
K 2-bridge knots up to 10 crossings. Let K be the 2-bridge knot K(q/p) =
K[2a1,2b1,2az2,2bs, - - ,2an,2n,]. The data of the rationals of 2-bridge knots are
imported from the KnotInfo [KI|, where we have replaced ¢ by p—q if ¢ is odd. The
3rd column of Table shows the negative continued fractions, and 7 means —n. In

the last column, we list the genus and equivariant genera:

{ g(K), g(K, hq/p1Tq/p)1 g(K, hq/pv"-;/p)v Q(Kv h/q,/p77-q,/p)7 Q(K’ hq’/p!'r(f//},) }
{ n nd#i] e >1}, n+ 300l —1), n+#{i] ] >1}, 0 n+30(Je] -1) )
{ n,  nt#{i | ail > 1}, 2n—#{i | bl =1}, n+#{i | b > 1}, 2n—#{i | |a;| =1} }



If non-tours K is

This case is marked as {g(K), “torus”}.
fibered or has the symmetry of ¢> = 1 (mod p), equivariant genera coinciding with
g(K) are abbreviated, hence we mark the genus g(K) and attributes “fib” and/or
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“sym” accordingly.

p— 1, K is a torus knot and has two equivariant genera, which both

When ¢
coincide with g(K).
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