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Abstract

In this paper, a theory of hyperelliptic functions based on multidimensional
sigma functions is developed and explicit formulas for hyperelliptic solutions to
the Kadomtsev-Petviashvili equations KP-I and KP-II are obtained. The long-
standing problem of describing the dependence of these solutions on the variation
of the coefficients of the defining equation of hyperelliptic curves, which are inte-
grals of the equations, is solved.

1 Introduction

The Kadomtsev-Petviashvili equation (1970) is one of the most famous (2+1)-equations
of the theory of nonlinear waves (cf. [21]). It is a natural generalization of the (141)-
Korteweg-de Vries equation (1895). For a function (1, t9,t3), the KP equation

atl (@t3/C + ICatIIC + p28?1K> = qalec (11)

models the propagation of long waves on water with weakly nonlinear restoring forces
and frequency dispersion p, where p,q € R and 9;, = 0/0t;. If the surface tension is
weak compared to gravitational forces, then q = 1 is used. If the surface tension is
strong, then ¢ = —1 is used. For a function L(t,t3), the KdV equation is the following
equation:

6t3ﬁ + Coat1£ + aﬁatlﬁ + baflﬁ = 07

where L(t1,t3) is the free surface elevation, b is the water depth, g is the acceleration
of gravity, c¢o = /g is the linear phase speed, that is, velocity of an infinitesimal linear
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sine wave, a = 3cp/(2h), and b = ¢ph?/6 (cf. [31]). For a function U(ty,ts,13), the KP
equation is also given by

Oy, (01, W + o0, W + ald, U + 10} W) = —%a;xp, (1.2)

where W(tq,t9, t3) is the surface elevation, 7" is the surface tension, p is the water density,
and v = b—cyT/(18pg). When the surface tension dominates, for water depths less than
about a centimeter (v < 0), the equation (1.2) is referred to as KP-I equation. When
the surface tension is negligible, for depths much larger than a centimeter (v > 0),
the equation (1.2) is called KP-II equation (cf. [31]). We took the explanation of the
physical meaning of the parameters of the KP equation in the form (1.1) from [21] and
the KP equation in the form (1.2) from [31]. In the case v < 0, for a solution K(ty, 2, t3)
to (1.1) with q = 1, the function

\P(tl, tg, tg) = —a_lu_2K<u(t1 — Cotg), (2/00)1/2t27 —t3/u>

is a solution to (1.2), where u = (p?/|t|)*/4. In the case t > 0, for a solution K(ty,ts, t3)
to (1.1) with g = —1, the function

\If(tl,tg,tg) = a_lu_le<u(t1 — Cotg), (2/00)1/2t2,t3/u>

is a solution to (1.2).

In [36] and [37], Zakharov and Shabat described solutions to the KP equation with
the condition that they decrease rapidly at infinity. For a discussion of the integrability
of the KP-II equation and non-integrability of the KP-I equation, see [35]. In [30], Sergei
Novikov developed the theory of finite-zone integration of equations of mathematical
physics. In [30], it was noted that “Our work is based on certain simple but fundamental
algebraic properties of equations admitting the Lax representation which are strongly
degenerate in the problem with rapidly decreasing functions (for + — +00), and have
therefore not been noted. Finally, it is essential to note the nonlinear “superposition
law for waves” for the KdV equation which in the periodic case has an interesting
algebraic-geometric interpretation.” In [20], Its and Matveev constructed a solution
to the KdV equation in terms of the Riemann theta function defined by the lattice of
periods of holomorphic differentials on an algebraic curve of arbitrary genus and winding
vectors defined by periods of abelian differentials of the second kind. Krichever added
one direction vector in the theta functional solution of Its and Matveev to the KdV
equation and constructed a solution to the KP equation (cf. [18], [26]). To be more
precise, in [26], Krichever considered an algebraic curve of genus g > 3 with a marked
point and proved that the function

U(ty, ta, t3) = q + 207 log O(Unty + Usts + Usts + W)

satisfies the KP equation in the form (1.2), where 6 is the Riemann theta function
defined by the lattice of periods of holomorphic differentials on the curve of genus g,



U; with 1 < ¢ < 3 are g-dimensional vectors defined by periods of abelian differentials
of the second kind, ¢ € C, and W € C9. Krichever’s result on solutions to the KP
equation led Novikov to the famous conjecture, an approach to solve the Riemann-
Schottky problem in terms of the KP equation, [27], which was solved by T. Shiota [32].
In our work, explicit formulas for hyperelliptic solutions to the Kadomtsev-Petviashvili
equations KP-I and KP-II are obtained in terms of the coefficients of the defining
equation of hyperelliptic curves based on the sigma functions of these curves. Thus, we
have not only obtained an explicit form of solutions but also related the coefficients of
the defining equation of the curves to physical parameters. Our solutions require scaling,
i.e., multiplication by scalars of variables and functions, and linear transformations of
variables of the “traveling wave” type. To describe the behavior of the sigma function
with shifts by periods, its expression through the theta function is used (see Proposition
2.1). The remarkable fact is that the sigma function of a hyperelliptic curve defined
by a polynomial of odd degree is a solution to the system of multidimensional heat
(multidimensional Schrédinger) equations in a nonholonomic frame, which is completely
determined by the coefficients of the defining equation of the curve (cf. [8]). In this
case, our solutions to the KP equation are determined only by the coefficients of the
defining equation of the curves and the well-known problem of constructing real-valued
solutions is solved.

Frobenius and Stickelberger described the Lie algebra of differentiations of elliptic
functions with respect to the coefficients of the defining equation of the elliptic curve
in the Weierstrass model (cf. [17]). In the works of Buchstaber, Leykin, and Bunkova,
Lie algebras of differentiations of hyperelliptic functions with respect to the coefficients
of the defining equation of hyperelliptic curves of genus g > 1 were described (cf. [14],
[16]). Based on this result, Lie algebras of multidimensional heat (multidimensional
Schrodinger) operators in a nonholonomic frame of annihilators of the hyperelliptic
sigma function were described.

For a positive integer g, let C' be the hyperelliptic curve of genus g defined by

Y2 = X2 4 X X2 4 N X2 4 Ny X+ Ao, \i € C. (1.3)

We assign degrees for X, Y, and \; as deg X = 2, degY = 2¢ + 1, and deg \; = i. The
equation (1.3) is homogeneous of degree 4g + 2 with respect to the coefficients \; and
the variables X, Y. Let V be the hyperelliptic curve of genus g defined by

Y2 = x4t 4 4 Vigro® + Vagra, 1 €C, 19 #0. (1.4)

We assign degrees for z, y, and v; as degx = 2, degy = 2g + 2, and degy; = 1.
The equation (1.4) is homogeneous of degree 4g + 4 with respect to the coefficients
v; and the variables x,y. We consider the hyperelliptic functions ; ;(u1,us, ..., ugg_1)
with 4,5 = 1,3,...,2g — 1 defined by the sigma function of the curve C, which are
meromorphic functions on CY, and assign degrees for u; and g;; as degu; = —i and
degg;; = i+ j. We consider the hyperelliptic functions P; ;(vag, Vog—2, - - ., v2) with
1,7 =2,4,...,2g associated with the curve V', which are meromorphic functions on C9,
and assign degrees for v; and P; ; as degv; = —i and degP; ; = @ + j. Let us describe
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our solutions to the KP equation. We consider the case g > 3, assume A\gy42 # 0, and
for g > 4 take constants b; € C with 1 <7 < g — 3. Let

O(t1,ta,t3) = —2095-129-1 (b1, ..., by_s, ct3, 0o, b1 + eta) — f,

where

2 A

A4
= —16X 0 =2/-3X =, = Agot .
C 4g+2; 4g+2, € \/TWJ f 3 49-2 + 18)\4g+2

For the curve C, we assign degrees for ¢; with i = 1,2,3 as degt; = (1 — 2g)i. We
have deg ¢ = 4g — 2. In Corollary 2.13, we prove that the function ¢ satisfies the KP-I
equation

Ou, (Oup + 6010 + 0y, ) = O p-

In [11], it was pointed out that if g > 3, under certain restrictions on the coefficients
of the defining equation of the curve, the function go;_124—1 is a solution to the KP
equation. In Corollary 2.13 of our paper, we give a simple explicit condition on the
coefficients of the defining equation of the curve and under this condition we prove that
the function @o;_1,94-1 is a solution to the KP equation. We consider the case g > 3
and for g > 4 take constants ¢; € C with 1 <7 < g — 3. Let

Yty ta, t3) = —2Pas (€1, .., Cgg, ats, fta, t1 + Yta) — 0,

where ) )
14 1%
o = —167/0, ,8 = 2\/ —31/0, Y= ?3]/ s (5 = §V4 + 182UO
V 7 9IM0

For the curve V, we assign degrees for ¢; with « = 1,2,3 as degt; = —2¢. We have
deg1 = 4. We derive the differential relations between the hyperelliptic functions P; ;
explicitly for any ¢ (see Theorem 4.6). In Corollary 4.8, by using these differential
relations, we prove that the function 1 satisfies the KP-I equation

atl (atsw + 6¢8t1¢ + 8?12/)) = 8322/)

Our solutions to the KP equation use not only differentiation operators but also argu-
ment shift operators. Our solutions to the KP equation are consistent with the grading.
Grading is the fundamental difference between the sigma function and the theta func-
tion. The theta function does not allow grading since its arguments are normalized. We
can obtain solutions to the KP-II equation (see Remark 2.14).

In [22] and [23], Klein generalized the Weierstrass elliptic sigma function to the mul-
tidimensional sigma functions associated with hyperelliptic curves. On this problem,
Klein published 3 works (1886-1890). Pay attention to the papers [4] and [5] by Baker.
In 1923, a 3-volume collection of Klein’s scientific works was published. There is no
doubt that Klein knew Baker’s results, however in this collection in the preface to the
works on the problem under discussion, Klein emphasized that the theory of hyperellip-
tic functions was still far from complete. Klein and Baker did not discuss the equations
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of mathematical physics. The development of the theory of multidimensional sigma
functions in the direction of applications to problems of mathematical physics began
with the works of Buchstaber, Enolski, and Leykin (cf. [9], [10], [12], [13]). Over the
past 30 years, a number of authors have successfully joined in the development of the
classical results of Klein and Baker with applications in mathematical physics.

In [5], Baker derived a fundamental formula on the hyperelliptic functions associated
with the curve C'. Baker did not set the problem of describing all relations in the field
of meromorphic functions on the Jacobian variety of a hyperelliptic curve. In [9], this
problem was set and the generators of the ideal of relations between the hyperelliptic
functions associated with the curve C' were described explicitly. The solution to this
problem made it possible to specify the equations describing the Jacobian variety of a
hyperelliptic curve explicitly. It is remarkable that these generators explicitly contain
the KAV equation (cf. [9]). This ideal also contains the KP equation. In [15], Buch-
staber and Mikhailov described the connection between hyperelliptic functions based
on the sigma functions and the known constructions of the KdV hierarchy. In [34], in
the case g = 3, a solution to the KP equation in terms of the hyperelliptic function
associated with the curve C' was considered.

In [5], Baker introduced basic hyperelliptic functions associated with the curve V' (see
Definition 3.5) and derived a fundamental formula on these functions (see Lemma 4.1).
Further, in [5], the differential relations between the hyperelliptic functions associated
with the curve V' were described explicitly for g = 1,2,3. In [5], Baker used an explicit
form of the inversion of the Abel-Jacobi map and did not actually need the sigma
function. In [28], in the case g = 3, it was proved that the hyperelliptic function
associated with the curve V satisfies the KP equation. Above we described the solution
to the KP equation of degree 4g —2 for the curve C' and the solution to the KP equation
of degree 4 for the curve V. We also note the following results of our paper:

e We construct a solution to the KP equation of degree 2 for the curve C (see
Proposition 2.10).

e We describe the relations between the hyperelliptic functions associated with the
curves C' and V' explicitly (see Proposition 6.3).

In the works of Buchstaber, Enolski, and Leykin, the focus was on a hyperelliptic
curve defined by a polynomial of odd degree. In this paper, we also obtain results
for a hyperelliptic curve defined by a polynomial of even degree. The problem to find
hyperelliptic solutions to the KP equation is non-trivial. In the general approach of the
theory of finite-zone integration, only hyperelliptic solutions to the KdV equation were
discussed. This problem was posed in the works of Buchstaber, Enolski, and Leykin
only on the basis of the analysis of differential relations in the field of hyperelliptic
functions. We have obtained an interesting and new relationship of results in the odd
and even cases. Functions admit two types of operations:

1. differentiation with respect to one of the variables;

2. linear transformation of variables.



For the abelian functions, in the first case the lattice of periods does not change and in
the second case it is linearly transformed. In the odd case, we use a linear transformation
of the arguments (see Remark 2.15). In the even case, this is not required.

An n-dimensional theta function is an entire function of n variables whose power
series expansion is given in terms of a special lattice I' of rank 2n. In the case where
an abelian variety C"/T" is the Jacobian variety of an algebraic curve, the lattice I'
is given by the periods of holomorphic differentials on this curve. In [3] and [29],
for (n,s) curves and telescopic curves, the relations between the tau functions and
the sigma functions were studied and solutions to the KP hierarchy in terms of the
tau functions were described. In [24] and [25], Kodama described solutions to the
KP problem based on Hirota’s approach using the tau function and a description of
solutions in terms of Grassmann manifolds. Our paper describes solutions to the KP
equation in terms of multidimensional sigma functions. Unlike theta functions, the
multidimensional sigma function is an entire function whose coefficients of the power
series expansion are polynomials in the coefficients of the defining equation of the curve.
The coefficients of the defining equation of the curve are integrals of the KP equation.
By studying the deformations of the coefficients of the defining equation of the curve,
we study the deformation of the integrals. Describing the dependence of the solution on
the deformation of the integrals is an important task. This problem can be solved by
studying the solutions to the KP equation in terms of multidimensional sigma functions.

In [1], [2], and [6], the identities for the hyperelliptic functions of genus 2 which are
different from the hyperelliptic functions considered in our paper were studied.

The present paper is organized as follows. In Section 2, we review the definition and
properties of the hyperelliptic sigma functions and the hyperelliptic functions defined
by a polynomial of odd degree. We construct solutions to the KP equation in terms
of the hyperelliptic functions defined by a polynomial of odd degree. In Section 3,
we review the definition of the hyperelliptic functions defined by a polynomial of even
degree, which was given in [5]. In Section 4, we derive the differential relations between
the hyperelliptic functions defined by a polynomial of even degree and prove that the
hyperelliptic function defined by a polynomial of even degree satisfies the KP equation
for any genus. In Section 5, we consider the inversion problem of the Abel-Jacobi
map for the hyperelliptic curve defined by a polynomial of even degree. In Section 6,
we describe the relations between the hyperelliptic functions defined by a polynomial
of odd degree and the hyperelliptic functions defined by a polynomial of even degree
explicitly.

2 Hyperelliptic sigma functions

In this section, we review the definition of the hyperelliptic sigma functions and give
facts about them which will be used later on. For details of the hyperelliptic sigma
functions, see [9], [10], and [12].

For a positive integer g, let us consider the polynomial in X

M(X) = XPF 4 DX 4 N X 4 Mg X + Aggi2, M€ C
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We assume that M (X) has no multiple roots and consider the non-singular hyperelliptic
curve of genus g

C= {(X,Y) ceC?| v2= M(X)}.

We assign degrees for X, Y, and \; as deg X = 2, degY = 2g + 1, and deg \; = i. The
equation Y2 = M(X) is homogeneous of degree 4g+ 2 with respect to the coefficients \;
and the variables X, Y. A basis of the vector space consisting of holomorphic 1-forms
on C'is given by

X9
== dX, 1<i<y.
v 2Y =t=9
We set w = *(wy,...,w,). Let us consider the following meromorphic 1-forms on C:
| oril
= "oy Z (k + i — g)hagraion2X"dX, l<i<y, (2.1)
k=g—i+1

which are holomorphic at any point except co. In (2.1), we set \g = 1. Let {A;, B;}{_,
be a canonical basis in the one-dimensional homology group of the curve C. We define
the period matrices by

([ (1) (L) (L)

We define the lattice of periods A = {Qw’ my + 2w"my | my,mg € 79 } and consider
the Jacobian variety Jac(C') = C9/A. The normalized period matrix is given by
7 = (W)W Let 78’ + §” with ¢,8” € RY be the Riemann constant with respect
to ({A;, Bi}{_;,00). We denote the imaginary unit by i. The sigma function o(u)
associated with the curve C, u = *(uy, us, ..., ugy—1) € C9, is defined by

o) = zexp )06 | 3] (2) ),

!

5//

!/

where 6 [5

6” } deﬁned
by

} (u,7) is the Riemann theta function with the characteristics {

’ m (u,m) = Y exp{mi’(n+8)r(n+0) + 2ni’(n + &) (u + ")}

nez9

and ¢ is a non-zero constant.

Proposition 2.1 (]9, pp. 7-8]). For my,my € 79, let Q = 2w'my + 2w"msy. Then, for
u € C9, we have

o (14 Q) o) = (1) M o (20, 20 mg) (a4 + ' mo) .



For an integer k > 2, let ©;, i = —0u, - 8% log o, where 0,, = 0/0u;. We
assign degrees for @;, ; asdegg;, i =11 + -+ ik For 1 <1i < g, we take points
Si = (X, Y;) € C\ {oo} such that S; # 71(S;) if i # j, where 7y is the hyperelliptic
involution of C'

7 :C — C, (X,Y) — (X,-Y).

Let
g Si

=3[ w
i=1 7
For 1 <k < g, let hy(z1,...,z,) be the elementary symmetric polynomial of degree k
in g variables zq,...,2,. We set ho(z1,...,2,) = 1. For non-negative integers ¢ and j,
let d; ; be the Kronecker delta
%:{ 1 if i=j

0 if i#£j5
Theorem 2.2 ([9, Theorem 2.2]). We have
h(X1, .., X)) = (=) o1 1 (u), 1<k<g.
Remark 2.3. In [5, pp. 155, 156], for ¢ = 1,2, 3, the functions @, ;;,; with 4, j, k,[ =

1,3,...,29 — 1 were expressed in terms of ,,,, explicitly.
Remark 2.4. In [10, pp. 57, 58, 88], for g = 2,3, the functions g; ;,; with ¢,7,k,1 =
1,3,...,29 — 1 were expressed in terms of ©,,,, explicitly.

Remark 2.5. In [19], for ¢ = 4, the functions @;;x; with 7,7, k,1 = 1,3,5,7 were
expressed in terms of @, ,, explicitly.

If the number of 7 is d in the suffixes of @;, ;. , then we use the notation ¢ - d. For
example, we denote @11, ©11.3, and ©1133 by ©1.2, 123, and 1.23.9, respectively. If
i; ¢ {1,3,...,2g — 1} for some 1 < j <k, we set p;, . =0.

Theorem 2.6 ([9, Corollaries 3.1.2, 3.1.3, Theorem 3.2]). (i) For 1 < i < g, the
following expressions hold:

©1.32i-1 = (6912 + 4X2) 12121 + 601 2141 — 203,211 + 2014
(ii) For 1 <i,j7 < g, the following relations hold:
©12,2i-1912,2j-1 = 491.201,2i-191,2j-1 — 2(@1,21'71@3,2]'71 + @1,2]'71@3,21‘71)
+ 4(p1,2j-1901,2i41 + ©12i-101,2j41) + 4920412541

— 2(p2j-12i43 + ©2i-12j+3) + AAop12i1901.2j-1
+ 204 (0i1901.2j-1 + 051901.2i-1) + AAair20i  + 2(Agidi jr1 + Agjdiv ).

(iii) For 1 <i,j < g, the following relations hold:

£©12,2j-1601,2i—1 — £12,2i-101,2j—1 T ©1,2i+1,2j-1 — £1,2i-1,2j+1 = 0.

(iv) For 1 <i,j < g, the following relations hold:

01.32j-101,2i-1 — P132i-101,2j—1 T P1.2,2i+1,2j—1 — P1.2,2i—1,2j+1 = 0.
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Remark 2.7. Theorem 2.6 was obtained in [9]. We changed the suffixes of p;,
[9] to use the grading. The suffix g in [9] is replaced with 1.

..... ix
Remark 2.8. The equations in Theorem 2.6 (i)—(iv) are homogeneous of degree 2i + 2,
20+275+2,2i4+ 25+ 1, and 2i + 25 + 2, respectively.

Remark 2.9. In [9, Theorem 4.12], by using the equation in Theorem 2.6 (i) with
i =1, it was proved that G(t1,t3) = 2p1.2(t1, t3) + 2X2/3 satisfies the KdV equation

40t3g + 6gat1g - aflg - O

We consider the case g > 2 and for g > 3 take constants o; € C with 3 <17 < g. Let
us consider the function

Y (ty, ta, ts) = —2p12(ts + 20/ Nata, —4ts, 03, ..., 0,)-
Proposition 2.10. The function T satisfies the KP-1 equation
O (0, Y 4+ 6Y0, Y+ 0, Y) =0, 1.
Proof. From Theorem 2.6 (i) with ¢ = 1, we have
©1.4 = (6912 + 4X2) 1.0 + 413 + 24
By differentiating this equation with respect to u; twice, we obtain

016 = 12010014 + 12075 + 4 X014 + 49133

We have
atlath - 8@1-3,37 (atlT)z = 4@%37 Tatle - 4@1'2@1'47
0?1T = —2@1.6, aiT = —8)\2p1.4.
From the equations above, we obtain the statement of the proposition. Il

Remark 2.11. Proposition 2.10 is an analog of the following well-known result: For
g = 1, the function H(t1,t3) = 2p1.2(t1 + Aat3) satisfies the KdV equation

48t37-[ + 67—[@t17'[ - ((95’17-[ - 0

The statement of the following theorem was formulated in the conclusion in [5,
p. 156]. Since it is used to derive the KP equation from Theorem 2.6, we give its proof.

Theorem 2.12. For any g > 1, the following expression holds:

©(2g-1)4 = 69y 172 + 4Xag2g 1293 + 4hagra(42g 1295 — 3P(2-3)2)
+ 44920 (29-1)-2 — 8Aagiatg—6 + 2Aag g4,

where we set \g =1 and \; =0 for i < 0.



Proof. For g = 1, this theorem is well known. For g = 2,3, this theorem was given in
[10, pp. 58, 88]. For g > 4, we prove this theorem from Theorem 2.6 directly. For a
positive integer d, we set

Pd = $1.d,29—1, dd = £1-d,29—3> Td = £1.d,29—55 Sd = ©01.d,2g—7-
For a meromorphic function H(uy,us,...,us—1) on CY we use the notation H =
Oug,_ H. From Theorem 2.6 (ii) with i = j = g — 1, we have
1
P12 = 7% — 61 (912 + A2) + Q1(P3.20-3 = 2P1) = Aag-a. (2.2)
From Theorem 2.6 (i) with ¢ = g — 1, we have
1
©3,29-3 = Q1(3p1.2 + 2X2) + 3p1 — 5 (2.3)

By substituting (2.3) into (2.2), we obtain
1, 1
Peg-12 = % + ¢ (2012 + A2) + @1 ( p1— SL Agg—2.

From Theorem 2.6 (iii) and (iv), we have

D1 = @2p1 — P24, q1 = T2p1 — par, T1 = Sap1 — D251,
P2 = q3p1 — P3q1, g2 = Tr3p1 — P3r1, Ty = S3p1 — P3S1.
We have
43 = OuyGo = Oy, (T3p1 — P3T1) = Tap1 + T3pa — par1 — Para.
From the equations above, we have

1 1
P(2g—1)-3 = 5Q2(7”3p1 — par1) + (rap1 — pori) (4611@1-2 +2Xoq1 +p1 — 5613)
1
- 5@1(7”4]91 + 13p2 — par1 — P3r2) + qi(P2q1 + P142).

From Theorem 2.6 (i) and (iii), we have

P2 = Q3p1 — Psq1 = 6P — 2193293 + 210321,

Go = T3p1 — p3r1 = Op1q1 — 2191@3,25;75 + 2T1@3,2g717

To = S3p1 — P3s1 = 6171 — 2D19329—7 + 25103,29-1 + 2044 AaP1,

D3 = Oy, D2 = 10p1p2 + 201.2(p1g2 — P2q1) + 2¢203,29—1 — 2P2§3,29—3,

43 = OuGo = 4p1G2 + 6p2g1 + 201.2(p172 — par1) + 27203 29—1 — 2D2§03.29—5,

T3 = Oy, T2 = 4p172 + 6par1 + 201.0(P152 — P251) + 25203.29—1 — 2P293,2g—7 + 20,4 a2,

Ps = 4p191.3 + 8par2 + 4Aapo,

ry = 4r1p1.3 + 8roi.o + 4ors + 4qo,

Pa = Ou, D3 = 8p3 + 10p1ps + 4p13(p1ge — paqi) + 201.2(P103 — P3q1) + 20393291
— 2P33,29-3

Ty = Ouy73 = 8pary + 4Apirs + Opsry + 4p1.3(p1sa — p2s1) + 2p12(p153 — p3s1)
+ 283329—1 — 2P3§3,29—7 + 204 4A4P3.
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From the equations above, Theorem 2.6 (i), and (ii), we have pg-1).a = J({pi;}),
where J({p;;}) is a polynomial in {g;;}. Let

Z = (@1-2,2g75@1-2,2g73)(@1-2,29—3@1-2,25,71) - (p1-2,2975p1-2,2g*1)(p1-2,2g73p1-2,2g73>7

Ly = (@1~2,2g—5@1.2,2g—1)(@1~2,2g—5@1.2,2g—1) - (pl~2,2g—5@1~2,29—5)(p1-2,2g—1@1~2,29—1)7

Z3 = (91-2,29—7@1‘2,29—3)(@1.2,2g—1§'1-2,2g—1) - (@1.2,2g—7@1.2,29—1)(@1-2,29—3@.2,29—1),
where the parentheses mean that the substitutions from Theorem 2.6 (ii) are made
before expanding (cf. [9, Corollary 3.2.2]). We have Z; = 0 for i = 1,2,3. From the

direct calculations, we can check that J({ggw}) +(Z1+ Zy+ Z3) /2 is equal to the right
hand side of the equation in Theorem 2.12. n

We consider the case g > 3, assume Ayy4o # 0, and for g > 4 take constants b; € C
with 1 <7< ¢g—3. Let

Sp(tla t2a t3) = _Zp(2g71)~2 (bla s 7bg—37 Ct37 at?v tl + etQ) - fa

where
¢ = —16A 2 =2y/=3X em f—2)\ + Ny
= —10A4g42, = —3A4g42, = \/:, =My o+ o
—3A4g42 3 18A4g+2

Corollary 2.13. If g2 # 0, the function ¢ satisfies the KP-1 equation
Ou, (Dup + 60010 + 0y ) = O p-

Proof. In [11, p. 170], it was pointed out that if ¢ > 3, under certain restrictions on
the coefficients of the defining equation of the curve, p4_1).2 is a solution to the KP
equation. We give a proof of this corollary. By differentiating the formula in Theorem
2.12 with respect to ugy—1 twice, we obtain

P(29-1)-6 = 12@%2971).3 + 12@(2g—1)-2@(29—1).4 + 4)\4g@(29—1)-3,2g—3
+ 16)‘49—1—2@(2971)-3,25775 - 12)‘49—1—2p(ngl)-27(2g73)-2 + 4)\49—2@(25;71)-4-

We have
O Orytp = —2¢0(29-1)3,29-5 (On9)* = 4@%29_1)-37
9007521%0 = 2(2@(2%1)-2 + f)p(ngl)Aa 8?190 = —20(2g-1)-6
Or 0 = —2€°02g-1).4 — A0e0(2g-1).3.29-3 — 20°P(2g-1)2,(29—3)2-
From the equations above, we obtain the statement of the corollary. O

Remark 2.14. In general, let ®(¢1,19,t3) be a solution to the KP-I equation
Oy, (01, @ + 600, @ + 0 ) = ;. P.
Then the function EJ(tl, ty,t3) = ®(t1, v/—1ta, t3) is a solution to the KP-II equation
s, (01, @ + 600, ® + 0} ) = —02 . (2.4)
Let & be a primitive 8th root of unity. The function ®(t;,ty,t3) = E2®(Esty, ta, Eot3) is
also a solution to the KP-II equation in the form (2.4).
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Remark 2.15. By the shift X’ = X 4+ X, for some X, € C, it is always possible to
achieve the condition A\yg49 7# 0. Thus, we have obtained a solution to the KP equation
for any hyperelliptic curve up to normalization.

3 (2,29 + 2) functions

In this section, we define the fundamental meromorphic functions on the Jacobian
variety of the hyperelliptic curve defined by a polynomial of even degree in accordance
with [5, p. 145].

For a positive integer g, let us consider the polynomial in x

N(z) = vor2 9t 4 gt Vigro® + Vagra, Vi €C, 15 #0.

We assume that N (x) has no multiple roots and consider the non-singular hyperelliptic
curve of genus g

V= {(x,y) € C? ‘ Y’ = N(x)}

We assign degrees for z, y, and v; as degx = 2, degy = 29 + 2, and degy; = 7. The
equation y? = N(z) is homogeneous of degree 4g + 4 with respect to the coefficients v;
and the variables z,y. A basis of the vector space consisting of holomorphic 1-forms on
V' is given by

Wi = dx, 1<i<yg.
2y

We set = *(pa,...,pgy). Let {a;,6;}7_, be a canonical basis in the one-dimensional
homology group of the curve V. We define the period matrices by

(1) (1)

We define the lattice of periods L = {Qu’ml + 21"mg | my,my € Zg} and consider
the Jacobian variety Jac(V) = CY9/L. We call a meromorphic function on Jac(V') a
(2,29 4+ 2) function. We take a € C such that N(a) = 0. Let Sym?(V') be the g-th
symmetric product of V. Let F(Sym?(V)) and F(Jac(V)) be the fields of meromorphic
functions on Sym?(V') and Jac(V'), respectively. Let us consider the Abel-Jacobi map

9 9 Q:
I: Sym?(V) — Jac(V), ZQZ > Z/ L.
i=1 i=1 7 (a,0)

The map [ induces the isomorphim of fields
I F(Jac(V)) — F(Sym?(V)), ¢~ dol.

For (z;,y;) € V with 1 <i < g, let
R@) = (- )z —w) - (—2,),  R(2) = “-R(a).

12



For variables ey, e5, we set

g g+1

Yi P

v — — el 2 —44 —44 9
Z (e1 — xi)(es — z;) R/ () fler,ea) 1256162{ Vigta—ai + Vagra—ai(€1 + 62)}
where we set v_y = 0.
Lemma 3.1 ([5, p. 146]). We have
af dN
flei, er) (e1), deal, . dxl,_.

Lemma 3.2 ([7, p. 315]). For a symmetric polynomial f(el, ey) € Cley, es], we assume
that the degree of f(e1,ea) is g + 1 in each variable and

of

orf _aN
862 n

fler,er) = 2N (er), .

r=e1

€2=€1
Then there exist complex numbers {mi,j}fjﬂ such that m; ; = m;, and

f(@l, 62) = f(el, 62 61 — 62 Z m”el 16% 1.

ij=1
We set

F(er,ez) = f(er,ea)R(er) R(ex)+(e1—ea)* R(er)?R(e2)*V? — N(e1) R(ez)*— N(ea) R(er)?.

Note that F(eq,ez) is a symmetric polynomial in e; and es.

Lemma 3.3. The polynomial F(eq,es) can be divided by R(e1)R(ez).

Proof. First, we will prove F(z1, e5) = 0. We have f(x1, e2) R(z1)R(es) = N(ea)R(z1)? =
0 and V2 = Fi(ey, es) + Fy(ey, e2), where

o N(zq)

Fi(eq,e2) (er — 1)2(e2 — 21)2R(1)?’
o g N(z;)

Fg( 1, 2) Z (el _ l‘i>2(€2 — xi)2R/(Ii)2

=2

2yzyj
LD DI P sy pags s v e VT P

1<i<j<g
We have R(z1)*R(e2)*Fy(z1,e9) = 0 and

N(21)(e1 — a)?(ea — a)* Ty (er — )% (e2 — l"z')Q.

R(e1)?R(e2)*Fi(e1, e2) = R (21)?

13



Thus, we have
g
(z1 — €2)?R(z1)*R(e0)*Fy (11, e2) = )(ez — a)? H es — 1;)° = N(71)R(eq)?.
i=1

Therefore, we have F(z1,e5) = 0. Similarly, we have F(z;,e2) = 0 for any 1 < i < g.
From N(a) = R(a) = 0, we can check F'(a,ez) = 0. Therefore, the polynomial F'(ey, es)
can be divided by R(e;). Since F'(eq,ez) is a symmetric polynomial in e; and eg, it can
be divided by R(e2). Thus, we obtain the statement of the lemma. O

Lemma 3.4. The polynomial F(ey,e3) can be divided by (e; — e3)?.

Proof. From Lemma 3.1 and the direct calculations, we can check

oF
F =0 — =0.
(617 61) ) 862 ey

Thus, we obtain the statement of the lemma. Il

Let G(er,e2) = Fler,e2)/{(ex — e2)?R(e1)R(es)}. Then G(ey,ez) is a symmetric
polynomial in e; and ey of degree at most g — 1 in each variable. We assign degrees for
a, x;, y;, and e; as dega = degz; = dege; = 2 and degy; = 2g + 2. Then G(ey, eg) is
homogeneous of degree 4g.

Definition 3.5 ([5, p. 145]). (i) For 1 <4, j < g, we define Pygio_2;24+2-2; € F(Sym?(V))
by

9
> Pygrasingra-nie e}t = Gler, e). (3.1)
ij=1

(ii) For i,j = 2,4,...,2g, we define the (2,2g + 2) functions P; ; by P;; = (I*)"1( D).

Remark 3.6. Since G(ey, e3) is a symmetric polynomial in e; and ey, we have P; ; = P;;

for any i, j.

Example 3.7. For g = 1, we have

a(ve + 2avg)xy + v + 2avy + 2a*vy + 2a31,

T —a

For v = (vgg,V9g—2,...,02) € CI, let Pk .k = Dy, * 8%737”-. From (3.1), we
have deg P, ; = ¢ + j with respect to z;, y;, v;, and a. We assign degrees for P;; as
degP;; =i+ 7. For 1 <i<g, let

Py =

Yi(2) = 2" — hi(21, .., 2) 2"+ ho(ay, .., x) 22 — o (=) Ry(y, . Ty).

We have x,(z) = (z—x1) - - - (x—x,). Weset xo(z) = 1. Note that x;(z) is homogeneous
of degree 2i¢ with respect to z and x;. For 1 < 57 < g, we have
Xg(2)
(z — ;)

(cf. [5, p. 136]).

=297+ xa ()29 + (@) 2?0 + - 4 X ()
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Lemma 3.8 ([5, p. 137]). By the isomorphism I*, for 1 < i < g, the derivation O,,, .,
of F(Jac(V)) corresponds to the following derivation of F(Sym?(V)):
9
2y,
> = Xgi(w) ;.

prPACH)

From Lemma 3.8, we can assign degrees for P;,

..........

4 Solution to the KP equation in terms of a (2,2¢g+2)
function

Let

g
E(er, e2) = (e1 — e2) {f(eh e2) — (€1 — €3)? Z ,P29+22i,29+22j€§1€%1} :

ij=1

Lemma 4.1 ([5, p. 144]). For variables ey, es, €3, €4, the following relation holds:

1
—(ea —eq)(e3 —ea)(es —e1)(eg —e3)(eg — ea)(eg — €1) X
2
g . .
Z 732g+2—2i,29+2—2j,2g+2—2k,29+2—2l611_16%_1615_163_1
ik l=1

= E(eg, 63)E(647 61) + E<€3, 61>E(64, 62) + E(@l, 62)E(64, 63).
Remark 4.2. The formula in Lemma 4.1 is homogeneous of degree 8g + 12.

Lemma 4.3 ([5, p. 144]). The functions P; jx; have values independent of the order of
the suffixes i, 7, k, 1.

Proof. For the sake to be complete and self-contained, we give a proof of this lemma.
Let

E(Gl, €9, €3, 64) = E(eg, €3>E(€4, 61) + E<€3, €1>E(€4, 62) + E(el, €2>E(€4, 63).

From E(el, e1, €3, e4) = 0, the polynomial 5(61,62,63,64) can be divided by (es — €1).
Similarly, we find that the polynomial E(ey, ez, e3,e4) can be divided by (ex — e1)(es —
ey)(es—eq)(es —e3)(eg—ea)(eg —e). We can check that E(eq, eq, e3, 64)/{(62 —ey)(es—
62)(63—61)(64—63)(64—62)<€4—€1)} is a symmetric polynomial in eq, €5, e3, e4. Therefore,
we obtain the statement of the lemma. O

Remark 4.4. In [5, pp. 155, 156], for g = 1,2, 3, the functions P; ;x; with ¢,7,k,1 =
2,4,...,2¢g were expressed in terms of P, , explicitly.

Remark 4.5. In [5, p. 156], for any g, the functions P; ;x; with 4, j, k.l = 29 — 2,2g
were expressed in terms of P, ,, explicitly.
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If the number of ¢ is d in the suffixes of P;, _;,, then we use the notation ¢ - d. For
example, we denote Py o, Paoa, and Paoss by Pog, Paoa, and Pag 4.0, respectively. If
i; ¢ {2,4,...,2¢g} for some 1 < j <k, weset P, ; =

Theorem 4.6. For 1 < k < g, we have the following relations:

Pa.3ok = 2Pa2k(3Pa2 + 2v4) + 202(81 k%6 — Paok + 3P2,2k+2)
+ 4v0(3Pa,2k+4 — 3Puaokt2 + Pook — 261 k18 — O2,k110)-

Proof. For 1 < i < g, the coefficient of ei™'eJed™ed" in the left hand side of the

. . . : - 1 g+2
formula in Lemma 4.1 is Pa32440 2:/2. For 1 < i < g, the coefficients of e} 'edej ™ ef"

in E(eq, e3)E(es,€1), E(es, e1)E(eq, €2), and E(ey, e2) E(ey, €3) are (3Pa.o+204)Pa og2—2i,
V2(0g,iV6—Pa2gra—2it3Pagra—2i), and 20 (3Pa2g16-2i—3Pa2g+a—2i+Po 2g12-2i— 204,V —
d4—1.:10), respectively. From Lemma 4.1, we obtain the statement of the theorem. [

Remark 4.7. The formula in Theorem 4.6 is homogeneous of degree 2k + 6.

We consider the case ¢ > 3 and for g > 4 take constants ¢; € C with 1 <¢ < g — 3.
Let

Yty ta, t3) = —2Pas (€1, . .., Cgg, als, fta, t1 + Yla) — 0,

where ) )
a = —16vy, = 2v/—3uy, = , 0= -4+ :

0 ﬂ 0 7 vV —31/0 3 ! 181/0

Corollary 4.8. The function v satisfies the KP-1 equation
atl (ath + 61/}at1,lp + 8?1w) = atiw

Proof. By differentiating the formula in Theorem 4.6 with £ = 1 with respect to v
twice, we obtain

P2~6 = 127)223 + 12732.2732.4 + 4V47D2.4 + 4V2'P2.3,4 + 16V0'P2A376 - 121/0732.274.2.
We have
8t10t3¢ = _2047)2-3,67 (@W)Z = 47)22‘37 w&iw = 2(27722 + (5)7324,
8t41¢ = _2P2~67 832¢ = —2627)2.2’4.2 — 4&’7732.374 — 2’72732.4.

From the equations above, we obtain the statement of the corollary. O

Example 4.9. Let us consider the case N(z) = 222 + v,,4. We have f(e1,e2) =

2(e9 4t + vagra). From Theorem 4.6, for g = 1, we have

Poy = 67322,2 — 8ug.
For g > 2 and 1 < k < g, we have
Pa.g ok = 6P22Paok + 4(3Pa2k+4 — 3Pa2k+2 + Po2k)-
From Corollary 4.8, the function
U(t1,ta, t3) = —2Pas (c1, ..., cqz, —16t3,2v/=3ta, 1)
satisfies the KP-I equation
s, (Oy ) + 690y, 9 + 0 ) = O 0.
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5 Inversion problem of the Abel-Jacobi map for the
curve V

We consider the curve V defined in Section 3 and set

2g+1

N(x) = vy(x —a) H(x—ai), a; € C.
i=1
Let s = N'(a)?®9*Y and t = N'(a)'/?. We have degs = 4 and degt = 29 + 1. Let us

consider the polynomial
N 2g+1 &
M(X) = X —
( ) H ( a; — &)

i=1

and the hyperelliptic curve C of genus g defined by

C= {(X,Y) e C?

Y2 = M(X)}.

Proposition 5.1. We have the following isomorphism from V' to C:

¢ Vol (my) = (X,Y)= (:cia (x_tg)gﬂ). (5.1)

Proof. By the direct calculations, we obtain the statement of the proposition. O

Let D be the g x g regular matrix defined by *(¢*(w1),...,(*(wy)) = Dp, where

(*(w;) is the pullback of the holomorphic 1-form w; on C with respect to the map (.
For 1 <i < g, we take points T; = (z;,y;) € V\{=£o0, (a,0)} such that T; # 7(T}) if
1 # j, where 7 is the hyperelliptic involution of V'

T2 :V_>V> (:zr,y)r—> ('Ia_y)'
Let
g T
o
i—1 V(a0
Proposition 5.2. For 1 < k < g, we have

k p1,2g—2k—1(DU)
©1,29-1(Dv)

hp(xy —a,...,xy —a) = (—s)

where ©19,—1 with 1 <1 < g are the hyperelliptic functions associated with the curve C
and we set 1 _1(Dv) = —1.
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Proof. For 1 <i<g,let (X;,Y;) = C((ml,yl)) We have

9 (X3,Y3) 9 (X4,Y)
v:Z/ D_lw:D_lz/ w.
' o0 i=1 v

=1

Thus, we have

9 (X:,Yi)
Z/ w = Dv.

i=1 v

From Theorem 2.2, we have

h(X1, ..., X)) = (=) o1 1(Dv), 0<k<g.
From Proposition 5.1, for 1 < k < g, we have
who—i( X1, .o, X))

hi(z1—a,...,x; —a) =5
g he(Xq,...,X,)
— (-5 k 91,29—2k—1(Dv)
P129-1(Dv)

]

Remark 5.3. Proposition 5.2 is a generalization of [33, Sections 20.6 and 20.7] for
g =1 to any g.

6 Relationships between the hyperelliptic functions
associated with the curves V and C

We consider the hyperelliptic functions g; ; associated with the curve C. For0<i<
2g + 1, we define \y; € C such that the following relation holds:
M(X) = 2MX2 4 X% + X2 o Ay X+ Aggao.
Let _
R(X) = (X = X3) - (X = Xy),
where Xj,..., X, are defined in Section 5. For variables €, €2, we set
g
- Y;
V= — — — ,
o (61— Xi)(e2 — Xi) R/ (X;)

f(a, €) = i(é})i(%)i {2X4g+274i + X49741‘(51 + 52)} .

i=0
Lemma 6.1 ([5, p. 146]). We have

- of

o —~ dM
f(er,e1) =2M(ey), pTA =

o dX

es=¢1

X=e1
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Theorem 6.2 ([5, p. 138], [7, pp. 328, 329], [28, p. 4729]). The following relation holds:

g
Z @2g+1fzi,2g+172j(D'U)(51)271@2)%1

ij=1

@) | e Reyer - <M(a>§<fé2> +z\7<az>§<a>>'

(1 —e2) (€1 — )2 E(El) E(’ég)
Proposition 6.3. (i) For g* variables z = {Z2k-121-1}7,—, there exist g% polynomials

K, j(z) € Clz] with 1 <'i,j < g such that the degree of K; (%) is 1 and

Pagio-2i2g+2-2(V) = Kz’,j({pqu,zlq(Dv) 2121), 1<4,5<g,
where in this equation we substitute Qop_12-1(DV) into zop_12-1 for any k and l.

(ii) If a = 0, then the (i, ) element of D is (977" /t)6;; for 1 <1i,j < g and we have

2g—i—j+2

-1 .o
P29+2—2i,2g+2—2j(v) = Vggy 09 @2i—1,2j—1(DU)7 1<4,5<g.

(ili) Ifa =0, vag1o =1, and s = 1, then we have

Pag+o-2i2g+2-2;(V) = ©2i-1,2j-1(v), 1<4,5<g.

Proof. We substitute €; = s/(e; — a) for i = 1,2 into the both sides of the equation in
Theorem 6.2 and multiply this equation by (e; — a)9 ! (es — a)9~1. We have

) ?(61, 62)

(e1 — 62)2’

g—1 f(gh g?)

(e1 —a)?! " (eg —a) m =

N'(a)s (6.1)

where ,
?(617 62) = W(el — a)g+1(62 — a)g+1f(i 5 > _

e1—a es —a

The polynomial f(e1,e) is a symmetric polynomial. From X49+2 # 0, the degree of
f(e1,e2) is g + 1 in each variable. From (5.1), we have

1
N’(a) ) = N(61>. (62)

From Lemma 6.1 and (6.2), we have f(ej,e;) = 2N(e;). By differentiating the both
sides of (6.2) with respect to e;, we have

S

(e1 — a)2™2M (

el —a

s (s N e (2942 L s
_N/<a) (61 - a) M <€1 — a) =N (61) - N’(CL) (61 — CL) + M <61 — a) . (63)
We have
8?(61762) - g+ 1 g+1 07 5 5
dey _N/(a)(el_a)+(62_a) f(q—a’eg—a)

__° — a9 (e, — gflﬁv s s
N’(a)(61 )’ (e2 — a) Oea \eg1—a' ea—a)
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From Lemma 6.1 and (6.3), we have
of

862 =N (61).

egx=e1

From Lemma 3.2, there exist complex numbers {n;;}7,_, such that n;; =n;; and

g
Fler,ea) = fler ea) + (e —e2)* > myjei ted ™.

From (5.1), we can check
(e1 — )9 H(es — a)? " R(€))R(2:,)V? = N'(a)s 2R(e1)R(es) V2, (6.4)
i gyt MEVRE@) s N(ea)Rles)
oot (1 — &)2R(e) N e Ry Y
i gt MERE) s Nea)R(e)
A AT A R e D e M

From Theorem 6.2, for ¢g* variables z = {zor121-1}],;, there exist g* polynomials
K; ;(z) € C[z] with 1 <,j < g such that the degree of K ;(z) is 1 and

g
Z Ki; <{@2k71,2171(DU) Zyl:1>e’fle§_l = G(e, €2).

i,j=1

From Definition 3.5, we obtain the statement of (i). Let us consider the case a = 0. We
have N’(0) = v4g42. The (4, 7) element of D is (97177 /t)d; ; for 1 <i,j < g. We have

g
el 8 pagaiaizgri—o; (DV)(E1) T ()

ij=1

g
_ 2g—i—j i-1_j—1
—E s 09 1951 (Dv)et ey

2,j=1

(6.7)

The polynomial f(ey,ey) has the form

g+1

7(61, es) = Z 6362{2P4g+474i + pagra—ai(er + 62)}, p;i €C, po=0.
i=0

From f(e1,e;) = 2N (ey), we have p; = v; for any j. Thus, we have f(ey, e;) = f(e1, e2).
From Theorem 6.2, (6.1), and (6.4)—(6.7), we have

g

29—1i—] i—1 _j—1 __ —2
E 59T 001 105 1(Dv)ey ey = vagias” “Gler, ea).
ij=1

From Definition 3.5, we obtain the statement of (ii). For 1 < i,j < g, the function
©2i—12j—1 1s an even function. From (ii), we obtain the statement of (iii). O
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Corollary 6.4. We have
Pas(v) = N'(a) 's*p(ag-1)2(Dv) — K,
where k= N'(a)"*{g(g + 1)a2X4g+2 — ga5X4g}.

Proof. Since the coefficients of ef*'ed™" in f(ey,es) and f(ey, ;) are & and 0, respec-
tively, we have n,, = k. From Proposition 6.3 (i), we obtain the statement of the
corollary. n

Example 6.5. Let us consider the case g = 2. We have
s(s O
p-* (_a 1) .

732,4(1)) = N’(a)_1{53p173(Dv) — a52p3.2(Dv) — a25X8 -+ 2@3X10},
P4.2(U) = N’(a)_1{54p1.2(Dv) — 20,53@173(DU) + CL252@3.2(DU)
+ CL53X4 — 2@252X6 + 4@35X8 — 6G4X10}.

From Proposition 6.3 (i), we have
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