RADON TRANSFORMATION AND FOURIER INTEGRAL
OPERATORS

KENRO FURUTANI

ABSTRACT. The purpose of this short note is to remark a relation between the in-
cidence relation (named by S.S. Chern in [3] for a kind of submanifold in a product
manifold M x N) and the composition of Fourier integral operators defined by a
double submersion, which we call Radon transformations. We remark that if the
canonical relation is not a graph of homogeneous symplectic isomorphism, the el-
lipticity of Fourier integral operators does not necessarily imply the Fredholmness
of the operator, that is, we show both of the dimensions of kernel and cokernel are
infinite dimensional for an example.

Dedicated to Professor Wolfgang Schulze on the occasion of his 80th birthday.

CONTENTS
1. Introduction 2
2. Lagrangean distributions and Fourier integral operators 3
2.1. Lagrangean submanifold and Lagrangean distribution 3
2.2.  Homogeneous canonical relation and Fourier integral operator 7
2.3. Composition of Fourier integral operators 8
3. Pull-back and push forward operations 9
4. Double submersion and Radon transformation 13
4.1. Incidence relation and Radon transformation 14
4.2. Elliptic, but non-Fredholm case 18
4.3. An example 20
4.4. Final remark 21
References 21

2010 Mathematics Subject Classification. Primary 35530, Secondary 53C65.

Key words and phrases. Double submersion, canonical relation, incidence relation, Lagrangean
submanifold, Fourier integral operator, Radon transformation.

The author was partially supported by JSPS KAKENHI Grant number 24K06784, Osaka Central
Advanced Mathematical Institute, Osaka Metropolitan University (MEXT Promotion of Distinctive
Joint Research Center Program JPMXP0723833165) and China Medical University, Taichung,.

1



2 KENRO FURUTANI

1. INTRODUCTION

A submersion naturally defines two Fourier integral operators between function
spaces on the total space and the base space, one is the pull-back operation and
the other is defined as the push-forward operation by fiber integration, although for
the definition of the later operator we need a measure on the total space. If we have
a double submersions

P - N

M
from a manifold P to two base manifolds M and N satisfying a kind of dependence
condition with which we may discuss an operator theory within the class of Fourier
integral operators. Such a class of operators we call generalized Radon transformations,
or simply a Radon transformation.

The study of Radon transformation started already more than 100 years ago as a
topic in the integral geometry. Especially, inversion formulas guaranteed a basic prin-
ciple for the CT scanner and S.S. Chern, in [3], “On integral geometry in Klein spaces”,
Annals of Math., Vol. 43, 178-189(1942), formulated a property named ”incidence re-
lation” which plays a central role in the theory of such type operators, although he was
working in the group-theoretic setting, when there were no operator theories of pseudo-
differential operators nor Fourier integral operators. This property highly relates to
the composition of two Fourier integral operators whether the resulting operator is in
the class of Fourier integral operators.

As the continuation of the earlier works by J. Radon [26], P. Funk [5] and S. S.Chern
[3], I. M. Gelfand, S. Gindikin, M. I. Greav, S. Helgason and others established inver-
sion formulas for many cases consisting of some class of symmetric spaces in the group
theoretical framework (there are so many, here we may cite only a few [8], [9], [11],
[13], [14], [15], [16] [10], [19], [20], [23], [12]).

The last one is including a short overview of the operator theory in relation with
Fourier integral operators.

They worked on the double fibration consisting of quotient spaces of a Lie group,

G — G/K G/(KNL) — G/K
(L1) | or |
G/L G/L

S. Helgason [20] summed up several problems on such type operators in the setting
(1.1). Of course, the inversion formula is central and the behavior of the support of
the transformed functions (see [19] and there is a useful review [12] on the book by S.
Helgason [20]), where he mentioned several problems
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(A) How transformed the support of the functions 7

(B) How is the inversion formula?

(C) Are there any correspondence between the differential operator algebras com-
muting with the transformation?

(D) Special form of the inversion by orbital integrals.

After the paper “Fourier integral operators I” by L. Hormander, Guillemin-Sternberg
considered these operators in its framework and remarked a special condition called
Bolker condition [18]. Under this condition the construction of the inverse reduces to
the elliptic pseudo-differential operator theory, although all the cases do not necessarily
satisfy such a condition.

Most of the contents of this note is an overview of the theory of Radon transforma-
tion defined by double submersion from the point of Fourier integral operator theory
and remark the relation between the property called “incidence relation” and the com-
position of Fourier integral operators whose canonical relation are a normal bundle of
a submanifold. We do not specify double submersions consisting of quotient spaces of
Lie groups.

In §2 we resume a theory of Lagrangean distributions and Fourier integral operators
following the papers [22], [2], [27] and a book [18].

In §3 as basic examples of Fourier integral operators we explain the pull-back oper-
ation and the push-forward operation and remark several Lo-operator theoretic prop-
erties.

In §4 we define a general Radon transformation and show it is a Fourier integral
operator, if the double submersion satisfies a condition, which was named as “incidence
relation” by S.S. Chern in [3]. The proof is just reduced to show this condition satisfies
the clean product theorem ([17], [27]).

We discuss a Radon transformation from the Gromoll-Meyer exotic 7 sphere ([7],
[4]) to the standard 7 sphere.

Also we note a question when such an operator is a Fredholm operator, what kinds of
double submersions define Fredholm Radon transformations or never happens except
trivial cases?

The manifolds in this note are all closed (= compact without boundary), connected
and orientable.

2. LAGRANGEAN DISTRIBUTIONS AND FOURIER INTEGRAL OPERATORS

In this section we recall the definition of the Lagrangean distribution and related
Fourier integral operator following the papers by L. Hérmander [22], J.J. Duistermaat
[2], Guillemin-Sternberg [18] and A. Weinstein [27] within the necessity for our purpose.

2.1. Lagrangean submanifold and Lagrangean distribution. Let X be a mani-
fold (put dim X = n and 0X = ¢) and denote by 0% and w* = df* the canonical one
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form and the canonical symplectic form on the cotangent bundle T*(X) respectively.
Let A be a closed conic (= closed and closed under R action) Lagrangean submanifold

Ain T (X) (= the cotangent bundle minus zero section), which is equivalent to the
vanishing of % on A, that is X = 0 on A. In general, Lagrangean submanifolds are
defined as a closed submanifold in the cotangent space T%(X) of the same dimension
with the base manifold X on which the canonical symplectic form vanishes.

Let A be a conic Lagrangean submanifold, then for any point A € A we can find
a neighborhood U of mx(\) (rx : T*(X) — X, the natural projection map), an open
cone I' in RM\ {0} and a real valued smooth function ¢(x,6) defined on U x T, (z,0) =
(X1, ..., Tp,b1,...,0y) € U x T, such that

(2.1)  da,t-0) = té(z,0), t >0, that is,

¢ is homogeneous of degree one with respect to the oscillation variable 6.

Put C, = {(w,G) eUxT ‘ gg =0, izl,...,N}, then
T 00 7 7o o\
(2.2)  the differentials < d (8_0]) =2 D:00, dx; + ; 0.0, dby, B
7 j=

are linearly independent on Cy, and the correspondence

12 a¢): " 99
1

(23)  po:Cy 3 (2.0) — diy = (

o B
is a diffeomorphism from Cy to ps(Cy) := Ay C A.

Any Lagrangean submanifold are covered by such subsets A, and we call the function ¢
a non-degenerate phase function and the correspondence p, above a local parametriza-
tion of the Lagrangean submanifold by the phase function ¢. The dimension N is not
unique, even for any point € A there are several choices of such phase functions ¢ and
the open subsets Cy C U x I defined by ¢.

We denote by S™(U x I') (I' is an open cone in RN¥\{0}) a class of functions
a = a(x,0) € C®°U x TI'), called amplitude functions or Hérmander class func-
tions, satisfying the condition : for any compact subset K C U, any multi-indeces
a = (ay,...,an) and f = (f4,...,0n), there exists a constant C' = Ck o5 > 0 such
that
oletbla(x, 0)

dx> 068

(2.4) SUPzek, ger

\ < Chenp(1+[0)™

where |a| = > a;, |8] =3 8; and |0 = 1/>° 0,°. Also we assume the limit

(2.5) lim 4&:16)

t——4o00 tm

=: ap(x,0)
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exits. This is a homogeneous function of the degree m.
The integral

(2.6) CrU)sur— V1@ (2, 0) u(x)dedd

UxT
in the sense of oscillatory integral defines a distribution on U (see [22] for the definition
of the oscillatory integral, Proposition 1.2.2, p. 90).

To treat such distributions in the global sense, we need to work on the distributions
defined on half densities instead of on function spaces and on the space of amplitude
functions taking values in the ” Maslov line bundle” valued half densities (of course we
may consider by fixing a volume form in advance).

So let denote by QY2(X), or simply by Q2. the half density line bundle on a
manifold X. .

Let A be a closed conic Lagrangean submanifold in 7%(X). We consider two non-
degenerate phase functions ¢ and ¢ defined on U x I and V x I, where U and V are
local coordinates neighborhoods of a point zy = mx(Xg) € Tx(A) (Ao € A), T and T
are open cones in RM\{0} and RV\{0}, respectively. Here for the simplicity, we may
consider the same local coordinates © = (z1,...,z,) for points in U NV around the
point zy. Each phase function ¢ and 1 gives a local parametrization py : Cy — Ay
and py : Cy — Ay around a point A\g € A, mx(\g) = x¢, respectively.

Now let a = a(z,0) € S*=2N/Y(U xT') and @ = a(z,0) € SPHO-2M/4(V x T') and
assume for any u € Cg°(U NV),

(2m)~(n+2N)/4 eV =190 o(z, 0) u(z)dzdd
Uxr

= (2%)_("”]\7)/4 ~ V=T (@h) a(z,0) u(x)dzdd.
VT

That is, they define the same distribution on U N V. Then

(2.7) V1" a(2,0)\/de, — a(x,0)\/de, € STATHA, Q)

where d¢, and d¢, are volume forms on Cy (and also Cy) defined as follows: Let
A1, ..., A, be alocal coordinates of the submanifold Cy extended to an open neigh-
borhood (existence is guarnteed by the non-degeneracy of the phase function, that is
the map

qo UxT'> ($a9) = (¢91a"-7¢91\r) ERN
is a submersion around the point p,~*(0)), then

AMyeeos Ay b1, -
dc¢:{det(1’ s 1, ’¢N)} dM\ A - A dy,

xl,...,xn,ﬁl,...,HN
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Note that
(2.8) doy, Ndgg, N+ N oy =dry N Ndwy NdOy A -+ N dfy.

The difference (2.7) is rewritten as

o—N+N —1N= —IN~ ~
(29) -1 °? e a(x,0)y/dc, — e T a(x,0)y/dc, € Srn/A=L(N Q1/2),

The quantity

(2.10) (60— N+N)/2= (sign(¢99) — N — (sign(yy5) — N)) /2,

where the signature of the matrices {¢yo} and {155} are of their values at the points
(z,0) € Cy and (z,0) € Cy satisfying ps(z,0) = py(z,0) € Ag N Ay, is a locally
constant integer valued function on A, N Ay. Hence, by considering an open covering
by open neighborhoods of the form p,(Cy) = Ay these functions define an integral

cochain defining a class € H'(A,Z). The transition functions § eV =17~V /4L define

a flat complex line bundle, which is called a Maslov line bundle. We denote it by L.

By the definition é Ly is trivial and L, itself is trivial in the smooth sense, however
in general there are no way to trivialize it in a canonical way. Our case below when A
is a conormal bundle, we can see easily it is trivial naturally, since we can take non-
degenerate phase functions by linear functions with respect to the oscillatory variables
of the same dimension, the quantity o — N + N is alway zero.

Now we see that the amplitude functions

{ oV —1nN/4 a(z,0)y/de, ‘ ¢ are non-degenerate phase functions}

mod S#+"/4=1 define a well-defined global section of the line bundle L, ® Q2 on A.
We denote by S*+4(A, Ly ® Q'/2) the space of the Maslov line bundle valued half

densities of the form
G(JZ, 6) \/ dC¢,

with the coefficient function a € S*(U x I') being an amplitude function satisfying the
condition (2.4).

Also we denote by I#(X, A) the space of distributions micro-locally defined on the
space of half densities of the form (2.6) and call them Lagrangean distributions whose
phase function being defined by the conic Lagrangean submanifold A, or simply La-
grangian distributions.

Then it holds the isomorphism:

Theorem 2.1 ([22]).
(2.11)  IM(X,A)/T" (X, A) =2 SHHA(A, Ly @ QY2)/Sr1HnA (A Ly @ QY2),
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For a distribution I € I*(X,A), the corresponding amplitude function by (2.11)
is not unique, however the limit function (2.5) is uniquely determined. We call this
function the principal symbol of the distribution .

Especially, if A = /\./ (Y), the co-normal bundle minus zero section of a submanifold
Y in X, then the Maslov line bundle is canonically trivial and the isomorphism (2.11)
is expressed as

TN (V)TN (Y)) = SEEVANT (Y), QY2) /S (AT (Y), Q172),

2.2. Homogeneous canonical relation and Fourier integral operator. The
XXY of the cotangent bundle of the product manifold X x Y is
expressed as w = 0% + &Y, where we denote by &% and &Y the pull-back forms
on T*(X) x T*(Y) = T*(X x Y) by the natural projection maps px : T*(X x Y) =
T*(X)xT*(Y) = T*(X) and py : T*(X xY) — T*(Y), respectively. The projection
px is the dual of the differential of the projection X x Y — X and so on.

Also the product T*(X) x T*(Y) = T*(X x Y) has a symplectic form &~ — &Y.

symplectic form w
XxY

Let C : T.*(X ) — f*(Y) be a homogeneous symplectic isomorphism (= homoge-
neous symplectomorphism), that is it satisfies the properties that C*(wY) = w*
and if C(x,&) = (y,n), then C(x,t-§) = (y,t-n),t > 0. In this case its graph
Go = {(2,£,C(x,9)) | (z,¢) € f*(X)} C 7:*(X) X 7:*(Y) is a conic Lagrangean
submanifold with respect to the symplectic form &% — &Y. If we denote by G¢' =
{(x,&,y,—n) | C(x,€) = (y,n)}, then G¢' is a Lagrangean submanifold with respect

to the symplectic form &% + oY = wX*Y,

Let A C T*(X x Y) be a conic Lagrangean submanifold (with respect to the sym-
plectic form wX*Y) which need not be included in the subset T%(X) x T*(Y), then
the linear operators corresponding to distributions € I™(A,Q?) do not necessar-
ily map smooth functions to smooth functions. However, if the Lagrangean sub-
manifold A C T%(X) x T*(Y) C T*(X x Y), then the corresponding operator to
a Lagrangean distribution € I™(A,QY?) maps always smooth functions to smooth
functions. In this case the phase function ¢(x,y,0) defined on a cone U x V x I’
(U ¢ M,V C N,and I' C RV\{0} is a open cone), satisfies the condition (2.1),
(??) and (2.3) with respect to (x,60) and (y,6). We call such a phase function a
functional phase function and the operator corresponding to a Lagrangean distri-
bution € I™(A,QY?) defined by a Lagrangean submanifold A € T*(X) x T*(Y) a
Fourier integral operator. Of course if A = Af*(x)’ the graph of the identity map

Id:T*(X) — T* (X), then the operators are pseudo-differential operators.

In general, let C C T* (X) xT*(Y') be a conic Lagrangean submanifold with respect
to the symplectic form &% — &Y, we call it a homogeneous canonical relation, that is
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C' is a conic Lagrangean submanifold with respect to the natural symplectic form
wX*Y = X + &Y on the product manifold X x Y.

2.3. Composition of Fourier integral operators. First, we prepare a notation for
describing the composition of canonical relations.

Let AC X xY and B C Y x Z, then we denote by A o B, the composition of A
and B,

AoB = {(a,b) € X x Z | ?y € Y such that (a,y) € A and (y,b) € B}.
This coincides with the image of the natural projection of the intersection
(AxB)[J(XxAy xZ) CX XY xY xZ

to the product X x Z.

In particular, if A = Gy = {(a, f(a) | a € A}, the graph of amap f: X = Y
and B = G, the graph of amap g : Y — Z, then Ao B = Gy, the graph of the
composition go f: X — Z.

We consider the composition of two Fourier integral operators F; and F5, each
corresponds to Lagrangean distribution K; € I™i(C/,QY2),i = 1,2, where Cy C

T(Z) x T*(X) and Cy C T*(X) x T*(Y') are homogeneous canonical relations.

Theorem 2.2. [22], [17]. Assume Cy x Cy and T*(Z) x AT.*(X) x T*(Y) intersects
transversally (or more generally ““cleanly“, see [17] and [27] and the Definition 2.3
below), and assume Co o Cy is a submanifold in T* (Z) x T* (X), then Cy 0 C} is a

canonical relation in T*(Z) x T*(Y') and the composition Fy o Fy is a Fourier integral
operator corresponding to a Lagrangean distribution € 1™ M2 ((02 o(Ch), 91/2).

We omit the description of the principal symbol how is given by two principal
symbols following the isomorphism (2.1). However for our case it will be seen that it
is a constant function micro-locally.

We call this Theorem “transversal product Theorem” or “clean product Theorem”
according the the conditions satisfied by the canonical relations C; and Cj.

Definition 2.3. Let f: M — X and g: N — X be smooth maps. We call the maps
f and g intersect cleanly, if the subset (= the fiber product of f and g)

M xx N ={(x,y) | f(x)=g(y)}
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1s a submanifold in M x N and the tangent bundle of the fiber product M x x N is the
fiber product T'(M) x¢(xy T(N) of the maps

T(N)
(M) —2 T(X).

In a special case, let M and N be submanifolds in X. In this case M and N
intersect cleanly, if and only if, the intersection M N N is a submanifold in X and
T(MNN)=T(M)T(N). That is a tangent vector V € T,(M N N) is not only
tangent to both of M and N, it is tangent to a small submanifold M N N.

So if M and N intersect transverselly, then they intersect cleanly.

3. PULL-BACK AND PUSH FORWARD OPERATIONS

Let ¢ : M — N be a smooth map between smooth manifolds M and N. We
identify always volume forms and nowhere vanishing highest degree differential forms.
We denote by ¢* : C®°(N) — C°(M), the map defining the pull-back of smooth
functions on N.

Let o be a highest degree differential form on M (if it is not cited particularly,
it is smooth always), then we define its push-forward ¢.(o) as the highest degree
”distributional form” (= the dual of the function space C*°(N)) on N by the relation

(3.1) < h, p.(0) >::/ ©*(h) - o,

M
where h € C*°(N), that is, the right hand side defines a liner functional on the space
C*(N), which we denote by . (o).

Remark 1. The map ¢* can be defined for measurable functions on M. The push-
forward map . is extended to the differential forms with measurable coefficients.

If a map ¢ : M — N is a submersion, that is, its differentials dp, : T,(M) —
Tz (V) are always surjective for any « € M, then the map ¢ is open and surjective,
and ¢, (o) coincides with a highest degree differential form on N. In this case we may
express the left hand side of (3.1) by the integral [, h- p.(0).

Now we assume that the map ¢ is a submersion. Then both maps ¢* and @,
are Fourier integral operators whose canonical relations are essentially the normal
bundle N (G,) of the graph G, = {(z,¢(z)) |z € M} of the map ¢. In fact, for
a function f € C{°(V), V is a small coordinate neighborhood around a point ¢(x)
with coordinates (yi,...,¥,), then the Fourier inversion formula just says that, for
x € Y(V),

(3.2) o (f)(x) = (27r)_”/ VI @=v9> £ dy df (n = dim N),
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so that the function

¢<xay70> =< @(x) - yve >= Z ((Pz(x) - Zh) 6@

satisfies the conditions for the functional phase function and

¢
ps: Cy = {89 0}
> (x,y,0) — (Z SOjal Ti,... Z@ 8% dxm,—Qldyl,...,—Ondyn> E/\./'(GSO)
j

CT*(M)xT*(N), (m=dim M, (z1,...,x,):local coordinates around a point x).

Hence

(1) the canonial relation Cy+ of the operator ¢* is

(33)  Cor =N(Gy) ={(z, "dp(0),0(x),0) |z € M, T, (N) 3 6 # 0}.
Here ‘dip, is the dual map of dp, : To.(M) — Ty (N), ‘dos = T, (N) = T (M).
Note that ‘dp,(0) = 0, then § = 0, so that

Cye = N(G,) C T*(M) x T*(N).

From the expression (3.2) we see that the principal symbol of the corresponding La-
grangean distribution K, € I°(M x N, ,/\./'(Gg,))

<Kpg® f >= / S () = (27 / VTR > (1) £(y) dy dBdz

micro-loccally is a constant function mod half density € §(imM+dimN)/4( \r (G,), Q2
(see (2.8)). (2) For defining the push-forward operator from the function space C*°(M)
to the function space C*°(N), we need to fix a volume form dvy, on M and put
duon = @.(dvy) which is also a volume form on N. Then we define a map @,
C>(M) — C=(N) by

Co®(M) > fr— D (f) € C°(N), ®,(f) - dow = @u(f - don).
Then the canonical relation Cg of the operator @, is
(3.4) Co = {(¢(x).n.,"dea(n) |2 € M, T, (N) 3 # 0}

Let Lo(M, dvyr) (La( N, dvy)) be the Hilbert space on M (V) with respect to the inner
product (-, -)ar ((+, )n) defined as

('>'>M:/Mf'§‘dUM and(',-)N:/Nh%-va:/Nh%gp*(de)

for functions f,g on M (h, k on N), respectively.
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Proposition 3.1. Let M and N be manifolds as assumed aboved and ¢ : M — N a
submersion. Then, by the definitions of the maps ¢* and @, the following properties
hold:

(1) The operator ¢* : Loy(N,dvy) — Lo(M,dvyy) is isometric.

(2) (gO*(h) s f)M = (h, (Dgo(f))N; fOT’ h e LQ(N, dUN), f S LQ(M, dUM)

(3) B, 0 " = Id,

(4) The operator ¢* o &, := P, is an orthogonal projection, i.e., ‘P, = P, and
P> =P,.

(5) 12, (NIl = V(@p(£), Pu(f))n < NIfIl, f € La(M,dvn).

Remark 2. We use the notation e, and e* only for the push-forward operator and
the pull-back operator induced from a manifold map and denote the adjoint (or dual)
operators defined with respect to a specific inner product by 'e (or the operators induced
in the dual spaces). So (2) says that '(¢*) = .

Proof. All these are proved by the similar way based on their definitions.

@(WWWWW=A@Ww%Mm:A¢W@dW

:Aw®w%wm:éw@m¢w=/?h%WW=WWv

M
(4) From (3) ¢* 0o ®,0p" 0o D, = ¢* o ® and from (2) (p* 0 ®,) ="', 0'p" = p* 0 D,

@(Ammﬁmc/%m@wwm:A%mwwmm

N

—Aﬁmmwwwzuﬁmm
Hence from (4), [|2,()]| < [If]]
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The canonical relation of the operator ®, o ¢* = Id is, of course, the diagonal

AT.*(N)of T*(N) x T*(N), which can be seen as follows:

(Co x Cp)() (T’*(N) <A X T'*(N))

= {((®), 0,9, "dpy (0))} x {(x,"di.(n), (), )} ) (T* o ¥ T°*(N))

=1 (so(y),ﬁ, Y, 'deoy (0); @, "dips (1), sox,n) | # =y and 'dp.(0) = "dea(n) < 6 =n}
where 2,y € M, 6 € T;(N) and 1 € T;;(N), and since ‘dy, is injective 6 = . Hence

oo Cyr = { (6l0). 000000 | 7 € M, € ()}

. /
T*(N)

Like wise we have

Proposition 3.2. The canonical relation C'p of the composition operator P = ¢* o &
18
C@*OOQ - {(y7tdgpy(8),x7td(pm(9){x, y € M; QO(ZL’) = @(y)a ‘9 S T*w(x)(M) - T*So(y)<M)}7

that is, if we denote the fiber product of the maps
M

lso
M —— N
by F, then it coincides with N (F).
This is a special case of the following

Proposition 3.3. Let o : X — Z and 5 : Y — Z be two submersions and we fix a
volume form dvy onY . The operator ®g : C*(Y) — C>(Z) is defined as before, where
we use the volume form dvy := B.(dvy). Then the composition a* o g : C*(Y) —
C>*(X) is a Fourier integral operator whose canonical relation Cyxon, s given by

(3.5) Coron, = N (X x2 Y)Y € T*(X) x T*(Y),

where we denote by X xzY = {(z,y) € X xY | a(x) = B(y)}, the fiber product of
the two submersions

Y

|8

X —— Z.
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Proof. The canonical relation Cg, of the operator @4 is

Co, = {(By)n,v.'4B,(n)) | y € Yin €T%s) (2)} € T* (2)}x T* (V)}

and the canonical relation C,+ of the operator o* is

Cor = {(2,"d0y(0), (), 0) | 7 € X,0 €T oy (2)} € T* (X) x T* ().

Based on the submersion property we see in terms of local coordinates that the product
space Cy X Cgp,, intersects with the space T (X)) x Af*(z) x T* (Y) transversely. This is

seen by the local expression around the point (A, A*) € Cyr X Co, (1T X X Aoz X T*Y .
In fact, let’s denote

(A A) = (2, da(n), a(x),n) x (B(y),0,y,'dB(0)) € Cor x Ca,
and
@02, m, 2 7y, 0) € THX) x T(Z) x T*(Z) x T*(Y),

then at the point (A, \*) € (Ca* X Cq,ﬁ) N (T*X X Apeg X T*Y), the coordinates
must satisfy the conditions

a(z)=By),n==0,z=2"7=1"

Then the variables a',7',v, ¢, z, 7, z,n can take any value of the coordinates around
the point (A, \*), since the map f is a submersion, so that the equality a(z) = £(y)
has solutions for any x. Hence we have

T(Cyr X Ca,) + T(TH(X) X Agezy x T*(Y)) = T(T*(X) x T*(Z) x T*(Z) x T*(Y))

on the intersection (A, A*).

The projection of the intersection to the space T (X) x T* (V') is the space (3.5),
the normal bundle of the fiber product minus zero section. Hence by Theorem 2.2
gives the desired conclusion. O

If Z is a point, then the operators are smooth kernel operators so that we have
non-trivial Fourier integral operators when dim Z > 1.

4. DOUBLE SUBMERSION AND RADON TRANSFORMATION

Let 7 : P — M and ¢ : P — N be two submersions from a total space P. We assume
that the manifolds P, M and N satisfy the conditions as in the last section. Also we
fix a nowhere vanishing highest degree differential form dvp on the total space P, by
which the manifold P is oriented and put dvy; = m.(dvp) and dvy = @.(dvp). Each is
a nowhere vanishing highest degree differential form on M and N respectively.
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4.1. Incidence relation and Radon transformation.

Definition 4.1. We call a transformation
C*(N) 3 fr—RP; N, M)(f) := x(*(f)) € C=(M)
a Radon transformation.

Remark 3. Let D be a pseudo-differential operator on the total space P, then we can
define an operator of a form

@ (D(¢"(f)));
which may be called a generalized Radon transformation, but in this note we do not
treat this type operator, although the conclusion in Theorem 4.5 is still valid for such
type operators.

Proposition 4.2.

(4.1) [ neREN ) oy = [ REAMNID) S o
M N
Proof. The left hand side is, by definition of the volume forms on N and M,

| nRENME dos = [ heme () don) = [ 70 () - dur,

N P
The same calculation gives the same expression for the right hand side, which shows
the equality (4.1). O

Let 2: P — N and 7 : P — M be two submersions and assume there exisits a
submersion p : P — P such that

(4.2) Top=mand pop=,
and we define all the volumes forms on P, M and N defined as the push forwards of
d’Up.

Then

Proposition 4.3.
(4.3) R(P; N, M) = R(P; N, M)

Proof. We define the map ®; by making use of the measure dvs = p.(dvp). Then by
the assumption (4.2) we have
Oro0 P, = Pry,.
Hence
Przo0p" =Pr0P,0p" 0P =D 0",
since

®,0p" = Id.
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By this property, it is enough to study the transformation R(P; N, M), in a sense,
with respect to a minimal dimensional total space P.

If the fibers 7~ (7(p)) and ¢! (p(p)) at any point p € P intersect transversely, that
is

then
Proposition 4.4. The operator R(P; N, M) is a smooth kernel operator.

Proof. By the condition, since the map

Tp(n = (7(p) = Tp(m(7(p) + Tl (0(p))) = Tp(P) — Trp)(N)

is surjective, the restriction of the map ¢ to the each fiber of the map 7, Yjr—1(x(p));
already submersion. So the map p:= 7 x ¢ : P — M x N is surjective. If we put @
M x N in the proceeding Proposition 4.3, then the map R(P; N, M) = R(P, N, M).
Hence

| hw) REN MA@ dor) = [ ba) - flg)dee.
M MxN
The smooth measure dvp is the kernel of this distribution. O

Remark 4. By the proof above it will be seen that the same conclusion holds only by
the assumtion that at any point p € P one of the restiction map dr : T,(¢" (¢(p))) —
Trp)(N) or dp = T,(m 1 (m(p))) — Trgp(M) is surjective, since then the map p =
mxXp:P— MXxN is a submersiom.

Also we remark that if at a point p € P the restriction 7 : ¢~ (o(p)) is surjective,
then the restrictions of the map w to any fibers o= (y) (Yy € N) are subjective.

By the remark above and Proposition 4.4 we consider only such a pair of submersions
@:P— Nand 7 : P — M that any restrictions of the maps 7 to o ~!(y) (Vy € N)
and ¢ to 7~ !(z) (Vo € M) are not surjective.

We are interested in the case that among the (generalized) Radon transformations
R(P; N, M) = ®,0¢* when it is a Fourier integral operator other than smooth kernel
operators.

So by Theorem 2.2, we consider the case that the canonical relations Cy- and Cg,
intersect cleanly, that is,

(4.4) C,+ x Cg, intersects cleanly with T (M) x AT.* x T*(N),

(4.5) the projection of the intersection (Cw o C@ﬂ) ﬂ (T*(M) X AT.*(P)

X T*(N))

to T*(M) xT*(N) is a submanifold.
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Theorem 4.5. If the image
(4.6) T=nmxp:P—>MxN

is a submanifold in M x N (w and ¢ are submersions), then two conditions (4.4) and
(4.5) are satisfied.
Hence the composition @, o p* is a Fourier integral operator.

Proof. By Proposition 4.3, we may consider from the begining that the total space P
is a submanifold in M x N, dimP < dim M + dim N and the natural projection maps
coincide with mp;p = 7 and 7n;p = ¢ respectively, and they are submersions. Then
by making use of the surjectivity of the maps dm and dy we see that

!/

(4.7) Cop, 0Cpe = N (P) C T* (M)x T* (N)

is a submanifold.
It will be apparent that the inclusion holds

T({Co. x Cpr}() (T*(M) x Bpo T'*(N)})

C T(Co, x Cyp ﬂT(T* XAf*(P)XY:*(N))

Conversely let

Ae {cq,w x qo*} N {T*(M) XAl x T*(N)}

*(P)

and assume

T € Ta(Co, x Cpr) () TA(T.*(M) X A,

e < T (N)).

The tangent vector T is realized as a differentiation along a curve
{e(8)}ier C Co, % Cpe © T*(M) x T*(P) x T*(P) x T*(N), ¢(0) = A,
{e(8)}oper € T (M) % Aoy X TH(N), e(0) = A

We may put the curves as the forms that

c(s) = (m(p(s)),1(), p(5), " dmnip(e)) (1()) X (a(5), " dipg(a(e)y (0(5)), 0 (a(s)), 0(s)),
e(s) = (a(s), a(s)) x (r(s),7(s)) x (r(s),7(s)) x (b(s), B(s)).
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By these expressions, especially at the point A

(4.8) p(O) =7(0) = ¢(0),

(1.9 Loy =0 = %0,

(4.10) ( ) = AT r(p(0)) (1(0)) = "dep(p(0)) (0(0)),

(4.11) di ) (0) = L4t t M) ) dtd%(zgj)(@({?))(o)'

We note here that since we assume dim P < dim M + dim NV,
dim (" drergo(sn (T (M) () A toion (T (V) ) = dim M+ dim N — dim P > 1.
The proof is to find a curve {u(s)} in
{Cq,ﬂ X C’w} N {T (M) x Dy X T (N)}

du(s)

expressing the tangent vector T' = (0) at A = u(0).

By the properties (4.8) and (4.9), first we replace {q(s)} by {p(s)}.

Let U x V' 5 (z,2') be a local coordinates system at the point p(0) where the
projection map 7 is given by 7 : (z,2') — z, so that U is a coordinate neighborhood
of the point m(x,2') = x. Then the space Cg_ is parametrized by the coordinates
(x,2',n), that is

(412)  p:UxV xR 3 (.0 n) > (0,1, (2,2), (n,0)) € Co, = 7*(T"M).

We consider the line segment £(s) in the space T7 ), M = {(z,7)} x R which

d
starts from the point 7(0) to the direction Z(S) (0), that is
s

 dns)

{fs) = n(0) + 5 =1

(0), Is| < 1.

We denote by {/(s)} the curve in Cyp_, which is the image of the line segment {¢(s)}
under the trivialization (4.12). We express this curve as

p(U(s)) = (w(p(s)), £(s), p(s), "dmys) (£(5))) := L(s)

Then by the properties (4.10) and (4.11) we can define a curve 6*(s) by making use
of the identity

Fd (s (6(5)) = Tdipip(s)) (07(5)).
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Then the new curve
(4.13)

&(s) = (m(p()), (), p(5), "dmau (£(5))) X ((5), "dpoie (67 (), 9 (p(5)), 07 (5))
€ 1Cs, X Cw} ﬂ {T.*(M) X AT.*(P) X J:*(N)} for any s, |s| < 1,
dé(s)

and ¢(0) = A and

(0) = T. Hence we may replace the curve {c(s)} by the new
s
curve (4.13) and showed the both conditions (4.4) and (4.5) are satisfied.

O

If the image of the product map 7 = ¢ x 7 : P — M x N of two submersions
¢ :P— Nand 7 : P — M is a submanifold 7(P) in the product manifold M x N,

then the conormal bundle minus zero section A’ (7(P)) is included in T*(M) x T*(N)

and by Theorem 4.5, from now on we only consider such a submanifold P C M x N
that the normal bundle

N(P)={0cT*(MxN)=T*(M)xT*N) | §(X) =0 for" X € T(P)}
has a property that
(4.14) N(P) = N(P)\{0}  T*(M) x T*(N).

Then the map P — 7(PP) is necesarily a submersion and of course we have

Proposition 4.6. The projection wy; : P — M is a submersion (hence, the projection
7wy P— N too).

The condition (4.14) was already introduced in [3] and the submanifold P in M x N
satisfying such condition is called an incidence relation, when there were no theory
of pseudo-differential nor Fourier integral operators. This property implies the clean
product condition for the composition of two Fourier integral operators ¢* and ®.,.
The special case discussed in Proposition 3.3 corresponds to the transversal product
condition.

Remark 5. A typical example of such a submanifold is given in Proposition 3.3, that
s a fiber product of two submersions.

4.2. Elliptic, but non-Fredholm case. Our operator F(P; N, M) is a Fourier inte-

gral operator whose canonical relation is the co-normal bundle ,/\./' (P) of a submanifold
P C M x N satisfying the condition (4.14). However this type operator R(P; N, M)
need not be a Fredholm operator, even if it is elliptic in the sense that the principal
symbol does not vanish at any point on the canonical relation.

In fact, let « : X — Z and § : Y — Z be two submersions as in Proposition 3.3.
Then the fiber product X x ;Y satisfies the property (4.14).
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We denote the projection maps m: X Xz Y — X and ¢ : X xz Y — Y. Then we
have two Fourier integral operators
(4.15) RX xzY;V, X)=d, 09" : C®(Y) = C°(X)
(4.16) a*ods: C*(Y) = C*(X).
Their canonical relations are same (= co-normal bundle of the fiber product X x,Y

in X x Y, see Proposition 3.3) and through the isomorphism explained in Theorem
2.11 their symbol classes considered in

S(din1X+dimY)/4(j\./- (X x5 Y), Ql/?)/s(dimX+dimY)/4—1(/\./- (X x5 Y), Ql/z)

coincide and in the sense of ellipticity that the symbol does not vanish on the canonical
relation. However

Theorem 4.7. The second operator will have infinite dimensional kernel if dimY >
dim Z, so that it is never a Fredholm operator.

Also if B 'Y — Z has a local trivial part, that is, there is an open set U C Z
such that 7Y (U) = U x F with a manifold F, then R(X xzY;Y,X) = &, o o
is not a Fredholm operator, if we choose a suitable measure of the form dvxy,y =
v(z)w(y)dz Ady on (z,y) € a ™ (U) x F2a Y (U) xy 7Y U)C X xzY.

Proof. Consider the functions f € C°°(F') such that

|

Then for any g € Cg°(U) and h € C*(a(U))

/ W) - Ba(6" (9 ® 1) (@) (duxyy)
a~1(U)

- / T (h)(,) - (9 ® £) (@ y)dvxrpy
- / h(z) - gl(@)) () v(@yw(y)dedy

:/h(x)( dx/f

Hence we showed that the Radon transform R(X xz Y;Y, X) has the infinite dimen-
sional kernel.

Soif 8:Y — Z is a Riemann submersion (in general, if Y is a complete Riemannian
manifold and g is a Riemannian submersion, see [21]) or from the beginning assume
it is a locally trivial fiber bundle, then the generalized Radon transformation need not
be a Fredholm operator. O

By noting the equality &, 0 ®, 0 ¢* = P, 0o R(X xzY;Y, X) = &4
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Proposition 4.8. The Radon transformation R(X x 7YY, X) is injective on Ker (®g)*.
Moreover R(XxzY,Y, X)(C*(N)) N Ker (®,) = {0}.

4.3. An example. ([7], [4]). We show a concrete example of the case in the above
Theorem 4.7.
Let Sp(2) be the group of quaternion 2 x 2 matrices :

b
Sp(Q):{g:<Z d) ‘avb7cad€Ha gg*:]d}a

)

by

o Q
Q| ol

where H denote the quaternion number field and ¢* = (

We consider the action of the group Sp(1) x Sp(1) 3 (¢, r

~—

(4.17)  Go: Sp(1) x Sp(1) x Sp(2) — Sp(2), (g7, g) —> ((q) 2) 9 (Z (1)) ’

and two more actions

(118)  GusSp(1) x5p2) — $p) g — (1 V) o+ (7 1)

0 1
All these action G; are free. The orbit space by the action GGy is the standard sphere

(4.19) Gy Sp(1) x Sp(2) —> Sp(2), (1, g) —> g - (F 0) |

S4, which is known through the correspondence
a b 7 2 2 5
g= (" 0) — @b~ |dP) € R,

the orbit space by the action G is known as the Gromoll-Meyer exotic seven sphere
7%, and the last one is the standard 7-sphere S”, which is seen by the correspondence

g= (Z Z) — (b,d) e HO H = R®.

The group of the action Gy is the diagonal Agpy of Sp(1) x Sp(1) and that of G is
the subgroup {Id} x Sp(1) of the action Gy. Also

Aspy () ({2d} x Sp(1)) = {Id}.
Hence we have the following diagram:
Sp(2) —— ZZ}M
wl lﬂ
ST — S,

and the fiber product of the maps («, 8) is a*(S*) = ST x g1 B%,, = Sp(2).
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These imply that the Radon transformation R(Sp(2);X%,,,S7) from %, to ST
and its adjoint R(Sp(2); S, 3%,,) have infinite dimensional kernels. Hence the image
of R(Sp(2);%,,,S7) also has the infinite dimensional orthogonal complement.

4.4. Final remark. In some cases (for examples [23], [13], [14] and there are many
cases) of the double fibrations consisting of quotient spaces of a compact Lie group G

G — G/K

(4.20) l
G/L,
it holds an inversion formula for the Radon transformation in the form that
PoR(G/(KNL);G/L,G/K)oR(G/(KNL);G/K,G/L) = Id,

where P is a pseudo-differential operator of a positive order.

Of course, the inversion formula of the original Radon transformation is of this type,
although the spaces are not compact. In [1] the author discussed this case from the
point of Fourier integral operator theory, but did not mention the incidence relation
of the canonical relations there.

Not always P is elliptic ([16], [13], [23]). If it is elliptic, then with a parametrics @
we have

R(G/(KNL);G/L, G/K)oR(G/(KNL); G/K,G/L) =Q+S,
where S is a smooth kernel operator. Hence the composition
R(G/(KNL);G/L,G/K)oR(G/(KNL); G/K,G/L)

is an elliptic pseudo-differential operator of negative order. Although the canonical
relations of R(G/(KNL); G/L,G/K ) and R(G/(KNL); G/K,G/L) do not satisfy
the transversal (nor clean) intersection condition, never the less their composition is a
pseudo-differential operator.

Here we ask are there any case of double fibration for which the Radon transforma-
tion is a Fredholm operator?

From our Theorem 4.7 in the double fibration (4.20), if there is a subgroup H C G
including both of K and L and if the fiber product of the maps G/K — G/H and
G/L — G/H coincides with G/(K N L), then such Radon transformation do not have
inversion formulas.
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