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Clifford modules.
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1. INTRODUCTION

Two-step nilpotent Lie algebras attracted the attention of G. Métivier [MSO] in an
attempt to describe hypoelliptic operators in a non-Euclidean setting. The condition of
hypo-ellipticity required the adjoint map on the Lie algebra with the value on the centre
to be surjective. This type of Lie algebras was studied under different names and for
different purposes, for instance, in [Ebe94, LT99, MS04, OW10, GMKMV18]. A. Ka-
plan [Kap80] showed that if the adjoint map is an isometry, then the sub-Laplacian
on two-step nilpotent Lie groups, admits a fundamental solution, reminiscent of that
in Euclidean space. His result extended a theorem obtained by G. Folland on the
Heisenberg group [Fol73]. Therefore, the class of these Lie algebras received the name
H (eisenberg)-type Lie algebras. The H-type Lie algebras are in a bijective relation to
Clifford algebras Cl, o, generated by the Euclidean space R" [Rei0la]. The definition
of H-type Lie algebras related to Clifford algebras Cl, s, s > 0, generated by pseudo
Euclidean spaces R™* was extended by P. Ciatti [Cia00] and received the name pseudo
H-type Lie algebras, see also [GMKM13|. The pseudo H-type Lie algebras, which will
be denoted by n, s is a fruitful source for studies of Damek-Ricci spaces [BTV95], Iwa-
sawa decomposition of symmetric spaces [CDKR98], Riemannian nilmanifolds [Kap81],
rigidity problems [Rei01b], properties of PDE on Lie groups [CS12, MR92, BFM20] and
many others topics in geometry, analysis, and geometric measure theory. The classifi-
cation of the pseudo H-type Lie algebras was completed in [FM17, FM19].

Our work is motivated by the study of uniform discrete subgroups on nilpotent
Lie groups, which are crucial for the study of homogeneous spaces, compact nilman-
ifolds, and spectral problems. The existence of a uniform subgroup is guaranteed
by a presence of a rational structure on the associated Lie algebra by seminal work
of A. 1. Malcev [Mc49]. The existence of rational structures on pseudo H-type Lie
algebras was proved in [CD02, Ebe03, FM14]. A complete classification of rational
structures in the class of pseudo H-type Lie algebras exists only on the Heisenberg
algebra (related to the Clifford algebra Cl; o) [GW86]. Some progress in the study of
lattices can be found in [CP0S§].

In the present work, we describe the set of invariant integral structures, which are
at the core of rational structures of the Lie algebras. An invariant integral structure is
a span over Z of an orthonormal basis, constructed as an action of a subgroup G(B; ;)
of the invertible elements Pin(r, s) in the Clifford algebra Cl,.; on a suitably chosen
normal vector v € V' in the Clifford module V', see Section 3. As a result, the basis of
the Clifford module V' is invariant under the action of G(B, ) and the non-vanishing
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structure constants of the H-type Lie algebra are equal to +£1. We emphasize that
invariant integral structures are particular cases of integral structures (having struc-
ture constants 0, +1) that are included in a general class of rational structures on a
Lie algebra (having rational structure constants). Two invariant integral structures are
isomorphic, if and only if the isotropy subgroups sV ¢ Cl, s and SP ¢ ClsofveV
belongs to the same equivalence class, see Definition 3.21 and Section 5. The isomor-
phism of invariant integral structures of the Lie algebras leads to the isomorphism of
uniform discrete subgroups on the corresponding Lie groups, which is always extended
to an automorphism of ambient pseudo H-type Lie groups, see [Rag72].

We apply the classification algorithm to isotropy groups S, for parameters 0 <
r+s < 16 in Section 4. We note that the range 0 < r + s < 16 corresponds to
the first and the second period in r of pseudo H-type Lie groups originated from the
Atiyah-Bott periodicity of Clifford algebras. The reader can notice that the second
period r € {9,...,16} contains more non-equivalent subgroups with phenomena, such
as disconnectedness, that can not appear in the first period r € {3,...,8} due to the
lack of dimension of the center of the Lie algebra. The forthcoming paper will be
dedicated to the study of new features in the increasing of the parameters r, s and the
study of the periodicity. Despite this, the theorems and the characterizations proved
in Sections 3 and 5 have general character and are valid for arbitrary parameters (7, s).

2. PRELIMINARIES

In this section we remind some classical objects and introduce the main ones of our
interest.

2.1. Clifford algebras. We denote by R™* the pseudo Euclidean space, that is the
vector space R™* endowed with the non-degenerate symmetric bilinear form

r r+s
(T,Y)rs = E TrYk — E TrYk-
k=1 k=r+1

Let Cl, s be a Clifford algebra over R generated by R™*. Remind that Cl,  is a quotient
of the tensor algebra
2 3 4
TU)=RaeR™” & ( ®R’”’S> o ( ®R’"’5> & ( ®R’”’S> D...
by a two sided ideal I, ; generated by elements of the form
r@r+ (r,7),:1, xR

and 1 is the identity element of the Clifford algebra Cl, ;. Consider a representation of
Cl, s on a real vector space V'

J: Cl,y — End(V).

We call V' the Cl, ;-module, or simply module if we do not want to specify the signature
(r,s), and will denote by J,v the action of z € R™ on v € V. Assume also that the
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module V' is equipped with a non-degenerate symmetric bilinear form (., .)y satisfying
the condition

(2.1) (Ju,v)v + (u, o)y =0 forany ze€R"™ and w,veV.

We call such a module V' = (V,(.,.)v) an admissible module of the Clifford algebra
Cl, 5. We write Viyin = (Vinin, (-, .)v) or simply Vs, for an admissible Cl, ;-module of
the minimal dimension and call it a minimal admissible module. The reader can find
more about analogous constructions of 2 step nilpotent Lie algebras, not related to
representation of Clifford algebras in [Ebe04].

We emphasise the difference between an irreducible Clifford module and a minimal
admissible module. Not all irreducible modules can be equipped with a non-degenerate
bilinear symmetric form, satisfying (2.1). For instance, lack of dimension of an irre-
ducible module can make any bilinear symmetric form degenerate. An admissible
module V' of Cl, s has an even dimension dim(V) = 2n = N. It is isometric to R™"
if s > 0 and it is isometric to R*V0 if s = 0, see [Cia00, Theorem 3.1] and [FM17,
Proposition 1]. Any admissible Cl, ;-module can be decomposed into an orthogonal
direct sum of minimal admissible modules [FM19, Proposition 2.3 (2)].

2.2. Pseudo H-type Lie algebras and Lie groups.

Definition 2.1. Let (V,(.,.)v) be an admissible module of a Clifford algebra Cl, s with
the representation map J. Define the Lie bracket on V x R™® by

(2.2) (Lau,v)y = (z,[u, v])s, z€R™ wveV.

The pseudo H-type Lie algebra n, (V) = (V @ R™,[.,.]) is a Lie algebra whose non-
vanishing Lie bracket is defined in (2.2).

Note that the Lie algebra n, (V') is 2-step nilpotent where R™* is the centre. Prop-
erty (2.1) and the representation property J2v = —(z, z), v for v € V imply

(23) <Jzu7 sz>r,s = <Z, Z>T,s<ua U>Va <Jzu7 qu>7‘,s = <Z, w)r,s <u7 U>V-

The connected simply connected Lie group N, (V') of the Lie algebra n, ;(V') is called
the pseudo H-type Lie group. The exponential map exp: n,. (V) — N, (V) =2 V xR"*
is a global analytic diffeomorphism [CG90, Theorem 1.2.1]. It allows to induce the
coordinates on the Lie group from the Lie algebra by means of Backer-Campbell-
Hausdroff formula. Points g € N, 4(V') are considered as vectors g = u®z € VR =
n,5(V). The group product * on N, ;(V') is given by

x: N, s (V) x Ny s (V) = N, (V),

1
(ul, Zl) X (UQ,ZQ) = <U1 + Ug, 21 “+ z9 + §[u1,u2]).
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2.3. Automorphisms of pseudo H-type Lie algebras. Since automorphisms of a
Lie algebra define the automorphisms of its connected simply connected Lie group, we
consider only the automorphisms of Lie algebras. The complete description of the group
of automorphisms of pseudo H-type Lie algebras can be found in [Rie82, Saa96, FM21],
see also [AS14].
The automorphisms of pseudo H-type Lie algebras are generated by the following

ones:

[1] The dilations 0y (u, z) = (Au, \?z).

[2] Let A: V — V be a nonsingular linear map and C' € O(r, s) an orthogonal
transformation of R™*. Then the map A @ C' is a pseudo H-type Lie algebra automor-
phism, if and only if

(2.4) AToJ, 0 A= Jorry, z€R™,
where A7, C" are transpose maps defined as
(ATu,v)yy = (u, Av)y, (CTz,w), s = (z,Cw), ;.
[3] Let B: V' — R"™ be a linear map, then (v, z) — (v, z—i—Bv) is an automorphism.

Remark 2.1. If A® C is a pseudo H-type Lie algebra automorphism, then not only
At C7L, but A™ @ C~1 s also a pseudo H-type Lie algebra automorphism.

2.4. Rational structures, uniform discrete subgroups, lattices. We refer to
works [Rag72, CG90] for the details discussed in this section.

Definition 2.2. A Lie algebra go over rational numbers Q is called the rational struc-
ture of a real Lie algebra g if g is isomorphic to gg ® R.

A real Lie algebra g has a rational structure if and only if there is a basis for g such
that the structure constants of the Lie algebra are rational numbers.

Definition 2.3. Let G be a Lie group. A subgroup U is called uniform subgroup if T’
is discrete and G /T is a compact space.

Definition 2.4. Let G be a Lie group with a measure . A subgroup A is called lattice
if W(G/A) < oo.

Let G be a nilpotent Lie group and p the Haar measure on it. Then a discrete
subgroup I' is lattice if and only if it is a uniform subgroup, i.e u(G/I") < oo implies
that G/T" is compact. From now on we will not distinguish the lattices and uniform
subgroups. A result from [Mc49] can be formulated as follows.

e If I' is a uniform subgroup of GG, then g has a rational structure gg such that
gq = span g{log (I')}.

e If g has a rational structure gg, then G has a uniform subgroup I' such that
log(T") C gg.

Theorem 2.5. [Rag72| Let T'; C Gy, i = 1,2, be uniform subgroups of simply connected
nilpotent Lie groups G;. An isomorphism p: 'y — D'y of discrete subgroups, can be
extended to the smooth isomorphism ¢: G1 — Gy of the Lie groups.



6 K. FURUTANI, I. MARKINA

3. INVARIANT BASES AND GROUPS OF POSITIVE INVOLUTIONS

3.1. Definition of invariant integral structure and uniform subgroups. From
now on we will consider only minimal admissible modules of Clifford algebras Cl, ,
denoting them either by V"* or simply by V. Let n, (V) = (V@&R",[.,.]) be a pseudo
H-type Lie algebra with B, a basis for R™ and B(V') a basis for V. We write the
structure constants ¢; for n, (V') with respect to bases B(V) and B, by

r+s
(3.1) [vi,v;] = Zcﬁjzl.

=1
Definition 3.1. A basis {B(V), B, s} for n.s(V) is called integral if the structure
constants c,; in (3.1) take the values in {—1,0,1}.

We want to study a special class of integral bases of n, (V). To describe it, we fix
an orthonormal basis B, s = {z1,..., 2r, 241, - -, Zr4s} Of R where

(3.2) Z1,...,2 are positive, i.e., (2, z;)rs =1, i=1,...,m,
Zrils - - Zrps e negative, le., (2, zi)ps = —1, j=r+1,...,r+s.

Consider a finite subgroup G(B, ;) of the Pin group in Cl, s defined by

G(B,s) ={ =1, x21, ..., *z4s, ooy T2, 00 2, |
1<y <<y <r—+s, k:2,...,7“—|—s}.
Thus the generators of the group G(B, ;) are {—1, B, ;}. Elements o € G(B, ;) satisfy
the properties: either 02 =1 or 02 = —1.

We proceed to the construction of bases B(V"*) for the minimal admissible module
V7# In Table 1 the reader finds dimensions of V"* for 0 < r; s < 8, which is extended
by periodicity. We marked by red colour the Clifford algebras, where the minimal
admissible modules differ from the irreducible modules. With the subscript .o we
indicated the presence of two non-equivalent minimal admissible modules.

TABLE 1. Dimensions of minimal admissible modules

8 [16] 32 [64 64,0128 ] 128 [ 128 [ 12845 | 256
7 [[16] 32 [64] 64 [128] 128 | 128 128 | 256
6 |16 1642 | 32| 32 | 64 | 64,0 | 128 128 | 256
5 [[16] 16 [16] 16 | 32 | 64 |128| 128 [256
4 [[8] 8 [ 88 | 16| 32 | 64 | 64ys | 128
3 8 8 8 8 16 | 32 64 64 128
2 4[4, 8] 8 |16 [164| 32| 32 | 64
127 4 [8] &8 [16] 16 [16] 16 | 32
0 1 2 4 | 4o | 8 8 8 82 16
[s/ro] 1 [2] 3 4] 5 [6] 7 [38]

(1) If a minimal admissible module V" is irreducible, then the set
(3.3) O, = G(B,s)v:={J,v| o€ G(B,s)}

contains a basis B(V"*) for any non-zero vector v € V"%,
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(2) If a minimal admissible module V"* is reducible, then set (3.3) contains a basis
B(V"*#) for any non-zero and non-null vector v € V"%,

Thus, V™ = spang{0,} = spang{B(V"*)} for a non-null vector v # 0. If v € V"*
is a null vector, then the orbit O, depends on the choice of v, but even in this case,
one can make a special choice of a null vector v € V"*  that generates an entire orbit
O, including B(V"*). From the other side if V™* = V]"* @ V;"* is a decomposition of
a minimal admissible module on irreducible modules, then the bilinear form (.,.)yrs
vanishes identically on V**, i = 1,2. In this case only the union (J7_, {Jov; | 0 €
G(B,)} contains a basis B(V"*), where one needs to choose two non-zero vectors
V; € ‘/ir,s‘

Based on the latter discussions we restrict ourselves at bases B(V"*) consisting of
non-null vectors and make the following definition.

Definition 3.2. Fiz an orthonormal basis B, s of R™. An orthonormal basis B(V"?)
of a minimal admissible module V"™° is called invariant basis if it is invariant under the
action of G(B,); that is for any v; € B(V"™*) and z; € B, 5, there exists v, € B(V"™?)
such that J.,v; = v or J,,v; = —uy.

According to Definition 3.2 the maps J. , z; € B, act on an invariant basis B (V")
by permutations up to the sign +.

Remark 3.1. We emphasise that Definition 3.2 requires bases B(V"™*) to be both
orthonormal and invariant.

ExXAMPLE A. Consider the Heisenberg Lie algebra ny o(V') with the normalized basis
Big = {z} for the centre and V* =2 R*0. Set v; € VIO vy = Juy, and

up = Avy,  uy = Av,,

where A is an orthogonal transformation of VY. Then the basis (V') = {uy,us} is
orthonormal. It is invariant under the action of G(Bi) if and only if J, commutes
with A. Thus a basis B(V'?) can be orthonormal, but not invariant.

ExaMpLE B. Consider the Lie algebra ngs(V') with an orthonormal basis By =
{21, 29, 23} for the centre and a minimal admissible module V%3 = RY* of the Clifford
algebra Clyz. We take v € VO3, such that (v,v)yos = 1. The eight vectors

(3.4) v, Juv, J,v, Juvu, JoJpv, J v, Jyduv, JoyJa, JLLv

are linearly independent, have square of the norm equal to =1, and invariant under the
action of G(By3). Nevertheless, the value (v, J,, J,,J.,v)y0s depends on the choise of
v €V, see [FM14, Lemmas 2.8, 2.9]. The basis B(V°?) is invariant, but not necessary
orthonormal.

Proposition 3.3. Let B(V"*) be an invariant basis. Then it is an integral basis.
Proof. We claim that for any v € V"* with (v, v)yrs # 0 we have:
(3.5) Jv=xJv, = z =2
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Indeed, (3.5) implies J,,.J;;v = +v and therefore (Jzisz)% = v. Assume by con-
trary that z; # z;. Suppose first that both z; and z; are positive or negative. Then
(J, sz)Q = —J2 J2 = —Id, which is a contradiction. From the other side, if z; and z;
are opposite, then

(Fv, 2)vrs = (S S0, S I 0)vrs = (2, 2i)r,s (25, 25)rs (0, V) yrs = — (U, V) pms

by (2.3), and v must be a null vector, which is again a contradiction.
Assume now that B(V"*) is an invariant basis for V"* and that J,,v; = £vj for
v, v € B(V™*). Then, by definition of the Lie bracket (2.2), we obtain

(ze, [Viy Vs = (J2pViy V) vrs = (FUk, V) yrs = £,

If k = j, then the orthonormality of B, s and (2, [v;,v;]), s = £1 imply that [v;,v;] =
+2,, and the structure constants in (3.1) are such that cfj = +1. If £k # j then
k. =0. UJ
ij

The definition of an invariant basis leads to the definition of an invariant integral
structure on pseudo H-type Lie algebras and (invariant) integral uniform subgroup on
the respective pseudo H-type Lie groups.

Definition 3.4. Let B, = {2}, be an orthonormal basis for R™* and B(V"*) =
{v;}Y, an invariant basis for a minimal admissible module V™. An invariant integral
structure on the pseudo H-type Lie algebra n, (V') is the vector space over Z given by

r+s

N
spanz{B(V"*)} & spanz{ B, ;} = {anvz S kazk ‘ ng, my € Z}~
=1 k=1

An (invariant) integral uniform subgroup on the pseudo H-type Lie group N, (V) =
{(v,2) |ve V™, z e R™} is given by the coordinates

N 1r+s
Nn;V; ni€Z>, (— MEp2i | M EZ) )
(S gl

The main goal of the present work is the classification of invariant integral struc-
tures on pseudo H-type Lie algebras that give rise to a classification of integral uniform
subgroups on the corresponding pseudo H-type Lie groups. Note that invariant inte-
gral structures is a subclass of integral (not necessary invariant and/or orthonormal)
structures on pseudo H-type Lie algebras. In the present work we make a first step
and classify only invariant integral structures. Classification of general integral struc-
tures and more general rational structures is postponed for the future works. In the
article [GW86] the authors made a classification of rational uniform subgroups on the
Heisenberg groups, where the starting point was a unique invariant integral basis of
the Heisenberg algebra. Thus, in an essence, we make a first step towards the full clas-
sification of rational structures on two step nilpotent Lie algebras related to Clifford
algebras.
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3.2. Subgroups S C G(B,;) of positive involutions. In the present section we
study subgroups S of G(B,s) C Cl.s which will be a core for the construction of
invariant bases B (V™). Some of the properties of S can be learned from the definition
of the subgroups &, but some of them became clear by considering their action on
minimal admissible modules V™*. The representation map J: S — End(V"™*) is not
injective only for r — s =3 mod 4. In most of the proofs, we will concentrate on the
module, where the map J: S — End(V"?) is injective.

Proofs for another non-equivalent module follow after a light modification of argu-
ments.

Recall that the group Pin(r,s) consists of elements of the Clifford algebra Cl, ¢ of
the form

(36) 0 = Ty * iy <xi]~7 xij)?“,s = =+1.

The subgroup Spin(r,s) C Pin(r, s) is generated by the even number of elements
in (3.6). Thus the group G(B, ;) is a finite subgroup of Pin(r, s).
Definition 3.5. We denote by S a subgroup of G(B, ) satisfying the conditions

(S1) =1 ¢ S;

(S2) p € Pin(r,0) x Spin(0, s);

(S3) p? = 1.

Elements p € S are called positive involutions.

The name positive involution refers to the action of p € § on V"™*: if (v,v)yrs > 0
((v,v)yrs < 0) then (Jpv, Jyv)yrs > 0 ((Jyv, Jv)yrs < 0). We denote by S, (or just
S), the set of all subgroups of G(B, ;) satistying Definition 3.5. This set is a partially
ordered set with respect to the inclusion relation among subsets.

Remark 3.2. The groups S € S, 5 are necessarily commutative.

Example 3.1. Consider G(Bayy). Then the example of possible subgroups S are
S1 = {1, z12023}, So = {1, 212024}, S3 = {1, 212324}, S4 = {1, —2z12224}

and

85 = {1, 21222’324}.
The first four groups are isomorphic under the action of the orthogonal group O(4). A
map C' € O(4) permutes the basis vectors {z;}, i = 1,2,3,4 or change their sign. All
five groups are isomorphic as abelian groups of order 2. However, the roles of the first
four and the last one are different in construction of an invariant basis for B(V40).

To avoid the ambiguity occurring with the very similar groups S; and Sy, we define
a bigger group.

Definition 3.6. Let S be a group satisfying Definition 3.5. We denote by Sc G(B.s)
the extended group

S=8U{-0: ceS8}.
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In Example 3.1 Sy, Sy are subgroups of G(By ), where we fix the basis {21, 22, 23, 24}
The subgroups Sy, Sy are different, nevertheless

3; = :S; = {:i:]., :|:Zl,2’224}.
3.3. Generators for S.

Definition 3.7. We denote by PI = {p; };_,, where { = #[PI] is the cardinality of
the set PI, a subset in G(B, ) satisfying the conditions:

(PI1) 1 ¢ PI, pipj = pjpi fori # j, and p; € PI satisfy (S2) — (S3) in Defini-
tion 3.5 for alli=1,...,¢.
(PI12)  The vectors
(37) {1,p1, cevoy Dey Piy ot Dig ‘ 1 Sll < ... </Lk Sg, k:2,,€}
are linearly independent in the vector space Cl, ;.

Proposition 3.8. Condition (PI12) is equivalent to the condition
(PI2)  non of the products p;, -+ pi,, 1 <iy <--- < <L, k=1,...,4, is equal to
+1.

Proof. The elements
(38) {601, €iq

form a basis for Cl, ;. Here 1 <4 <--- <4 <r+s,k=1,...,r + s, where ¢ and
€iy,...i, are equal to 1 or —1.

It is obvious that (PI2) implies (P12). Assume that condition (P12) is fulfild for a
collection C. Then the collection C is a subfamily of linearly independent basis vectors
from (3.8), and therefore they are linearly independent. U

iy Zin ) C Clg,

-----

As an example of a set PI we present the minimal length positive involutions, which
can be classified in the following types:

(p = h 11 itive basi tors:
D = Zj, Ry RigZig, Where all z;, are positive basls vectors;

D = Zi, iy Zis%iy, Where all z;, are negative basis vectors;

D = Zi, ZiyZis %iy, Where two z;, are positive and two z;,

L are negative basis vectors;

( oy .
q = 2z, %i, %y, Where all z;, are positive basis vectors;

Ty § q = %,%i,%5, Where one z;, is positive and two z;,

\ are negative basis vectors.

An easy combinatorial computation shows that generally positive involutions can
contain either 3 mod 4 or 4 mod 4 basis vectors. This observation inspires us to
make a more general definition.

Definition 3.9. A positive involution containing 4 mod 4 basis vectors is called a
type T1 involution. A positive involution containing 3 mod 4 basis vectors is called a
type Ty involution.
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Notation 3.1. For an element 0 = £z, -2, € G(B,s), we denote by b(c) =
{ziys ..., 2, } the set of the vectors in the product o, and by |b6(c)| the number of the
vectors in b(0). Analogously, b+ (o) (b7 (0)) is the set of positive (negative) vectors in
o and |67 ()| (|67 (0)|) is the cardinality of the respective sets.

Proposition 3.10. The following properties can be easily verified.

(A) Two type Ty involutions py and py commute if the number |b(p)Nb(p2)| is even.
The product pi1ps is an involution of type T;.

(B) A type Ty involution p and a type Ty involution g commute if the number |b(p)N
b(q)| is even. The product pq is an involution of type T;.

(C) Two type Ty involutions q1 and ga commute if the number |b6(q1) Nb(gs)| is odd.
The product q1qo s an involution of type T7.

Proof. The proof is based on the Clifford algebra property
2129 + 221 = —2(21, 22)r s, 21,22 € R™,
which for orthogonal vectors z; and zy leads to 2129 = —2921. O

Notation 3.2. We denote by PL,. ; the collection of sets PI satisfying Definition 3.7.
The set PL, s is partially ordered by the inclusion relation similar to S, s. If PI € P, ,
then we denote by S(PI) a group generated by the set PI.

Proposition 3.11. (1) Let PI € PI. Then
(3.10) S(PI)=A1, p1,---spes ooy Diy -+ Pip| 1 <y <+ <y <l =H#[PI]

is a group of order #[S(PI)] = 2" in G(B,,) and S(PI) € S.

(2) Conwversely, let S € S. Then there is a (non unique) set PI € PI such that
S(PI)=S.

(3) Lete = (e1,...,&0) be a tuple consisting of =1, and PI = {p;}‘_, € P, ,. Then

—_—

e-PI={eip1,...,epe} € PL.s and S(PI) = S(e - PI).

Proof. Set in (3.7) is linearly independent and coincides with S(PI) in (3.10), therefore
#[S(PI)] = 2% If p is in the set (3.7), then —p is not in the set (3.7), which implies
that —1 ¢ S(PI). Any p € S(PI) is a positive involution by definition of the set PI.
We showed (1).

The second property will be proved by induction arguments with respect to the order
of the group S. Let § € S, 5 be given. Assume p; € S and if there are no elements in
S other than 1, p;, then we can put PI = {p;} and S(PI) = S.

Assume now that there is a set PI' = {p1, ..., pe}r>2 satisfying Definition 3.7. If

S(PI/>:{1, Pis---sPey «nny pllplk’ 1<ip << <0, k’zl,...,g}7

is a proper subset of S, then there is a positive involution ¢ € § such that ¢ ¢ S(PI’),
and ¢ # + 1. Consider the set of commuting involutions

S(PI')-q={q, ;aq,---,peqy -y Diy - Pipq| 1<iy <---<ixy <l k=1,...,(}.
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If pi, -+ pi,, = pjy -+ Pj,,q, then ¢ € S(PI'), as a product of involutions pj, - --p; , and
Di, -+ Diy,, from S(PI’). Thus non of the elements in S(PI") can be written in the form
Pj, - pj,,q for pj, ---p; € S(PI'). If
Piy * - Diy, 7& Pj; - 'pjk/ for Diy *DPiys Pjy v 'pjk/ € S(PI/)7
then p;, -+ pi,q # pj, -+~ pj,q- So the set PI" = PI' U {q} satisfies Definition 3.7.
Continuing the procedure, we find in finitely many steps a set PI satisfying Defini-

tion 3.7 such that S(PI) = S.
The proof of the last assertion is easily follows from Definition 3.7. O

3.4. Relation of § and an isotropy subgroup S,. Now we relate groups S of
positive involutions with the isotropy subgroups S, for v € V"* and show that they
are in a close relation.

Proposition 3.12. Let v € V™* be a non-null vector and let S, denote the isotropy
subgroup in G(B,.s) of the vector v:

S, ={0 € G(B,s) | Jov =v}.
Then S, satisfies Definition 3.5.

Proof. Let us assume that V"* is the Clifford module, where the volume for acts as
identity. Then it is clear that —1 ¢ S,. To check the second property we take o €
S, C G(B,;) and assume by contrary that ¢ is a product containing an odd number
of negative basis vectors from B, ;. Then for v € V"* with (v,v)yrs > 0 we obtain

0 < (v,v)yrs = (Jov, J,v)yrs <0

by (2.3), which is a contradiction. Similar argument is applied for a vector v € V"*
with (v, v)yrs < 0. Hence o € Pin(r,0) x Spin(0, s).

The square of every element in G(B,;) equal either 1 or —1. If ¢ € S,, then
J? =Idyrs. Hence 0% = 1.

If r—s=3 mod 4 and S, includes the volume form w which acts as minus identity
on V"* then we change w to —w and the proof will follow. 0

The relation of an arbitrary S to an isotropy group S, for some v € V"* is given in
the following statement.

Proposition 3.13. Let S € S, ; and PI = {py,...,pe} € PL, ¢ be such that S(PI) = S.
Let EY(py) = {u € V™* | J,,u = u}. Then the intersection ﬂi=1 E™(py) contains a

non-null vector v. Moreover, the group S(PI) is the isotropy subgroup S, of the vector
v, and #[S] = #[S,] = 2#1"11.

Proof. Let r — s # 3 mod 4 and let E™'(py), E~'(py) be the eigenspaces of an in-
volution J,, with eigenvalue 1 and —1, respectively. If one of the spaces E¥!(py) is
trivial, then the symmetric bi-linear form (.,.)yrs on the non-trivial subspace is non-
degenerate. If both of E¥!(p;) are non-trivial spaces, then they are orthogonal with
respect to (.,.)yrs and the restriction of (.,.)yrs onto E¥!(p;) is non-degenerate too.
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Assume ET'(p;) # {0}. Then the space ET!(p;) is invariant under the action of
the involution J,,. Therefore, E™ (p1) (| E™'(pa) # {0}. By repeating the procedures
we get that B = ﬂizl E™(py) # {0} and the restriction of (.,.)y+s onto E is non-
degenerate. Thus there is a non-null vector v € E'such that J,, v =vforallk =1,...,¢.
Hence S(PI) = S,.

If r —s =3 mod 4, then without loss of generality we can assume that .J,, acts as
—Id. We change p; to —p; to get E*(p;) = {u € V"* | J,,u = u} and continue the
proof as above. O

Corollary 3.14. Let S € S,,, and let S, = S be an isotropy subgroup of v as in
Proposition 3.13. The orbit O, = G(B,s).v, defined in (3.3), contains an invariant
basis B(V"™*) of the minimal admissible module V™. There is no canonical way to
prescribe the direction uw or —u for a basis vector in B(V"*). Therefore O, is a set of
basis vectors counted with signes . Hence G(B,s)/S, = G(B,s).v and dim(V"*) =

s#IG(Bs) 0.
Proof. 1f the group S, is an isotropy subgroup of an invariant basis, then

(3.11) #(Su] #1G(Brs)-v] = 27 = #[G(Bs))-
Since the module is minimal admissible and the basis vectors are counted twice (with
+ signs), we conclude #[G(B,,).v] = 2dim(V"™*). Therefore dim(V"*) = 2"+5~¢ where
¢ = #[PI] for S = S(PI). O
Notation 3.3. Let S%s and IP’]I% be subsets of S, s, respectively PL,. ; consisting of
maximal number of the involutions. Then PI € ]P’]I%S if and only if S(PI) € S

r,87

although the correspondence PI +— S(PI) is not injective. We denote by ((r,s) the
mazimal number of involutions in IP’]I%S. The value £(r, s) depends only on the signature

(r,5) and it satisfies 2% = #‘tr) by Corollary 3.1/.
Proposition 3.15. The number {(r,s) has three periodicities:
Ur+38,s) = Lr,s+8)=Lr+4,s+4)=1LUrs)+4
= U(r,s)+£(8,0) =l(r,s) + £(0,8) = U(r,s) + £(4,4).
Proof. The number /(r, s) is determined by 2/ . dim(V"*) = 2"+, Hence,
QUIHSS) | qim (/78 = 978+ — 9rsg8 — ollrs) . dim (V") . 28,

We know that dim(V"8%) = 24dim(V"*), see [FM17, Section 4.1]. Hence it holds
U(r+38,s) =4L(r,s) + 4.
Other equalities can be shown by the same arguments. U

Proposition 3.16.
(3.12) Ur,s) < Ll(r+s,0), Lr,s)<Llr+1,s), Lr,s)<lr,s+1).

Proof. The inequalities follow from the structure of involutions in (3.9). O]
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The orbit O, = G(B,s).v gives the invariant basis for V™* up to a sign. Since
the elements in G(B, ;) either commute or anti-commute with elements in S,, we can
describe the construction of an invariant basis for a minimal admissible module V™.

Theorem 3.17. Let v € V™° be a unit vector from Proposition 3.13. There is a set
¥ C G(B,s) such that the family {J,v},ex is an invariant basis of V™*.

Proof. Let S, € S}.. We fix a maximal set PI,, = {pl}l Tls such that S(PI.) = S,
and write E%(p;) = {v € V™ | J,,v = g;v}, where ¢; is either +1 or —1. We denote
€ = (e1,...,€4rs)) and define

Ur,s) Ur,s)
(3.13) E=) EMp), Eeo = () E(p).
i=1 =1

Before we continue the proof we note that dim(E) € {1, 2,4, 8}, and either dim(V"*) =
dim(E) x 2/ or dim(V"™*) = dim(E) x 24™*)=1. In the latter case, one involution .J,,,
acts as Id or —Id on V"™ which happens if r — s = 3 mod 4, see details in [FM21].
Thus

dim(E) = 27757209 or  dim(F) = 27 2=,

Let Cgs,.,)(S(PI,)) be the centralizer of S(PI,,) in G(B,,) and v € E a unit

vector. Then we can find representatives {Uz}dm;(E) € Ceqp,.,)(S(PIL.,))/S(PL,,),
and {Tg}zl(”) € G(B,s)/Cq(s,.)(S(PI,)) such that

the vectors {J,,v}5™ ) form an orthonormal basis for E,

di o(r,s) :
the vectors {J J,, v}y i JQ . form an orthonormal basis for V"*.

These {o;}3™) and {m}22 ) form the set 2. O

Theorem 3.18. Fiz the group S(PI, ) and the representatives
{o}"®) € Cos,.) (S(PIL)) /S(PLs),

(127 € G(B,,) /Cas,.) (S(PL)).

Assume that vi,v9 € E generate two sets of invariant bases

%’Uk (Vr,s) {Uka JO'Z,UkH J’r]vka ‘]TJ Jalvk}dlm 215(r,s), L — 17 27

7=1
as in Theorem 3.17. Then the invariant integral structures
span z{B,,(V"*)} @ span z{ B, s}

(3.14)
span z{B,,(V"™*)} @ span z{ B, s}

are isomorphic.
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Proof. We define the correspondence A: B, (V") — B,,(V"*) by

(3.15) V1 > Vg, Jo, 01 = Jp, 09,
Jrv1 > Jr 0, Jr; Jo 01 = I g e,

and extend it by linearity over Z. Then the map A@®1d is an automorphism of invariant
integral structures (3.14). To show that A @ Id is an isomoprhism, we denote the
basis vectors from B, (V™) by {ua}2™""™) and the basis vectors from B, (V") by
{wo 3TV where wy = Aug. Then we note that the bases B, (V™) and B, (V")
are invariant, which means that for any u, € B,, (V") and any z; € B, there is
ug € B, (V%) such that
(3.16) Sl = tug = £J,01, for some € X = {0, 7,70:}
The correspondence (3.15) and (3.16) imply that for chosen u, € B,,(V"*) and z; €
B, s we have

S Aug = J,w, = Twg = £J,0 = £AT 01 = AJ, U,

Note also that A”A = Idy+s since it maps an othonormal basis to an orthonormal
basis. Then we have

<[Auou Auﬂ]’ Zk>r,s = <JzkAua7 Au§>vr,s - <A‘]Zku@7 Au,3>vr,s
(3.17) = <ATAJzkua7 uB)V“S = <Jzkuoz7 uﬁ>V“s
<[Ua, uﬁ]a Zk>r,s

O

3.5. Equivalence of groups S. We define an equivalence relation between groups
S C G(B, ) that will descend to the equivalence of their generating sets PI, ;. We also
introduce signatures to distinguish sets P1I, s for a fixed value (r, s). Different signatures
will lead to non-equivalent generating sets PI, s and the groups S = S(PI, ;). Our aim
is to show that equivalent groups S C G(B, ) lead to the isomorphic invariant integral
structures on the Lie algebras n, ;.

We recall Notation 3.1 and extend it to the sets P1I.

Notation 3.4. Let PI € P, ;. We denote

6T (PI) = {2 | =z is a positive vector in some p; € PI},

b= (PI) ={z| z is a negative vector in some p; € PI}.
We set also |6 (PI)|, |b=(PI)| for the cardinality of the respective set, and |b(PI)| =
|bF(PI)| + |b=(PI)].

Definition 3.19. A set PI consisting only of the involutions of type T will be called
(T'1)-type set. A set PI consisting of the involutions of type Ty and having at least one
involution of type Ty will be called (T2)-type set.

Proposition 3.20. Any (T2)-type set can be reduced to (T2)-type set containing at
most one involution of type Ty and the rest of involutions will be of type T}.



16 K. FURUTANI, I. MARKINA

Proof. The proof follows directly from Proposition 3.10. U

Notation 3.5. IfC' € O(r, s), then we denote by the same letter C its natural extension
C: Cl; , — ClI7 to the action on the group of invertible elements CI; C Cl, .

Let B, be a basis as in (3.2). Let C' € O(r,s). Then C is a signed permutation
matrix for B, having only one nonzero component ” + 1”7 in each column. We call
such a map (signed) re-ordering of B,s. If 0 = z;, ---2;, € G(B,), then C defines
an element C(o) := C(z;,)---C(z,) € G(B,s). Since a re-ordering matrix C' maps
positive basis vectors to positive vectors and negative basis vectors to negative basis
vectors, it induces a map C': PI. ; — PI, ;. For the particular case (r,r) the map C' can
be chosen also to map positive basis vectors to negative vectors and vice versa. The
changes for (r,r) will be discussed separately in a forthcoming paper.

Definition 3.21. We say that the groups 81 and Sy are equivalent, writing S; ~ Sa,
if there is a map C' € O(r,s) such that its natural extention to CI,, C Cl,, gives the

1somorphism between the extended groups :S‘: and :S‘;; that is C’(g}) =38,.
Definition 3.22. Let PI, and Pl be two sets of involutions. Then we say that Pl

and Ply are equivalent, writing PI, ~ Ply, if S(P1) is equivalent to S(Pls) in the
sense of Definition 3.21.

Example 3.2. Recall Example 3.1 and consider G(Byy). Then PI; = {z12023} and
PI, = {z12024} are equivalent, nevertheless PIy is not equivalent to PIs = {z1292324}.

Example 3.3. In this ezample we present a construction of a sequence of subgroups
that will be important in Section 4. We call these subgroups standard. Let B, s be an
orthonormal basis of R™* as in (3.2). We form a set of mutually different pairs

S {1,...,7} if v is even
3.18 ii = Zi%i, <2, t]c ) . )
(3.18) g = aE, VS Db {{1,...,r—1} if v is odd
{r+1,...,s} if s is even

3.19 =2z, k<, ke L ;
(3.19) Ykt = 24 {{r—i—l,...,s—l} if s is odd

and
b(7iy5,) N B(Tiy50) =0, b(vky0,) N B(Vky1,) = 0,

The cardinalities of the sets of pairs are
B I E if v is even

= Tiif = . .
P = #1mis} {u if v is odd

2

if s is even
if s is odd
Now we form a set of involutions of type T, which from now on will be denoted always

by p;. For any positive integers p € {1,...,p} and n € {1,...,n} we make a product
of pairs:

, n=#{vu} = {§1

2

(320)  TiwjuTisgs> TingaVholys Vil Vksis, B €{1,...,p}, 7,0 €{1,...,n}.
We denote by SP™ the group generated by involutions (3.20).
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Proposition 3.23. In the notation above the groups SP™ have the following properties.

(i) SP™ is a subgroup of G(B,.s) for any p € {1,...,p} and n € {1,...,n};

(i) SP~Fm=k2 s q subgroup of SP™ for any k1 =0,1,...,p and ke =0,1,...,7;

(ii) The standard groups SP™ are equivalent for fixed (p,n) in the sense of Defini-
tion 8.21;

(iv) Any set PI,, satisfying Definition 3.7 and such that SP™ = S(PI, ) will be
equivalent in the sense of Definition 3.22;

(v) Pairs m;; and vy, commute with all elements in SP™;

(vi) Let 0 = z;, -+ - 2, be a product such that each z;,, t = 1,...,p+n belongs only
to one pair from (3.18) or (3.19). Then 6 commutes with all elements in SP™.

Proof. Properties (i)-(ii) are obvious. Statements (iii) and (iv) follows from the fact the
pairs can be chosen up to a sign permutation of the basis in R™*. Properties (v) and
(vi) are the consequence of the facts that pairs m; ;, vx;, and the product 6 will have
even number of common elements and that the number of vectors z; in any element of
the group SP™ C G(B, ;) is also even. O

Example 3.4. Consider R®3 with the basis Bgs = {z1,...,29}. The first six elements
of the basis are positive and the last three are negative. We can choose the pairs

(3.21) T12 = 2122, T34 = 2324, Ts56 = 2526, V78 = 2728,

up to the sign permutation. They generate a group S*' C G(Bgs3s) of cardinality
#831 = 8. A possible choice of (T1)-type set of involutions PI generating 8> is

(3.22) Plss = {p1 = m12m34, P2 =TM12T56, D3 =T12T78}

Any pair from (3.21) will commute with involutions in (3.22) and therefore with all
elements in the group S3! C G(Bgss). Furthermore, 8 = 21232527, which is chosen up
to a sign permutation, commutes with elements in the group S*' C G(Bgs) as well.
The pairs

Tio, T34, Ty generates the subgroup S*° C S*1.

Likewise the pairs
T2, T34, 778 generates the subgroup St c §3L

Each of the subgroups S>° and S is a representative in its class of equivalence.
Nevertheless, the groups S3° and S*' are not equivalent.

3.6. Connectivity of groups S. Here we introduce another tool of detecting non-
equivalent subgroups S C G(B, ), that we call “connectedness” for S = S(PI, ;).

Definition 3.24. A group S € S, is called connected if there is no two subgroups
Sa),S2) C S, such that S is isomorphic to Si1y x Sy with b(Sn)) N b(S)) = 0. We
write in this case my(S) = 1.

If a group S € S, s admits the decomposition into subgroups S = Sy X ... X Sy with
m0(Swy) = 1 and b(Sy)) Nb(S)) = 0 for any i # j, then we say that S is disconnected,
has k connected components and we write mo(S) = k.
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Lemma 3.25. Let PI = {p;}'"}" € PL)., and [b(PI)| = r +s. Assume that there is

2o € G(B,.,) such that z, € 7 ”) b(pi), and moreover, there is no o € S(PI) such
that b(c) C b(p;) for any p; € PI Then mo(S(PI)) = 1.

Proof. Note that any product Hﬂ‘CH p; of odd number contains z,. Let us assume that

S = 81y X S(2) is a non-trivial decomposition.
If both subgroups include a product of odd number of involutions H?Hl pj, pj € P1,
then z, € b(Sn)) () 6(S(2)). Therefore S should be connected.

Assume the subgroup Sy consists of only even products n = H?k p; of involutions
in PI. We write one of these products in the form n = p;, -0 € S(1), where py, is one of
the generators from the set PI and o is a product of odd number of some involutions
in PI. It implies that o € S(3). By the assumption b(o) ¢ b(p;) for any p; € PI, there
exists a basis vector zz € b(o) such that z3 ¢ b(p;,). This implies that z5 € b(p;, - 0)
and therefore z5 € b(0) N b(p;, - 0) C b(S(2)) () 6(S1y). This shows that the group S is
connected. 0

Example 3.5. The standard subgroups S*° € S, constructed in Example 3.5 are
connected for any r > 0.

Proposition 3.26. Let PI, Pl € }P’]I%s be two generating sets. If PI, ~ Pl,, then
7T0(P11) = WQ(PIQ).

Proof. We write PI; = {p}:"% PI, = {g,}'\"%) and |b6(PL)| = t, j = 1,2. By the
assumption there exists an orthogonal map C' which performs the re-ordering of the

basis B, and such that C’<8({];}\£(T’f))> = S({q/m\m 1) If

S(PL) = Suy x Sz = Sy (PIn) x Sz)(Plha),
with
Pl ={pi. }iz1,  [0(pitiz1)| = 5,
and
Ply = {pjk}k’ a—i—l’ |b({pjk}krtf-)i-1>| =t—p,

then b({p; }¢_,) N b({pjk}kTaSll) = (). The re-ordering map C will map the disjoint

sets b({p;, }i_,) and b({p]k}kr;ll) onto disjoint sets Z; = {z;,,...,2,} and Z; =
{%jss1s- -2, ). The set Z; (with possible change of signs) will form the set Pl =
{@:. Y54 and the set Z5 (again with possible change of signs) will form the set Plsy =
{q]‘k}izaJrl. Thus we obtain S(P]Q) = S(Pjgl) X S(P[QQ) O

We describe how the Zs-graded product of Clifford algebras can lead to the construc-
tion of disconnected subgroups & C G(B, ;). Consider the following decompositions of
an orthonormal basis B, s = {21, ..., 2r, Zri1y- - -y Zrps )

\Zla"‘7ZT117\Z7“+17"'7Z7“+81/7 and \ZT1+17"‘7ZT7§T+51+17"'7ZT+§7

N~ v~ g R
positive negative positive negative
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forr; < rands; <s. Weputry = r—r; and s, = s—s; and consider the decomposition
R™ = R™51 @ R™52 where we assume r; + 51 > (r —r1) + (s — s1) = ro + s9. This
decomposition leads to the isomorphism (]17«1751&13(]1@752 = Clyy 47,5145, = Clp 5, where ®
denotes the Zs-graded tensor product of Clifford algebras, see [LM89, Proposition 1.5].
For each of the Clifford algebras Cl,, 5,, ¥ = 1,2, we consider the minimal admissible
modules V"#*¢ and the corresponding sets PI,, s,. For r = r; +ry and s = s1 + 52, we
have £(r1,s;) < {(r,s). Let PI, ,, € PI¥ —and PI,,,, € PI)  satisfy

71,51 72,52
’b—i_(PITl:Sl)‘ =T |b_(P[T1,81)‘ = 31,
|b+(PI7’2782)| = T2, |b_(PL’2752)| = 82,

and PI., 5, (\Pl,,s, = 0. We assume also that each set contains at most one type T
involution g € PI,, 5., k = 1,2. Then by non-commutativity of ¢; and ¢ it is easy to
see the following properties:

If at least one of the sets PI,, s, or P, , is (T'1)-type set, then
PI, . | JPL,., €PL,.
This implies
(3.23) 0(ry, s1) + €(ra, s2) < L(r,s).

If both PI,, s, and PI,,, are (T2)-type sets, containing type 75 involutions
q € PI,, 5, and ¢, € PI, then

2,529

(P]Thsl\{ql}) UPIW,SQ 6 IED]IT,S and Pjrl,sl U (P]TQ,SQ\{QQ}) 6 P]Ir,s-
This implies
(3.24) U(ry,51) + L(rg, 82) — 1 < A(1, 5).

One can state similar properties for any number of components in a decomposition
PI =UyPI,

Remark 3.3. If the equalities in (3.23) or (3.24) hold, then non-connected subgroups
S(PI,, s,) and S(PI,,s,) can be constructed from lower dimensions and

S(PI.s) =S(Pl,,s) x S(Pl,s,).

Particularly, if r < 9 and s € {0,1}, then all the groups are connected. It follows by
showing that the inequalities (3.23) and (3.24) are always strict.

kySk*

4. CONSTRUCTION OF SUBGROUPS IN SM

r,s)

re{3,...,16}, s € {0,1}

4.1. General method of the construction. In this section we apply the previous
theory for the classification of groups S C G(B, ;) and perform the exact construction
of non-equivalent subgroups for 0 < r 4+ s < 16. We restrict ourself to 0 < r + s < 16
because we want to illustrate the main features that appear in classification without
diving into technical details. The classification for arbitrary S C G(B, ) is postponed
for the forthcoming paper.
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We start from s = 0. We classify groups S C S} according to parameters: 7(S),
|6(P1,0)|, and the type (T'1) or (7'2) of the set PI generating the group S € Si‘ﬂ. We
use the standard groups and notations introduced in Example 3.3. For a standard group
we will add from none to two additional involutions, see Step 1 below for details. To
distinguish the groups, where all previous parameters coincide, we assign the following
information about (T'I)-type sets, [ =1,2:

(i) We use the signature (77, 7) if an additional involution
is related to product m o;

(ii) We use the signature (7'1,0) if an additional involution
is related to product 0;

(iii) We use the signature (71,7, ) if there are two additional
involutions, which are related to both products m; o and 0;

(iv) Finally we just write (7']) if there are no involutions,

L except of standards;

(4.1)

For each set of involutions PI,, we write the signature
(4.2) (¢(r,0),(T1,e,0),|6(PI,0)|)

We summarise the results in Table 2. We list the set of generators PI,, for each
group. The group itself and the set of generators will be given up to a sign permutation.
The word unique is understood in the sense of equivalence relation of Definition 3.21
or Definition 3.22.

4.1.1. Main steps of the construction of S € S% for a fixred r > 0. We divide the
construction into three steps.

Step 1. We start from a group satisfying mo(S) = 1 and |b(PI,o)| = r. First we
find standard subgroup SP® C S and complement it (if necessary) by involutions to
reach the maximal number ¢(r,0) of involutions in PI, o generating S(PI,o) € S%.
The additional involutions will be formed by checking whether the product of o
and/or 6 by z, are involutions commuting with SP°. Then we consider a smaller
standard subgroup SP~1? ¢ 8P0 and complement it by a careful choice of involutions
to reach the maximal number ¢(r,0) for S(PI, (), checking whether the connectivity
mo(S(PI,)) = 1 is not violated. We can repeat the last step several times if the
condition m(S(P1.o)) = 1 still holds.

Step 2. We continue to look on m(S) = 1 and |[b(P1.o)] = r — 1. In most cases it
will be a simple step back from (r,0) to (r — 1,0) as, for example, for reduction from
PI4,() to P1370.

Step 3. Next we check my(S) = 2 and § = S(1) X S(y. This step is reduced to
combinations of the previous 2 steps. If needs, we can proceed to higher number of
connected components.

The equivalence of the groups constructed in the previous three steps is summarised
in the following proposition.
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Proposition 4.1. Let S = S(PI,) € SY, with |b(PI.o)| = r and mo(S) = 1. Then,
the mazimal standard subgroups SP°, included in a given group S € S%, are equivalent
modulo reordering by induction arqguments with respect to the dimension (r,0), see also
Proposition 3.23, item (v).

Moreover, once we fiz a standard group SP° with its generators of the form (3.20),
the mazimally complemented sets Pl obtained by adding involutions as in Step 1, will
be equivalent in the sense of Definition 3.22 if they have the same signature described

in (4.1) and mo(S(PIL,p)) = 1.

Lemma 4.2. If r = 3+ 8k,5 + 8,6 + 8k,7 + 8k for k > 0, then sets Pl,o € PLY,
satisfying mo(S(Pl.o)) =1 and |b(Pl.o)| = r are always of (1'2)-type.

Proof. We start from r = 3+8k. For the case r = 3 there is only one type 75 involution.
Let k£ > 1 and assume, by contrary, that there is a (T'1)-type set Pl,.o € ]P’]I%. We have
{(r,0) = (3 + 8k,0) = 1 + 4k. The standard subgroup SP° C S(PI,,), p = 1 + 4k,
does not contain z,, since r is odd. Let p, ..., psy will be involutions generating SP-°,
then z, € b(p1yar). It implies

{plu <oy D4k, Zp e p1+4k} € PH%LU

This contradicts to ¢(r —1,0) = ¢(2 + 8k,0) = ¢(3 + 8k,0) — 1 = £(r,0) — 1.

The arguments for the cases r = 5 4+ 8k, and r = 7 4 8k are similar to the case
r =3+ 8k.

Let r = 6 + 8k. We assume that there is a (T'1)-type set Pl.o € IP’]I%. We have
{(r,0) = (6 + 8k,0) = 3 + 4k. The standard subgroup S*° C S(PI,,), p = 3 + 4k,
contains z,. Let py, ..., patar be involutions generating SP%, where we can assume that
Zr € b(pasar) and psyar € Plgisko is the last type 77 involution.

(1) If Zr g_ﬁ b(p3+4k), then

{p1,- - Prrars 2 Parars Pavar} € PIY .
This contradicts to ¢(r —1,0) = ¢(5 + 8k,0) = £(6 + 8k,0) — 1 = £(r,0) — 1.
(2) If 2, € b(psyar), then we replace psiar, € Pl.o by another type T3 involution
D3vak = PorarD3rak € ﬁ;. In this case z. ¢ b(psi4r) and the situation is
reduced to the previous step (1). Note that the group S(PI,) is equivalent
S(PIy).
We also note that for r = 3 4+ 8k and r = 7 + 8k the volume forms 2, = H;Zl Z

which are type 75 involutions can be included to PI, (. It justifies the (172)-type set of
PIs in cases r = 3+ 8k and r = 7 + 8k. O

4.2. Construction of connected groups S € S% for r € {3,...,16}. In Table 2
we collect the nonisomorphic connected groups S € S% for r € {3,...,16}; that is
mo(S) = 1. Note that if there is a group S € S with signature

S = (6(7", 0)7 (Tka.v.)7 |b(P]r,0)|)7
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where

r,0) =L4(r—1,0), |6(Pl.o)|=7r—1, k=1,2,
then
S={(r—10),(Tk,ee)r—1)c ST 1,05

as for instance in Table 2 for r = 4, 8,9 and some others values of r.

Notation 4.1. We write 0;5 to indicate that product in 0 starts from z; and ends with

z; containing all zy for odd k: between i and j. We have |b(03)| = 5* + 1.

TABLE 2. Connected groups in S oforr=3,...,16

r Signatures Pl r Signatures Pl
P1 = T12T34 b1 = T12M34
P2 = T12T56 P2 =27
1 ) c o = 1 o7l
8 = (5,(T1,7),12) SW={ py=moms St = (8.(T1,6),16) ps = mamrs
4 = T .27
Pa = T12T9,10 16 Sl(é) = i" B ﬂuﬂ““
5 — M1,27011,12
. = M1 o7 (2)
12 8{;) = (5= (T2,9), 12) ba LT Sis =S5 P = T12M13,14
P1 = T1,2Ms.4 P7 = T12M15,16
P2 = T1,2T5.6 ps = brm3%15
®) S? = 5 = )
Siy = (5,(T2,m),11) = Sy 12 D3 = 12778 PL=T1aTs4
P4 = T1,2T9 10 P2 = T12T56
4= eﬁfll.lz zj z Ziig’i)
PL= TiaTaa 15 Si5 = (8,(T2,7),15) Dy — TaTisrs
P2 = T12T56 Pe = T1,27T13,14
11 S = (5,(T2,m),11) D3 = T12M78 p7 = br3215
P4 = T1,2T9,10 4= T2%15
q = T12211 P1 = T1,2T34
@ _ — . P2 = T12T56
Sltg) — ((1)(T1 .7),10) Pr T D3 = T12Mrg
Sy =8y S _ P2 = T1 2756 Pa = T12T9 10
10 B _ o _ gl I S — Ty
Sy =8 =85 P3 = T12M78 ) b5 = T12M1112
51(3) — Sg(s) — 3;2) =8 P4 = T2 .10 S = (7,(T2,0),14) 20:91,27713“
14 = U113
(1) P1 = T1223%4 P1 = T12M34
5(2) ( (1)<T2*7T)’ 9) ) Do = T1.2%5% S](? = (7,(T2,7,0),14) P2 = M12T56
9 S 5 Sg = 7 ’ P3 = T 2T78
5(3) 5(2) s Ps = Mi2%7%8 Pa = T12T910
8 q = T1,2%9 Ps = T12T11,12
n _ _ 2 P = ()Wnu
SS - (4: (Tl, 9): 8) P 1,273 q = T12214
8 Sél) = P2 = T,2%5% P1 = T12T34
@ P3 = T1227%8 P2 = T12T56
S =687 Py = 0= P3 = T8
L7 84 = (6,(12,7),13) P4 = 127910
P1 =T 223% Ps = T12T11,12
P2 = T1225%6 =M%
7 S;=(4,(T2,7,0),7 q=mp%13
! ( (T2,m,9), ) ps = 97" P1 = T127M34
q = T1227 . P2 = T12T56
D1 = T102324 13 8% = (6,(12,0),13) P3 = TipT7g
6 Ss = (3,(12,0),6) P2 = T1225% Pa=T.279.10
q= O P5 = T127T11,12
= 15 q= gm
5 = (2.(T2.0),5) P A P1= T2
q9= eﬁ = 212325 P2 = T12T56
4 S(l) (1,(T1),4) P = Ti22324 89 = (6,(T2,7,0),13) Ps = M2T78
E (z) — P4 = T127910
84 =(1,(T2,7),3) =S q = Ti223 s = Brazi 2oz
3 ( (T2, ) ) q=T12%3 4 =Tp2%12

We explain construction only for » = 7, since it is the most illustrative.
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The standard subgroup 83° C S is generated by two involutions

(4-3) P1 = T12T34, P2 = T12T56-

We need to add two involutions since £(7,0) = 4, at least one of which must contain z7.
We observe that the products 7227 and 61527 = 21232527 are both involutions com-
muting with generators (4.3) and with each other. We append them both to reach
0(7,0) = 4. The reductions to [b(PI;()| = 6 is not possible due to ¢(6,0) < £(7,0).

4.3. Constructions of disconnected groups S € S% for r € {10,...,16}. We
show in Table 3 the disconnected groups with m((S,.0) = 2 for r € {10, ..., 16}.

We explain in detailes only the case for » = 11. To construct the disconnected

subgroup S{}) = S((f)) X Sg)) corresponding to the Zs-graded tensor product of the

Clifford algebras Cly; 9 = C1870®Cl370 we start from the standard subgroup Sé’;) - S((ll))

generated by
(4~4) b1 = T127T34, P2 = T12T56, P3 = T127T78.

and add type T involution 6% = z1232527. The group S((ll)) has the folowing signature
(4,(T1,0),8). Then the signature of S;) = {1, mg 10211} is (L, (T2,7),3).
To obtain Sg) = 8((12)) X Sg)) corresponding to the Zs-graded tensor product of the

Clifford algebras Cly; g = Cl; 0®Cly o we consider standard subgroup Sa’)o C S((IQ)) gener-
ated by (4.3) and add type T} involution 6~ and type T3 involution 7 227. The group
8((12)) obtain the signature (4, (72, 7,6),7). Then S((QQ)) = {1, T3 971011} has the signature
(1,(T1),4).

TABLE 3. Disconnected groups in S% for r =10,...,16

r Signatures PI r Signatures
o (1)1 =mamsa  (p1)2 = Mo 101112 S = (4.(T1,0),8) x (4,(T1,0),8) (P =
Sy = (4,(7'1,6).8) x (1, (11),4) S _ (p2)1 = M 2756 16 S = (p2)1
12 = 4
(p3)1 = mamrs 2) (ps)
8% = (3,(T1,),7) x (2.(T2,7),5) (b1 — 0r Sig = Sis (Pah -
()1 = mamss (pr)e = msemion (P)) = mi2msa, (1)) = To10m1112
12 S = (3.(72,0),6) x (2,(T1).6 i = _ 4 (T . (p2)) = Ti2ms6. (P2)@2) = To,10M13,14
12 = (3.(72.0),6) x (2,(T1).6) SP = () = miamse  (g)2 = Teorns 15| Sis = (4.(T1.0).8) x (4. (T2.7.0).7) (oo 2 amoer {hale = Zuno
S =5t (ps)r = Oz ; (pa) (@@ = Mono2ss
(p)r=miamsq (p1)e = Tr8To0 E l; E 1
() _ o2 (- = = T aMiL1g 2 2
S =85 Sy (p2)1=mi2ms6  (p1)2 = TrsTin12 S{lﬁw = (4,(T1,0),8) x (3,(T2,0),6) (ps) (@
(@) = 015 1 (p)
() =maTas, (@) =m0 R () T34, (P1)@) = Tsemon
(P2)ayy L 8@ = (4,(12,7,0),7) x (3,(1'1,6).7) (p2)qy = Ti2ms6,  (P2)(2) = Ts9Mi2,13
81 = (4.(71,6).8) x (1.(T2,7).3) (p)n Py = b o)y = o
11 (pd) oy (g1)) = ma2r,
. [ ) (pl)(z) = T89710,11 (1)1)<2> = T9,10711,12,
S = (4,(T2,7,0),7) x (1,(T1),4) (p2)y (@) = To10%1
()0
2 Y = o
N [ <l])[z] = M9%10 1 ! <2> B MT'(’ 10,11
S = (3,(T1,0),7) x (1,(T2,7),3) (s 3 (P2)) = Tsomizts
(p:
10 .
(@) o " (1) Py = mrsmao (p1)@2) = T 90,11
Siy = (3.(72,6),6) x (1,(11),4) (p2 (P2)2) = T3 971213
= (@)@ = 28210212
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Proposition 4.3. Table 2 and Table 3 are the same for H-type Lie algebras n, 1,
re{3,...,16}.

Proof. For s = 1, the negative basis vector plays no role in forming the involutions, see
Definition 3.5. O

TABLE 4. Number of non-equivalent groups

r 1[2[3[4[5]6]7]8
&) =1]0]0 | 1|2 [1]|1][1]2
m0(S)=2]0[0|0][0[0][0[0]0

r 91011 12]13] 141516
&) =1]3[4 |13 [3]2][1]2
&) =2]0[2 2[5 [3]2][1]2

4.4. Construction of connected groups S € Si‘é for 0 < r+ s < 16. We show in
Table 6 the possible maximal sets PI € }P’]I%S with 7o(P1,.s) = 1 for some for r+s < 16.
The different sets of involutions are determined based on the data of PH%LS’O by a
recurrent procedure. Note that |b(P1,.,)| = [67(PL.,)| + |67 (PIL.s)| < 7+ s because
some of the basis vectors z; are not used when s > 0, as for instance the (72)-type set
in ]P’]I% consists only of product of three vectors z;. We use the signature

U(r,s), Type (T'1 or T2), (|6"(PI)|,|6~(PI)])

to indicate the non-equivalent sets of involutions IP’H%S in Table 6.

The values {(r, s) of the maximal number of involutions for r + s < 16 are collected
in Table 5.

TABLE 5. The value ¢(r, s) for r +s < 16

16 |8

5 [7]7

46[7[7

13[[5[6]7]8

12]5]6][7]8]8

11 4]5[6[7]7]7

10 [4]5][5]6]6]7]7

9 [4]4]4]5]5[6]7][8

8 [4]4]4[5]5]6][7[8]8

7 [[3]3]3]4[4[5]6][7]7]7

6 [2[3]3[4]4]|5]5]6]6]7]|7

5 [[1]2]3]4[4]4[4]5]5|6] 78

4 1]2]3[4]4]4]4[5[5]6] 7|88

3 J0[1]2]3]3[3[3[4[4[5]6|7[7[7

2 [o]1]1]2][2]3[3[4]4|5[5[6][6[7][7

L [JoJofof1]1][2][3]4]4[4[ 4[5 [5][6]7]8
0 JoJoJo[1|1[2][3[4[4]4]4[5][5[6]7[8]8
[s/r[0]1]2]3]4]5]6]7[8][9[10[11]12]13[14[15]16]

We mentioned here the facts that allow us to complete Tables 6 and 7.
(F1) 4(r +s,0) > l(r,s) > l(r +s,0) — 1, see Table 5.
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(F2) Assume that r > 2, s > 0, and {(r,s) = ¢(r — 1,s). There is a (T'1)-type
set PI € PIM  if and only if there is a (T2)-type set PI' € PI Through

T,87 r—1,s"
the natural inclusion Cl,_; ; C Cl,,, we can regard PI' € JP’]I%. For instance
the (T'1)-type set of involutions Plyg = {21222324} € PI}| exists if and only if

exists the (T2)-type set PI' = {21223} € PIY,.

(F3) If p= 2z, -+~ 2z, € Pl is an involution, where z; , k = 1,...,a, are all positive
1 / * * / ’ . . .
basis vectors, then p’ = z;, - -- 225, %, € Pl ¢, "+ s" = ris an involution
where we replaced the even number of positive basis vectors z;_,..., 2 by
3 3 * *
negative basis vectors z; ...,z , see (3.9).

To complete Tables 6 and 7 we do the following steps

(S1) We determine the cases (r,0) for all » > 0. This was done in Table 2.

(S2) For any given (r,0), we determine all the equivalence classes of PI,s o with
r’ + s = r successively for r = 3,4, ... as follows.

(S3) Let us assume that (1, s") with 7' 4+ s’ = r are such that the all equivalent sets
of Pl,_y ¢ and PIl,» y_; are already determined. There are possible cases which
define the rest of the steps:

(4.5) ' Y > e(r' = 1,8,
(4.6) 0r' sy > e(r' s = 1),
(4.7) 0(r', 8"y < 4(r,0).

(S4) If £(r',s") > £(r" — 1, '), then we do nothing. If £(r',s") = ¢(r' — 1, '), then we
include all classes of involutions Pl,/_; ¢ to IP’]I% s We check whether we can
add classes of involutions satisfying (F'2).

(S5) If £(r',s") > £(r',s" — 1), then we do nothing. If ¢(r',s") = £(r", s’ — 1), then
we include all classes of involutions Pl y_1 to IP]I% s We remove the classes
of equivalence of involutions which coincide in steps (54) and (S5). Note that
due to the induction the steps (54) and (S5) allow us to include all the classes
of involutions Pl € PIN , with 7/ + s" <1/ 4§ =r.

(S6) If ¢(r',s") < £(r,0), then all the involutions were included in steps (S4) and
(S5). If £(r',s") = £(r,0), then we check all PIo € PI) with r = ¢/ + ¢/,
whether we can apply property (F'3) to the involutions p € PI, .

4.5. Constructions of disconnected groups S € Si\ffs for 0 < r+ s < 16. Let
mo(PI,s) =2 for 10 <r + s < 16.

If ¢(r,s) = €(r + s,0), then the different sets of involutions are determined based on
the data of IP’]I%S’O with mo(PI) = 2. We apply the rules for connected sets to each
collection of involution in the disconnected set listed in Table 3 for » = 10,...16. We
summarize the possible maximal sets PI € IP’]I% in Tables 8 and 9.

If £(r,s) < {(r + s,0) then we proceed as in steps (54)-(S6) of Section 4.4 for each
connected subgroup Sy in the direct product decomposition & = S(1) x S2). We will
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TABLE 6. Connected groups for r + s < 16. Part 1
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not write this cases into Tables 8 and 9, since they can be easily obtained by applying

steps (S4)-(S6).

We explain in details the case r+ s = 10 to illustrate the procedure for the situation

l(r,s) = £(r + s,0). In Table 3 there are two disconnected subgroups

S with the signature (3, (T'1,6), (7,0)) x (1, (T2, 7), (3,0)),

S? with the signature (3, (72, 6), (6,0)) x (1,71, (4,0)).
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TABLE 7. Connected groups for r + s < 16. Part 2

6 [ 7,71, (10,6)
7,72, (9,6)
7,72, (10,4)"
7,72, (10,4)2
5 |[7.72,(10,4)" | 8,72, (11,4)
7,72, (10,4)2

1 [[7,72,(10,4)T [ 8,72, (11,4) | 8,71, (12, 4)

7,72, (10,4)2 8,72, (11,4)

37[6,72,(10,3)% [ 7,71, (12,3)% | 7,71, (12,3)% | 7,72, (13,3)?
6,72, (10,3) 7.72,(11,3)? | 7,T2,(11,3)2

7,72, (13,2)

2 | 5,71, (10,2) | 6,72, (11,2)1 6,72, (11,2)"| 7,72,(13,2) | 7,71, (14,2)
5.72,(9,2) | 6,72, (11,2)|6,T1,(12,2)! 7.72,(13,2)
5,72, (10,2) 6,72, (11,2) 7,72, (14,0)"

6,T1,(12,2) 7,72, (14,0)2

1 || 4,71,(10,0) | 5,72,(11,0) | 5,71, (12,0) | 6,72, (13,00' | 7,72, (14,0)' [ 8,72, (15,0) | 8,71, (16, 0)
4,72,(9,0) 5,72, (11,0) | 6,72, (13,0) | 7,72, (14,0)> 8,72, (15,0)
4,T1,(8,0) 5,72,(12,0) | 6,72, (13,0)3
4,72, (7,0)

0 |[ 4,71, (10,0) | 5,72, (11,0) | 5,71, (12,0) | 6,72, (13,0)" | 7,72, (14,0)" | 8,72, (15,0) | 8,71, (16,0)
4,72,(9,0) 5,72, (11,0) | 6,72, (13,0) | 7,72, (14,0)>2 8,72, (15,0)
4,T1,(8,0) 5,72, (12,0) | 6,72, (13,0)3
4,72,(7,0)

[s/r ] 10 \ 11 \ 12 \ 13 \ 14 \ 15 \ 16 \

Consider the case Sl(é). We analyse Tables 6 and 7 and find all possible (7'1)-type
sets of involutions having the signature
(3,71, (r,s)) with r+s=7.
We obtain
(3,71,(7,0)) which comes from (3,72,(6,0)) by using property (F2)
(4.8) (3,71, (3,4)) which comes from (3,72,(2,4)) by using property (F2)
(3,71,(4,3)) and (3,71,(0,7)) listed in Tables 6 and 7.
Next, we find all possible (T2)-type sets of involutions having the signature
(1,72,(r,s)) with r+s=3.
They are the following
(4.9) (1,72,(3,0)) and (1,72,(1,2)).

At the end we make all possible products of two groups of involutions, where the first
one belongs to (4.8) and the second one belongs to (4.9). For instance, we obtain the
disconnected subgroups in IE”]Ii\j[S with r + s = 10:

m _ (3,71,(7,0) M Gy (3,T1,(3,4))
S = (1,72, (3.0) €Phoo s = (1 79 (3/0))

These disconnected groups and all others are listed in Tables 8 and 9.
We do analogous calculations for the disconnected group S@w ¢ IP]I%O and write
the results in Tables 8 and 9.

€ Mgﬂ,
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TABLE 8. mo(Pl,s) =2, r+ s <16, Part 1

Tew _ (LTL(0.8)
16 S0t = (4,71, (0,5))
15
1
13
o) LTT.(4.4
12| sw = (4.71,(0,8)) s — (4,T1,(0,8)) s _ (4,T1,(0,8)) (4.T1,(0,8)) Sih= (><[2 1‘1(.(0.)3%))
F02T (1, T1,(0,4)) | 2T x(2,72,(2,3)) | 22T x(3,72.(2,4)) x(4,T2,(3.4)) ST-s.
112 = Sa12
s _ (LTLI8) s _ ATL0.8)
n s _ (B.TL(0,7) 207 x(2,72.(2.3) | T x(3,72.(3.3)
CLIT % (2,T2,(1,4)) ( _ (2.72,(3,4))
x(3,T1,(0,7))
(4,71,(0,8))
T x(2.72,(3.2)
W _ (4,71,(0,8)
10 S = 5(1,72,(1,2) @ T
S0 = — B.TL(0.7)
— T x(3,72,(3,3)
Si =St
B.TT.(0,
9 s _ B.TL(0,7) x(2,72, (:
197 x(1,T2.(1,2) (3.72 )
X(2.T1,(0,6))
s _ AT
BT x(1,T1,(0.4)
(4.T1,(0.8)) by (4,71,(4,4)) g
( , ( (4,71.(8.0)
sn_ (4TLO8) (L,T1 (4.0)) 508 = (3,72, (2,4) o T | SE= ]( )
N soo G1229) w7 x(1 0.3)) i
8T x(1,TL(0,4) .72, (6.0))
S0 _ 2T2.3.1)
s (3.71,(3,4)) 68 7 x(3,T1,(3,4)
o8 T x(3,T2,(2.4)
s _ (LTLL)
C6T T x(2,72,(2,3)
@ _ (4,72,(3.4)
So7 = X(2,71,(3,3))
- @ _ (3,71,(4,3))
! S67 = i (3.72.(2.4)
s _ B.TLE.1)
267 T x(3.72,(3.3)
s St _ (3.71.(0.7))
5.7 x(2,T1,(3,3)) C67T T x(3,72,(6,0)
(4,T1, (4,4))
3,2))
W _ (3,T1,(3,4) ) _ )
o Sio = (L1212 | Se = 0,6))
g s _ (3.12,(2.1) S _ 3,4))
F6 T x(1,T1,(2,2) 56
s _ GTL(L3)
5 P x(1 2))
) 6.7 3))
20— x(1,T1,(2,2)
_ [ATL(8.0)
~ x(LTL(0.4)
— (@.TL(L.1)
~ ox(17 )
s _ B.TLEW) s (4,T1(.0)
647 X(1,72,(3,0) | O™ T x(1,72,(3.0)
(2) (6.0) @ _ (4,72,(7,0)
4 Si = x(1,T1,(0,4)) St = x(1,T1,(0,4))
50 _ B.I2.(2,1) 5o _ (ALT2(3.1)
2647 (1,71, (4,0) O T %(1,T1,(4.0))
0 _ (3,11,(1.3))
; St= St R
: 5 _ 3)
O3 T x(1,T1,(4.0)
1) _ (3, T1.(7.0))
5 7827 x(1,72,(1,2))
i s2 _ B.T2.(6,0)
52 7 x(1,71,(2,2))
T
0
S/t 0 1 2 3 I 5 6 7 s
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TABLE 9. mo(Plys) =2, r+ s < 16, Part 2

s _ @TLE0)
94~ x(2,T2,(1,4))
s _ (LTL{E) s _ (4.T1(8,0)
947 % (2,72,(5,0) 1047 %(3.72,(2,4)) ‘ ) (4T1(8,0)
s _ (ET2(7.0)) s _ ETL{L4) s _ (4T1.(8,0) Si2a = (4,71, (4,4)
N 947 x(2,T1,(2.4) 1047 5(3,72,(6,0) | “147 x(4,T2,(3,4) |—————————r
s _ AT2(3.4) S0 _ @TZ(7.0) s@ _ ATL{LT) s
94~ x(2,T1,(6.0) 1047 X(3.T1.(3,4) 4T x(@,T2,(7,0) | Sazona
s _ G 7.0 2 _ (212,34 Sizu = St
004 = : (3.71.(7,
S =
S3= (2,3)
3.71, (4.3 ol 4,T1,(8.0))
, 2= 0 ™ s, = ( (8,0))
k ) (3.72.(6, ; ) 2
S - oy | Sh=t
o _ (3.712.(3, i
Soa . (6,0)
(8,0)
1,(2,2))
4,71, (8,0 <2 _ (3.T1.(7.0))
) iz = (xu.rz‘.(x);)) Sia= T'z( (3 g)) Sit = 3.2)
o @TL0) | s _ (3.72,(6.0) e r0)
st= G0, | S Seras | sti- Cop)
T
S (“.TL(8,0)
s _ (3.T1,(7,0) S0 _ 57 x(2,72.(5,0)
0 107 x(1,72,(3,0) o S 4.7 )) S (4,71, (8,0))
s _ B.12.(6.0) S0 _ OB " x(2,TL(6,0)) 157 x(4,72,(7.0))
0T X(1L,T1(4,0) | 0 9 _ BTIL(T.0)
187 %(3,72,(6,0))
T 9 10 3 T 5 16

5. ISOMORPHISM OF INVARIANT INTEGRAL STRUCTURES
Theorem 5.1. If

(5.1) (r;s) € {(0,0),(1,0),(2,0),(0,1),(1,1),(2,1),(0,2)},

then for any orthonormal basis B,y = {z;} and v € V™, with (v,v)y10 = %1 the
wmvariant orthonormal structures spanned by bases as in Table 10 are isomorphic.

TABLE 10. Invariant integral structures for (r,s) in Theorem 5.1

2 {v7‘]zlv7‘]ZQUa‘]zl‘]zzv7Z1a22}

1 {v, J,v, 21} {v, J,,v, Joyv, I, v, 21, 20} | {v, L0, v, Iy Joyv, 21, 22}

0 v {v, J.,,v,21} {v, Jo, v, Joyv, Joy Jopv, 21, 20}
[s/r] 0 | 1 | 2 |

Proof. There are only trivial groups S C SY, for (r,s) as in (5.1) since there are no
involutions. The proof of uniqueness is literally repeats the proof of Theorem 3.18. [

We fix an orthonormal basis B, s = {#1,..., z4+s} and a group S = S(P1, ;). Recall
the construction of an invariant basis B,(V"*) on the minimal admissible module V"
from Theorem 3.17, which used the centraliser of the isotropy group S = S(P1.s) = S,
of a unit vector v € V™. The invariant integral structure on the Lie algebra n, 4(V"*)
given by S will be denoted by

L(S) = span z{B,(V"*)} @& spanz{ B, s }.
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Theorem 5.2. If two groups Sl/\and Sy are equivalent; that is there exists a map
C € O(r,s) such that C(Sy) = S, then the invariant integral structures L£(S1) and
L(Sy) are isomorphic under a map A® C, where A: V™* — V"™ is an orthogonal map
with respect to (., .)yrs; that is ATA = Idyrs.

Proof. The proof is a light generalisation of Theorem 3.18. Let & = S(PI;) and
Sy = S(PI,) be equivalent groups. It implies that there is C' € O(r,s) such that

C(S1) = Sy where we denoted by the same letter C' the extention of the orthogonal
map to the group CI7, C Cl,, of invertible elements of the Clifford algebra Cl,,. Let

(5.2) B, (V") = {v, o (0), T, (0), Ty, o (0) | 03,75, 0075 € 2(31)}

be the invariant basis, constructed in Theorem 3.17 by making use the eigenspaces of
involutions from PI;. The set PI; is equivalent to PI; under C. We use the method
of Theorem 3.17 and obtain a basis

B,(V"*) = {w,JC(ai)(w%JC(Tj)(w%Jc(rj)JC(oi)(w)|
(5.3) C(01), (1), C(0:)C(5) € D(S2) |,

where S; = S(Ply) = S(C(PIL)) and the set Ply was replaced by C'(PI;). Note that
since C'(B, ) = B, s we also have G(B, ;) = G(C’(an)).
We construct a correspondence A: B, (V™) — B, (V"*) by

vi—w, J5,(v) — Joey(w),  Jr(v) — JC(Tj)(w),

JTj (v)JUi (U) — JC(Tj)(w)JC(Ui)(w)v
and C': z; — C(zg). The correspondence A & C' extended to a linear map over R or
Z is an orthogonal map on V"™* since it maps orthonormal basis (5.2) to orthonormal
basis (5.3). To show that the linear map A @ C is an isomorphism of invariant integral
structures, we argue as in Theorem 3.18. By the invariance of the bases B,(V"*) and
B, (V"*) we have

JC(zk)Aua = :EJC(%)’LU = :EAJ%U = AJZkua
for any u, € B,(V"™*), 2z € B, s, and for some »x € ¥ = {o;, 7j, 7;0;}. It implies
([Atta, Aug), C)rs = (oo Aty Augyne = (AJsy s Aug)yr.
<ATA<]zkuom U,B>VT*5 = <Jzkuo¢7 U/B>V“S
= <[Ua, uﬁ]v Zk>7',s

for any u,, ug € B,(V"™*) and z;, € B, . O
Theorem 5.3. Let 81,8y € SM and L(S)), L(S,) be the corresponding invariant
integral structures. If there is an isomorphism

with A: V™ — V™5 such that ATA = Idyrs, then 8, and Sy are equivalent in the sense
of Definition 3.21.
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Proof. Let
L(S1) = spanz{B,(V"*)} @ spanz{ B, s} = L1 ®spanz{B, s}

L(S2) = spanz{B,(V"*)} @& spanz{B, s} = L ® spanz{B, s}

be the invariant integral srtuctures generated by the groups S§; and S;. Here we also
assume that &) = &, is the isotropy subgroup of a unit vector v € V™* and S, = S,
is the isotropy subgroup of a unit vector u € V"*. Since A @& C' is an isomorphism,
we obtain A(L;) = Ls. By noting that A~*(Ly) = A"(Ly) = Ly, we deduce that
ATA(Ly) = Ly.

We denote by the same letter A&C' € Aut(n, ) the automorphism of n, (V"*) which
restriction to £(S;) gives map (5.4). The properties A”A = Idy+s and A" Jo)A = J,
imply AJ.x = Jo(,) Az for x € Ly and C € O(r, s), the latter one being an orthogonal
transformation over Z as well. For v € B,(V"*) we find a basis vector u; € B,(V"?)
such that Av = u;. If there holds Av = —u;, then the proof is similar. By renumbering

the basis vectors {u;} we can assume that Av = u. We have for the stationary group
of Av

S = {6€G(C(B.y) | JsAv= Av}
(5.5) = {6€G(C(B.y) | Jou=u} =38,
Since ¢ = C(2;,) ... C(%,), and AJ.x = Jo()Ax, x € Ly we have
Av = J;Av = Jo,) - - - JC(Z%)AU = AJZ“ SN CES AJ,v.

This implies v = J,v for any ¢ € G(B,;). Thus we conclude that if 6 € Sa,, for
d=0C(z,)...C(z,) € G(C(B,.5)) then 0 = z;, ...z, € S,. Thus the groups S4, and
S, are equivalent. The equalities (5.5) shows that S = S, = Sa, and §; = S, are
equivalent. 0

Table 11 shows the classical groups A such that the map A @ Id with A € A is
the automorphism of H-type Lie algebras n,. (V"®), see also [FM21, Table 3] for non-
minimal admissible modules. The groups Sp(n), O(n,C), U(n), O*(n) are subgroups of
orthogonal transformations.

TABLE 11. Groups A

8| GL(1,R)

7] 0(1,1,R) U(1,1) Sp(1,1) Sp(1) x Sp(1)

6] 02,0 0°(2) GL(1,H) Sp(1)

5[ O0'(4) 0'(2) x 0*(2) 0*(2) U(1)

4| GL(1,H) 0*(2) 0(1,C) O(1,R) GL(1,R)

3| sp(1,1) U(1,1) O(1,1,R) | O(1,R) x O(1,R) | O(1,1,R) U(1,1) Sp(1,1) | Sp(1) x Sp(1)

2] Sp(2,©) Sp(2,R) GL(2,R) 0(2,R) 0(2,C) 0*(2) GL(1,H) Sp(1)

1] Sp(2,R) | Sp(2,R) x Sp(2,R) | Sp(4,R) U(2) 0'(4) [0*(2)x0*(2)] 0O*(2) U(1)

0 Sp(2,R) Sp(2,C) Sp(1) GL(1,H) 0°(2) 0(1,©) O(L,R) GL(1,R)
0 1 2 3 4 5 6 7 8
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Theorem 5.4. Let (r,s) be such that the groups A in Table 11 is a subgroup of or-
thogonal transformations. The groups S, Sy € S,{‘é are equivalent in sense of Defini-
tion (3.22), if and only if the corresponding invariant integral structures L£(S;) and
L(Sy) are isomorphic.

Proof. If (r,s) as in the statement of Theorem 5.4, then for an automorphism A @ Id
of n,.4(V"*) we have A”A = Idy~.. It implies that the general automorphisms A @ C
of n, o(V"*) also satisfies A”A = Idyrs, see [FM21, Section 3.2].

Thus if the invariant integral structures £(S;) and £(S,) are isomorphic, then they
will be isomorphic under a map A ® C' with A”A = Idy+s. It implies that the group
S1 and S, are equivalent by Theorem 5.3.

Conversely, if we assume now that the groups &; and S, are equivalent, then by
Theorem 5.2 the corresponding invariant integral structures will be isomorphic. 0

Note that in the proof of Theorem 5.3 the crucial assumption was A™A = Idyrs. The
following theorem shows that it is enough to find a subset £ C V"*, which is invariant
under the action A”A. It allows to prove the general theorem.

Theorem 5.5. The groups S1,Ss € Sﬂffs are equivalent in sense of Definition (3.22),
if and only if the corresponding invariant integral structures £(S1) and L(Sy) are iso-
morphic.

Proof. It §; is equivalent to Sy, then the corresponding invariant integral structures
L(S;) and L(S,) are isomorphic by Theorem 5.2.

Suppose that invariant integral structures £(S;) and L£(S;) are isomorphic. By
contrary we assume that the groups Sy = S(PI1) € S, and S, = S(PL) € SY, are
not equivalent. Then there are ¢; € PI; and ¢u € PI5 such that ¢; g2 = —¢o-¢1. For if
q1-p=p-q forall p € Pl,, then ¢q; € PIy, which would contradict to the maximality

Without loss of generality we can assume that the groups S(PI;) and S(PIy) are
written in the standard form as in Example 3.3. Let k be a maximal number of type
Ty involutions p; satistying p, € PI; N Ply, j = 1,... k. Note that k < {(r, s) since
S(PIy) and S(P1,) are not equivalent.

Let n, s(V"™*) be a pseudo H-type Lie algebra and
E:{xevr,s‘ Jpjx:x, Dj EP[lﬂPIQ, ]: 1,,]{}}
Since ¢1p; = p;q1 and gop; = p;qgo the subspace £ C V™ is invariant under the action
of both J,, and J,,.
For an isomorphism A @& C': L(S1) — L(S2) we set
F=AFE)={Az e V" | AJyxv=Jop)Ax = Az, p; € PLNPL, j=1,... k}.

The map C, extended to the Clifford algebra Cl, ;, satisfies C'(p;)C(q1) = C(q1)C(p;)
and C(p;)C(q2) = C(q2)C(pj), j =1,... k. These imply that A(E) is invariant under
the action of Je(g,) and Jg(g,) by the same arguments as for £. Thus the direct sum

(56) F=F,DF._, Fo={yeF| Jowy=y}, F-={yeF| Jogy=uy}
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is the orthogonal sum of non-trivial vector spaces.
Let x € E and put Az = y;(x) + y_(x), where y,(z) € Fy and y_(x) € F_. We
have for the type T} involution ¢; € PI; that
JC(q1)A*T = JC(q1)(y+(x) + y,($)) = JC(q1)y+<x> + JC(q1)y*(x>‘
Since C'(q1)C(g2) = —C(g2)C(q1) we obtain
JC(QI): F+ _>F—7 and JC(Q1)y+(x) GF—» JC((h)y—(I) €F+,
and therefore y, (v) = Jog)y—(z) and y_(x) = Jo(g)y+(x) by the uniqueness of the
decomposition into a direct sum of vector spaces. We conclude
(5.7) JenAr = y+ (@) + Jo(g)y+ (7).
Since p; are Ti-type involutions, we obtain
Adp; = JowpAs Ty, = Jop Jowy = Jowy, Adow) = Ip AT T =100k

It implies ATA(E) = E. Let {v;} be an orthonormal basis of the space F, which is a
part of the invariant basis for V"* defined by the S; = S(PI;). The matrix components
a;; of the operator A"A: E' — E with respect to the basis {v;} have the form
Q5 = <ATAUi, Uj>V’r',s = <AUi,AUj>VT',S = <C(ql), C(q1)>r,s<AUi7 AUj>Vr,s
= <Jc(q1)AUi, JC(ql)A’U]'>VT,s
= (Y (i) + Je@) W+ (i), Y+ () + Jo)y+(v))) vrs
= 2(y+ (i), y+ () )vre,
where we used (5.6) and (5.7). Hence the non-vanishing components of the matrix
AT A restricted to F are always even numbers, so that det A7A = 24P . g k€ Z.
Let us look on the structure of the map A™ A acting on the entire minimal admissible
module V™*. The space V" is an orthogonal sum of subspaces W; of the form J,,. (E) =
W; with s; € 2 from Theorem 3.17. Let z € V™. We write
r=xp+ax1+...+x, xcW

and A7 A|w, for the restriction of the map A™A on the set W;. For any x; € W; there is
yg € E such that J,,(yg) = x;. Choose i € 1,...,m and assume that s; is a product
of an even number of the basis vectors. Then we obtain

AT Alw,(z;) = A" Alw, L (ye) = Lo AT Alp(ye) = JL AT Alpd . (x;).

Thus in this case A”Alw, = J,,A"A|gJ!. If 7; is a product of an odd number of the
basis vectors, then the isomorphism condition (2.4) for A&C implies ATAJ,,, ATA = J,,,.
This leads to

AT Alw, () = AT Alw, J..,(ye) = S (ATAlg) yp) = L. (AT Alp) T ()

and therefore A7 Aly, = J,.,(A"Alg)~'J .

The elements of the matrix A of the isomorphism of the lattices £(S;) and L£(Sz)
are all integers. If all W, are images J,,(E) with s being a product of an even
number of the basis vectors, then it is clear that A”A ¢ SL(dim V"* Z). If there is
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W; = J,,(E) with s; being a product of an odd number of the basis vectors, then

det 147—14|V[/2

= m which contradicts to the fact that the terms of the matrix A™A

are all integers. 0

[AS14]
[BFM20]

[BTV95]

[CD02]

[CDKROS]

[CGYO]

[Cia00]

[CPOS]

[CS12]
[Ebe94]
[Ebe03]
[Ebe04]
[FM14]
[FM17]
[FM19]
[FM21]
[Fol73]
[GMKM13]
[GMKMV18]

[GWS6]
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