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Abstract. In the 1990s, C.-L. Terng and G. Thorbergsson investigated a natural
Riemannian submersion from an infinite dimensional Hilbert space onto a compact
Riemannian symmetric space G/K. This map is called the parallel transport map
over G/K. Later, N. Koike extended their theory to the case that G/K is a Rie-
mannian symmetric space of non-compact type. In this paper, more generally, we
define the parallel transport map over an affine symmetric space and show that it is
an affine submersion with horizontal distribution in the sense of Abe and Hasegawa.
Based on this result, we prove the Fredholm property of affine immersions into a
Hilbertable space lifted by the parallel transport map. Furthermore, we greatly
extend the author’s previous result on weakly reflective submanifolds from the case
of compact Riemannian symmetric spaces to the case of affine symmetric spaces.

1. Introduction

Palais and Terng [23, 28] began the study of submanifolds in Hilbert spaces in
the 1980s. In order to use results in the infinite dimensional differential topology
and Morse theory [27, 21, 26], they introduced a suitable class of submanifolds in
Hilbert spaces of finite codimension, namely proper Fredholm (PF) submanifolds.
Among other things, they showed examples of PF submanifolds which are orbits
of a Lie group action. To be more precise, for a connected compact Lie group G
with a bi-invariant Riemannian metric, they essentially considered the Hilbert space
Vg := L2([0, 1], g) of all L2-maps from [0, 1] to the Lie algebra g of G, defined an
isometric action on Vg by an infinite dimensional Lie group and showed that its
orbits are PF submanifolds in Vg. To study those examples, they considered an
equivariant submersion Φ : Vg → G which is nowadays called the parallel transport
map.

In 1995, Terng and Thorbergsson [30] showed that the parallel transport map
is a Riemannian submersion. Moreover they gave an interesting application to the
submanifold geometry in symmetric spaces. For a Riemannian symmetric space G/K
of compact type with projection π : G → G/K they considered the composition
ΦG/K := π ◦ Φ : Vg → G→ G/K which is also a Riemannian submersion called the
parallel transport map over G/K. They showed that for a submanifold M of G/K its

inverse image M̂ under ΦG/K is a PF submanifold of Vg. Moreover they showed that

under some assumptions, M̂ is isoparametric if and only if M is equifocal. Based on
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this result, they investigated equifocal submanifolds in G/K by taking advantage of
isoparametric PF submanifolds in the flat space Vg.

In 2004, Koike [11] studied the parallel transport map over a Riemannian sym-
metric space G/K of non-compact type. Since there are no bi-invariant Riemannian
metrics on G we cannot define the Hilbert space together with the isometric action
on it similarly to the compact case. Thus he equipped G with a bi-invariant pseudo-
Riemannian metric and considered the pseudo-Hilbert space Vg. Roughly speaking,
a pseudo-Hilbert space is a Hilbert space with a continuous indefinite inner product.
He showed that the parallel transport map Φ : Vg → G is a pseudo-Riemannian sub-
mersion relative to those indefinite metrics. Then ΦG/K = π ◦ Φ : Vg → G → G/K
becomes a pseudo-Riemannian submersion. Based on these results, he extended the
result of Terng and Thorbergsson on equifocal and isoparametric submanifolds to
the case of Riemannian symmetric spaces of non-compact type (see also [12]).

Note that his formulation of the parallel transport map cannot be applied to the
non-semisimple case, because he uses the semisimplicity of G to ensure the existence
of a bi-invariant pseudo-Riemannian metric on G. Note also that his formulation
is based on several metrics. In fact, there are essentially two inner products on
Vg; one is positive definite and generates its topology and the other is indefinite.
Besides, although G is equipped with a pseudo-Riemannian metric, we also need
another Riemannian metric on G to define the infinite dimensional Lie group acting
isometrically on Vg, namely the Hilbert Lie group H1([0, 1], G) of Sobolev H1-paths
in G. Due to those metrics, one may find it difficult to understand the essentials of
the parallel transport map. In view of these, it is reasonable to study the parallel
transport map in the framework of affine differential geometry. There always exists a
bi-invariant torsion-free affine connection ∇G on G, called the canonical connection,
even when G is not semisimple. The affine geometric framework gives us a better
understanding of Riemannian symmetric spaces [10]. We can expect that the same
is also true in the case of the parallel transport map.

One of the purposes of this paper is to show affine geometric properties of the
parallel transport map over a symmetric space which is not necessarily semisimple.
Before stating our results, we make several remarks: First, from now on we always
regard Vg = L2([0, 1], g) as a Hilbertable space, that is, a topological vector space
whose topology is induced by a complete inner product. In fact, since g is finite
dimensional, the topology on Vg induced by the L2-inner product does not depend
on the choice of an inner product on g. Second, we will make sure that the Hilbert
Lie group H1([0, 1], G) does not depend on the choice of a Riemannian metric on G
(Section 5). Third, the parallel transport map Φ : Vg → G is defined via the solution
of an ordinary differential equation and its unique existence was originally proved by
using compactness of G (cf. Remark 6.3). We will modify that proof so that Φ can be
defined for any connected Lie group G. Note that Φ is defined without any use of a
metric. Fourth, we define the parallel transport map ΦG/K := π◦Φ : Vg → G→ G/K
over a homogeneous space G/K and it turns out that Φ is a special case of ΦG/K

(Remark 7.1). Thus we only state the results about ΦG/K here.
The following theorem shows affine geometric properties of the parallel transport

map over a symmetric space which is not necessarily compact or semisimple. This
extends the above-mentioned results of Terng-Thorbergsson [30, Theorem 4.5] and
Koike [11, Proposition 4.4] to the affine case (Theorem 7.4):
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Theorem 1.1. Let G/K be a symmetric space with the canonical connection ∇G/K.
Denote by D the flat connection on Vg. Then the parallel transport map ΦG/K :

(Vg, D) → (G/K,∇G/K) is an affine submersion with horizontal distribution H.
Moreover the tensor A|H×H is alternating.

Here the concept of an affine submersion with horizontal distribution was intro-
duced by Abe and Hasegawa [1] in the finite dimensional case. This is a general-
ized concept of a pseudo-Riemannian submersion and a dual concept of an affine
immersion with transversal bundle (cf. Section 3). In Theorem 1.1 the horizontal
distribution H of ΦG/K is naturally defined by the structure of G/K as a reductive
homogeneous space, without any use of a metric. The tensor A is one of the fun-
damental tensors introduced by O’Neill [20] in the case of Riemannian submersions.
When the tensor A restricted to H×H is alternating, a smooth curve in G/K is a
geodesic if and only if its horizontal lift is a geodesic in Vg.

We also generalize the concept of isometric Fredholm immersions into Hilbert
spaces [23, 28] to the affine case and show the following fact (Proposition 4.6), which
generalizes some result of Heintze-Liu-Olmos [4, Lemma 5.1 (i)] to the affine case
and can be applied to Theorem 1.1.

Proposition 1.2. Let (V,D) be a Hilbertable space with the flat connection, (N,∇N)
a finite dimensional affine manifold and φ : (V,D)→ (N,∇N) an affine submersion
with horizontal distribution H such that A|H×H is alternating. If ϕ : (M,∇) →
(N,∇N) is an affine immersion with transversal bundleW, then its lift ϕ̂ : (M̂, ∇̂)→
(V,D) is an affine Fredholm immersion of Fredholm index 0 with transversal bundle

Ŵ, where Ŵ denotes the horizontal lift of W.

Here an affine immersion into (V,D) with transversal bundle Ŵ is said to be

Fredholm if the end point map η̂ : Ŵ → V , (p, ξ) 7→ p + ξ is a Fredholm map and
of Fredholm index 0 if in addition the Fredholm index of η̂ is 0. In the Riemannian
case, the property of Fredholm index 0 always holds since the shape operators are
self-adjoint (Remark 4.5). In the affine case, this does not hold in general and is
expected to be a clue to study the spectrum of the non-self-adjoint shape operators.

The goal of this paper is to extend the author’s previous results [16, 17] on weakly
reflective submanifolds to the affine case. Those submanifolds were originally intro-
duced by Ikawa, Sakai and Tasaki [5] in the finite dimensional Riemannian case and
constitute a special class of minimal submanifolds. To be more precise, a subman-
ifold M of a Riemannian manifold N is called weakly reflective if for each normal
vector ξ at each p ∈M there exists an isometry ν of N satisfying

ν(M) = M, ν(p) = p, dν(ξ) = −ξ. (1.1)

Such a ν is called a weak reflection of M with respect to (p, ξ). If every ν can be
chosen from a particular group S, then M is called S-weakly reflective. It follows
that weakly reflective submanifolds are austere [3], that is, for each normal vector ξ
the set of eigenvalues with multiplicities of the shape operator AMξ is invariant under
the multiplication by (−1). A typical example of a weakly reflective submanifold is a
singular orbit of a cohomogeneity one action on a Riemannian manifold [25, 5]. The
author [16, 17] defined weakly reflective PF submanifolds in Hilbert spaces by the
same way as in finite dimensions and studied their relations to the parallel transport
map over a compact normal homogeneous space. In this paper, more generally, we
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define a weakly reflective submanifold M of an affine manifold N with transversal
bundle W by the condition that for each ξ ∈ W at each p ∈ M there exists an
affine transformation ν of N satisfying (1.1) and dν(W) = W . Then we study its
relation to the parallel transport map over a reductive homogeneous space which is
not necessarily compact or Riemannian. Despite the lack of Riemannian structure,
we can greatly extend the author’s previous results, as we will now explain.

The following theorem (Theorem 8.3) shows examples of infinite dimensional
weakly reflective submanifolds in Hilbertable spaces which are not totally geodesic
(cf. Remark 8.4). This generalizes Corollary 5 of [16] in the case that G/K is a
compact normal homogeneous space.

Theorem 1.3. Let G/K be a reductive homogeneous space. Then each fiber of the
parallel transport map ΦG/K : Vg → G/K is a weakly reflective submanifold of the
Hilbertable space (Vg, D) where its transversal bundle is defined as the restriction of
the horizontal distribution of ΦG/K to it.

The above theorem together with Theorem 1.1 and Proposition 1.2 implies the
following corollary. From this we know that our extensions of Fredholm submanifolds
and weakly reflective submanifolds to the affine cases are meaningful.

Corollary 1.4. Let G/K be a symmetric space. Then each fiber of the parallel
transport map ΦG/K : Vg → G/K is a weakly reflective Fredholm submanifold of
(Vg, D) of Fredholm index 0 where its transversal bundle is defined as above.

The following theorem gives a characterization of weakly reflective submanifolds
in affine symmetric spaces. This extends Theorem 8 of [16] in the case that N is an
(irreducible) Riemannian symmetric space of compact type and Theorem 1 of [17]
in the case that N is a compact isotropy irreducible Riemannian homogeneous space
(see Theorem 8.6 and Remarks 8.7–8.9 for more details).

Theorem 1.5. Let (N,∇N) be an affine symmetric space, G̃ the affine transforma-
tion group of N , G its identity component, K̃ the isotropy subgroup of G̃ at a fixed
p ∈ N and K := G ∩ K̃. Denote by ΦG/K = π ◦ Φ : Vg → G → G/K = N the
parallel transport map. Let M be a submanifold of (N,∇N) with transversal bundle

W. Denote by W̄ (resp. Ŵ) the horizontal lift of W with respect to π (resp. ΦG/K).
Then the following conditions are equivalent:

(i) M is a weakly reflective submanifold of (N,∇N) with transversal bundle W.
(ii) M̄ := π−1(M) is a (G̃ × K̃)-weakly reflective submanifold of (G,∇G) with

transversal bundle W̄.
(iii) M̂ := Φ−1

G/K(M) is a P (G̃, G̃× K̃)-weakly reflective Fredholm submanifold of

(Vg, D) of Fredholm index 0 with transversal bundle Ŵ.

Here G̃ × K̃ acts on G̃ affinely by (b, c) · a := bac−1 and P (G̃, G̃ × K̃) := {g ∈
H1([0, 1], G̃) | (g(0), g(1)) ∈ G̃×K̃} acts on Vg affinely by g∗u := Ad(g)u−dr−1

g (g′).

Note that when N is an irreducible Riemannian symmetric space of compact or
non-compact type, the affine transformation group coincides with the isometry group
and thus a weakly reflective submanifold (with normal bundle) in the affine sense
is equivalent to a weakly reflective submanifold in the Riemannian sense (Remark
8.1). Thus, Theorem 1.5 completely generalizes the case of irreducible Riemannian
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symmetric spaces of compact or non-compact type (Corollary 8.12 with S = G̃, see
also [16, Corollary 8]). This generalization is meaningful because, for example, a
single point of an affine symmetric space is a weakly reflective submanifold in the
affine sense.

The proofs of Theorems 1.3 and 1.5 are different from the proofs in the previous
cases [16, 17]. In fact the previous proofs depends on the property of a Riemannian
submersion ([16, Lemma 2], [17, Lemma 1]). To prove Theorem 1.3 we essentially use
the canonical reflection on Vg which was introduced in the previous Riemannian case
[16]. In the affine case we need a further argument on its relation to the horizontal
distribution of ΦG/K . To prove Theorem 1.5 we rely on the structure of the symmetric
space N (Lemma 8.10) to verify that the lifted weak reflection leaves the lifted
transversal bundle invariant.

This paper is organized as follows. In Section 2 we review affine connections on
Hilbert manifolds and give a modern definition equivalent to others. In Section 3
we formulate affine immersions and affine submersions in the framework of Hilbert
manifolds. In Section 4 we study focal points and the Fredholm property of affine
immersions lifted by some affine submersion. In Section 5 we review the Hilbert
Lie group H1([0, 1], G). In Section 6 we study the parallel transport map over a
Lie group. In Section 7 we study parallel transport maps over homogeneous and
symmetric spaces. In Section 8 we define weakly reflective submanifolds in the affine
case and study their relations to the parallel transport map.

2. Affine connections on Hilbert manifolds

In this section, we review affine connections on Hilbert manifolds. We refer to
Lang [14], Eliasson [2] and Klingenberg [8] for details.

Recall that a Hilbert manifold is a smooth manifold locally modeled on a Hilbert
space. Strictly speaking, the Hilbert space here is interpreted as a Hilbertable space,
that is, a topological vector space (over the real numbers R) whose topology is
induced by a complete inner product. In fact, Lang [14] treats such a Hilbert manifold
or more generally, a Banach manifold, which is a smooth manifold locally modeled
on a Banachable space (i.e. a topological vector space whose topology is induced by
a complete norm). Note that in his book, the distinction between a Banach space
and a Banachable space is not emphasized [14, p. 6]. However we will distinguish
them since we deal with affine differential geometry. We always assume that Hilbert
spaces and Hilbertable spaces are separable.

Let M be a Hilbert manifold. We denote by C∞(M) the set of all smooth, R-
valued functions on M and by X(M) the set of all smooth vector fields on M . When
we speak of a vector bundle over M , it means a smooth vector bundle over M whose
fibers are Banachable spaces. For a vector bundle E over M we denote by Ep the
fiber at p ∈ M and by Γ(E) the set of all smooth sections of E. For two vector
bundles E and E ′ over M we denote by VBHom(E,E ′) the set of all vector bundle
homomorphisms from E to E ′ (acting on M identically) and by L(E,E ′) the vector
bundle over M whose fiber at each p ∈ M is the Banachable space L(Ep, E

′
p) of all

continuous linear maps from Ep to E ′p. In particular L(E,E) is denoted by EndE.
We have a canonical isomorphism between modules over C∞(M):

VBHom(E,E ′) ∼= Γ(L(E,E ′)).
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Moreover we denote by HomC∞(M)(Γ(E),Γ(E ′)) the set of all C∞(M)-linear maps
from Γ(E) to Γ(E ′). In the finite dimensional case, it is well-known that this set is
identified with VBHom(E,E ′) [15, Lemma 10.29]. However, this fact is not clear in
the infinite dimensional case. More precisely, it is clear that each F ∈ VBHom(E,E ′)
defines an element F̄ ∈ HomC∞(M)(Γ(E),Γ(E ′)) by F̄ (s) := F◦s. However, regarding
the converse, we only know:

(i) If rankE < ∞, then for each F ∈ HomC∞(M)(Γ(E),Γ(E ′)) there exists a
map F : E → E ′ such that its restriction to each fiber Ep is a continuous
linear map into E ′p and F = F̄ .

(ii) If in addition rankE ′ <∞, then the map F is smooth and thus belongs to
VBHom(E,E ′). Therefore, in this case, we have the isomorphism

VBHom(E,E ′) ∼= HomC∞(M)(Γ(E),Γ(E ′)). (2.1)

These facts can be proven by the same arguments as in the finite dimensional case.
See also [14, Lemma 2.3 in Chapter VIII] for discussions in the infinite dimensional
case. Note that the existence of cut off functions over Hilbert manifolds [14, Theorem
3.7 in Chapter II] is used in the proof.

For vector bundles E1, · · · , Ek and E ′ over M we denote by L(E1, · · · , Ek;E ′) the
vector bundle over M whose fiber at each p ∈ M is the Banachable space of all
continuous multi-linear maps from (E1)p×· · ·× (Ek)p to E ′p. If E1 = · · · = Ek(=: E)

then it is denoted by Lk(E;E ′). We denote by Lksym(E,E ′) (resp. Lkalt(E,E
′)) the

subbundle of Lk(E;E ′) whose fiber at each p ∈M is the subspace of symmetric (resp.
alternating) multi-linear ones. Set Ωk(E) := Γ(Lkalt(TM ;E)) and Ω0(E) := Γ(E)
where TM denotes the tangent bundle of M .

Definition. Let E be a vector bundle over a Hilbert manifold M and ∇ : Ω0(E)→
Ω1(E) an R-linear map. For s ∈ Ω0(E) and v ∈ TpM we write ∇vs for (∇s)p(v). ∇
is called a connection on E if it satisfies:

(a) ∇v(fs) = f(p)(∇vs) + (vf)s(p) where f ∈ C∞(M),
(b) for each local trivialization E|U ∼= U × F there exists ωU ∈ Ω1(End(U × F))

satisfying ∇|U = D + ωU .

Here D denotes the trivial connection over the trivial bundle U × F where F is a
Banachable space and ωU is called the (local) connection 1-form.

Note that the restriction ∇|U : Ω0(E|U)→ Ω1(E|U) is well-defined since (a) holds
and Hilbert manifolds admit cut off functions. Note also that if M and E are finite
dimensional, then the condition (b) is automatically satisfied, owing to (2.1).

The above definition of a connection is equivalent to that of Eliasson [2] and
Klingenberg [8] who define it as the connection map K : TE → E. (Note that
Eliasson [2] considers the more general case that M is a Banach manifold.) The
equivalence of the definitions can be seen by observing that a connection over E is
characterized by the formula

ωβ = g−1
αβ ◦ ωα ◦ gαβ + g−1

αβ ◦Dgαβ (2.2)

where {Uα}α∈A are the trivializing coverings, {ωα}α∈A the local connection 1-forms
and {gαβ}α,β∈A the transition functions. Note that a connection ∇ induces an R-
bilinear map ∇ : Γ(E)× X(M)→ Γ(E) satisfying

∇Xfs = f∇Xs+ (Xf)s and ∇fXs = f∇Xs.
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Lang [14, p. 375] calls such a map a derivative on E relative to TM . It is not clear
whether such a map conversely induces a connection on E or not, due to lack of (2.1)
in infinite dimensions. Lang [14, p. 201] also considers a class of covariant derivatives
associated with sprays, which is equivalent to our class of torsion-free connections on
TM , where torsion tensors are explained below.

Despite the lack of (2.1) in infinite dimensions, we can develop the theory of
connections on vector bundles over Hilbert manifolds, especially the theory of affine
connections on Hilbert manifolds, owing to the condition (b) above. To be more
precise, let E be a vector bundle over a Hilbert manifold M and ∇ a connection on
E with the local connection 1-forms {ωα}α∈A. The curvature tensor R ∈ Ω2(EndE)
is defined via the local formula

Rα := Dωα + ωα ∧ ωα

and it satisfies R(X, Y )s = ∇X∇Y s−∇Y∇Xs−∇[X,Y ]s. If E = TM , a connection
∇ is called an affine connection on M and the pair (M,∇) is called an affine Hilbert
manifold. In this case the torsion tensor T ∈ Ω2(TM) is defined via the local formula

Tα := ωα ∧ id

and it satisfies T (X, Y ) = ∇XY −∇YX − [X, Y ]. If T = 0 then ∇ is called torsion-
free. Geodesics and exponential maps for affine Hilbert manifolds are defined by the
same way as in finite dimensions.

Let g be a pseudo-Riemannian metric on a Hilbert manifold M . The pair (M, g)
is called a pseudo-Riemannian Hilbert manifold. There exists a unique torsion-free
affine connection on M satisfying Xg(Y, Z) = g(∇XY, Z) + g(Y,∇XZ), called the
Levi-Civita connection. In fact, the local expression of the Koszul formula

2gα((ωα)XαYα, Zα) = (Dgα)Xα(Yα, Zα) + (Dgα)Yα(Zα, Xα)− (Dgα)Zα(Xα, Yα),

uniquely determines the local connection 1-forms, which define the Levi-Civita con-
nection. For more details about affine and pseudo-Riemannian geometries of Hilbert
manifolds, see [14] and [8].

3. Affine immersions and affine submersions

In this section, we formulate affine immersions and affine submersions in the frame-
work of Hilbert manifolds. We refer to Nomizu-Sasaki [19] and Abe-Hasegawa [1] for
details in the finite dimensional case.

3.1. Affine immersions. Let M and N be Hilbert manifolds. A smooth map ϕ :
M → N is called an immersion if the differential (dϕ)p : TpM → Tϕ(p)N at each
p ∈ M is injective and the image dϕp(TpM) is a closed subspace of Tϕ(p)N . Then
dϕ(TM) is a subbundle of the pullback bundle ϕ∗TN . A transversal bundle W of ϕ
is a subbundle of ϕ∗TN satisfying

ϕ∗TN = dϕ(TM)⊕W .

Note that there is no natural choice of W in general. The projections onto dϕ(TM)
and W are denoted by the superscripts > and W respectively. We often write an
element of W as the pair (p, ξ) of a vector ξ and its foot point p.
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Let (M,∇M) and (N,∇N) be affine Hilbert manifolds, ϕ : M → N an immersion
and W a transversal bundle of ϕ. Then ϕ : (M,∇M) → (N,∇N) is called an affine
immersion with transversal bundle W if

dϕ(∇M
X Y ) = (∇ϕ∗TN

X dϕ(Y ))> (3.1)

holds for X, Y ∈ X(M). Here ∇ϕ∗TN denotes the induced connection on ϕ∗TN .
Let ϕ : M → N be an immersion, W a transversal bundle of ϕ and ∇N be

an affine connection on N . Then (3.1) defines an affine connection ∇M on M so
that ϕ : (M,∇M) → (N,∇N) is an affine immersion with transversal bundle W .
Moreover the affine fundamental form αϕ ∈ Γ(L2(TM ;W)), the shape operator
Aϕ ∈ Γ(L(W ,EndTM)) and the transversal connection ∇W which is a connection
on W , are defined by the Gauss and Weingarten formulas

∇ϕ∗TN
X dϕ(Y ) = dϕ(∇M

X Y )⊕ αϕ(X, Y ), (3.2)

∇ϕ∗TN
X Z = −dϕ(AϕZ(X))⊕∇WX Z, (3.3)

where X, Y ∈ X(M) and Z ∈ Γ(W). In fact these are locally expressed as

DXdϕ(Y ) + ωϕ
∗TN

X dϕ(Y ) = (DXdϕ(Y ) + (ωϕ
∗TN

X dϕ(Y ))>)⊕ (ωϕ
∗TN

X dϕ(Y ))W ,

DXZ + ωϕ
∗TN

X Z = (ωϕ
∗TN

X Z)> ⊕ (DXZ + (ωϕ
∗TN

X Z)W),

where ωϕ
∗TN denotes the local connection 1-form of ∇ϕ∗TN . If ∇N is torsion-free,

then ∇M is also torsion-free and αϕ is symmetric.
Any isometric immersion becomes an affine immersion by defining its transversal

bundle as the normal bundle and the connections as the Levi-Civita connections.

3.2. Affine submersions. Let N̂ and N be Hilbert manifolds and π : N̂ → N a
submersion. Then V := Ker dπ is a subbundle of TN̂ , which is called the vertical
distribution of π. The vertical subspace V(u) at u ∈ N̂ is equal to the tangent space
TuF of the fiber F through u. A horizontal distribution H of π is a subbundle of
TN̂ satisfying

TN̂ = V ⊕H.
Note that there is no natural choice of H in general. The projections onto V and H
are denoted by the superscripts V and H respectively.

Let (N̂ , ∇̂) and (N,∇) be affine Hilbert manifolds, π : N̂ → N a submersion

and H a horizontal distribution of π. Then π : (N̂ , ∇̂) → (N,∇) is called an affine
submersion with horizontal distribution H if

(∇̂X̂ Ŷ )H = (∇XY )̂

holds for X, Y ∈ X(N). Here X̂ denotes the horizontal lift of X, that is, X̂ ∈ Γ(H)

satisfying dπ(X̂u) = Xπ(u) for all u ∈ N̂ .

Let π : (N̂ , ∇̂) → (N,∇) be an affine submersion with horizontal distribution H.

Then the fundamental tensors A, T ∈ Γ(L2(TN̂ ;TN̂)) are defined by

TZW = (∇̂ZVW
V)H + (∇̂ZVW

H)V ,

AZW = (∇̂ZHW
H)V + (∇̂ZHW

V)H,

where Z,W ∈ X(N̂). In fact, these are locally expressed in terms of connection

1-forms of ∇̂ and thus tensors. Note that if ∇̂ is torsion-free, then so is ∇.
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By using the tensor A, we can write

∇̂X̂ Ŷ = (∇XY )̂ +AX̂ Ŷ

where X, Y ∈ X(N). This implies that, when the restriction A|H×H ∈ Γ(L2(H;V)) is
alternating, a smooth curve γ in N is a geodesic in (N,∇) if and only if its horizontal

lift γ̂ is a geodesic in (N̂ , ∇̂).
Any pseudo-Riemannian submersion becomes an affine submersion by defining its

horizontal distribution as the orthogonal complement of the vertical distribution. In
this case, the tensor A|H×H is alternating.

3.3. Lifts. Let ϕ : M → N be an immersion and π : N̂ → N a submersion. The
lift of ϕ (with respect to π) is an immersion ϕ̂ : M̂ → N̂ defined by M̂ := {(p, u) ∈
M × N̂ | ϕ(p) = π(u)} and ϕ̂(p, u) := u. We have the commutative diagram:

M̂
ϕ̂−−−→ N̂

pr

y π

y
M

ϕ−−−→ N.

Here pr : M̂ → M denotes the submersion (p, u) 7→ p. Note that ϕ is an injective

immersion if and only if ϕ̂ is an injective immersion, and in this case M̂ is identified
with the inverse image of ϕ(M) under π. Let H be a horizontal distribution of π.
Then the horizontal distribution of pr is induced. If W is a transversal bundle of ϕ,
then its horizontal lift Ŵ is a transversal bundle of ϕ̂. In particular, for each fiber
F of π, the restriction of H to F is a transversal bundle of F ⊂ N̂ .

Let π : (N̂ ,∇N̂) → (N,∇N) be an affine submersion with horizontal distribution
H and ϕ : (M,∇M) → (N,∇N) an affine immersion with transversal bundle W .

We equip M̂ with the affine connection ∇M̂ so that ϕ̂ : (M̂,∇M̂) → (N̂ ,∇N̂) is

an affine immersion with the transversal bundle Ŵ (the horizontal lift of W). By
straightforward computations, we have

(∇M̂
X̂
Ŷ )H = (∇M

X Y )̂, αϕ̂(X̂, Ŷ ) = αϕ(X, Y )̂,

(Aϕ̂
Ẑ
X̂)H = AϕZ(X )̂, ∇Ŵ

X̂
Ẑ = (∇WX Z )̂,

(3.4)

where X, Y ∈ X(M) and Z ∈ Γ(W).

4. Focal points and Fredholm properties

In this section, we define focal points of affine immersions in the torsion-free case,
study their relations to affine submersions and show the Fredholm property of affine
immersions lifted by some affine submersion. We refer to Kobayashi-Nomizu [10] for
Jacobi fields on affine manifolds, to Lang [14] and Klingenberg [8] for Jacobi-fields on
(Riemannian) Hilbert manifolds and to Heintze-Liu-Olmos [4] for focal points and
Riemannian submersions.

Let N be a Hilbert manifold and γ : [a, b]→ N a smooth curve. A variation of γ
is a smooth map F : [a, b] × (−ε, ε) → N , (t, s) 7→ F (t, s) satisfying F (t, 0) = γ(t).
We set γs(t) := F (t, s) and often write {γs}s for F . The variational vector field
X ∈ Γ(γ∗TN) is defined by X(t) := ∂F

∂s
(t, 0). Let ∇ be an affine connection on N
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and γ a geodesic in (N,∇). If {γs}s is a variation of γ and each γs is a geodesic of

(N,∇), then it is called a variation through geodesics. We write X ′ for ∇γ∗TN
d
dt

X.

Let (N,∇) be an affine Hilbert manifold with a torsion-free connection and γ :
[a, b] → N a geodesic. Set p := γ(a). Then J ∈ Γ(γ∗TN) is called a Jacobi field
along γ if it is the variational vector field of a variation of γ through geodesics. An
equivalent definition is that J satisfies the Jacobi equation

(J ′)′ +R(J, γ′)γ′ = 0 (4.1)

where R denotes the curvature tensor of ∇γ∗TN . The set of all Jacobi fields along
γ is denoted by Jγ. Since (4.1) is locally a linear ordinary differential equation we
have the linear isomorphism

Jγ → TpN ⊕ TpN, J 7→ (J(a), J ′(a)). (4.2)

Let (M,∇M) and (N,∇N) be affine Hilbert manifolds with torsion-free connections
and ϕ : (M,∇M) → (N,∇N) an affine immersion with transversal bundle W . Let
p ∈M and γ : [0, 1]→ N be a geodesic satisfying γ(0) = ϕ(p) and ξ := γ′(0) ∈ Wp.
Then J ∈ Γ(γ∗TN) is called a ϕ-Jacobi field along γ if J is the variational vector
field of a variation {γs}s through geodesics such that there exists a smooth curve
δ : (−ε, ε) → M satisfying γs(0) = ϕ(δ(s)) and γ′s(0) ∈ Wδ(s). An equivalent
definition is that J is a Jacobi field along γ satisfying

J(0) ∈ dϕ(TpM) and J ′(0)> = −dϕ(Aϕξ (dϕ−1J(0))). (4.3)

The set of all ϕ-Jacobi fields along γ is denoted by Jϕγ . We have the linear isomor-
phism

Jϕγ → dϕ(TpM)⊕Wp, J 7→ (J(0), J ′(0)W). (4.4)

Note that Jϕγ is also isomorphic to T(p,ξ)W because ∇W decomposes T(p,ξ)W into the
horizontal and vertical subspaces which are isomorphic to TpM andWp respectively.
More explicitly the isomorphism between Jϕγ and T(p,ξ)W is described as follows. For
X ∈ T(p,ξ)W we take a smooth curve ω : (−ε, ε) → W satisfying ω′(0) = X. Define

the variation of γ by F (t, s) := ExpN tω(s). Then its variational vector field is the
corresponding ϕ-Jacobi field along γ. Under the identification by this isomorphism,
the differential of the transversal exponential map η :W → N , (p, ξ) 7→ ExpNϕ(p) ξ is
expressed as (dη)(p,ξ)(J) = J(1).

Definition. Let ϕ : (M,∇M) → (N,∇N) be an affine immersion with transversal
bundle W where ∇M and ∇N are torsion-free. If (p, ξ) ∈ W lies in the domain
of η and if Ker(dη)(p,ξ) has dimension m, then (p, ξ) is called a multiplicity-m focal
direction of ϕ and η(p, ξ) is called a multiplicity-m focal point of ϕ.

The following lemma extends Lemma 6.1 of [4] in the case of an arbitrary Rie-

mannian submersion π : N̂ → N (see also [30, Lemmas 5.12]) and includes the case
of the parallel transport map over an affine symmetric space (Theorem 7.4). (See
Remark 4.2 for the difference between our proof and the original proof.)

Lemma 4.1. Let (V,D) be a Hilbertable space with the flat connection, π : (V,D)→
(N,∇N) be an affine submersion with horizontal distribution H such that A|H×H is
alternating and ϕ : (M,∇M) → (N,∇N) be an affine immersion with transversal

bundle W. Denote by ϕ̂ : (M̂,∇M̂) → (V,D) the lift of ϕ. Let (p̂, ξ̂) ∈ Ŵ and set

(p, ξ) := (π(p̂), dπ(ξ̂)) ∈ W. Then the following conditions are equivalent:
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(i) (p̂, ξ̂) is a multiplicity-m focal direction of ϕ̂,
(ii) (p, ξ) is a multiplicity-m focal direction of ϕ.

Proof. Since A|H×H is alternating, a smooth curve in N is a geodesic if and only if
its horizontal lift is a geodesic. Thus we have the commutative diagram

Ŵ η̂−−−→ V

dπ

y π

y
W η−−−→ N

where η and η̂ are the transversal exponential maps of ϕ and ϕ̂ respectively. Set
γ(t) := Exp tξ and γ̂(t) := Exp tξ̂. Write J for Jϕγ and Ĵ for Jϕ̂γ̂ . Set q := γ(1) and
q̂ := γ̂(1). Differentiating the above diagram we have

Ĵ
f̂−−−→ Tq̂V

π̃

y (dπ)q̂

y
J

f−−−→ TqN

(4.5)

where f and f̂ are the evaluation maps at t = 1 and π̃(Ĵ)(t) = dπ(J(t)). By

commutativity, π̃ induces a map from Ker f̂ to Ker f . It suffices to show that this is
an isomorphism.

We denote by Ĵ1 := Ker π̃ the subspace of Ĵ consisting of everywhere vertical ones
and by Ĵ2 the subspace of Ĵ whose elements are induced by the variation {γ̂s}s of γ̂
where γ̂s is a horizontal lift of γ. We claim:

(a) Ĵ1 = Ĵ2 and (b) f̂ : Ĵ2 → Ker(dπ)q̂ is an isomorphism.

In fact Ĵ1 ⊃ Ĵ2 is clear. To see the converse we let J ∈ Ĵ1 and suppose J(0) = 0.
Then J ′(0)> = 0 and thus J ′(0) ∈ H(p̂). Since V is a Hilbertable space we have
J(t) = tJ ′(0). Since J is everywhere vertical, J ′(0) must be zero. (More precisely,
define a section s of γ̂∗TV = γ̂∗H ⊕ γ̂∗V by s(t) := J ′(0). Then s(t) ∈ V(γ̂(t)) for
all t > 0. Since γ̂∗V is closed in γ̂∗TV , it follows by continuity that s(0) ∈ V(p̂)

and hence s(0) = 0.) This shows that each J ∈ Ĵ1 is uniquely determined by the

value J(0). Thus Ĵ1 = Ĵ2. (b) follows by an observation that the horizontal lifts of
γ define a diffeomorphism between π−1(p) and π−1(q).

The injectivity of π̃ : Ker f̂ → Ker f follows immediately from (a) and (b). The

surjectivity follows from (a) and (b) together with the surjectivity of π̃ : Ĵ → J.

More precisely, for J ∈ Ker f we take Ĵ ∈ Ĵ satisfying π̃(Ĵ) = J . By commutativity

of (4.5) we have Ĵ(1) ∈ Ker(dπ)q. By (a) and (b) there exists K ∈ Ĵ1 satisfying

K(1) = Ĵ(1). Then Ĵ −K is the desired Jacobi-field. This completes the proof. �

Remark 4.2. An essential point in the above proof is to show Ĵ1 ⊂ Ĵ2. In the proof
of [4, Lemma 6.1] this was shown by using a Riemannian metric of N̂ . In the above

proof, we showed it by supposing that N̂ is a Hilbertable space (without a metric)
and by using its linearity. Except for this point, our proof is similar to theirs.

The following corollary generalizes Corollary 6.2 of [4] to the affine case.
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Corollary 4.3. Let the notation be as in Lemma 4.1. Then the following conditions
are equivalent for λ ∈ R\{0}:

(i) λ is a multiplicity-m eigenvalue of the shape operator Aξ̂ of ϕ̂,

(ii) (p, 1
λ
ξ) ∈ W is a multiplicity-m focal direction of ϕ.

Proof. A Jacobi field J on (V,D) is expressed as J(t) = J(0) + tJ ′(0). Thus (i)

is equivalent to the condition that (p̂, 1
λ
ξ̂) is a multiplicity-m focal direction of ϕ̂.

Hence the assertion follows from Lemma 4.1 �

Remark 4.4. The above corollary relates the focal points of ϕ and the real eigenvalues
of Aξ̂. In the case of Riemannian submersions, this suffices because all the eigenvalues
of Aξ̂ are real. In the affine case, Aξ̂ may have complex eigenvalues and hence
Corollary 4.3 does not suffice. This is one of the difficulties to study this area.

To describe the Fredholm property of lifted affine immersions, we make the fol-
lowing definition (see [23, 28] for the Riemannian case).

Definition. Let (V,D) be a Hilbertable space and ϕ : (M,∇M)→ (V,D) an affine
immersion of finite codimension with transversal bundle W . Then ϕ is called Fred-
holm if the transversal exponential map η : W → V , (p, ξ) 7→ p + ξ is a Fredholm
map. If in addition η has Fredholm index 0, that is,

dim Ker(dη)(p,ξ) = dim Coker(dη)(p,ξ)

holds for any (p, ξ) ∈ W , then ϕ is said to be of Fredholm index 0.

Remark 4.5. One can see that Ker(dη)(p,ξ) and Coker(dη)(p,ξ) are isomorphic to
Ker(id−Aϕξ ) and Coker(id−Aϕξ ) respectively. Thus, in the Riemannian case, iso-
metric Fredholm immersions are always of Fredholm index 0.

The following proposition generalizes Lemma 5.1 (i) of [4] to the affine case (see
also [30, Lemma 5.8]). In the proof, we will essentially use Lemma 4.1.

Proposition 4.6. Let the notation be as in Lemma 4.1. Suppose that N has finite
dimension. Then ϕ̂ is an affine Fredholm immersion of Fredholm index 0.

Proof. It is clear that codim ϕ̂ is finite and equal to codimϕ. To see the Fredholm
property, we consider the diagram (4.5). dπ induces a surjection from Im f̂ onto Im f

whose kernel is the vertical subspace Vq̂. Thus Coker f̂ = Tq̂N̂/ Im f̂ ∼= TqN/ Im f =

Coker f . This together with Lemma 4.1 implies that dim Coker f̂ = dim Coker f =
dim Ker f = dim Ker f̂ . �

Remark 4.7. An isometric immersion into a Hilbert space of finite codimension is
called proper [23, 28] if the normal exponential map restricted to the disc bundle of
any finite radius is a proper map. There seems to be no natural generalization of this
concept for affine immersions because a metric on the ambient space is necessary.

5. The Hilbert Lie group of Sobolev H1-paths

In this section, we review the Hilbert Lie group H1([0, 1], G) of Sobolev H1-paths
in a Lie group G, make sure that it does not depend on the choice of a Riemannian
metric on G and show a fundamental fact which will be used later. We refer to
Klingenberg [8] (see also [7]) for the Hilbert manifold H1([0, 1], N) of Sobolev H1-
paths in a smooth manifold N and its analytic foundations.
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Let E be a finite dimensional vector bundle over [0, 1]. Choose a fiber metric 〈·, ·〉
on E and a connection ∇ on E. On Γ(E) we define the L2-inner product and the
Sobolev H1-inner product by

〈u, v〉L2 :=

∫ 1

0

〈u(t), v(t)〉dt, 〈u, v〉H1 := 〈u, v〉L2 + 〈∇u,∇v〉L2

respectively. The completions of Γ(E) with respect to these inner products are
denoted by L2(E) and H1(E) respectively and they are Hilbert spaces. Since E has
finite rank and [0, 1] is compact, the topologies on those spaces do not depend on the
choice of a metric or a connection. Thus, without fixing a metric or a connection on
E, we can consider topological vector spaces L2(E) and H1(E), which are Hilbertable
spaces. By the Sobolev embedding theorem, H1-sections are continuous.

Let N be a finite dimensional smooth manifold. A continuous map c : [0, 1]→ N
is of Sobolev class H1 if for each local coordinate (U, φ) of N the path

I ′ := [0, 1] ∩ c−1(U)
c→ U

φ→ φ(U) ⊂ Rn

belongs to the Sobolev space H1(I ′,Rn) where n := dimN . An equivalent definition
is that c is absolutely continuous and the derivative c′ (defined almost everywhere in

[0, 1]) satisfies
∫ 1

0
〈c′(t), c′(t)〉dt <∞ for a Riemannian metric on N . This definition

does not depend on the choice of a Riemannian metric since N has finite dimen-
sion and [0, 1] is compact. The set of all maps of Sobolev class H1 is denoted by
H1([0, 1], N). The following fact was originally found by Eliasson [2] and Palais [22]
with more generality:

Lemma 5.1. N := H1([0, 1], N) becomes a Hilbert manifold.

Here the manifold structure of N is defined so that for each c ∈ N there is an open
neighborhood U of c inN which is diffeomorphic to an open neighborhood of the zero
section in the Hilbertable space H1(c∗TN). To define this explicitly, one has to take
a Riemannian metric on N . Nevertheless one can see that the manifold structure
of N does not depend on the choice of a Riemannian metric on N . This can be
seen by the arguments similar to those for the smoothness of the transition functions
using Lemma 2.3.9 of [8] (see also Lemma 1.2.5 of [7]). If N is a submanifold of
some Euclidean space Rm, then N is regarded as a subset of H1([0, 1],Rm) and the
distance d on N is defined by d(c1, c2) := ‖c1 − c2‖H1 . The topology on N induced
by d coincides with the topology on N explained above.

Suppose that N = G is a Lie group with Lie algebra g. Then the group structure
on the Hilbert manifold H1([0, 1], G) is defined by the pointwise multiplication (c ·
d)(t) := c(t) ·d(t). Such a group is called a path group. Denote by e ∈ G the identity
element of G. The identity element of G is the constant path ê with value e.

Corollary 5.2. G := H1([0, 1], G) becomes a Hilbert Lie group.

Here a Hilbert Lie group is a Hilbert manifold with a smooth group structure.
The smoothness of the group structure of G can be shown by using Lemma 2.3.9 of
[8]. The Lie algebra of G is the Hilbertable space H1([0, 1], g) with pointwise bracket.
The exponential map expG : H1([0, 1], g)→ G is defined by (expG X)(t) := expGX(t)
where expG : g → G denotes the exponential map of G. By using Lemma 2.3.9 of
[8] one can see that expG is a smooth map. Moreover, if one takes neighborhoods
W of 0 ∈ g and U of e ∈ G such that expG : W → U is a diffeomorphism, then
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expG : H1([0, 1],W )→ H1([0, 1], U) gives a chart at ê ∈ G which is compatible with
the manifold structure of G. Extending this chart by left (resp. right) translations
on G, one can obtain a left (resp. right) invariant atlas on G.

The following proposition is fundamental in the theory of the parallel transport
map. Here lg and rg denote the left and right translations by g ∈ G respectively and
Vg := L2([0, 1], g) denotes the Hilbertable space of all L2-maps from [0, 1] to g.

Proposition 5.3. Let G be a Lie group. Then for each u ∈ Vg there exists a unique
g ∈ G satisfying dl−1

g (g′) = u and g(0) = e. Similarly, for each u ∈ Vg there exists a

unique g ∈ G satisfying dr−1
g (g′) = u and g(0) = e.

The above proposition was proved in [6, Proposition 3.2] when G is compact and
the proof depends on the compactness of G (cf. Remark 6.3). We will now give
another proof which does not depend on the compactness of G. We denote by
GL(n,R) the general linear group of degree n and by gl(n,R) its Lie algebra.

Lemma 5.4. Let X : [0, 1]→ gl(n,R) be an L2-map and x0 ∈ Rn. Then there exists
a unique solution ϕ ∈ H1([0, 1],Rn) to the linear ordinary differential equation

dϕ

dt
= Xϕ, ϕ(0) = x0.

Proof. Set κ :=
∫ 1

0
|X(s)|2ds. Let [a, b] be a subintervbal of [0, 1] satisfying b −

a < κ−1. For y0 ∈ Rn we define the map Fy0 : L2([a, b],Rn) → L2([a, b],Rn)

by Fy0(ϕ)(t) = y0 +
∫ t
a
X(s)ϕ(s)ds for ϕ ∈ L2([a, b],Rn). Note that Fy0(ϕ) ∈

H1([0, 1],Rn). For t ∈ [a, b] we have

|Fy0(ϕ)(t)−Fy0(ψ)(t)|2 =

∣∣∣∣∫ t

a

X(s)(ϕ(s)− ψ(s))ds

∣∣∣∣2
≤
(∫ t

a

|X(s)||ϕ(s)− ψ(s)|ds
)2

≤
(∫ t

a

|X(s)|2ds
)(∫ t

a

|ϕ(s)− ψ(s)|2ds
)

≤ κ

∫ b

a

|ϕ(s)− ψ(s)|2ds.

Thus
∫ b
a
|Fy0(ϕ)(t) − Fy0(ψ)(t)|2dt ≤ (b − a)κ

∫ b
a
|ϕ(s) − ψ(s)|2ds. This shows that

Fy0 is a contraction map. Thus there exists a unique ϕ ∈ L2([a, b],Rn) satisfying

ϕ(t) = y0 +

∫ t

a

X(s)ϕ(s)ds.

This is the unique H1-solution on [a, b] to the equation dϕ
dt

= Xϕ, ϕ(a) = y0.
Let 0 = a0 < a1 < · · · < al = 1 be a refinement of [0, 1] satisfying ai+1 − ai < κ.

By the above result there exists the unique solution ϕ0 ∈ H1([a0, a1],Rn) to the
equation dϕ0

dt
= Xϕ0, ϕ0(a0) = x0. For each i ≥ 1 there exists the unique solution

ϕi ∈ H1([ai, ai+1],Rn) to the equation dϕi
dt

= Xϕi, ϕi(ai) = ϕi−1(ai). Connecting
these solutions continuously we obtain the desired unique H1-solution ϕ on [0, 1]. �

Proof of Proposition 5.3. If G is a Lie subgroup of GL(n,R) for some n, then the
assertion follows from Lemma 5.4. If G is not a Lie subgroup of GL(n,R) for any
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n, then we use Ado’s theorem which ensures that g is isomorphic to a subalgebra
g′ of gl(n,R) for some n. By Lemma 5.4 the assertion follows for the connected Lie
subgroup G′ of GL(n,R) with Lie algebra g′. By lifting the solution to the universal
covering group G̃ the assertion follows for G̃ and thus for G. �

6. The parallel transport map over Lie group

In this section, we study the parallel transport map over a Lie group.
Let G be a (finite dimensional) Lie group with Lie algebra g. We denote by
G := H1([0, 1], G) the Hilbert Lie group of Sobolev H1-paths in G and by Vg :=
L2([0, 1], g) the Hilbertable space of all L2-maps from [0, 1] to g. For g ∈ G the
continuous linear map Ad(g) : Vg → Vg is defined by (Ad(g)u)(t) := AdG(g(t))u(t)
where AdG denotes the adjoint representation of G. We define the G-action on Vg
by the affine transformation

g ∗ u := Ad(g)u− dr−1
g (g′). (6.1)

This action is smooth and the differential of the orbit map ωu : G → Vg, g 7→ g ∗ u
at ê ∈ G is given by

dωu : H1([0, 1], g)→ Vg, Z 7→ [Z, u]− Z ′. (6.2)

This is a Fredholm operator and thus the G-action on Vg is Fredholm (cf. [23]). From
Proposition 5.3 we know that the G-action on Vg is transitive.

Let L be a closed subgroup of G×G with Lie algebra l. Then

P (G,L) := {g ∈ G | (g(0), g(1)) ∈ L}
is a Lie subgroup of G and its Lie algebra is

LieP (G,L) := {Z ∈ H1([0, 1], g) | (Z(0), Z(1)) ∈ l}. (6.3)

Note that P (G,L) is the inverse image of L under the submersion Ψ : G → G× G,
g 7→ (g(0), g(1)). Thus P (G,L) is closed and of finite codimension. In particular the
P (G,L)-action on Vg is Fredholm. From Proposition 5.3 we know that P (G, {e}×G)
and P (G,G× {e}) act on Vg simply transitively.

Remark 6.1. If G is compact, then the G-action on Vg is proper and thus the P (G,L)-
action on Vg is proper [29, p. 132]. This is no longer true when G is non-compact:
Consider the case G = SL(2,C). Set

gn(t) :=

[
1 + nt 0

0 (1 + nt)−1

]
, un(t) :=

[
1 0
0 −1

]
.

Then gn ∈ P (G, {e} ×G) and

gn ∗ un =

[
1− n

1+nt
0

0 −1 + n
1+nt

]
→

[
1− 1

t
0

0 −1 + 1
t

]
(n→∞).

However gn cannot have a convergent subsequence. Therefore, in this case, the action
of P (G, {e} ×G) on Vg is not proper.

In order to define the parallel transport map over G, we need the following lemma.

Lemma 6.2. The map F : P (G, {e}×G)→ Vg defined by F (g) := dl−1
g (g′) = g−1 ∗ 0̂

is a diffeomorphism.



16 M. MORIMOTO

Remark 6.3. Lemma 6.2 was proved by King and Terng [6, Proposition 3.2] when G
is compact. An essential point is the bijectivitiy of F , which was proved by using the
properness of the P (G, {e}×G)-action on Vg, which depends on the compactness of
G (Remark 6.1). Hence their arguments do not apply in the non-compact case and
should be modified. (Such a modification is not made in [11].) In the last section,
we have modified their arguments (Proposition 5.3) and therefore we know that F
is a bijection. The smoothness can be seen by the same arguments as theirs.

Let G be a connected Lie group. The parallel transport map Φ : Vg → G is the
submersion defined by

Φ := p ◦ E : Vg → P (G, {e} ×G)→ G

where E denotes the inverse map of F in Lemma 6.2 and p the projection g 7→ g(1).
In other words, if g ∈ G is the unique solution to the ordinary differential equation

dl−1
g (g′) = u, g(0) = e

then Φ(u) = g(1). The following two propositions can be proven by the same argu-
ments as in the compact case ([29, Proposition 1.1], [30, Corollary 4.4]).

Proposition 6.4 (Terng [29]).

(i) Φ(x̂) = exp x where x̂ ∈ Vg denotes the constant path with value x ∈ g.
(ii) Φ(g ∗ u) = Ψ(g) · Φ(u) for g ∈ G and u ∈ Vg.

(iii) P (G,L) ∗ u = Φ−1(L · Φ(u)) for any closed subgroup L of G×G.

Here G×G (and L) acts on G by (b, c) · a := bac−1.

Proposition 6.5 (Terng-Thorbergsson [30]).

(i) P (G, {e} × {e}) acts on each fiber of Φ simply transitively.
(ii) Φ : Vg → G is a principal P (G, {e} × {e})-bundle.

(iii) Any two fibers of Φ are congruent under g∗ for some g ∈ P (G,G× {e}).

The Lie algebra of P (G, {e} ×G) is given by

LieP (G, {e} ×G) = {Z ∈ H1([0, 1], g) | Z(0) = 0}.
From (6.2) we see that the differential (dF )ê : LieP (G, {e} × G) → T0̂Vg = Vg is

given by (dF )êZ = Z ′. Thus (dE)0̂X =
∫ t

0
X(t)dt for X ∈ Vg. Therefore

(dΦ)0̂(X) =

∫ 1

0

X(t)dt. (6.4)

Thus we have the direct sum decomposition

T0̂Vg = ĝ⊕Ker(dΦ)0̂, X =

∫ 1

0

X(t)dt⊕
(
X −

∫ 1

0

X(t)dt

)
(6.5)

where ĝ denotes the set of constant paths with values in g. From Proposition 6.4 (ii)
we have

Tg∗0̂Vg = Ad(g)ĝ⊕Ker(dΦ)g∗0̂. (6.6)

Thus the horizontal distribution H of Φ is defined by H(g ∗ 0̂) := Ad(g)ĝ.
Let ∇G denote the canonical connection on G, which is the (G × G)-invariant,

torsion-free affine connection determined by

∇G
XY =

1

2
[X, Y ]
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for X, Y ∈ g. We denote by D the flat connection on the Hilbertable space Vg.

Theorem 6.6. Let G be a connected Lie group. Then the parallel transport map
Φ : (Vg, D)→ (G,∇G) is an affine submersion with horizontal distribution H(g∗0̂) :=
Ad(g)ĝ. Moreover the tensor A|H×H is alternating.

Proof. Proposition 6.4 (ii) shows that the diagram

Vg
g∗−−−→ Vg

Φ

y Φ

y
G

(g(0),g(1))−−−−−−→ G

(6.7)

commutes for any g ∈ G. Note that g∗ and (g(0), g(1)) are affine transformations of
(Vg, D) and (G,∇G) respectively and H(g ∗ 0̂) = d(g∗)H(0̂). Thus, in order to show
that Φ is an affine submersion with horizontal distribution H, it suffices to show

(DX̂ Ŷ )H
0̂

= ((∇G
XY )e)̂

for X, Y ∈ X(G). We can assume X ∈ g and identify X̂ ∈ ĝ with X. Set gs(t) :=
exp((1− t)sX). Then gs ∈ P (G,G× {e}) and gs ∗ 0̂ = sX. By (6.7) we have

Ŷ (sX) = (Yexp sX )̂ = Ad(gs)(dl
−1
exp sX(Yexp sX)).

Then we have

(DX̂ Ŷ )0̂ =
d

ds

∣∣∣∣
s=0

Ad(gs)(dl
−1
exp sX(Yexp sX))

= (1− t)[X, Y L] +
d

ds

∣∣∣∣
s=0

dl−1
exp sX(Yexp sX)

where Y L denotes the left invariant vector field satisfying Y L
e = Ye. By (6.5) we have

(DX Ŷ )H
0̂

=
1

2
[X, Y L] +

d

ds

∣∣∣∣
s=0

dl−1
exp sX(Yexp sX).

Take a basis {η1, · · · , ηd} of g and write Y =
∑

i fiηi where fi ∈ C∞(G). Then

2(DX Ŷ )H
0̂

=
∑
i

(
fi(e)[X, ηi] + 2

d

ds

∣∣∣∣
s=0

fi(exp sX)ηi)

)
=
∑
i

(fi(e)[X, ηi] + 2(Xefi)ηi) = 2(∇G
XY )̂e.

Moreover, from the above calculations, we have (AX̂ Ŷ )(t) = (1
2
− t)[X, Y ] for X, Y ∈

g. Thus A|H×H is alternating. This completes the proof. �

Suppose that G is semisimple. Take a bi-invariant pseudo-Riemannian metric ρ on
G and denote by 〈·, ·〉ρ the corresponding non-degenerate, Ad(G)-invariant, bi-linear
form on g. (For example, the Killing form on g defines such a metric.) Then

〈u, v〉ρL2 :=

∫ 1

0

〈u(t), v(t)〉ρdt

defines a continuous, non-degenerate, symmetric bi-linear form on the Hilbertable
space Vg [11, p. 180]. It is easy to see that the G-action on (Vg, 〈·, ·〉ρL2) is isometric.
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The following lemma is essentially due to Terng and Thorbergsson [30, Theorem 4.5]
who proved it in the case that G is compact.

Lemma 6.7 ([30]). The decomposition (6.6) is orthogonal with respect to 〈·, ·〉ρL2.

Proof. Since the G-action on (Vg, 〈·, ·〉ρL2) is isometric, it suffices to show that the
decomposition (6.5) is orthogonal. By Proposition 6.5 (i) and (6.2) we have

Ker(dΦ)0̂ = {Z ′ | Z ∈ H1([0, 1], g), Z(0) = Z(1) = 0}. (6.8)

For x ∈ g we have 〈x̂, Z ′〉ρL2 =
∫ 1

0
〈x̂, Z ′(t)〉ρdt = 〈x̂,

∫ 1

0
Z ′(t)dt〉ρ = 〈x̂, Z(1)−Z(0)〉ρ =

0. This proves the lemma. �

The following fact was shown by Koike [11, Proposition 4.4]. For convenience, we
give a simpler proof here.

Proposition 6.8 (Koike [11]). Let G be a connected semisimple Lie group with
a bi-invariant pseudo-Riemannian metric ρ. Then the parallel transport map Φ :
(Vg, 〈·, ·〉ρL2)→ (G, ρ) is a pseudo-Riemannian submersion.

Proof. Owing to Lemma 6.7 we have only to show that 〈·, ·〉ρL2 induces a pseudo-
Riemannian metric on each fiber of Φ. Since the G-action is isometric and Φ an
equivariant submersion (Proposition 6.4 (ii)) it suffices to show that the restriction
of 〈·, ·〉ρL2 to the subspace (6.8) is non-degenerate. Consider the decomposition g =
g+⊕ g− where 〈·, ·〉ρ is positive (resp. negative) definite on g+ (resp. g−). Denote by
〈·, ·〉ρ,+ (resp. 〈·, ·〉ρ,−) the restriction of 〈·, ·〉ρ to g+ (resp. g−). Then

〈·, ·〉 := 〈·, ·〉ρ,+ ⊕ (−〈·, ·〉ρ,−)

defines a positive definite inner product on g. The corresponding L2-inner product
is denoted by 〈·, ·〉L2 . Consider the linear map from Ker(dΦ)0̂ to its continuous dual:

Ker(dΦ)0̂ → (Ker(dΦ)0̂)∗, Z ′ 7→ 〈Z ′, ·〉ρL2 . (6.9)

By continuity of 〈·, ·〉ρ this map is continuous. By the Riesz representation theorem,
for each ω ∈ (Ker(dΦ)0̂)∗ there exists a unique W ′ ∈ Ker(dΦ)0̂ satisfying ω =
〈W ′, ·〉L2 . Decomposing W = W+ ⊕ W− we define W̄ := W+ ⊕ (−W−). Then
W̄ ′ ∈ Ker(dΦ)0̂ and ω = 〈W̄ ′, ·〉ρL2 . Thus ω 7→ W̄ ′ defines the inverse map of (6.9).
Hence (6.9) is a topological linear isomorphism. This completes the proof. �

Suppose that G is compact. Then we can assume ρ to be a (positive definite)
bi-invariant Riemannian metric on G. Thus Lemma 6.7 implies ([30, Theorem 4.5]):

Proposition 6.9 (Terng-Thorbergsson [30]). Let G be a connected compact Lie
group with a bi-invariant Riemannian metric ρ. Then the parallel transport map
Φ : (Vg, 〈·, ·〉ρL2)→ (G, ρ) is a Riemannian submersion.

7. The parallel transport map over symmetric space

In this section, we define the parallel transport map over a homogeneous space
and investigate it especially over a symmetric space.

Let G be a (finite dimensional) connected Lie group and K a closed subgroup of
G. The coset manifold G/K is called a homogeneous space. The Lie algebras of G
and K are denoted by g and k respectively. A homogeneous space G/K is called
reductive if there exists an Ad(K)-invariant subspace p of g satisfying g = k ⊕ p.
This decomposition is called the reductive decomposition. Note that TeK(G/K) and
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p are identified. We have [k, k] ⊂ k and [k, p] ⊂ p. For x ∈ g we denote by xk and xp
the k- and p-components respectively.

A homogeneous space G/K is called a symmetric space if K is a symmetric
subgroup of G, that is, there exists an involutive automorphism θ of G satisfy-
ing Gθ

0 ⊂ K ⊂ Gθ where Gθ denotes the fixed-point subgroup of G and Gθ
0 its

identity component. The pair (G,K) is called a symmetric pair. Denote by p the
(−1)-eigenspace of dθ : g → g. The decomposition g = k ⊕ p is called the canoni-
cal decomposition. Since p is Ad(K)-invariant, any symmetric space is a reductive
homogeneous space. We have [p, p] ⊂ k.

Definition. Let G/K be a homogeneous space with projection π : G → G/K.
Denote by Φ : Vg → G the parallel transport map. The composition ΦG/K := π ◦Φ :
Vg → G→ G/K is called the parallel transport map over G/K.

Remark 7.1. The above definition generalizes the definition in the Lie group case in
the last section. There are two meanings about this. One is that Φ and ΦG/{e} are
naturally identified. The other is that Φ and Φ(G×G)/∆G are identified via natural
isomorphisms: There exists an injective homomorphism Ω : G → H1([0, 1], G × G)
with image P (G × G,G × G × ∆G) and a linear isomorphism Υ : Vg → Vg⊕g such
that Υ is equivariant with respect to the G-action on Vg and the Ω(G)-action on Vg⊕g
via Ω and the diagram

Vg
Υ−−−→ Vg⊕g

Φ

y yΦ(G×G)/∆G

G
φ←−−− (G×G)/∆G

commutes, where φ(a, b) := ab−1. For details, see [24, 18].

From Propositions 6.4 and 6.5, we have:

Proposition 7.2. Let G/K be a homogeneous space. Then

(i) ΦG/K(x̂) = π(expx) for x ∈ g.
(ii) ΦG/K(g ∗ u) = g(0) · ΦG/K(u) for g ∈ P (G,G×K) and u ∈ Vg.

(iii) P (G,H ×K) ∗ u = Φ−1
G/K(H · ΦG/K(u)) for any closed subgroup H of G.

Here G (and H) acts on G/K by b · aK := (ba)K.

Proposition 7.3. Let G/K be a homogeneous space. Then

(i) P (G, {e} ×K) acts on each fiber of ΦG/K simply transitively.
(ii) If G/K is reductive, then ΦG/K is a principal P (G, {e} ×K)-bundle.

(iii) Any two fibers of ΦG/K are congruent under g∗ for some g ∈ P (G,G×{e}).

Let G/K be a reductive homogeneous space with reductive decomposition g =
k⊕ p. From (6.4) we have

(dΦG/K)0̂(X) =

∫ 1

0

X(t)pdt (7.1)

where X ∈ Vg. Thus we have the direct sum decomposition

T0̂Vg = p̂⊕Ker(dΦG/K)0̂, X =

∫ 1

0

X(t)pdt⊕
(
X −

∫ 1

0

X(t)pdt

)
(7.2)
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where p̂ denotes the set of constant paths with values in p. From Proposition 7.2 (ii)
we have

Tg∗0̂Vg = Ad(g)p̂⊕Ker(dΦG/K)g∗0̂ (7.3)

where g ∈ P (G,G×K). This together with Ad(K)-invariance of p implies that the
horizontal distribution H of ΦG/K is well-defined by

H(g ∗ 0̂) = Ad(g)p̂. (7.4)

Let G/K be a reductive homogeneous space with reductive decomposition g =
k⊕ p. The canonical connection ∇G/K is the G-invariant affine connection on G/K
determined by

(∇G/K
X∗ Y )eK = [X∗, Y ]eK (7.5)

where X ∈ p and Y ∈ X(G/K) ([10, p. 192], [13, p. 30]). Here X∗ denotes the
associated vector field on G/K defined by X∗aK := d

dt

∣∣
t=0

(exp tX) · aK. A sym-

metric space G/K equipped with the canonical connection ∇G/K is called an affine
symmetric space. Equivalently an affine symmetric space is a connected affine man-
ifold (N,∇N) such that each p ∈ N is an isolated fixed point of an involutive affine
transformation sp (called the symmetry at p) of (N,∇N).

The following theorem generalizes Theorem 6.6. In fact, if we consider the sym-
metric space (G×G)/∆G then it is equivalent to Theorem 6.6 (cf. Remark 7.1).

Theorem 7.4. Let (G/K,∇G/K) be an affine symmetric space with canonical decom-
position g = k⊕ p. Then the parallel transport map ΦG/K : (Vg, D)→ (G/K,∇G/K)

is an affine submersion with horizontal distribution H(g ∗ 0̂) := Ad(g)p̂ where g ∈
P (G,G×K). Moreover the tensor A|H×H is alternating.

Owing to Theorem 6.6, we have only to prove:

Proposition 7.5. Let (G/K,∇G/K) be an affine symmetric space with canonical
decomposition g = k ⊕ p. Then the projection π : (G,∇G) → (G/K,∇G/K) is an
affine submersion with horizontal distribution H(a) := dla(p) where a ∈ G. Moreover
the tensor A|H×H is alternating.

Proof. Let la and La denote the left translations onG andG/K by a ∈ G respectively.
It is clear that the diagram

G
la−−−→ G

π

y π

y
G/K

La−−−→ G/K

(7.6)

commutes for any a ∈ G. Note that la and La are affine transformations of (G,∇G)
and (G/K,∇G/K) respectively and H(a) = dla(H(0̂)). Thus, in order to show that
π is an affine submersion with horizontal distribution H, it suffices to show

(∇G
X Ŷ )He = ((∇G/K

X∗ Y )eK )̂ (7.7)

for X ∈ p and Y ∈ X(G/K). We may assume that Y is a vector field defined on
an open neighborhood of eK ∈ G/K. Let η1, · · · , ηd be a basis of p. Denote by
η∗1, · · · , η∗d the associated vector fields on G/K. Then {η∗1|eK , · · · , η∗d|eK} is a basis
of TeK(G/K). By continuity there exists an open neighborhood U of eK such that
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{η∗1|aK , · · · , η∗d|aK} is a basis of TaK(G/K) at each aK ∈ U . We write Y =
∑

i fiη
∗
i

for fi ∈ C∞(U). Identifying TeK(G/K) with p we have

Ŷa = dla ◦ dL−1
a (YaK)

=
∑
i

fi(aK)dla ◦ dL−1
a (η∗i |aK)

=
∑
i

fi(aK)dla(Ad(a)−1ηi)p.

=
∑
i

fi(aK)(dra(ηi|e))H(a).

Thus Ŷ =
∑

i(fi ◦ π)(ηRi )H where ηRi denotes the right invariant vector field on
π−1(U) satisfying ηRi |e = ηi|e and (ηRi )H its horizontal component. Then we have

(∇G
X Ŷ )e =

∑
i

(
fi(eK)(∇G

X(ηRi )H)e + (X∗eKfi)ηi|e
)
. (7.8)

Take a basis {κ1, · · · , κn} of k and express ηRi =
∑

j ψijκj⊕
∑

k ϕikηk where ψij, ϕik ∈
C∞(π−1(U)). Then (ηRi )H =

∑
k ϕikηk. Note that ψij(e) = 0 for all j and ϕik(e) is

equal to the Kronecker delta δik. Thus

0 = [X, ηRi ]e =
∑
j

(Xeψij)κj|e +
∑
k

(Xeϕik)ηk|e + [X, ηi]e.

Hence

(∇G
X(ηRi )H)e =

∑
k

(ϕik(e)(∇G
Xηk)e + (Xeϕik)ηk|e) = −1

2
[X, ηi]e −

∑
j

(Xeψij)κj|e.

Thus, by projecting (7.8) onto p ∼= TeK(G/K), we have

(∇G
X Ŷ )He =

∑
i

(
−1

2
fi(eK)[X, ηi]

∗
eK + (X∗eKfi)η

∗
i |eK

)
.

On the other hand, by (7.5) we have

(∇G/K
X∗ Y )eK =

∑
i

(fi(eK)[X∗, η∗i ]eK + (X∗eKfi)η
∗
i |eK)

=
∑
i

(−fi(eK)[X, ηi]
∗
eK + (X∗eKfi)η

∗
i |eK).

Since G/K is a symmetric space we have [p, p] ⊂ k and thus

(∇G
X Ŷ )He =

∑
i

(X∗eKfi)η
∗
i |eK = (∇G/K

X∗ Y )̂eK .

This proves (7.7). Moreover

A(X(e), Y (e)) = (∇G
XY )Ve =

1

2
[X, Y ]k =

1

2
[X, Y ]

for X, Y ∈ p and therefore A|H×H is alternating. This completes the proof. �
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Let N be a semisimple Riemannian symmetric space. Denote by G = I0(N) the
identity component of the isometry group I(N) of N and by K = Gp the isotropy
subgroup of G at fixed p ∈ N . Then K is a compact symmetric subgroup of G. The
Riemannian metric on N induces an Ad(K)-invariant inner product 〈·, ·〉 on p. Then
there exists a bi-invariant pseudo-Riemannian metric ρ on G invariant under θ such
that the restriction of 〈·, ·〉ρ to p coincides with 〈·, ·〉. In fact, by decomposing the
symmetric pair (g, k) into irreducible ones (gi, ki) we see that the restriction of 〈·, ·〉
to each pi is the scalar multiplication of the Killing form on gi [10, p. 257].

Conversely, let G be a semisimple Lie group and K a compact symmetric subgroup
of G. Suppose that ρ a bi-invariant pseudo-Riemannian metric on G invariant under
θ and the restriction of 〈·, ·〉ρ to p is positive definite. Then it defines a G-invariant
Riemannian metric ρG/K on G/K so that (G/K, ρG/K) is a semisimple Riemannian
symmetric space and π : (G, ρ)→ (G/K, ρG/K) is a pseudo-Riemannian submersion.
Thus Proposition 6.8 implies:

Proposition 7.6 (Koike [11]). Let (G/K, ρG/K) be a semisimple Riemannian sym-
metric space. Then the parallel transport map ΦG/K : (Vg, 〈·, ·〉ρL2)→ (G/K, ρG/K) is
a pseudo-Riemannian submersion.

If G is compact, we can assume that 〈·, ·〉ρ is positive definite on g. Thus Propo-
sition 6.9 implies:

Proposition 7.7 (Terng-Thorbergsson [30]). Let (G/K, ρG/K) be a Riemannian
symmetric space of compact type. Then the parallel transport map ΦG/K : (Vg, 〈·, ·〉ρL2)→
(G/K, ρG/K) is a Riemannian submersion.

8. Weakly reflective submanifolds

In this section, we extend the concept of weakly reflective submanifolds [5] to the
affine case and study their relations to the parallel transport map.

Let (N,∇N) be an affine Hilbert manifold, M a submanifold of N and W a
transversal bundle of the inclusion map i : M → N . Then there exists a unique
affine connection ∇M on M such that i : (M,∇M)→ (N,∇N) is an affine immersion
with transversal bundle W . We call M an (affine) submanifold of (N,∇N) with
transversal bundle W .

Definition. Let M be a submanifold of (N,∇N) with transversal bundle W . Then
M is called weakly reflective if for each (p, ξ) ∈ W there exists an affine transforma-
tion ν = ν(p,ξ) of (N,∇N) satisfying

ν(M) = M, ν(p) = p, dν(W) =W , dν(ξ) = −ξ.
We call ν a weak reflection of M with respect to (p, ξ). If every ν can be chosen from
a particular group S, then M is called S-weakly reflective.

Remark 8.1. In the Riemannian case [5], ν is required to be an isometry and the
condition dν(T⊥M) = T⊥M is automatically satisfied. Thus, our definition applied
to the Riemannian case (with Levi-Civita connection,W = T⊥M) is weaker than the
original one. Nevertheless an important property of weakly reflective submanifolds,
namely austere property, still holds in the affine case (Proposition 8.2). Note that if
N is a complete irreducible Riemannian manifold and not a 1-dimensional Euclidean
space, then the affine transformation group coincides with the isometry group [9,
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p. 242]. Thus, our definition applied to such an irreducible Riemannian case is
equivalent to the original one.

The following proposition shows that weakly reflective submanifolds are austere
[3]. This was originally shown in [5] in the Riemannian case by using a Riemannian
metric and so we give a metric-free proof here.

Proposition 8.2. Let M be a submanifold of an affine Hilbert manifold (N,∇N)
with transversal bundle W. If M is weakly reflective, then for each (p, ξ) ∈ W there
exists a topological linear automorphism φ on TpM such that φ ◦ AMξ ◦ φ−1 = −AMξ .

Proof. Let ν be a weak reflection of M with respect to (p, ξ). Denote by ξ̃ ∈ Γ(W)
an extension of ξ. Since ν is an affine transformation, we have

∇N
dν(v)dν(ξ̃) = dν(∇N

v ξ̃)

where v ∈ TpM . Since dν(W) =W we have dν(ξ̃) ∈ Γ(W). Thus (3.3) implies

AMdν(ξ)(dν(v)) = dν(AMξ (v)).

Since dν(ξ) = −ξ, this proves the proposition. �

The following theorem shows examples of infinite dimensional weakly reflective
submanifolds in Hilbertable spaces which are not totally geodesic (cf. Remark 8.4).
This generalizes Corollary 5 of [16] in the case that G/K is a compact normal ho-
mogeneous space.

Theorem 8.3. Let G/K be a reductive homogeneous space with reductive decompo-
sition g = k⊕ p. Then each fiber of the parallel transport map ΦG/K : Vg → G/K is
a weakly reflective submanifold of (Vg, D) where its transversal bundle is defined as
the restriction of the horizontal distribution (7.4) of ΦG/K to it.

Proof. If FaK is the fiber at aK, then g ∗ FeK = FaK holds for g ∈ P (G,G × {e})
satisfying g(0) = a. Moreover the horizontal distribution H of ΦG/K is invariant
under the P (G,G × K)-action. Thus the transversal bundles of FeK and FaK are
identified via g∗. Hence FaK is weakly reflective if and only if FeK is weakly reflective.
Therefore we have only to consider the fiber FeK at eK.

For g ∈ G and u ∈ Vg we define g# ∈ G and u# ∈ Vg by g#(t) := g(1 − t) and
u#(t) := u(1 − t). We consider the involutive linear transformation r : Vg → Vg
defined by r(u) := −u# which is called the canonical reflection [16]. Since (g#)′ =

−(g′)# we have r(g ∗ 0̂) = g# ∗ 0̂ for g ∈ G. Thus we get the commutative diagram:

Vg
r−−−→ Vg

Φ

y Φ

y
G

inv−−−→ G

where inv denotes the inversion a 7→ a−1. Clearly r(0̂) = 0̂, r(FeK) = FeK and

r(ξ̂) = −ξ̂ for any ξ ∈ p. Furthermore we have

r(H(h ∗ 0̂)) = r(Ad(h)p̂) = Ad(h#)p̂ = H(h# ∗ 0̂) = H(r(h ∗ 0̂))

for h ∈ P (G, {e} × K). This shows that r leaves the transversal bundle W of FeK
invariant. Thus r is a weak reflection of FeK with respect to (0̂, ξ̂) for any ξ ∈ p.
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Since W is invariant under the P (G, {e} × K)-action, we get a weak reflection of
FeK with respect to any transversal vector at any point of FeK . This completes the
proof. �

Remark 8.4. The arguments similar to the proof of Lemma 1 in [16] shows that the
affine fundamental form of the fiber FeK := Φ−1

G/K(eK) is given by

αFeK (−Q′,−R′) =

∫ 1

0

[Q(t),−R′(t)]pdt

where Q,R ∈ LieP (G, {e} ×K). From this formula one can see that FeK is totally
geodesic (i.e. an affine subspace of Vg) if and only if [g, g] ⊂ k. In particular, the fiber
Fe := Φ−1(e) is totally geodesic if and only if g is abelian. Note that if one fiber of
ΦG/K (or Φ) is totally geodesic, then any fiber of it is totally geodesic.

The above theorem together with Theorem 7.4 and Proposition 4.6 implies:

Corollary 8.5. Let G/K be a symmetric space with canonical decomposition g =
k ⊕ p. Then each fiber of the parallel transport map ΦG/K : Vg → G/K is a weakly
reflective Fredholm submanifold of (Vg, D) of Fredholm index 0 where its transversal
bundle is defined by the same way as in Theorem 8.3.

The following theorem gives a characterization of weakly reflective submanifolds
in affine symmetric spaces. This extends Theorem 8 of [16] in the case that N is an
(irreducible) Riemannian symmetric space of compact type and Theorem 1 of [17] in
the case that N is a compact isotropy irreducible Riemannian homogeneous space.
(Considering the case S = G̃ we get Theorem 1.5.)

Theorem 8.6. Let (N,∇N) be an affine symmetric space, G̃ the affine transforma-
tion group of (N,∇N), G its identity component, K̃ the isotropy subgroup of G̃ at a
fixed p ∈ N and K := G ∩ K̃. Denote by ΦG/K = π ◦ Φ : Vg → G → G/K = N the
parallel transport map. Let M be a submanifold of (N,∇N) with transversal bundle

W. Denote by W̄ (resp. Ŵ) the horizontal lift of W with respect to π (resp. ΦG/K).

Then the following conditions are equivalent for a closed subgroup S of G̃ satisfying
aSa−1 = S for any a ∈ G:

(i) M is an S-weakly reflective submanifold of (N,∇N) with transversal bundle
W.

(ii) M̄ := π−1(M) is an (S × Sp)-weakly reflective submanifold of (G,∇G) with

transversal bundle W̄, where Sp := K̃ ∩ S.

(iii) M̂ := Φ−1
G/K(M) is a P (S, S × Sp)-weakly reflective Fredholm submanifold of

(Vg, D) of Fredholm index 0 with transversal bundle Ŵ.

Remark 8.7. In the above (ii) and (iii) we are considering the affine actions of S×Sp
on G̃ defined by (b, c)·a := bac−1 and P (S, S×Sp) on Vg defined by (6.1) respectively.
Note that an element of S × Sp does not necessarily leave G invariant. (ii) claims
that weak reflections of M̄ can be chosen so that each one of them is expressed as
the restriction of the affine transformation on G̃ caused by an element of S × Sp.

Remark 8.8. In Theorem 8 of [16] the compact semisimple Lie group G is equipped
with a bi-invariant Riemannian metric induced from the Killing form on g. This is
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to ensure that the weak reflection of π−1(M) (obtained as an automorphism of G) is
an isometry of G. In Theorem 8.6 we do not need such an assumption at all.

Remark 8.9. In Theorem 1 of [17] the compact Riemannian homogeneous space N
is assumed to be isotropy irreducible. This is to ensure that N is isometric to the
homogeneous space G/K equipped with a normal homogeneous metric. In Theorem
8.6 we do not need such an assumption at all.

To prove the theorem we prepare two lemmas. The first lemma is related to the
structure of the symmetric space N :

Lemma 8.10. Let g = k ⊕ p be the canonical decomposition associated with the
symmetric pair (G,K). Then p is invariant under (not only Ad(K) but also) Ad(K̃).

Proof. Let s denote the symmetry at p. Define an involutive automorphism θ̃ : G̃→
G̃ by θ̃(f) = s ◦ f ◦ s−1. The restriction θ := θ̃|G : G→ G is the involution satisfying

Gθ
0 ⊂ K ⊂ Gθ and thus dθ = dθ̃ is − id on p. We claim that θ̃(k) = k for k ∈ K̃.

In fact θ̃(k) and k are affine transformations on N with the same differentials at
p ∈ N and therefore they are equal [9, Lemma 4 in p. 254]. Thus, for x ∈ p we have

dθ̃(Ad(k)x) = Ad(θ̃(k))dθ̃(x) = −Ad(k)x which shows Ad(k)x ∈ p. �

The following lemma generalizes Lemma 2 in [16] in the Riemannian case:

Lemma 8.11. Let π : N̂ → N be a submersion with horizontal distribution H and
M a submanifold of N with transversal bundle W. Set M̂ := π−1(M) and denote

by Ŵ the horizontal lift of W. Take (p̂, ξ̂) ∈ Ŵ and set (p, ξ) := (π(p̂), dπ(ξ̂)) ∈ W.

Let ν : N → N be a diffeomorphism fixing p and ν̂ : N̂ → N̂ a diffeomorphism fixing
p̂ and leaving H invariant such that the diagram

N̂
ν̂−−−→ N̂

π

y π

y
N

ν−−−→ N
commutes. Then the following conditions are equivalent:

(i) ν̂(M̂) = M̂ , dν̂(Ŵ) = Ŵ and dν̂(ξ̂) = −ξ̂.
(ii) ν(M) = M , dν(W) =W and dν(ξ) = −ξ.

Proof. It is easy to see that ν̂(M̂) = M̂ if and only if ν(M) = M . Since ν̂ leaves H
invariant, we have the commutative diagram

H(q̂)
dν̂−−−→ H(ν̂(q̂))

dπ

y dπ

y
TqN

dν−−−→ Tν(q)N

where q̂ ∈ N̂ and q := π(q̂). Thus dν̂(Ŵ) = Ŵ if and only if dν(W) = W .

Considering the case q̂ = p̂ we see that dν̂(ξ̂) = −ξ̂ if and only if dν(ξ) = −ξ. �

Proof of Theorem 8.6. “(i) ⇔ (ii)”: Let a ∈ M̄ . Then M̄ ′ := l−1
a (M̄) is a subman-

ifold of (G,∇G) with transversal bundle W̄ ′ := dl−1
a (W̄) and M ′ := L−1

a (M) is a
submanifold of (G/K,∇G/K) with transversal bundle W ′ := dL−1

a (W). Since the
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diagram (7.6) commutes we have M̄ ′ = π−1(M ′). Since the horizontal distribution
H of π (cf. Proposition 7.5) is invariant under la, W̄ ′ is the horizontal lift of W ′.
Since aSa−1 = S we have

SaK = aSeKa
−1, (S × SeK)a = (a, e)(S × SeK)e(a, e)

−1.

where SaK and (S×SeK)a denote the isotropy subgroups of S at aK and of S×SeK
at a respectively. These imply that it suffices to show a one-to-one correspondence
between

(a) the set of weak reflections of M ′ with respect to (eK, η) ∈ W ′ which belong
to SeK ,

(b) the set of weak reflections of M̄ ′ with respect to (e, η̄) ∈ W̄ ′ which belong to
(S × SeK)e = {(k, k) | k ∈ SeK},

where η̄ is a horizontal lift of η. Let ν be in the set (a). Define ν̄ := (ν, ν), that
is, ν̄(b) := νbν−1. Under the identification G/K = N , bK = b(p) we have ν(bK) =
ν(b(p)) = (ν ◦ b ◦ ν−1)(p) = (νbν−1)K where b ∈ G. Thus the diagram

G
ν̄−−−→ G

π

y π

y
G/K

ν−−−→ G/K

(8.1)

commutes. By Lemma 8.10 we have

dν̄(H(a)) = dν̄(dla(p)) = d(ν̄ ◦ la)(p) = d(lν̄(a) ◦ ν̄)(p)

= (dlν̄(a)) Ad(ν)p = (dlν̄(a))p = H(ν̄(a))

for any a ∈ G. Thus ν̄ leaves the horizontal distribution H of π invariant. Therefore
Lemma 8.11 shows that ν̄ is a weak reflection of M̄ ′ with respect to (e, η̄) ∈ W̄ ′. The
converse is also true and thus (i) and (ii) are equivalent.

“(ii)⇔ (iii)”: The Fredholm property of (iii) is a consequence of Theorem 7.4 and
Proposition 4.6. It suffices to prove the equivalence of weakly reflective properties.
Let u ∈ M̂ . Take g ∈ P (G,G×{e}) satisfying u = g ∗ 0̂. Set a := g(0). Then M̂ ′ :=

(g∗)−1(M̂) is a submanifold of (Vg, D) with transversal bundle Ŵ ′ := d(g∗)−1(Ŵ) and
M̄ ′ := l−1

a (M̄) is a submanifold of (G,∇G) with transversal bundle W̄ ′ := dl−1
a (W̄).

Since the diagram (6.7) commutes we have M̂ ′ = Φ−1(M̄ ′). Since the horizontal

distribution H of ΦG/K (cf. (7.4)) is invariant under g∗, Ŵ ′ is a horizontal lift of W̄ ′.
Since aSa−1 = S for any a ∈ G we have

P (S, S × SeK)u = gP (S, S × SeK)0̂g
−1

where P (S, S × SeK)u denotes the isotropy subgroup of P (S, S × SeK) at u. These
imply that it suffices to show a one-to-one correspondence between the set (b) and

(c) the set of weak reflections of M̂ ′ with respect to (0̂, η̂) ∈ Ŵ ′ which belong

to P (S, S × SeK)0̂ = {k̂ | k ∈ SeK},
where η̂ is a horizontal lift of η̄ and k̂ denotes the constant path with value k. Let
ν̄ = (ν, ν) be in the set (b) where ν ∈ SeK . Let ν̂ denote the constant path with
value ν ∈ K̃, that is, ν̂ ∗ u = Ad(ν̂)u. Then ν̂ ∗ (g ∗ 0̂) = (ν̂g) ∗ 0̂ = (ν̂gν̂−1) ∗ 0̂ for
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any g ∈ G. Since ν̂gν̂−1 ∈ G it follows from Proposition 6.4 (ii) that the diagram

Vg
ν̂−−−→ Vg

Φ

y Φ

y
G

ν̄−−−→ G

(8.2)

commutes. By Lemma 8.10 we have

dν̂(H(g ∗ 0̂)) = Ad(ν̂) ◦ Ad(g)(p̂) = Ad(ν̂) ◦ Ad(g) ◦ Ad(ν̂)−1(p̂)

= Ad(ν̂gν̂−1)(p̂) = H((ν̂gν̂−1) ∗ 0̂)) = H(ν̂ ∗ (g ∗ 0̂))

for any g ∈ P (G,G × K). Thus ν̂ leaves the horizontal distribution H of ΦG/K

invariant. Therefore Lemma 8.11 shows that ν̂ is a weak reflection of M̂ ′ with respect
to (0̂, η̂) ∈ Ŵ ′. The converse is also true and thus (ii) and (iii) are equivalent. �

As mentioned in Remark 8.1, in the irreducible Riemannian case, a weakly reflec-
tive submanifold (with normal bundle) in the affine sense is equivalent to a weakly
reflective submanifold in the Riemannian sense. Therefore, from Theorem 8.6 we get
the following corollary which generalizes Corollary 8 of [16].

Corollary 8.12. Let (N, g) be an irreducible Riemannian symmetric space of com-
pact (resp. non-compact) type, G̃ the isometry group of (N, g), G its identity com-
ponent, K̃ the isotropy subgroup of G̃ at a fixed p ∈ N and K := G ∩ K̃. Denote
by ΦG/K = π ◦ Φ : Vg → G → G/K = N the parallel transport map. Equip g
with the Killing form multiplied by a negative (resp. positive) scalar and G with the
corresponding bi-invariant Riemannian (resp. pseudo-Riemannian) metric ρ. Let M
be a submanifold of (N, g). Then the following conditions are equivalent for a closed
subgroup S of G̃ satisfying aSa−1 = S for any a ∈ G:

(i) M is an S-weakly reflective submanifold of (N, g).
(ii) M̄ := π−1(M) is an (S × Sp)-weakly reflective submanifold of (G, ρ).

(iii) M̂ := Φ−1
G/K(M) is a P (S, S × Sp)-weakly reflective, proper Fredholm sub-

manifold (resp. Fredholm submanifold of Fredholm index 0) of (Vg, 〈·, ·〉ρL2).

Note that when N is of non-compact type, M̄ and M̂ are pseudo-Riemannian sub-
manifolds, that is, ρ and 〈·, ·〉ρL2 induce (non-degenerate) pseudo-Riemannian metrics

on M̄ and M̂ respectively. This follows from the fact that π and Φ are pseudo-
Riemannian submersions. Weakly reflective pseudo-Riemannian submanifolds are
defined by the same way as in the Riemannian case.
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