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ABSTRACT. We show that the parallel transport map over a reductive homoge-
neous space with the natural torsion-free connection becomes an affine submersion
with horizontal distribution. This generalizes one of the main results in the au-
thor’s previous paper in the case of affine symmetric spaces. Moreover we consider
its relation to weakly reflective submanifolds and generalize some results obtained
in the author’s previous papers.
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1. INTRODUCTION

The parallel transport map is a natural fibration defined over a homogeneous
space N. More precisely, it is defined as a submersion &5 : V' — N from an infinite
dimensional Hilbertable space V' onto /N and becomes a principal fiber bundle whose
structure group is a path group. For a submanifold M of N its inverse image M
under @ is a submanifold of V. Thus, one can obtain examples of submanifolds in
V. Furthermore, the parallel transport map is a useful tool to reduce a problem of
a submanifold M in N to a problem of the submanifold M in the flat space V.

The parallel transport map was originally introduced by R. S. Palais and C.-L.
Terng [9, 11] in the case that N is a connected compact Lie group with a bi-invariant
Riemannian metric. Later, C.-L. Terng and G. Thorbergsson [12] studied it when
N is a compact Riemannian symmetric space and showed that it is a Riemannian
submersion. Afterward, N. Koike [4] studied it when N is a Riemannian symmetric
space of non-compact type and showed that it becomes a pseudo-Riemannian sub-
mersion. Recently, the author [7] studied it when N is a symmetric space with the
canonical connection (i.e. N is an affine symmetric space) and showed that it is an
affine submersion with horizontal distribution in the sense of Abe and Hasegawa [1].

The main purpose of the present paper is to generalize the author’s previous re-
sult to the case that N is a reductive homogeneous space. Although the canonical
connection is still defined for a reductive homogeneous space, it is no longer torsion-
free, which implies that the previous result does not hold when N is a reductive
homogeneous space with the canonical connection. Thus we consider another affine
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connection on N, namely the natural torsion-free connection [8, 3]. The canon-
ical connection and the natural torsion-free connection share the same geodesics.
Those connections coincide when N is a symmetric space. By equipping N with
the natural torsion-free connection, we generalize the previous result to the case of
reductive homogeneous spaces (Theorem 3.3). Moreover we consider its relation to
weakly reflective submanifolds and generalize some results obtained in the author’s
previous papers (cf. Section 4). To do these, we start with reviewing invariant affine
connections on reductive homogeneous spaces.

2. INVARIANT AFFINE CONNECTIONS ON REDUCTIVE HOMOGENEOUS SPACES

In this section, we give a brief survey on invariant affine connections on reduc-
tive homogeneous spaces. We essentially follow the paper of Nomizu [8] where a
simple and direct formulation is given. We also refer to Kobayashi-Nomizu [3] for a
formulation based on the theory of connections on principal fiber bundles.

Let G be a connected Lie group and K a closed subgroup of G. Denote by e the
identity element. The coset manifold N := G/K is called a homogeneous space. The
projection m : G — N becomes a principal K-bundle. Denote by g and ¢ the Lie
algebras of G and K respectively. G/K is called reductive if there exists an Ad(K)-
invariant subspace p of g satisfying g = €@ p. Note that p is isomorphic to T.x N
and the representation Ad : K — GL(p) is equivalent to the isotropy representation
K — GL(T.xN). When we speak of a reductive homogeneous space, we always fix
such a decomposition g = €@ p. For X € g we denote by X; and X, the £ and
p-components respectively.

Let N = G/K be a reductive homogeneous space with decomposition g = £ @ p.
The following lemma is elementary and not explicitly stated in [8]. However this is
useful in understanding the formulation.

Lemma 2.1. There exists a local trivialization ¢ : 7= (U) — U x K around eK
such that U == ¢~ (U x {e}) is equal to expW for an open neighborhood W of 0 in
p.

Proof. By the inverse function theorem there exists an open neighborhood W of

0 € p such that 7 : expW — mw(exp W) =: U is a diffeomorphism. This defines the
local smooth section of 7 : G — N which defines the desired local trivialization. O

Fix the above local trivialization. Then 7 : U — U is a diffeomorphism. For each
X € p the vector field X# on U is defined by X7, := dr(X,) where a € U. Then

X = dLo(X]) (2.1)
for a € U. Here L, denotes the left translation on G /K by a. The following fact is
essentially shown in [8, p. 42] (where X7 is written as X*).

Lemma 2.2 (Nomizu [8]). For each k € K there exists a neighborhood Uy of e € U
satisfying kU k= c U. Moreover,
(i) Li(Uy) € U where Uy := n(U),
(i) dLx(X#) = (Ad(k)X)# holds on Ly(U,) for any X € p.
In fact, since Ad(k)~!p C p we can take an open neighborhood W; of 0 € p sat-
isfying 0 € Wy € W N Ad(k)~"'W. Then U; := exp Wj is the desired neighborhood.
Then (i) is obvious and (ii) can be proven by use of (2.1).
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For a vector bundle E over a reductive homogeneous space N = G/ K we denote
by I'(E) the set of all smooth sections of E. T'(T'N) is also denoted by X(N). An
affine connection V : I'(T'N) — I'(TN @ T*N) on N is called G-invariant if

Vir.wdLle(Z) = dL.(V,2Z)

for Z € I'(I'N), v € TN and a € G. A bilinear map o : p x p — p is called
Ad(K)-invariant if

a(Ad(k) X, Ad(k)Y) = Ad(k)a(X,Y)
for XY € p and k € K. Such an « is also called a connection function.

Proposition 2.3 (Nomizu [8]). Let G/K be a reductive homogeneous space with
decomposition g = € p. Then there exists a one-to-one correspondence between the
set of all G-invariant affine connections on G/K and the set of all Ad(K)-invariant
bilinear maps p X p — p. The correspondence is given by

VX#KY# = a(X,Y). (2.2)

In fact, by taking a basis Y, ---,Y, of p we can express each Z € X(U) as
Z =" @Y where ¢; € C®°(U). Then the Leibniz rule shows

_ , # # #

VinZ = LoV ¥ + (X))o, (2.3)
which implies that V is uniquely determined by «. The G-invariance of V is equiv-
alent to the Ad(K)-invariance of «, which can be seen by using Lemma 2.2 (ii).

For X € p we denote by X* the fundamental vector field on G/K, namely

d
X =—| (exptX)aK.
dt{,_,

Since X’ = X7 and [X*,Y/*].x = 0 it follows from (2.3) that:

Corollary 2.4. V- 7 = [X*, Z].x + (X, Zeg) for X € p and Z € X(G/K).

Let V be an affine connection on a reductive homogeneous space N = G/ K with
connection function o. Then:

(i) V is called the canonical connection (or the canonical connection of the
second kind) if o(X,Y) =0 for any X, Y € p.
(ii) V is called the natural torsion-free connection (or the canonical connection
of the first kind) if &(X,Y) = $[X,Y], for X, Y € p.
In both cases, y(t) := w(exptX) is a geodesic through e X where X € p. In the case
(i), the parallel translation of v € T,x N along v is equal to dL,) (v). In the case
(ii), the torsion tensor vanishes. When G/K is a symmetric space, (i) and (ii) are
equivalent.
Let G be a connected Lie group. Denote by AG the diagonal of G x G. Then
p:(GxG)/AG = G, (a,b) — ab™! is an isomorphism between symmetric spaces.

Corollary 2.5. The canonical connection V¢ of G = (G x G)/AG is given by

(VSZ)e = 5[ X+X", Z). where X € g and Z € X(G). Here X*® is the right invariant
vector field satisfying XE = X.. In particular VY = %[X, Y] for X,Y € g.
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Proof. The decomposition associated to (G x G)/AG is given by gbg = Agd (Ag)*t
where (Ag)t = {(X,—X) | X € g}. With respect to the (G x G)-action on G
defined by (b, ¢)-a := bac™ we have (X, —X); = &| _ expt(X,—X)-a = X, +XF.
In particular (X, —X)! = 2X.. Since p is equivariant with respect to the (G x G)-
actions, we have 2(VXZ)6 = (V(X7—X)*Z)e = (V(X,—X)*Z)(e,e) = [(X, —X)*, Z](eﬁ) =
(X + X Z]. by Corollary 2.4. O

From Corollary 2.5 we see that the canonical connection of G = (G x G)/AG is
the same as the natural torsion-free connection of G = G/{e}.

3. THE PARALLEL TRANSPORT MAP

In this section we study the parallel transport map over a reductive homogeneous
space. We assume basic facts about affine immersions and affine submersions for-
mulated in [7, Section 3]. We also refer to [7, Section 6] and its references for the
parallel transport map over a Lie group.

Let G be a connected Lie group with Lie algebra g. Denote by G := H*([0, 1], G)
the Hilbert Lie group of Sobolev H'-maps from [0, 1] to G and by V, := L*([0, 1], g)
the Hilbertable space of all L:-maps from [0,1] to g. The adjoint representation
Ad : G — GL(g) induces the representation G — GL(V;) which is still denoted by
Ad. Write [, and r, for the left and right translations by g € G respectively. Denote
by ¢’ the weak derivative of g. The affine action of G on Vj is defined by

g*u:=Ad(g)u—dr,'(¢) (3.1)
where g € G and v € V. This action is transitive. For a submanifold U of G x G,
P(G,U) :={g€G|(9(0),9(1)) e U}

is a submanifold of G. If U is a Lie subgroup of Gx G, then P(G, U) is a Lie subgroup
of G and acts on Vg by (3.1). If U = {e} x G or G x {e}, then the P(G, U)-action
on Vj is simply transitive.

The parallel transport map ® : Vy — G over G is a submersion defined by ®(u) :=
gu(1) where g, € G is the unique solution to the ordinary differential equation

di; (g") =u, ¢(0)=e.

By definition we have ®(X) = exp X where X denotes the constant path with value
X € g. Consider the (G x G)-action on G defined by (b,¢) - a := bac™*. Then

®(g*u) = (9(0),9(1)) - (u) (3.2)
where g € G and u € Vj;. Moreover, for a Lie subgroup U of G x G,
P(G,U)*u = (U - ®(u)). (3.3)

Furthermore ® becomes a principal P(G, {e} x {e})-bundle.
The differential of ® : V; — G at 0 € V; is given by

(dD);(X) = /0 X ()t (3.4)

where X € V; = TyV,. Denote by g the space of constant paths with values in g
and by F, the fiber of ® through v € V. From (3.4) we have

TyVy = g @ Ty (Fy).
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From (3.2) we know that gx maps fibers of ® to fibers of ®. Thus
TyVe = Ad(9)8 © Ty (Fyup)

gx0 gx0\* g
for any g € G. Therefore the horizontal distribution H?® of ® is defined by
(g +0) := Ad(9)g.

We denote by D the flat connection on V; and by V¢ the canonical connection
on G = (G x G)/AG. The following fact was shown ([7, Theorem 6.6)):

Theorem 3.1 ([7]). Let G be a connected Lie group. Then the parallel transport
map ® : (Vy, D) — (G, V) is an affine submersion with horizontal distribution H®.
Moreover the fundamental tensor A% restricted to H* x H® is alternating.

Let G/K be a homogeneous space. Then the parallel transport map ®¢/x over
G/ K is defined as the composition

Po/ki=mod: V=G — G/K.
Note that if K = {e} then ®;/x = ®. Note also that ®xq)/a¢ is naturally

A

identified with ® (cf. [6]). By definition we have ®¢/x(X) = (exp X)K for X € g.
Consider the G-action on G/K defined by b - aK := (ba)K. By (3.2) we have

Pa/r(gxu) = g(0) - g (u) (3.5)
where g € P(G,G x K) and u € V. Moreover, by (3.3) we have
P(G,H x K) xu= g, (H - g/ (u)) (3.6)

where H is a Lie subgroup of G. Furthermore the following fact holds. This is stated
in [7, Proposition 7.3] without proof. For convenience we give its proof here.

Proposition 3.2 ([7]). ®¢/x becomes a principal P(G, {e} x K)-bundle.

Proof. The map P(G,{e}xG) = Vy, g = dI;*(g') is diffeomorphism [7, Lemma 6.2].
Under this identification we have ®¢/x(g) = g(1)K. Moreover the P(G, {e} x G)-
action on V; is identified with the P(G,{e} x G)-action on itself by h-g := gh™'.
Take a subspace p of g satisfying g = € @ p. (p need not be Ad(K)-invariant.) By
the inverse function theorem there exist open neighborhoods W of 0 € p and U of
eK € G/K such that the map W — U, X — (exp X)K is a diffeomorphism. For
each g € P(G,{e} x 7=1(U)) we define X, € W by ¢g(1)K = (exp X,)K. Then

P(G {e} x 77'(U)) = U x P(G,{e} x K), g~ (9(1)K, g(t) " exptX,)
is an equivariant diffeomorphism. This proves the proposition. [l

Let G/K be a reductive homogeneous space with decomposition g = ¢ @ p. By
(3.4), the differential of the parallel transport map ®¢/x at 0 € V; is given by

(A ))o(X) = /O X (t),dt. (3.7)

where X € V; = T5V,. Denote by p the space of constant paths with values in p
and by F, the fiber of ®¢/x through v € V. From (3.7) we have

TyVy =p @ Ty(Fp).
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From (3.5) we know that gx maps fibers of ®¢/x to fibers of & /. Thus

g

where g € P(G,Gx K). Since p is invariant under Ad(K’) the horizontal distribution
HPa/x of By /K is well-defined by

HPo/ (g % 0) := Ad(g)p

where g € P(G,G x K).
The following theorem generalizes Theorem 7.4 of [7] in the case of affine sym-
metric spaces and contains Theorem 3.1 as the case K = {e}.

Theorem 3.3. Let G/K be a reductive homogeneous space with decomposition g =
EDp and with natural torsion-free connection V' . Then the parallel transport map
/i (Vg, D) — (G/K, V) is an affine submersion with horizontal distribution
HPc/x . Moreover the fundamental tensor A®/x restricted to HEe/x x HPe/x s
alternating.

To prove Theorem 3.3 we show the following lemma, which generalizes Proposition
7.5 of [7]. Here [, denotes the left translation by a € G.

Lemma 3.4. Let (G/K,V%/X) be as in Theorem 3.3 and VE the canonical con-
nection of G = (G x G)/AG. Then 7 : (G, V) = (G/K,VEEK) is an affine
submersion with horizontal distribution H™(a) := dl,(p). Moreover the fundamental
tensor A™ restricted to H™ x H™ is alternating.

Proof. 1t is clear that the following diagram commutes:

G, Ve s (G, V)

Wl Wl (3.8)
(G/K,VeEY Loy (q/K, VOIE).
Note that [, and L, are affine transformations and H™ is invariant under [,. Thus,

to show that 7 : (G,VY) — (G/K,V%¥) is an affine submersion with horizontal
distribution H™, we have only to show

(VE.2)" = (Vi z) (3.9)

for X € p and Z € X(G/K). Here Z denotes the horizontal lift of Z and the
superscript H in the left term denotes the projection onto H"(e) = p.

Fix the local trivialization given in Lemma 2.1. Take a basis {Y;}!; of p and
write Z|y = S, ;Y7 where p; € C=(U). By (2.3) we have

G/K — (1
Vi (Zl) =) (;oi(eK)[X, Yily + (XfK%)(E#)eK> : (3.10)
‘ i=1

Denote by W; the horizontal lift of Y;#. Note that W; and Y; are equal on U, but
not necessarily equal on the whole 7=(U). We have Z| -1y = >, (¢; om)W;. By
the Leibniz rule we have

n

VS (Zlera) = 3 (#ieK)VE Wi+ (X (Vi) )

=1



THE PARALLEL TRANSPORT MAP OVER HOMOGENEOUS SPACE 7

Denote by ¢ : U — G the inclusion map. Then
* * 1
VS Wi = VIS W) = VEIWY,) = VY, = S (X, i),

by Corollary 2.5. Here ¢* denotes the pullback. Thus (3.9) follows.
By Corollary 2.5 the fundamental tensor A™ is given by A™(X,Y) = $[X,Y];
where X, Y € p. Thus A™ restricted to H™ x H™ is alternating. O

Remark 3.5. In [10, p. 3] it is stated that for a G-invariant affine connection V&% on
a reductive homogeneous space G/K there exists a left invariant affine connection
V¢ on G such that 7 : (G,VY) — (G/K,VE¥K) is an affine submersion with
horizontal distribution H™. This statement is true. However the argument is not
accurate: In lines 2-3 of [10, p. 3] it is claimed that A is the horizontal lift of A,.
This is not true. In fact, A. cannot be defined globally in general. It is still not true
locally: if the restriction of A to K is the horizontal lift of A.(eK), then (dm)i(A(k))
is independent of k € K, which implies that the isotropy representation is trivial.

We are now in a position to prove Theorem 3.3.
Proof of Theorem 3.3. From (3.5) the diagram
(VBJ D) 9_*> (ng D)

(DG/KJ/ q’c/xl

(G K, V) 290 (K, vE/E)
commutes for any g € P(G,G x {e}). Note that g and Ly are affine transfor-
mations and H®¢/x is invariant under gx. Thus, to show that ®q /i is an affine
submersion with horizontal distribution H®¢/% we have only to show

~

(Dx2)" = (VX Z) (3.11)

for X € p and Z € X(G/K). Here Z denotes the horizontal lift of Z and the
superscript H in the left term denotes the projection onto H*¢/x(0) = p.
From (3.2) we have the commutative diagram for any g € P(G,G x {e}):

(Ve D) —= (V. D)

N .|
l
(@, V%) 2% (G, V9).
The horizontal distributions H® and H™ are invariant under g* and l4(0) respectively.

This implies Z = (Zﬁ)v where the tilde denotes the horizontal lift with respect to ®.
Thus, by Theorem 3.1 and Lemma 3.4 we have

. _~ I A~
(D)™ = (V§.2)y = (V£ 2)
which proves (3.11). Since Tj(F;) = T5(F,) @ & and ® is an affine submersion with
horizontal distribution H® we have
APe/x (X, Y) = A%(X,Y) @ A™(X,Y)
for X,Y € p. Hence Theorem 3.1 and Lemma 3.4 imply that A®e/x restricted to
HPa/x x HPa/x is alternating. This completes the proof. O
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4. WEAKLY REFLECTIVE SUBMANIFOLDS

In this section we consider the relation between weakly reflective submanifolds
and the parallel transport map over a reductive homogeneous space.

Recall that a submanifold M of an affine manifold (N, V") with transversal bun-
dle W is called weakly reflective [2, 7] if for each (p,&) € W there exists an affine
transformation of (N, V) satisfying

v(M)=M,  wvip)=p, dvWV)=W,  dv()=-¢

Such a v is called a weak reflection of M with respect to (p,&). If we can choose
every v from a particular group S, then M is said to be S-weakly reflective.

Owing to Theorem 3.3, we can use the general result on the Fredholm property of
affine immersions lifted by some affine submersion [7, Proposition 1.2]. In particular,
it turns out that each fiber of the parallel transport map ®¢/x is an affine Fredholm
submanifold of (V;, D) of Fredholm index 0. On the other hand, it was shown that
each fiber of ®¢ /i is a weakly reflective submanifold [7, Theorem 1.3]. Combining
these results, we get the following result which generalizes Corollary 1.4 of [7].

Theorem 4.1. Let G/K be a reductive homogeneous space with decomposition g =
EDp. Then each fiber of the parallel transport map P /i : Vg — G/ K is a weakly
reflective Fredholm submanifold of (Vy, D) of Fredholm index 0 where its transversal
bundle is defined by the restriction of HE/x to it.

In [7] a characterization of weakly reflective submanifolds in affine symmetric
spaces was shown [7, Theorem 8.6]. Since its proof depends on the structure of a
symmetric space, it cannot be generalized easily to the case of reductive homoge-
neous spaces. Nevertheless, we can extend it as follows:

Proposition 4.2. Let G/K be a reductive homogeneous space with decomposition
g = £ p and with natural torsion-free connection VX . Let M be a submanifold of
(G/K, VS5 with transversal bundle W. Denote by W (resp. W ) the horizontal lift
of W with respect to m (resp. ®g i ). Then the following conditions are equivalent
for any normal subgroup S of G:

(1) M is an S-weakly reflective submanifold of (G/K,VE/'K) with transversal
bundle W.
(ii) 71 (M) is an (Sx S.)-weakly reflective submanifold of (G, V%) with transver-
sal bundle W, where S.x == SN K.
(iii) @a}K(M) is a P(S, S Sk )-weakly reflective Fredholm submanifold of (Vy, D)

of Fredholm index 0 with transversal bundle W.

Remark 4.3. In the above proposition, S must be contained in G and thus in the
identity component of the affine transformation group of (G/K, V¢/X). Hence the
proposition does not characterize all the weakly reflective submanifolds in G/K,
unlike in [7, Theorem 8.6]. However, we do not have to assume that G/K is a
symmetric space or the pair (G, K) is effective, unlike in [7, Theorem 8.6].

In Proposition 4.2 the Fredholm property of (iii) is a consequence of Theorem 3.3
together with [7, Proposition 1.2]. The equivalence of weakly reflective properties
can be proven almost similarly to the case of [7, Theorem 8.6]. The only difference
lies in the argument to show that the lifted weak reflection leaves the horizontal
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distribution invariant: In the proof of [7, Theorem 8.6] this was shown by using the
structure of symmetric spaces [7, Lemma 8.10]. In the case of Proposition 4.2 it
follows easily from the condition S C G.

Finally we remark that Proposition 4.2 generalizes some results in the author’s
previous paper [5] in the Riemannian case. Let G be a connected compact Lie
group with a bi-invariant Riemannian metric p. Denote by (-, -)? the corresponding
Ad(G)-invariant inner product on g and by (-, )7, the L*-inner product on V. Then
(Vg (-,-)72) = (G, p) is a Riemannian submersion [12, Theorem 4.5]. Let K be
a closed subgroup of G with Lie algebra £. Denote by p the orthogonal complement
of £ in g. Restricting (-,-)” to p we equip G/K with the G-invariant Riemannian
metric p@/%. Then (G/K,p&/¥) is a compact normal homogeneous space. The
Levi-Civita connection coincides with the natural torsion-free connection [3, p. 203].
Since 7 : (G, p) — (G/K, p®/¥) is a Riemannian submersion, @/ : (Vy, (-, )7,) —
(G/K, p</¥) is also a Riemannian submersion. From Proposition 4.2 we get:

Corollary 4.4. Let M be a submanifold of a compact normal homogeneous space
(G/K, p%K). Then the following conditions are equivalent for any normal subgroup
S of G:
(1) M is an S-weakly reflective submanifold of (G/K, p®/%),
(i) 7Y (M) is an (S X Ser)-weakly reflective submanifold of (G, p),
(iii) @a}K(M) is a P(S, Sx Sex)-weakly reflective PF submanifold of (Vy, (-, -)72)-

Considering the case G = S we have:

Corollary 4.5 ([5, Theorem 6 (ii)]). Let M be a submanifold of a compact normal
homogeneous space (G /K, p&/K). Then the following conditions are equivalent:

(i) M is a G-weakly reflective submanifold of (G /K, p&/%),
(i) 71 (M) is a (G x K)-weakly reflective submanifold of (G, p),
(iii) @5}K(M) is a P(G, G x K)-weakly reflective PF submanifold of (Vy, (-, -)}2).

Consider the group case G = (G x G)/AG. By using the canonical isomorphism
between path spaces [6] we see that Corollary 4.5 implies:

Corollary 4.6 ([5, Theorem 6 (i)]). Let M be a submanifold of a connected compact
Lie group G with a bi-invariant Riemannian metric p. Then the following conditions
are equivalent:

(i) M is a (G x G)-weakly reflective submanifold of (G, p),
(ii) @ H(M) is a G-weakly reflective PF submanifold of (Vy, (-,-)7).
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