GEODESIC ORBIT PSEUDO-RIEMANNIAN H-TYPE

NILMANIFOLDS: CASE OF MINIMAL ADMISSIBLE CLIFFORD
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ABSTRACT. We investigate the geodesic orbit property of pseudo-Riemannian nilman-
ifolds, specifically those known in the literature as pseudo H-type Lie groups — i.e.,
2-step nilpotent Lie groups of Heisenberg type equipped with a left invariant pseudo-
Riemannian metric. The study of homogeneous geodesics on Riemannian H-type Lie
groups was completed by C. Riehm in 1984. In this work, we extend these results to the
pseudo-Riemannian H-type Lie groups and provide a complete characterization of the
geodesic orbit property for the case where the underlying Lie algebras are constructed
from the admissible Clifford modules of minimal dimension.
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1. INTRODUCTION AND MAIN RESULTS

A Riemannian manifold (M, g) is called a manifold with homogeneous geodesics or a
geodesic orbit manifold (shortly, GO-manifold) if any geodesic v of M is an orbit of
a l-parameter subgroup of the full isometry group of (M, g). A Riemannian manifold
(M = G/H,g), where H is a compact subgroup of a Lie group G and g is a G-invariant
Riemannian metric, is called a geodesic orbit space (shortly, GO-space) if any geodesic
v of M is an orbit of a l-parameter subgroup of the group G. Hence, a Riemannian
manifold (M, g) is a geodesic orbit Riemannian manifold, if it is a geodesic orbit space
with respect to its full connected isometry group. This terminology was introduced in
[39] by O. Kowalski and L. Vanhecke, who initiated a systematic study of such spaces.
In the same paper, O. Kowalski and L. Vanhecke classified all geodesic orbit Riemannian
manifolds of dimension < 6.

We refer to [39], [2], [18], [45], and [9] for expositions on general properties of geodesic
orbit Riemannian manifolds and historical surveys. One can find many interesting results
about geodesic orbit Riemannian spaces and its subclasses in [32, 57, 54, 33, 11, 12, 46, 44],
and in the references therein. It should be noted that symmetric spaces, weakly symmetric
spaces, naturally reductive homogeneous spaces, normal homogeneous spaces, generalized
normal homogeneous spaces (but not only) are subclasses of the class of geodesic orbit
Riemannian spaces.

This paper is devoted to the study of one special and important class of geodesic orbit
pseudo-Riemannian spaces, namely, pseudo H-type nilpotent Lie groups. On the other
hand, many of the results obtained below can also be used for more general classes of
geodesic orbit pseudo-Riemannian nilmanifolds.

Some important results on geodesic orbit pseudo-Riemannian spaces were obtained
in [19, 20, 21, 5, 6, 56, 14, 43, 13]. Here we recall some important results related to
homogeneous geodesic of pseudo-Riemannian manifolds. We note that weakly symmet-
ric pseudo-Riemannian spaces and naturally reductive homogeneous pseudo-Riemannian
spaces are important subclasses of geodesic orbit pseudo-Riemannian spaces [48, 56].

Definition 1. A pseudo-Riemannian homogeneous reductive manifold (G/H, g) is called
geodesic orbit (GO) if a geodesic through the point e H with the initial vector £ is an orbit
of some 1-parameter isometry group of (G/H, g) for any initial vector.

We recall the following useful criterion for the property to be a geodesic orbit pseudo-
Riemannian manifold.

Proposition 1 (Geodesic Lemma [19]). Let (M = G/H, g) be a homogeneous reductive
pseudo-Riemannian manifold, with the corresponding reductive decomposition g = b @ m.
Then M is a G-geodesic orbit space if and only if, for any T € m, there exist P = P(T) € b
and k = k(T) € R such that if Q € m then

(T+PQInT)=k(T,Q), (1)
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where (-,-) denotes the inner product on m defined by g, and the subscript m in (1) means
taking the m-component in g = h @ m. Note that k(T) = 0 unless T is a null vector (it
suffices to substitute Q@ =T in (1)).

We recall also the following definition

Definition 2. Let (M = G/H, g) be a homogeneous reductive pseudo-Riemannian man-
ifold. Then M is said to be a naturally reductive if there is a reductive decomposition
g = b @ m such that

([T, Qlm, R) = (Q, [T, R]m) (2)

for the corresponding scalar product and any 7', @), R € m.

All naturally reductive H-type Lie groups, endowed with left invariant Riemannian
metrics were classified by A. Kaplan in [36]. In the same paper, the first examples of
geodesic orbit but not naturally reductive Riemannian manifolds were obtained: these
are H-type groups with 2-dimensional center (a minimal dimension of such groups is 6).
The complete classification of geodesic orbit H-type groups with left invariant Riemannian
metrics was obtained by C. Riehm in [50]:

Theorem 1 ([50]). Let N be H-type group (supplied with a left invariant Riemannian
metric) with the H-type algebra w =3 @ v, m = dim(3), n = dim(v). Then N is geodesic
orbit if and only if one of the following three conditions holds:

1) m=1,2,3 and n is any possible;

2) m=5,6 andn =3§;

3) m=17,n=28,16,24 and v is an isotypic Clifford module (in this case it is equiv-
alent to the following property: if Zi, Zs, ..., Z7 1s an orthonormal basis of 3, the linear
transformation X v Jz, Jz, -+ Jz,(X) of v is either Id or —1d).

Moreover, N is naturally reductive if and only if m =1 or m = 3.

Our main result is as follows.

Theorem 2. Let N, ¢ be an H-type group, where (r,s), s > 1, is the signature of the left
invariants pseudo-Riemannian metric restricted to the centre of the group. Letn, ; = 3o
be the Lie algebra of N, s, where 3 is the centre and v is a minimal admissible module for
the Clifford algebra CI(R"™*). Then the following four assertions hold:

1) N, is naturally reductive (hence, geodesic orbit) if and only if (r,s) € {(0,1),(1,2)};

2) If N, is geodesic orbit but not naturally reductive, then (r,s) = (3,4);

3) N34 is a geodesic orbit pseudo-Riemannian manifold;

4) N, s with (r,s) ¢ {(0,1),(1,2),(3,4)} is not geodesic orbit pseudo-Riemannian man-
ifold.

It is clear that the last assertion of this theorem easily follows from the three first
assertions.

The paper is organized as follows. In Section 2, we recall some important results
on pseudo-Riemannian geodesic orbit metrics on nilpotent Lie groups. The main role
here is played by the notion of the transitive normalizer condition, which Riemannian
version was used by C. Gordon in order to study geodesic orbit Riemannian metric on
nilpotent Lie groups. In Section 3, we recall some important properties of pseudo H-
type nilpotent Lie groups, their isometry groups and automorphism groups. In Section
4, we check the geodesic orbit property for pseudo-Riemannian H-type groups with small
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dimension of the center. More exactly, the groups No1, Ni1, Nog2, Ni2, Naoi, and Ny
are studied, after which the classification of naturally reductive pseudo H-type nilpotent
Lie groups is obtained (see Proposition 7). Section 5 is devoted to the description of some
important properties of geodesic orbit pseudo-Riemannian manifolds. As in the case
of Riemannian manifolds, it is proved that any geodesically complete totally geodesic
submanifold of a given geodesic orbit pseudo-Riemannian manifold is geodesic orbit itself
(Theorem 4). This result is further refined for the case of two-step nilpotent pseudo-
Riemannian groups (Theorem 5 and Corollary 3). In Section 6, we obtain some general
results on the geodesic orbit property for pseudo H-type Riemannian manifolds, that
allow us to consistently check all pseudo-Riemannian H-type manifolds, except N34, for
the property to be geodesic orbit. Finally, in Section 7, we prove that the 15-dimensional
pseudo H-type nilmanifold N34 is geodesic orbit (Theorem 14).

2. AUXILIARY RESULTS

Here we recall some important results related to 2-step nilpotent groups supplied by
left-invariant pseudo-Riemannian metrics and their isometry groups. We call such groups
2-step pseudo-Riemannian nilmanifolds. Finally, we formulate some useful statements
about 2-step pseudo-Riemannian nilmanifolds that are geodesic orbit.

Let (N, g) be a 2-step pseudo-Riemannian nilmanifold with the Lie algebra n and (-, -)
the scalar product (a symmetric nondegenerate bilinear form) generating the pseudo-
Riemannian left invariant metric g. If the center 3 of n is non-degenerate with respect
to (-,-), then we write n = 3 ® v, where v = 3* relative to (-,-). In this case, v is also
non-degenerate, see [40, Lemma 2.60].

Whenever (N, g) is connected simply connected, we do not distinguish between the
group of automorphisms of the nilmanifold (N, g) and of its Lie algebra n = 3 @ v. Note
that each skew-symmetric derivation of n leaves each of v and 3 invariant. For any Z € 3,
we consider the operator

Jz 0 — v, suchthat (Jz(X),Y)={(X,Y],Z), X,Y €nv. (3)

(adY)'(Z), where (ad Y is adjoint to ad Y’
0, (-, )v), sending Z — Jy is linear. We denote
»). The group of isometries of the nilmanifold

The map Jy is skew-symmetric and Jz(Y) =
with respect to (-,-). The map J: Z — so(
V = J(3) the linear subspace in so(v, (-, -)
(N, g) is given by

H = {(p,¥) € 0, (-, );) x O(0, (-, )o) [0 Tz0™" = , Z €3}, (4)

while its Lie algebra is

b= Der(u)so(m, (1) = (D= (C,4) €30, () xse(s D) |4, T = o, Z 31

The next result is well known, see e.g. Corollary 3.5 in [10] or Proposition 2.3 in [48].

Proposition 2. Let (N, g) be a pseudo-Riemannian nilmanifold with non-degenerate cen-
ter. Then the connected isometry group of (N,g) is N x H, where N is the set of left
translations by elements of N and the isotropy subgroup H is given by the isometric au-
tomorphisms (4) with Lie algebra b as in (5).
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In this case, the isotropy group of (IV, g) at the identity element e is exactly H with
the embedding a € H — (e,a) € N x H.

Applying Proposition 1 we note the following. If a nilmanifold (V, g) is geodesic orbit,
then for any X € v and any Z € 3, such that X + Z is not a null vector, there exists
D € b such that o

((X+Z+D,X+Z,X+2Z)=0
for all X € v and all Z € 3. It is easy to see that
X+ Z+D,X+7Z)=[X,X]|+[D,X]+D, Z],
where [D, X] € v and [X, X] + [D, Z] € 3. Hence,
0= ([D,X],X) + (X, X] +[D, 2], Z) = —(X,[D. X)) + {JzX, X) — (Z,[D, Z)).

Since X € v and Z € 3 are arbitrary, then

(D, X] = JzX, (D, Z] = 0. (6)
Note, that [D, Z] = 0 implies [D, Jz] = 0 according to (5). If X + Z is a null vector, then
we can approach it by non-null vectors of the type X + Z, where X € v. Therefore, (6)
is valid also for null vectors, see also Proposition 5.

On the other hand, equalities (6) imply Proposition 1 for all X € v and Z € 3. These
observations allow us to rewrite Proposition 1 for 2-step nilpotent pseudo-Riemannian

groups in the spirit of work [32], where this idea was used for Riemannian metrics on
nilpotent Lie groups.

Proposition 3. In the above notations, (N,g) is a geodesic orbit pseudo-Riemannian
nilmanifold if and only if for any Z € 3 and X € v there is D € b such that [D,Z] =

Consider an action p of the isotropy algebra b in (5) on so(v, (-,-),); that is p: h —
s50(v,(-,")y). We may reformulate the condition of Proposition 3 as follows. We know
that V = J(3) is a linear subspace in so(v, (-, -),). Further, for every D € h and Z € 3 we
get Jip,z1 = [p(D), Jz] (it easy follows from the condition on D to be a skew-symmetric
derivation), hence, the subspace V = J(3) is normalized by the subalgebra N := p(h) in
s0(v, (-, -)y) by the fact that

[p(D), Jz] = J[D,Z} € V

The equality Jip z = [p(D), Jz] implies that the representation p: b — so(v,(-,-),) is
faithful (otherwise, some non-trivial D € b acts trivially both on v and on 3, hence, on n).
Moreover, any element of the normalizer N of V = J(3) in so(v, (-, ),) can be considered
as an image of some element D € h under the map p: h — so(v, (-,-),), which follows
from (5). Therefore, we have the following statement.

Corollary 1. If (N, g) is a geodesic orbit pseudo-Riemannian nilmanifold, then the Lie
algebra by is isomorphic to the normalizer N of V.= J(3) in so(v, (-, )y) under the repre-
sentation p: h — s0(v, (-, -)y).

Therefore, if (N, g) is a geodesic orbit pseudo-Riemannian nilmanifold, then we have
a Lie subalgebra N C so(v,(-,-),) and an ad(IN)-invariant module V in so(v, (-,-)y)),
such that for every X € v and W € V there is B € N with the following properties:
[B,W]=0and B(X) =W(X).
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Remark 1. Let h be as in (5) and V = J(3). Then every element of b is determined
by a skew-symmetric operator A € so(v, (-,-),) with the property [A, V] C V (i.e., A is
from the normalizer of V in so(v, (-,-),)). In this case the operator C' € so(3, (-,-);) can
be recovered from the equality Jo(z) = [A, Jz] for all Z € 3.

A special case of geodesic orbit pseudo-Riemannian spaces are naturally reductive ho-

mogeneous pseudo-Riemannian spaces (Definition 2), see also [48] and references therein.
The naturally reductive Riemannian homogeneous spaces are generalizations of normal
homogeneous Riemannian spaces and symmetric spaces, see, e.g., [17], [38], [31], [1], [52],
[53]. It should be noted that a complement m in the definition of naturally reductive
(pseudo) Riemannian manifold is not unique in general. For instance, any invariant
Riemannian metric on the Ledger-Obata space (F' x F' x F')/diag(F'), where F' is any
simple compact Lie group, is naturally reductive with respect a suitable reductive com-
plement [42]. The following result gives us a useful criterion of a 2-step Lie group with
pseudo-Riemannian left-invariant metric to be naturally reductive.
Theorem 3. [48, Theorem 3.2] Let (N, g) denote a 2-step pseudo-Riemannian nilmani-
fold with a non-degenerate center. Assume that the map J: 3 — so0(v) is injective, see (3).
Then the metric is naturally reductive with respect to G = N x H (see Proposition 2), if
and only if

(i) V.= J(3) is a Lie subalgebra of so(v) and
(ii) [J(Z1), J(Zs)] = J(72,(Z2)) where 77, € s0(3) for any Z; € 3.

Since the map J is supposed to be injective, the map 7 can be easily recovered from

(ii).
3. PSEUDO H-TYPE NILPOTENT LIE GROUPS

Let (N, g) be a 2-step pseudo-Riemannian nilmanifold and n = 3 @& v be its Lie algebra
endowed with a scalar product (.,.) making the center non-degenerate. We identify
(3,(.,.);) with the pseudo Euclidean vector space R™* = (R"**, (..}, ;), where

r s
<Z7 W>r,s - Z Zi Wy — Z Zp4j Wr4j5, Z, W e Rr—&-s.
i=1 j=1

If the linear operator J: 3 — so(v) is defined by
(J2(X),Y)o =([X,Y], Z)rs, XY €0, Z€5=R", (7)

and satisfies JZ(X) = —(Z,Z), ;X for any Z € R™ and all X € v, then n = n, is called
the pseudo H (eisenberg)-type Lie algebra. It is easy to check that this definition implies

<JZ(X)7JW(X)>U = <Z7W>T,S<X7X>D' (8)

We denote by N, s the connected simply connected Lie group, whose Lie algebra is the
pseudo H-type Lie algebra n, ;. The H-type Lie algebras N, with a positive definite
scalar product were introduced in [34] and with an arbitrary indefinite scalar product
in [15], see also [29].

These Lie algebras are related to the representations of the Clifford algebras in the
following way. Let J: ClI(R™®) — End(v) be a representation of the Clifford algebra
CI(R"™*) generated by the pseudo Euclidean vector space R™*. If there is a scalar product
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(-, )y on the representation space v (Clifford module) such that the linear map Jy is
skew-symmetric for any Z € R™®; that is

(J2(X),Y)o = —(X,J2(Y))y, ZeR™ XY €ov,

then we get a pseudo H-type Lie algebra with the commutators defined in (7), see details
in [35, 15, 37, 30, 24, 25, 26, 27]. The scalar product (-, -), in this case is called admissible
and v is called admissible (Clifford) module.

It is important that, see e.g. [15], or [27, Propososition 2.2.2]) the signature of the
scalar product space (v, (-, -),) is neutral and (v, (-,-),) is isometric to R" for some [ € N
if s > 0, whereas the corresponding signature is either (1,0) or (0,1) for some [ € 2N if
s =0.

We use the symbol ¢ for the transposition according to the standard Euclidean product
on v = R%. On the other hand, we use the symbol 7 for the transposition according to
scalar product (-,-);; on v = R or (), on 3 = R™*. In particular, for any operator
A on v, we get (A(X),Y) = (X,;A7(Y)), X,Y € v, and J, = —J; for any Z € 3. If
n = diag(Id;, — Id;), then J} = nJhn and A™ = nA'n.

Thus we use the identification V. = J(3) C so(v) = so(l,l). Recall that dim'V =
dimj = r + s. In the next proposition we collect some useful results.

Proposition 4. Let n, 5 be a pseudo H-type Lie algebra, N and Z the normalizer and the
centralizer of V.= J(3) in so(l,1). Then we have the following properties:
1. [V, V] and L := [V, V] +V are Lie subalgebras in so(l,1);
. the Lie algebra [V, V] is isomorphic to so(r,s);
[V, V] C N and dim N > (r+s)(r +s—1)/2;

2
3
4. (L, vV, V]) is a symmetric pair, i.e., V is a Lie triple system;
5

. the Lie algebra L is commutative if (r,s) € {(1,0),(0,1)}, it is simple if
(r,5) & {(1,0),(0,1),(3,0), (1,2)}, and it is semisimple 1f (r.s) € {(3,0), (1,2)};
6. N=[V,V]|&Z (a direct sum of Lie algebras).

Proof. We give an outline of the proof. For every pair of orthogonal vectors Z’, Z" € 3,
the map @/ z», defined by

Sy (X +2) = Jpdp(X)+ 22, 2)2" — 22", 2)7', Zej Xev, (9

is a skew-symmetric derivation of (n, s, (-,-)), see e.g. Lemma 2.2 in [16] or [49]. Since
[Jzr, Jzn] = 2J 7/ Jzn, then [V, V] C N, due to the fact that ®, z» and, hence, [Jz, Jz]
is in the isotropy Lie algebra b, see (5) and Proposition 2. Moreover, [V, V] is a Lie
subalgebra in N, that is isomorphic to so(r,s). Indeed, by Lemma 5.1 in [4], we can
choose an orthonormal basis Z;, i = 1,...,7 + s, for 3 = R™® such that V = J(3) =
J(R™) C so(l,1) has a basis of the following type: {Jz,},i=1,...,7+s, while {Jz,Jz,},
Jok=1,...,74s, j <k, constitute a basis in [V, V] C N. Therefore, [V, V] is isomorphic
to so(r, s), then dim N > dim[V, V] = dimso(r, s) = (r+s)(r+s—1)/2. This result also
follows from [27, Proposition 3.2.4].

One can easily check that [V, V], V] C V, which means that [V, V] C N. Moreover,
L =[V,V]+V isa Lie algebra and V is a Lie triple system (see Proposition 5.2 in [4]).

Finally, the Lie algebra L is commutative and 1-dimensional if (r, s) € {(1,0), (0,1)}, it
is simple if (r, s) & {(1,0),(0,1),(3,0),(1,2)}, and it is semisimple if (r, s) € {(3,0), (1,2)}
by Theorem 5.1 in [4].
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It is known that each B € N (i.e., each skew-symmetric derivation of 3) decomposes as
a sum By+ By, where By € Z and By € [V, V], see detail in [16, Corollary 2.6]. Therefore,
N = [V, V] @ Z. On the level of automorphism groups, similar results were obtained in
[27, Subsection 3.2]. =

It should be noted that the intersection of V and [V, V] can be nontrivial. We have
the following result.

Lemma 1 (see e.g. Lemma 6 in [8]). Suppose that K :=V N[V, V] is non-trivial. Then
K is an ideal in L =V + [V, V]. If, in addition, L is simple, then K =V = [V, V]| = L.

Proof. We see that
[K,V]|C[V,V], [K,V]CI[V,V]V]CV,
[K,[V,V]]|C[V,[V,V]]CcV, [K[V,V]CIV,V][V,V]]cC]|[V,V].
Therefore,
[K,V]CcVNn[V,V]|=K, [K/[V,V]]CcVNn[V,V]=K, [K L CK,

hence, K is an ideal of L. m

Note that the constant k = k(7") in Proposition 1 can be different from zero for pseudo-
Riemannian manifolds, see [5], where it is shown that k& depends on the reparametrization
of a homogeneous geodesic and it could be k(7T') # 0 for a null initial velocity 7' of such
a geodesic. We show that such a reparametrization in case of pseudo H-type Lie groups
N, s is a multiplication by a non-vanishing real constant, that is, it is a linear rescaling,
which implies that £ = 0.

Recall that the isometry group of the pseudo H-type Lie group N, s with a given left

invariant pseudo Riemannian metric is identified with the group G = N, , x H, where H
is defined in (4) and its Lie algebra b is given by (5).
Proposition 5. Let v: | — () € N, (= G/H), be a geodesic passing through the
identity element e = [H] € N, 5, which is homogeneous with respect to the isometry group
G = N,s x H; that is there exists a one parameter subgroup {¢(t)} of G, such that
v(U(t)) = @(t) - e, for a diffeomorphism [: R — I, [(0) = 0. Then I(t) =t.

Proof. The Lie algebra of the pseudo H-type Lie group N, isn, s =300 =R @
R™" where v is a minimal admissible module of the Clifford algebra CI(R™*). We use
coordinates of the first kind for

N.s 3 (v,w) =expy(vZ +wX) for Zej Xev,

that is, in this case we identify the group and its Lie algebra as sets. Then v =
(U1, Vprs), W = (W1, ..., Wap).

Without loss of generality, we can consider a geodesic v: I — G/H = N, I =
(—a,a) C R,
V(1) = (z(),z(1) = (21(D), - - -, 25 (1), 21(01), - - - 2 (D)) - 7(0) =€, 4(0) = (£(0), 2(0)),
Then

2(1):zz<0)+% /O (w(s), #(s)] ds, a(l) = /0 expy(si) - #(0)ds,  (10)

where J;(g) is the Clifford multiplication by the element 2(0) € 3, J:) : b — v (see [6]).
Assume that v is a homogeneous geodesic for a one-parameter subgroup ¢ of isometry
group G = N, s x H. We write ¢(t) = (v(t), w(t),c(t), a(t)), where we use the coordinate

lel
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representation (v(t),w(t)) € N, and (c(t),a(t)) € H for t € R. Then there is D =
(C, A) € b, such that coordinates of ¢(t) have the form
1

w(t) :/0 expy(sA)w(0) ds, v(t) :/0 expy (sC)v(0) + 2[(w(s),w(s)] ds, (11)
c(t) = expy(tC), al(t) =expy(tA). (12)

Let assume a geodesic y(I) in (10) is homogeneous under a rescaling [ = I(t) through a
diffeomorphism R 3 ¢ — [(¢) € R, then D = (C, A) € b are such that

and the orbit through e € N, ; is expressed as

1)
(10) = 1020 + 5 [ lats)is)] ds (13)
_ /0 expy (sC)2(0) + %[w(s),w(s)] ds = v(t)

and

1) = [ expis(5:0)(0) ds = / b0 ds = w(®). (14
By differentiating equation (13), we obtain
1(£)2(0) = expy (tC) - 2(0),  1(t)2(0) = expy(tC) - C(£(0)) = 0.
If 2(0) # 0, then we obtain that I(t) = 0, and I(t) = ct, ¢ € R\ {0}. In fact ¢ = 1, since
1(0)2(0) = ¢2(0) = 2(0).

If 2(0) = 0, then we may assume #(0) # 0, since we are considering non-trivial initial
conditions. Then by differentiating equation (14) we can deduce

0= Jx0)(#(0)) = A(2(0)).
Then (10) and (11) imply
z(l(t)) = (t)2(0) = t&(0).
Therefore again [(t) = t. Thus, we see, that for any initial velocity 4(0) = (£(0), 2(0)) ;é 0

the reparametrization [(t) of a homogeneous geodesic is the trivial one; that is I(t) =
u

Corollary 2. In the notation of Proposition 1 for a pseudo H-type Lie group N, s, for
any T € n, ¢ there is P = P(T) € b such that

(T+P,Ql,,.T) =0 (15)
for any @ € n,;.

Proof. We write X =T + P, n,, = 3 ®v. The general form of the geodesic lemma
states that there is k£ € R such that,

([(X,Q,T) = k(1) (T.Q)
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holds, where k is related to the reparametrization [(t). A geodesic 7 is homogeneous, if
and only if the left invariant vector field X* defined by X satisfies the equation

Ve X*) = —k(I7 ) X", k(7)) = —;E—i) is constant (16)

where V is the Levi-Civita connection on N, ,, see [5].
Since we showed that [(¢) = ¢ in Proposition 5 we deduce k(I7'(¢)) = 0. =

3.1. Integral basis, periodicity, and the automorphism groups of the H-type
Lie algebras. The pseudo H-type Lie algebras are closely related to Clifford algebras
CI(R™*) and their representation spaces v. Now we describe a convenient basis for pseudo
H-type Lie algebras. We fix an orthonormal basis B, s = {Z1,...,2,, Z,4+1, ..., Z,+s} for
R"™* where

{ Zy,...,Z, are positive, i.e., (Z;, Z;),s =1, i=1,...,r, (17)

Zyi1, ..., Zrys ave negative, ie., (Z;, Zi)rs = —1, j=r+1,...,r+s.

Consider a finite subgroup G(B, ;) of the Pin group in CI(R™*) generated by the basis
B, :

G(Byo)={+1, £Z;,--- Z;, | 1<iy<---<ix<r+s, k=1,...,r+s}.

In the present work we will consider only minimal admissible modules, which are pairs
(v, (-, )y) of the representation space v of minimal dimension, where an (non-degenerate)
admissible scalar product can be constructed. The construction of admissible scalar prod-
ucts and their description can be found in [15] and [26, Section 2].

Definition 3. Fix an orthonormal basis B, of R™*. An orthonormal basis B(v) of a
minimal admissible module v is called invariant basis if it is invariant under the action
of G(B,s); that is for any X; € B(v) and Z; € B, ;, there exists X; € B(v) such that

According to Definition 3 the maps Jz;, Z; € B,, act on an invariant basis B(v)
by permutations up to the sign +. To construct an invariant basis for v we consider a
maximal subgroup S of G(B, ) consisting of elements p € G(B,.;) satisfying

P1. p? =1 € CI(R™);
P2, if (X, X), > 0 ((X, X)y < 0) then (J,(X), J,(X))o > 0 ((Jo(X), J,(X))» <0).

Elements p € § are called positive involutions. We denote the generating set for the
maximal subgroup & by PI and number of elements in PI by ¢ = {(r,s). The set of
generators is not unique. As an example of a set PI for the purpose of the present work
we list the minimal length positive involutions, which can be classified in the following
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types.
(p = Zi\ L, Liy Z;
p = Z; L, Zi, Ziy, Where all Z;, are negative basis vectors;

.» where all Z;, are positive basis vectors;

type T3 i
p = 42,2, Zi,, where two Z;, are positive and two Z;,
\ are negative basis vectors; (18)
(q = Ziy Ziy Zs
type 1o § q = Z;, Zi, Z;

4, where all Z;, are positive basis vectors;

4, Where one Z;, is positive and two Z;,

\ are negative basis vectors.

Here we always assume that iy # i,, for £ # m. A combinatorial computation shows that
generally positive involutions can contain either 3 mod 4 or 4 mod 4 basis vectors, [28].

Proposition 6. [28, Section 3] Let S, PI = {p1,...,pe} and E™ (p;) = {X € v |
Jpo(X) = X} be given. Then the intersection Ef} = Nr_y Bt (pr) over py € S contains
a non-null vector v. Moreover, there is a set ¥ C G(B,.s) such that the family {J,v},ex,
|lv]|? =1, is an orthogonal invariant basis for v.

Consider the following example of pseudo H-type Lie algebrasn, ., (i, v) € {(8,0), (0,8), (4,4)}
with the minimal admissible module v, ,. Let us choose the orthonormal basis B, =
{¢x}%_; on the center of n,, such that

<Ck7<k>8,0 = _<<k7Ck>O,8 = 17 k= 17 ) 87 (19)
(Ch> Cr)aa = —(Chgas Goa)aa =1, k=1,....4.

The set PI,, generating the maximal subgroup S C G(B,,) of positive involutions
consists of four elements and it is given by

P1 = (1C2C3Cs, P2 = C1G2C5C6;,  P3 = (1G2GrCs,  Pa = (1(3(5(7-

The dimension of minimal admissible modules v,, equals 16 and the modules are
decomposed into 16 one dimensional common eigenspaces of four involutions pg, £ =
1,2, 3,4 under the action of the representation maps .J,, . We denote

Ef, ={Xev,,: J,(X)=X, k=1,2,34}.

Let v € Bt} be such that (v,v),,, = 1. Then other common eigenspaces are spanned by
Jo(v),i=1,...,8, and J;, J;(v), j = 2,...,8. Hence we have

8 8
_ pl +1 +1
UH,V - E,u,l/ @ JCz (Ey,u) @ JCI JCj (E,u,y>' (20)
i=1 j=2
The basis
v =, vy = J¢ v, vz = Je,0, vy = J¢,0,
vs = J,v, Vg = J¢, vr = J¢v, vg = J¢, 0, (21)
Vg = J¢v, vio = Jo Jov, v = JoJgu, v = Ji Je,v,

V13 = JCl JC5U, V14 = ng JCGU, V15 = Jcl J<7U, Vig = JC1 Jgg’U.

is an orthonormal invariant basis for v,,. The set ¥ mentioned in Proposition 6 is the
following

E:{Cka k’zl,...,8, ClC’ia 222,,8}



12 K. FURUTANTI, I. MARKINA, YU.G. NIKONOROV

It is well known that the Clifford algebras CI(R™*) admit the Atiyah-Boot periodic-
ity [3]:

CLR™**) = CLR™) ® CLR®?), CLR™*8) = CI(R™) @ CL(R"S).

CI(RT+4,3+4) — Cl(RT,S) ® CI(R4’4).

This periodicity has the following affect on the structure of the H-type Lie algebras. Let
v, s be a minimal admissible module in n, s = v, ® 3 and {(r, s) the number of positive
involutions in the generating set for the maximal subgroup & C G(B, ;). Then

dim<UT+M,S+V) =16 dim<nr,s)7 (l/J, V) € {(87 O)’ (O’ 8)7 (47 4)}7

Ur+p,s+v)=Lrs)+ L v)="Lrs)+4
The tensor product

8 8
Ors @0y, = (0., @ EF)) @ by ® Je, (EfL)) @ vrs ® Jo, Je, (EF)) (22)

is a minimal admissible module v, s+, of the Clifford algebra CI(R™HHs1V),

Conversely, if v, s+, is a minimal admissible module of CI(R"*#5*") then the common
l-eigenspace ET' C v, 1, of the involutions J,,, k =1,2,3,4 from the example above
can be considered as a minimal admissible module v, s of the algebra C1(R"*). The action
of the Clifford algebra CI(R"™*) on E™' is the restricted action of CI(R"**¥) obtained
by the natural inclusion CI(R™*) C CI(R"+#5t),

The group of automorphisms and the isometries of the H-type Lie algebras also has
periodic structure, see [49, 51, 27].

4. THE GROUPS N, WITH 1 <7 +5<3

For a given pseudo H-type group N, s, 1 < r+s < 3, we check whether N, , is geodesic
orbit or not. For this goal we apply Propositions 3 to the corresponding Lie algebra
n.s = 3 @ v. We choose an orthonormal basis 7, Zs, ..., Z,4, for 3 and compute the
operators Jz,, 1 < k < r 4+ s, which constitute the basis for V = J(3) C so(l,l). Then
the products Jz, Jz,, 1 <k <l <r+s, form a basis for the subalgebra [V, V]. We find
also a basis for the centralizer Z of V in so(l,[) and obtain the base for the normalizer
N =[V,V]®Zof Vinso(l,1). After this auxiliary computation we check the transitive
normalizer condition for V, i.e. for any X € v and any Z € V, we are looking for B € N
such that [B, Z] =0 and B(X) = Z(X).

Note that up to similarity and the action of the isotropy subgroup, we have only three
classes in the center 3 of n. They are represented by some Z; (a positive vector with
(Z1,7Z1) > 0), Zy (anegative vector with (Z5, Zs) < 0), and Z3 (a null vector (Z3, Z3) = 0).

Indeed, the group O(r,s) with the Lie algebra so(r,s), that is a linear span of the
operators [Jz,, Jz,], 1 < i < j < r+ s, acts naturally by automorphisms on the center
3. It is well known that O(r,s) acts transitively on every hyperquadric Q(r) = {Z €
31(Z,2), s = p} with p # 0, see e.g. P. 239 in [47] or Theorem 2.4.4 in [55].

Let 3 = 3, @ 3, be an orthogonal decomposition, where the restriction of the scalar
product on 3, and 3, are positive and negative definite, respectively. Let us suppose
that Z,Z € 3 and (Z,Z),s = (Z,Z),s = 0. I (Z|,,, 2| )rs = (Zl;s Zl30rs = p # 0
or, equivalently, (Z|;,,Z;)rs = (Zls0, Zls0)rs = —p # 0, where Z|, and Z|; are the
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components of vector Z in 3, and ,, then it easy to see there there is Q) € O(r) - O(s) C
O(r, s) such that Q(Z|;,) = Z|;, and Q(Z|;,) = Z|;,..

Hence, up to a similarity, it suffices to consider only one point in every of the following
hyperquadrics: Q(1), Q(—1), Q(0) (non-trivial in the last case).

Suppose that we fix Z € V, then we need not to check all X € v. Indeed, if ) €
exp(N) (or, more generally, ) is an isometric automorphism of the Lie algebra n) such
that [@Q,Z] = 0, then the equality B(X) = Z(X) is equivalent to the following one:
QBQHQX) =QZQ ' (QX) = Z(QX). Note that [B, Z] = 0 implies [QBQ™!, Z] = 0,
therefore, we can find B € N such that [B,Z] = 0 and B(X) = Z(X) if and only if we
can find B € N such that [B, Z] =0 and B(QX) = Z(QX).

Consider a Lie subalgebra NZ = {B € N |[B, Z] = 0} of N. Any orbit Orb in v under
the action of NZ consists of equivalent elements in the sense that if X;, Xy € Orb, then
there is By € N such that [By, Z] = 0 and B;(X;) = Z(X}) if and only if there is B, € N
such that [Bs, Z] = 0 and By(X3) = Z(X3).

In what follows, we omit all classical cases with the signature (r,0).

4.1. H-type nilmanifold N,;. We denote by Ny, the H-type nilmanifold with the Lie
algebra isometric to R%! @ R™". This will be the only example of H-type Lie algebra
having the module (v, (.,.),,) = R™" which is not minimal dimensional, but rather the
direct sum of n minimal dimensional modules isometric to RY'. We choose an orthonormal

basis {X1,... X, Y1....,Y,, Z} satisfying
<Xi7Xi>n,n - _<Y;7}/fi>n,n - 17 <Z7 Z>0,1 = —1.
Then

Jy = (IS I(El)n> €so(n,n), Jz=—(Z,7Z)11dy, =1dy, .

It is clear that Jz spans the one dimensional subspace V = J(3) C so(n,n). The space
V is an abelian subalgebra of so(n,n) and

I(20). J(Z)) = |J(aZ), J(b2)] = ab[J(2). J(Z)] = 0 = J (r2,(Z)), a.bE R, a#0, b#0,

for the operator so0(3) > 7, = 0 for any Z; € 3. Therefore, we get naturally reductive
(see Theorem 3), hence, geodesic orbit nilmanifold.

4.2. H-type nilmanifold N;;. The H-type nilmanifold N;; is the H-type group of
dimension 6 with the Lie algebra isometric to R @ R?? and satisfying

[XlaXQ] - [X37X4] = 217 [X17X3] = [X27X4] = _ZQ
with respect to an orthonormal basis {X7, ..., Xy, Z1, Z3} such that
<Xk:an>2,2 = _<Xi>Xi>2,2 =1, k=12, =34, <Zl, Zl>1,1 = —<Z2, Z2>1,1 =L

The maps
0 -1 0 0 0 0 1 0
1 0 0 0 0 0 0 —1
Ja=10 0 0o -1| =11 0 0 o0
0 0 1 0 0 -1 0 0
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span a 2-dimensional subspace V C s0(2,2). We calculate

00 0 2
00 20

[aJz,+bJz,,clz +dJz,] = (ad—bc)|Jz,, Jz,] = (ad—bc) 092 0 0 ¢ span{Jy,, Jz,}.
2 0 00

Thus the vector space V is not a Lie subalgebra of so0(2,2) and therefore Ny, is not a
naturally reductive pseudo-Riemannian nilmanifold. It is easy to check that the normalizer
N =Z @ [V, V] consists of matrices of the following type:

0 —bs by 2a — by
b3 0 2a + bl b2
b2 2a + bl 0 b3 ’ a, bla 627 b3 € R.

Here, the variable a corresponds to [V, V], whereas by, by, b3 parameterize Z.

Let us consider YV = X7 + Xo + X3+ Xy € v and Z = Jz € V. Assume that Ny,
is geodesic orbit. Then there is B € N such that [B,Z] = 0 and B(Y) = Z(Y). The
first condition implies @ = 0. The second condition is equivalent to the linear system of
equations:

2 -1 1 -1 a —1
2 11 1 by | 1
2 11 1 b, | T | -1
2 -1 1 -1 bs 1

Since the system has no solution (it suffices to compare the second and the third equations
in the system), N;; is not geodesic orbit.

4.3. H-type nilmanifold Ny,. The H-type nilmanifold Nyo is the H-type group of
dimension 6 whose Lie algebra is isometric R%? x R?? and has the commutation relations

[X17X3] = [XQaX4] = _Zl7 [X17X4] = _[X27X3] = _Z2
with respect to an orthonormal basis { X7, ..., Xy, Z;, Z5} such that
(Xi, XiJop = —(Xi, Xi)op =1, k=12, i=3,4, (Z1,Z1)o2 = (Z2,2)02=—1.

We calculate

0010 00 0 1
000 1 00 -10
Tn=11 00 o] €°%2 and Jn=14 4 o | €022
0100 1 0 0 0
0 -2 0 0
2.0 0 0
laJz, + bJz,,cJz +dJz,] = (ad — bc) 00 0 2 ¢ span{Jz,, Jz,}.
00 -20
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Thus Ny is not a naturally reductive manifold. The normalizer N = Z & [V, V] consists
of:

2a — bs 0 by by
_bQ b1 0 2a + b3 ) a, bl, bQ, b3 € R.
bl b2 —2a — b3 0

Here, the variable a corresponds to [V, V], whereas by, by, b3 parameterize Z.

Assume Ny, is geodesic orbit and pick up Y = y1 X + 12 X0 + y3 X5 + yu Xy € v.
Moreover, without loss of generality, we take Z = Jz, € V. The condition [B, Z] = 0 for
some X € B implies a = 0. Then the condition B(Y) = Z(Y') is equivalent to the linear
system of equations:

Y2 —h Yq by Y1
o Y2 U3 by | = Y2
Y4 —UY3 Y2 b Ys
Ys Yo —U Ya

If y? + y2 # y3 + y3, then we obtain the following solution of this system:
by — 92 Y1Y2 — Y3Ys by — y%—y%—y%eri be — —9 Y1Ys — Y2Ys
1 =475 2 __ 2 9 2— 79 2 _ 2 9 3— T4 9 2 _ 2 92
Y1 Ty — Y3 —Yi Yit Y3 — Y3 — Ui Y1 Ty — Y3 — Ui
On the other hand, if (y1,v2,ys,y4) = (3,4,5,0), then we obtain the following system:

4 =3 0 ; 3
3 4 -5 b1_4
0 -5 4 b2_5’
5 0 -3 3 0

that have no solution (the rank of the basic matrix of the system is 2, and the rank of
the extended matrix of the system is 3). Hence Ny is not geodesic orbit.

4.4. H-type nilmanifold N;,. The H-type nilmanifold N, is the H-type group of
dimension 7, the Lie algebra is isometric to RY? x R??2 and has non-vanishing commutation
relations

(X1, Xa] = —[Xa, Xa] = Z, [X0, Xs) = —[Xo, Xa] = Zo, [X0, Xo] = [Xo, Xs] = Zs
in an orthonormal basis satisfying
(X, Xi)o2 = —(Xi, Xi)oo =1, k=12, 1=34,
(Z1,Z1)12 = —(Za, Za)1p = —(Z3, Z3)12 = 1.

Then, in this basis we obtain the matrix representations

0 -1 0 0 0 0 1 0 0001
1 0 0 0 0 0 0 —1 0010
Jn=10 0 o —1|° 271 0 0o ol 2=|0o 10 0
0 0 1 0 0 -1 0 0 1000

Due to the commutation relations

[JZ17 JZ2} = 2JZ37 [JZN JZ3] = _2JZ27 [‘]227 JZ3] = _2JZ17
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we conclude that V = span{Jz, Jz,,Jz,} C s0(2,2) is a Lie subalgebra by Theo-
rem 3. Moreover, the operators 75, € so0(3) for ¢,7 = 1,2,3 (recall that [J(Z;), J(Z;)] =
J(72,(Z;)), are given by:

00 0 0 0 —1 010
=200 1], 7,=2|0 0 0], 7,=2[100
01 0 -1 0 0 00 0

We conclude that H-type nilmanifold N; 5 is naturally reductive, hence, geodesic orbit.

4.5. H-type nilmanifold N,;. The H-type nilmanifold Ny; is the H-type group of
dimension 11 with a Lie algebra ny; = 3 @ v isometric to R*! x R**. We define an
orthonormal basis {V1,..., Vs, Z1, Zs, Z3} by taking v € R** with |[v||* = 1 and setting

‘/1 =, ‘/2 = JZlva ‘/E‘} = Jsza ‘/Zl - JZlJZ2v7
Vs = JZ3U7 Vs = lengv, Vo= JZQJZW, Vs = J21J22J23U-

Writing the operators

0-10 00 00O 00 -1000 0O 00 0010 0O

1 0000O0O0O 00 0100 0O 00 000-100
000-10000 (1)018888 88 00 000O0 -10

— 00100O0O0O0 — - — 00 000O0O O1
JZl - 000O0O0O-100 ) JZz - 00 000O0 -10 ) JZJ 10 0000 OO
000O01O00O00O0 00 0000 O1 0-1 0000 0O
000O0O0OO0O0-1 00 0010 00O 00 -100 0 00
000O0O0OOTI1IO 00 000-100 00 0100 00O

and calculating their commutators, we see that V = span{Jyz,, Jz,, Jz,} C s0(4,4) is not
a Lie subalgebra of s0(4,4) and, therefore, No; is not a naturally reductive manifold.
The normalizer N = Z & [V, V] consists of matrices of the following type:

0 be —b5 —2a1 + by b3 2a9 + by 2a3 — by 0
—bg 0 —2a1 + by —bs 2a9 — by b3 0 2a3 — b1
bs 2a1 — by 0 —bg 2a3 + by 0 b3 —2a9 — by
2a1 + by bs be 0 0 2a3 +b1 —2as + by b3
b3 2a9 — by 2a3 + by 0 0 —bg bs —2a1 —bs |’
2a9 + by b3 0 2a3 + by be 0 —2a1 + by 2b5
2a3 — b1 0 b3 —2as + by —bs 2a1 — by 0 be
0 2a3 — bl —2a2 — b2 bg 2a1 + b4 —b5 —b6 0

Here, the variables ay, as, ag correspond to [V, V], whereas by, by, b3, by, bs, bg parameterize
7.

Assume that Ny is geodesic orbit and choose Y =V, +V; € vand Z = Jz € V. If
B € N then [B, Z] = 0 implies a; = a3 = 0. The second condition B(Y) = Z(Y') gives

(b3, —by — bg, by + b5 + 2as, by, ba, by + bg, —by — b5 + 2as, b4)t =(0,1,0,0,0,1,0,0, O)tv

which leads to a contradiction: it suffices to compare the second and and the sixth entries
in these columns. Therefore, Ny is not geodesic orbit.

4.6. H-type nilmanifold Ny3. The H-type Lie algebra ng 3 isometric to R%3 x R** and
has the following non-vanishing commutation relations

Vi, V] = [Va, V] = [Va, Vil = [Va, V] = 2, [V, V] = =[Va, V] = —[V3, Vis] = [V, V2] = 25,

Vi, Vil = [Va, Vo] = —[V3, V5] = [Vi, V] = Zs.
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It implies that the matrices

[asry

OO OO OO+
—

—_
[y

JZ1 = JZz = ) JZS -

—
—_

OOOHOOOO
—_

co—ocoooo
o—ocooooo
—~ooooocoo
cocococoo~
coococooro
coococoroo
coocomooo
co—ocoooo
coo !l cooco
| cocoococo
=

o—ocococooo
cocoocolo
coocorooo
coocoo l co
o~ococoocoo
—~ooooococo
cool cocoo
col cocoo
coocooloco
coocol coo
coocococoor
coococooro

form the basis of the space V C s0(4,4). Calculating their commutators, we show that V
is not a Lie subalgebra of so0(4, 4), and therefore Ny 3 is not a naturally reductive manifold.
The normalizer N = Z @ [V, V] consists of matrices of the following type:

0 —2a1 +bg —2a9 —bs —2a3+ by b3 —by b1 0
2a1 — bg 0 2a3 +by  —2a9 + by —by —bg 0 by
2a9 + b5 —2a3 — by 0 2a1 + bg by 0 —bs bo
203 —-b4 2a2 —-b5 ——2@1 —-b6 0 0 bl bg b3
b3 —by by 0 0 2a1 +bg  2a0 —bs —2a3+by |’
—by —bs 0 by —2a1 — bg 0 2a3 + by 2as + by
by 0 —bs by —2a9 + b5 —2a3 — by 0 —2aq + bg
0 b1 b2 b3 2a3 —-b4 ——2a2 —-b5 2&1 —'bﬁ 0

where the variables ay, as, az correspond to [V, V], and by, b, b3, by, bs, bg parameterize Z.

Assuming that Ny 3 is geodesic orbit, and taking ¥ = Zle yiV; €vand a Z € V we
obtain that for an arbitrary B € N the condition [B, Z] = 0 implies a; = a3 = 0. Now, we
choose (Y1, Y2, Y3, Y4, Ys, Y6, Y7, Ys) = (3,4,0,0,5,0,0,0) and the condition B(Y) = Z(Y)
(assuming a; = ay = 0) is equivalent to the linear system of equations:

0 3 0 0 0 5 0 0

O 0 5 0 0 0 3 ZS 0
-6 0 0 0 3 4 0 bl 0
0 4 0 0 -5 0 0 52 10

8 -5 0 0 4 -3 0 b3 10 |’

0 0 -4 3 0 0 0 b‘* 3

0 0 -3 -4 0 0 -5 b5 4

0o 0 0 5 0 0 4 6 5

that does not have solutions (the rank of the basic matrix of the system is 5, and the rank
of the extended matrix of the system is 6). Therefore, Ny 3 is not geodesic orbit.

Remark 2. We note that there are shorter arguments to prove that Ny; and Ny 3 are
not geodesic orbit. One can use Corollary 3 and the ideas of Section 5 to check that V; ;
is a totally geodesic submanifold in Ny ; as well as Ny is a totally geodesic submanifold
in Nos. Recall that N;; and Ny are not geodesic orbit by the above considerations.
Nevertheless, we decided to show the details of working with these pseudo H-type groups
to prepare readers for a more sophisticated study of the H-type group N34 in Section 7.

4.7. On naturally reductive pseudo H-type nilpotent Lie group. The above ex-
amples allow us to obtain a complete classification of naturally reductive pseudo H-type
nilmanifolds N, ;.

Proposition 7. An H-type nilmanifolds N, naturally reductive if and only if

(r,s) € {(1,0),(0,1),(3,0),(1,2)}.
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Proof. We know that Ny o, Ny 1, N3, and N; 5 are naturally reductive (see Theorem 1
and Section 4).

Now, suppose that N, is naturally reductive and r +s > 1 (if r + s = 1, then it
is isometric to Ny or to Np1). Then the linear space V. = J(3) is a Lie subalgebra in
L =V +[V,V]. Since [V,[V,V]] C V, then V is an ideal in L. Therefore, either L is
not simple, or V. = [V, V] is a simple Lie algebra. If (r,s) ¢ {(1,0),(0,1),(3,0),(1,2)},
then L is simple by Proposition 4 and V = [V, V] by Lemma 1.

Since dim(V) = r+ s and dim([V, V]) = (r+s)(r + s — 1) /2 (see Proposition 4), then
r + s = 3. Now, it suffices to note that Ny; and Ny 3 are not geodesic orbit, hence, are
not naturally reductive. m

It will be proved in Section 7, that the pseudo H-type nilmanifold N34 is geodesic orbit,
although it is not naturally reductive.

5. ON TOTALLY GEODESIC SUBMANIFOLDS OF GEODESIC ORBIT
PSEUDO-RIEMANNIAN MANIFOLDS

In this section we consider the relation between the geodesic orbit submanifolds and
totally geodesic submanifolds and apply this to pseudo H-type Lie groups. P. Eberlein [22,
23] studied totally geodesic subalgebras and totally geodesic subgroups in nonsingular 2-
step nilpotent Lie groups endowed with left-invariant Riemannian metrics. The pseudo H-
type Lie algebras are examples of nonsingular 2-step nilpotent Lie algebras. It was proved
in [7, Theorem 11] that every closed totally geodesic submanifold of a GO Riemannian
manifold is GO itself. Let us consider a version of this result for pseudo-Riemannian
manifolds. Note that any GO pseudo-Riemannian manifold is geodesically complete.

Theorem 4. Fvery geodesically complete totally geodesic submanifold of a GO pseudo-
Riemannian manifold is geodesic orbit itself.

Proof. Let N be a geodesically complete totally geodesic submanifold of a GO pseudo-
Riemannian manifold M (which is also geodesically complete). Let U # 0 be a tangent
vector at some point x € N. It is enough to prove that there is a Killing vector field Y
on N with the following properties:

1) the value Y (z) = U(x);

2) x is a critical point of ||Y]|? on N.

Indeed, in this case a geodesic passing through x to the direction U is an orbit of an one-
dimensional isometry group generated by the Killing field Y (this one-parameter group
is correctly defined because of the geodesic completeness of N), see e.g. [47, Exercise 10,
page 259].

It is known that a point z € M is a critical point of the square of the length of a Killing
vector field Z on M if and only if the integral curve of Z through the point z is a geodesic
in M, see e.g. [47, Exercises 9 and 10, page 259]. Since M is a GO manifold, there is
a Killing vector field X on M, such that X (z) = U(z) with = being a critical point of
| X]|%2. Now we define Y to be the tangent component X of the Killing vector field X
to N. According to Exercise 7 in [47, page 259]), X is a Killing vector field on N, and,
moreover, X (z) = X ().

Now we need to prove only that z is a critical point of || X|[2 on N. Let Z = X — X
be the normal component of the vector field X on the manifold N. It is clear that
| X|? = || X||*—|Z]|* on M. The point z is a zero point for || Z||?, therefore, z is a critical
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point of || Z]|? on N. Consequently, x is a critical point for both functions: || X||* and || Z]|?

on the manifold N. But in this case x is a critical point for || X||?, since X (z) = U(z) # 0.
Theorem is proved. m

Theorem 5. Let (N, g) be a 2-step pseudo-Riemannian nilmanifold with a non degenerate
centre. Let us consider non-degenerate subspaces 31 C 3 and v, C v and the corresponding
orthogonal decompositions 3 = 3132 and v = v B vs. Then the following assertions hold:
1) If Jz(01) C vy for any Z € 39, then ny := 31 @ vy is a Lie subalgebra of n.
2) If Jz(01) C vg for any Z € 39 and Jz(v1) C vy for any Z € 31, then the Lie subalgebra
ny (with the induced scalar product) generates a totally geodesic submanifold (Ny,qg1) of
(N, 9).

Proof. The first assertion is almost obvious. Indeed, [31, 1] C [3,n] = 0 and we have
([X,Y],Z) = (Jz(X),Y) =0 for all X,Y € v; and any Z € 32 by the condition in 1).
Hence, [ny,n1] = [b1,01] C 31 C ny, that proves 1).

Let us show the second assertion. If V is the Levi-Civita connection on (N, g), then
we need to prove that VxY € ny for all X,V € n; (X,Y are identified with left-invariant
vector fields). Recall the Koszul formula

2<VXY7 W> = <[Xa Y]> W> + <[Wv X]a Y) + <X> [W7 Y]>7 Xa Y> W en.
IfU = Z1+X;and V = 2, —|—X2, with Zl,ZQ €3, Xl,XQ €, then
QVUV - [Xl,XQ} - JZQ(X].) — JZl(X2>7

see details, e.g. [23, page 813].
NOW, if Zl,Zg € 31, Xl,XQ € vy, then [X]_,XQ] cEm by 1) and JZ2(X1),JZ1(X2) € 0
by the condition of 2). Therefore, ViV € ny for all U,V € ny. This implies 2). =

Theorems 4 and 5 will be useful for us in the following reformulation.
Corollary 3. Let N be a 2-step pseudo H-type Lie group with the Lie algebra n. Let

n; C n be a subalgebra which generates a totally geodesic submanifold Ny of N. If Ny is
not a geodesic orbit manifold, then N is neither a geodesic orbit manifold.

6. THE GROUPS N, s WITH r+ s > 3, (r,s) # (3,4)

6.1. Pseudo H-type Lie groups N, with r+s =0 mod 4. We extend a result of [36]
to the pseudo H-type Lie algebras n, ;.

Lemma 2. Let D € b be a skew-symmetric derivation of a pseudo H-type Lie algebra
N, r+s=0 mod 4, see (5). If we write D = (C, A), then A satisfies
r+s r+s
AHJZi :HJ&A for r+s=0 mod 4
i=1 i=1
and any orthonormal basis {Z1,..., Z.is} as in (17).
Proof. Note that if D = (C, A) is a skew-symmetric derivation as in (5), then

r+s r+s r+s

AH‘]Zz - HJZzA_ HJZl JC(ZZ) ""]Zr+s'
i=1 i=1 1=1

Thus we need to show that the last product on the right hand side vanishes.
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Let r4+s=2and let D = (C, A) be as in (5). Assume that {Z;, Z5} is an orthonormal
basis for 3 and consider 3 possibilities.

If |Z1]|* = ||Z2|> = %1 then any skew-symmetric map C' is given by +a (_01 (1))7
a € R. It implies
Az dz, = Jz,Jz2, A~ Jezy Iz, — Iz, Jo(z,)

— Ty dpA— a( FJL & J§2> — Ty Jp A — a(Id—Id).

If || Z1]|> = —||Z5]|> = 1 then any skew-symmetric map C' is given by a (? (1)), a€R,

and analogous calculations show AJyz Jz, = Jz, Jz, A.
We perform now the proof by induction of the dimension of the center. Let write a
matrix C' = {¢;;} C so(r,s) with r + s = 4. Then we will obtain

4 4
Al 7z = [[724
=1 =1
-+ (Cng%2 + 621J%1>JZ3JZ4 — (Clgjg?) + 631J%1>JZQJZ4 + <014J%4 + C41J%1)JZQJZ3
+ (CQ?,J%S + CgQJ%2>JZI JZ4 — (024:]%4 + C42J§2)le JZ3 -+ <034J%4 + C43J§3)
4
= []7zA
=1

since ¢;; J%j + ¢;iJ3, = 0 due to the skew symmetry in so(r,s). By the induction of this
arguments we obtain for any r +s =4k, k=1,2,...

Jz,J 7,

4k
]‘_[JZ1 . JC(Zi) R JZ4k = Z(—l)jiiJrl(CijJ%j + CjiJ%i)JZl Ce jZi Ce ij e dZy = 0,
i=1

1<j

where .J, denotes the omitted term in the product and C' = {ci;} € so(r,s), r+s=0
mod 4. m

Proposition 8. [41, Proposition 3.3] The volume element w = [[=; Z; in CL(R™) has
the following basic properties. Let n =1r + s. Then

w2 = (_1)n("2+1)+5. (23)
In particular, if n = r + s 1s odd, then Zw = wZ for all Z € R™®, and if n = r + s 1s
even, then Zw = —wZ for all Z € R™®. Formula (23) can be also written as

(24)

5 (—1)® if "+s=0o0r3 mod4,
w =
(—1)s+ if T+s=1o0r2 mod 4.

Theorem 6. Ifr+s=0 mod 4, s =0 mod 2, then the pseudo H-type Lie group N, s
1s not a geodesic orbit nilmanifold.

Proof. Let Z,..., Z,,s be an orthonormal basis of the centre as in (17) of the pseudo
H-type Lie algebra n, , = 3@v. Consider the volume form w = [[/27 Z; in CI(R™*). Then



GEODESIC ORBIT PSEUDO-RIEMANNIAN NILMANIFOLDS 21

w? = 1 by Proposition 8 since % + s is even. Then operator .J,: vt — v decomposes

the module v into the eigenspaces of w:

p=0" Do,
Moreover, since Aw = wA by Lemma 2, any A in D = (C, A) will leave the spaces o™
invariant.

Take any X € v™ and Z € 3 as initial vector of a geodesic in the group N, s (we can
assume that Z = Z;). Note that since n = r + s is even we have Jzw = —wJz by
Proposition 8. It implies that

Jz, 0T =0, (25)
Thus if a skew-symmetric derivation D = (C, A) exists, then it should leave the spaces
p* invariant. This contradicts to the behavior of the restriction of D = (C, A) to the set
r=span{X, Jz, X, 7} by (25). =

Corollary 4. The pseudo H-type Lie groups N,,, (1,v) € {(8,0),(0,8),(4,4)} are not
geodesic orbit.

Remark 3. In the proof of Theorem 6 we implicitly used that for any non-null vector
Z € 3 the map Jz = (0,A) is a skew-symmetric derivation acting on the space ¢ =
spang{X, JzX,Z} for any X € v. Note also that for || X||? = ||Z]|> = 1 the space ¢ is
isometric to the Heisenberg algebra ny g, and for || X||* = £1, ||Z]|* = —1 the space ¢ is
isometric to the pseudo H-type algebra ng ;.

Before we proceed to show that N, s is not geodesic orbit for r + s =0 mod 4, s =1
mod 2 we formulate a generalization of [50, Theorem 6] for the pseudo H-type Lie algebras.
Let us write h = b, in (5) as

br,s = (hr,s)l ©® (hr,s)07
where
(hr,s)ﬂ = {DO = (OaA)> [A7 JZ]'] = 07 j = 17 STt S}
is the Lie algebra of automorphisms of n, ; acting as identity on the center, and
(brs)1 ={D1 = (C,A), AJy — JzA = Jer(2)}.

According to formula (9) for an orthonormal basis {Z,..., Z, s} for 3§ we have that a
corresponding skew-symmetric derivation Dy = (C, A) € (h,5)1 can be written as

AX) = Jz,Jz, (X)), CZ)=2(%;,2),sZ; —(Z;, Z)rsZ;) = adz,z, Z = Z:Z;,Z].
Let Zy € 3 be a non-null vector and 3¢ = span{Z;}* be the orthogonal complement in 3.

We also write CI(R™>*") = Cl(3¢), 7’ + & =7 + s — 1 for the Clifford algebra generated by
the space (30, (-, )rs)l; and acting on the module v.

Lemma 3. Any extension of the skew-symmetric derivation (0, Jz,) to a skew-symmetric
derivation D = (C, A) € b, s must belong to

br,s = (hr’,s/)l + (br,s)Oa 7"/ + 3/ =r+s—1.

Proof. Let us assume that D = (C,A) € b, is an extension of (0, Jz ). Then
C(Zy) = 0. Any D € (b, )0 will satisty it. Let Zy, Z1, ..., Z,4s—1 be an orthonormal basis
of 3,s. We write 3,» ¢ = span{Zi,..., Z,s_1} then the set

{ZkZla O<k<l§7"+$—1}
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form a basis of so0(3, ) and Dy = Dy(Z;Z;) = (C, A) generated by ZZ, satisfies

0 if O0<k<li<r+s-—1
NZol22, i 0=k <l<r+s—1.
Thus Dl(ZkZl) = (C, A) S (DT/75/)1 and C(Zo) =0. m

Theorem 7. Ifr +s=0 mod 4, s =1 mod 2, then the pseudo H-type Lie group N, s
is not geodesic orbit manifold.

AX) = Jz,J7(X), C(Z) = {

Proof. Let us write s = s’ + 1 and consider the last vector Z,., ||[Z,+4||*> = —1 in the
orthonormal basis {Zy, ..., Z.,} for 3... Note that w? = 1, where w = [[\ Z; by (24).

The module v, ; of CI(R™*) is decomposed into the direct sum of two subspaces

b5 =0, + @0

r,s’)

that are the eigenspaces of the volume form w. The spaces Ufs/ are the non-equivalent
modules of CI(R™) = Cl(3;-,), where 37 is the orthogonal complement of span{Z,} in
3rs. Dueto Jz , w=—wd,  , themap Jy _ : UIS, — b, is an isomorphism of vectors
spaces.

If D=(0,A4) € (h,s)o, then

A, Jz] =0 = Aw=wA
by Lemma 2 and therefore A must preserve the spaces Uf’s,. It D= (CA) € (b o),
then A also leaves spaces Uﬁs, invariant since Ufs, are submodules of the Clifford algebra
CIR™") = Cl(31,).

The extension D = (0, A) of (0,Jz,,,) acting on the r = span{X, J (X), Z 1},
X € v, must belong to (b.«)1 + (hrs)o by Lemma 3. By the above arguments A
should preserve the submodule n;fs,. But this contradicts to the fact that the restriction
Al = Jz,,, of Ato has the property Jz,, (X)€v . =

r+s

6.2. The geodesic orbit property and the periodicity property. As another illus-
tration of Theorem 5 and Corollary 3 and the structure of admissible modules under the
periodicity property, we show the following theorem.

Theorem 8. If a pseudo H-type Lie group N,  is not geodesic orbit, then Ny, oy, with
(u,v) € {(8,0),(0,8),(4,4)} is neither geodesic orbit.

Proof. Consider a pseudo H-type Lie algebra n,, .y, with the minimal admissible
module v, 1, = 0, ® b, ,, the scalar product

<. ) .>U'r+,u,s+u = < ) ‘>U'r,s ’ < ’ ‘>D[_L,l/7

and the basis {u; @ v, i = 1,...,dim(v,5), k = 1,...,16}. Here {ui}?ff(t’“) is an
orthonormal invariant basis for v, , generated by a vector u € E} L with (u,u), , =1, see
Proposition 6. Analogously, {vj};%; is the orthonormal invariant basis for v,,, from (21)
generated by a unit vector v € Elﬁ The orthonormal basis

Ziyeiis ZrgsyClye ooy Gt (26)

for R™#5%" ig the union of the basis (17) for R™* and the basis (19) for R*". The basis (26)
acts on 0,4, 4y = 0, ®b,, by

t”r,s

Jg =Jz®1d, 1=1,...,dimv,,, Jo, =1d®@J.,,, m=1,...,16.
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The commutators in n,,, .4, satisfy the following relations

vell?, 4,5 =1,...,dimv,, (27)

[ui ® Vi, uj @ Vio,sor, = [Wis gl
for any k =1,...,16. Indeed, let Z € R™®, then
( Z(Uz ® Vi), u; @ Uk>ur+u stv
= (Jz(u:) ® Vi, j @ Vk)o,yers
(J2(ui), wj)o,s + (Uks Vk)s,.,,
= (Z, [ui, uylo, . )rsllvell*.

since (Z, ®), 1510 = (Z, ®), s for any Z € R™. Analogously

<Z7 [ul ® Uk? u] ® /Uk:lur+u,5+u>7'+:u‘15+l’

[ @ vis U @ Vslo, s = [Vis Vjlo,, |ug|®* 4,7 =1,...,16, (28)

and any k= 1,...,dimv,.

We denote

R"™ = 31 = Span{Zla ceey ZT+S}a R#Y = 32 = Span{Cla s 7CM+V}7

Equality (27) and Theorem 5 show that the pseudo H-type Lie algebra n, s = v, , & R"*
is a subalgebra of 0,4, 1) = 0,4, 510 & R We have 16 such subalgebras, which
have the form

v, @span{v,} @R, v, €v,,, k=1,...,16.

Analogously, (28) implies that there are m = dim(v, ;) subalgebras isomorphic to n,,,
inside the Lie algebra 0,4, s+ = 0,4, 54, @R Analogously to the above, they have
the form

span{u,} ®v,, BR"  w, €v,5, k=1,..., dim(v,).
Now, we want to apply Corollary 3. We set

8 8
01 =00y @ B 0= @D (000 I BLL) @D (000 @ Jo I EL).

j=1 Jj=2
Under this notation we obtain from (27) for v; = v € E:[,lj
Orppsry =01 D02, Ny =01 D3 =n,
and moreover
Jz.(01) C vy forall Z; € 3, Je,(01) C oy for all ¢ € 3.

This implies that the pseudo H-type Lie algebra n; = n, ; generates a totally geodesic
subgroup N, in N,y ¢t,. By the hypothesis of the theorem N, , is not geodesic orbit
and Corollary 3 implies that N, s;, is neither geodesic orbit. m

Theorem 9. Pseudo H-type Lie groups N, , with max{r,s} > 8 and min{r,s} > 4 are
not geodesic orbit.

Proof. Let N,s ¢ be a pseudo H-type Lie group with max{r, s} > 8 and min{r, s} > 4.
Then write ' = r + p, s = s + v for some (u,v) € {(8,0),(0,8),(4,4)}. Arguing as in
the proof of Theorem 8, we show that for

R™ =3, =span{Zy,..., Zr1s}, R = 35 = span{(i, . .-, Curv },
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and

vy =span{u} ®v,,, bV =10,,® E:[ll,,
where u € E;:l with (u,u),,, = 1, the Lie algebra

Ny = 0y D 32 = Nyv
is a subalgebra of n,,, 4,. Moreover
JZi<U2) Coy forall Z;, € 31, J(j (Ug) C v; for all Cj € 39.

It implies that the pseudo H-type Lie algebra ny = n,, generates a totally geodesic
subgroup N,, in N,y,s1. By Corollary 4 the group N, , is not geodesic orbit and
Corollary 3 implies that N, s+, is neither geodesic orbit. m

6.3. Pseudo H-type groups N, for (r,1), r > 3 and (0,s), s > 0.
Theorem 10. The pseudo H-type Lie groups Ny s with s > 4 are not geodesic orbit.

Proof. Let {Z;}:_, be an orthonormal basis of the center R%*. Consider a positive
involution p = Z1Z5Z5Z4 and a vector X € v, (X, X), = 1 such that J,(X) = X.
Assume that a geodesic defined by an initial vector (X, Z;) € ng, is homogeneous.

Then there is D = (C, A) € b such that
A(X) = JZl (X), C(Zl) =0, [A, Jz] = Jc(z), Z € R%.

Then we obtain
Iz, (X) = AX) = A(Jp(X)) (29)

= SAX) = Jz oz 2,2 X) = Tz, Iz, J0(25) T 2(X) — T2, T2, T 2, c(2,)(X)

= —Ju(X) = Iz Jo@) 2, 2.(X) = Tz Iz, Jc(20) T 2,(X) — T 21 2, 2, Jo (24 (X)),
where in the last step we used

SpA(X) = JpJz (X) = =Jz,Jp(X) = = Jz,(X). (30)

Hence 2Jz,(X) =Y with

Y = —JzJow)J2:02.(X) = Tz Iz o2 I 2,(X) — T2, J 20T 25 S0 (20) (X).
From one side Y satisfies (Y,Y) > 0 by (8). From the other side (2Jz,(X),2Jz, (X)) = —4,
which is a contradiction. m

Theorem 11. The pseudo H-type Lie groups N,1, r > 2, are not geodesic orbit.

Proof. Fix a basis {Z;}/*! as in (17). Let S be a maximal subgroup of G(B,;) of
positive involutions and let PI,; be its generating set. Note that PI,; = PI,, by the
structure of involutions, see (18), which says that none of positive involutions in PI, ;
contains the basis vector Z,;;. We assume that the set PI,; contains an involution
q =2 ...Jz, of Type 2 as was defined in (18). This assumption always can be achieved
by removing one of the basis vectors or multiplying some of the involutions.

Let us choose a geodesic (t) = (z(t),z(t)) with an initial vector (Z, 1, X) such that
(X, X)y =1, and J,(X) = X and assume that the geodesic is homogeneous. Then there
is D = (C,A) € b such that

A(X) = JZr+1 (X)a C(Zr+1) = 07 [Aa JZ] = JCT(Z)a Z € Rﬂo'
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The condition C'(Z,11) = 0 implies that C' has vanishing last column. Now as in (29) of
Theorem 10 we have an equality

Iz, (X) = A(X) = A(Jy(X)) = JLAX) = Jy(X) = —=J7,,,(X) — J4(X)
with
G=C(Zy)Zi, + Z,C(Zi,) -+ Zs, + ..+ Ziy Ziy - C(Zs,).

In the last equality we used JyJz, ,(X) = —Jz.,,Jy(X) since ¢ contains odd number of

basis vectors and does not contain Z,,;. The rest of calculations as in (30).
2J7,.,(X) = =Jy(X).

Note that ¢ does not include Z,,; because C(Z;) = Z;Zl cijZj since ¢;; = 0 for j = r+1.
Therefore (J4(X), J3(X))» > 0by (8). From the other side (2Jz,,,(X),2Jz, ., (X)), = —4,
which is a contradiction. m

We summarize the results of Sections 4, 5 and 6 and show in Table 1 the cases of pseudo
H-type Lie groups N, ; that need to be studied.

TABLE 1. Pseudo H-type Lie groups need to be studied

7 No7 | N3z

6 Nig N3

bt Nis | Nojs

4 Nig| Noy | Ny

3 Nos | N33 | Ny3 N3 | N7
2 N3o | Nyo | Nso N7
1

0

safof 1 [2]3[4[]5[]6]7]

6.4. Relation between n,, n,.;, and n,,.;. In this section we present some of the
arguments based on the structure of the generating set for the maximal group of positive
involutions, which allows us to find out which of the groups in Table 1 are not geodesic
orbit.

Let £(r,s) be the number of the mutually commuting positive involutions in the gen-
erating set PI, , of the maximal group of positive involutions S. Recall that the number
{(r, s) is periodic with the three periods (8,0), (4,4) and (0, 8), that is,

Ur+8,8) =L(r,s+8)=L(r+4,s+4)=1L(r,s)+4.

Table 2 shows the values £(r, s) which are interesting for us. In general there are two
cases of the dimensions of minimal admissible modules v, , according to the relations of
the values £(r,s), £(r 4+ 1,s) and £(r,s + 1):

r,s) <L(r+1,s) <l(r,s)+1and l(r,s) < Ll(r,s+1) < L(r,s) + 1.
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TABLE 2. The value ¢(r,s) for r +s < 16

7T 31334

6 (23|34

5 |1112]3]4

4 1112(34

3101112313334

2 10(1]112(2(3(3|4

1 10j0j0]|1]1/2|3]4

0 (0]0]0O]1|1]|2]3|4

[s/r]0]1[2][3]4]5[6]7]
Then

1] #(r,s) =¢(r+1,s) implies dimv,1, = 2dimv, g,
2] 4(r,s)+1=4{(r+1,s) implies dimv, ;s = dimv, g,
3] £(r,s) ={(r,s+ 1) implies dimv, ;41 = 2dimuv, 4,
[4] 4(r,s) +1=4£(r,s+ 1) implies dimv, ;1 = dimv, ;.

In cases [1] and [3] a module v, 4 is a submodule of v,y s (0, 541), which is not true for
cases [2] and [4]. This can be shown as follows.

We fix a set PI, 5, construct an orthonormal basis {XZ}?:; " for v, as in Proposition 6
generated by a vector v, (v,v),,, = 1 which is 1-eigen vector for all the involutions in
PI, ;. We restrict the proof to the case n, 541, since for n,;; 5 the arguments are similar.
The set v,, = span{X;, i =1,...,dimv,,} is a subset of v,,,; and a module under
the action of CI(R"™*). The map Jz,, ., is an orthogonal transformation on v, .1, and
therefore Jz ., (b,s) C 0,441 and moreover Jz . . (v,) is a minimal admissible module
for CI(R™*). Thus

Opsy1 = 0y s D JZT+5+1 (07‘,8)

is an orthogonal decomposition in two minimal admissible modules for CI(R"™*). The set
{Xi,Jz,, . (Xi), i=1,...,dim(v, )} is an orthonormal basis for v, ..

Theorem 12. In the above notation in cases [1] and [3] the pseudo H-type Lie groups
N, s are totally geodesic submanifolds of Nyi1 s and N, s11, respectively.

Proof. We write for n, 1,

R™ =3, =span{Zy,..., Zris}, 32 =span{Z, 51},
and
0L =0, U2 =J7,,,(0).
Then we obtain that
Jz,(01) C vy, forany Zj €
since v; is a submodule of CI(R™*). We also have
I 7, 4011 (01) C 02

Applying Theorem 5 and Corollary 3 we finish the proof. m
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Corollary 5. The pseudo H-type Lie groups
Naz, Nsg, Nsz Nes, N7z, Nrg
are not geodesic orbit

Proof. Applying Theorem 12 to the groups in Table 1 and using Table 2 we finish the
proof. For instance since N7 is not geodesic orbit and
0(7,1) =0(7,2) = £(7,3).
We conclude that N74 and N7 3 are not geodesic orbit. m

Remark 4. One can show the following. In the cases [2] and [4], the module v, s (or
0, s+1) is also a minimal admissible module of the Clifford algebra CI(R™*). In these cases
the natural inclusion map

nr,s(ur,s> - nr,s(nr—l—l,s) - nr+1,s(ur+1,s>

is not a Lie algebra homomorphism

Theorem 13. The pseudo H-type Lie groups N, , for

(r,s) € {(1,4),(1,5),(1,6),(2,3),(2,4),(2,5),(3,2), (3,3),(4,2), (4,3), (5,2)}
are not geodesic orbit.

Proof. We start from pseudo H-type Lie groups Ni4 and Ns .

We choose an orthonormal basis for centers as in (17) and the generating set {p1,p2}
for the maximal group of positive involutions, where

p1= 212223, P2 = ZaZzZyZs.
Let v € {X €v: J,(X) = J,(X) =X}, |[v]|* =1. We construct an orthonormal
invariant basis for v:
Xlzv, XQZJZQ(U), X3:JZ4(U), X4:JZQJZ4(U),
X5 = JZI(U>7 Xe = JZs(U)7 X7 = JZ5(U)7 Xs = ‘]Z3JZ4(U)'
We denote
31 = Span{ZQ, Z4}, 32 = span{Zl, Zg, Z5}, 3 =35 D 32,
v, =span{Xy,... Xy}, vy =span{X;,..., Xs}, =10, D0,.

It is obvious that Jz (v1) C vy for k = 1,4. If (r,s) = (1,4), then the pseudo H-type Lie
algebra 31 @ vy is isomorphic to ngs. If (r,s) = (3,2), then the pseudo H-type Lie algebra
31 @ vy is isomorphic to ny ;.

To show that Jz (by) C vy for & = 2,3,5 we observe that pips = —Z17Z475 and
Jz,2,2,(v) = —v. Then it is easy to see the following

Jz7,(Xy) = £X5, J7,(Xs) = £ X, Jz7,(X3) = £X7, Jz7,(Xy) = £Xs,

Jz7,(X1) = £ X, Jz7,(Xs) = £X5, J7,(X3) = £ X, Jz7,(X4) = £X7,
Jz,(X1) = £X7, Jz7.(Xs) = £ X5, J7.(X3) = £X5, Jz,(X4) = £X6.
Theorem 5 and Corollary 3 imply that pseudo H-type Lie groups N; 4 and Njo are not
geodesic orbit.

Consider pseudo H-type Lie groups Nyig and Nj .

We choose an orthonormal basis for the center as in (17) and the generating set
{p1, p2, p3} for the maximal group of positive involutions, where

[ R AVAYA N DAV AVAVANE SN AVAVAVAS
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Let v € {X € v: J,(X) = J,(X) = J,,(X) = X}, ||v]|* = 1. We construct an
orthonormal invariant basis for v:

Xl =, X2 = JZQ(U)v X3 = ‘]Z4<U)7 X4 = JZQJZ4(U>7
X5 = JZl (U)v Xo = ']Zs (U)7 X7 = JZ5 (U)a Xg = JZSJZ4(U>?
X9 = JZ6(U)7 XIO - JZ7(U>> X1 = J22JZ6(U)7 X9 = JZ2JZ7<U>7

X3 = JZ4JZG(U)7 Xy = JZ4JZ7(U)7 X5 = J22JZ4JZ6<U)7 X = ‘]Z2JZ4JZ7(U)'

We denote

31 = span{Zy, Zu}, 32 =span{Zi, Z3,Zs, Zs, Z1}, 316 = 31D 32

(o] :Span{Xl,...X4}, D) :span{X5,...,X16}, V16 =01 @D by
As in the previous case we show that if (r,s) = (1,6), then 3; & v, is isomorphic to ng
and if (r,s) = (5,2), then 3; & vy is isomorphic to ny ;. Theorem 5 and Corollary 3 imply
that the groups IV} ¢ and N5 are not geodesic orbit.

Pseudo H-type Lie group N3 3. We choose an orthonormal basis for the center as in (17)
and the generating set Ply3 = {p1,p2} for the maximal group of positive involutions,
where

P = Z124Zs,  pa = Z1ZaZs3ly.
Let v € {X € vy3: J,(X) = J,,(X) = X}, ||v]|* = 1. We construct an orthonormal
invariant basis as in the case N3o. All other calculations are analogous to the case Nj .

Pseudo H-type Lie groups Na4 and N3 3. We choose an orthonormal basis for the center
as in (17) and the generating set {pi, p2, p3} for the maximal group of positive involutions,
where

p1 = 212425,  p2 = Z1Zolizly, 3= Z1ZalsZs
Let v € {X € v: J,(X) = J,(X) = J,,(X) = X}, ||v]|* = 1. We construct an
orthonormal invariant basis for v:
X1 =, Xo = Jz(v), X3 = Jz(v), Xy = JzJ2(v),
X5:JZ1(U>, X62J22(1)), X7:JZS(’U), Xg:JZ4(U).

We denote
1= span{Z5, 26}7 32 = Span{Zh Lo, L3, Z4}, 3 =231 D32,

v; =span{Xy,... Xy}, vy =span{X;,...,Xg}, ©=10;Dv,.

It is obvious that Jz, (vy) C vy for kK = 5,6. The pseudo H-type Lie algebra 3; & vy is
isomorphic to ng 2. To show that Jyz, (b1) C vy for k = 1,2, 3,4 one can check the following

Jr(X1) = £Xs,  Jz(Xo) = +Xs,  Jz(X3) = X7, Jg(X4) = £X,
Jz(X1) = +Xe,  Jpn(Xo)=+Xs,  Jn(Xs) =+Xs,  Jg(X4) = £X;,
JZ3(X1> - :i:X7, JZs(XQ) - :i:X6, JZ3<X3) = :l:X5, JZ3(X4) = :i:Xg,
JZ4(X1> - :i:Xg, JZ4(X2) - :i:X5, JZ4<X3) = :l:XG, JZ4(X4) == :i:X7

Theorem 5 and Corollary 3 imply that pseudo H-type Lie groups N4 and N33 are not
geodesic orbit.
To finish the proof we apply Theorem 12 to the cases

0(1,4) = £(1,5), £(3,2) = €(4,2), 0(2,4)=0(2,5), £(3,3) = ((4,3).
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7. PSEUDO H-TYPE NILMANIFOLD N34

It is known that the Clifford algebra C1(R*%) has two non-equivalent minimal admissible
8-dimensional modules. Moreover, the corresponding 15-dimensional pseudo H-type Lie
algebras are isomorphic and isometric, see [25, Theorem 12]. Therefore, it sufficient to
check only one such pseudo H-type nilmanifold Ns 4.

The pseudo H-type nilmanifold N3, has dimension 15, and the corresponding left
invariant metric is generated by the scalar product (-,-)s4 + (-, )44 on the Lie algebra
ng4 = R* @& R*. We define the orthonormal basis {Vi,..., Vs, Z1,..., 27} by taking
v € R4 with [of2 = 1 and setting | Z1[2 = | Z]2 = [1Z]% = 1, | Z:]* = 125 =
1 Zs||* = || Z+]|* = —1. We use involutions p;, i = 1,2, 3,4, where

‘]Pl (U) - ‘]Z1Z2Z4Z5 (U) =, ‘]P2 (U> - ‘]ZIZ2ZGZ7(U) =, (31)
‘]p3 (U) = ‘]Z1Z32527(U) =, Jp4(v) = ‘]Z1Z2Z3(U) =,
with
Jy =Jy, =Jy, =-1d, J; =J; =J; =J; =Id
Note that
JZl (U> - _JZ2JZ3 (U) - JZ4JZ7(U) - JZ5JZ6<U)7
JZz(”) = JZl ‘]ZB<U) = JZ4JZG (U) = _JZ5JZ7(U)7
JZs(”) = _JZ1 JZ2 (U) = JZ4JZ5 (U) = JZG‘]Z7<U)’
JZ4(U) = ‘]Zl JZ7<U) = JZQJZG (U) = ‘]Z3‘]Z5 (U)’
Jzs(v) = —JzJz(v) = —JzJz,(v) = Jz,Jz(v),
Jze(v) = —JzJz(v) = —JzJz,(v) = Jz,Jz7(v),
Jz.(v) = —JzJz() = JzJz() = —JzJz(v).

We construct a basis for v by setting V; = v and V; = Jz,_, (v).
Then we have

G@va&4::_<W7VD&4::L k::L"w47 l::&"w87
and the operators Jyz, , k = 1,...,8 with respect to this basis take the form
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(32)

The operators Jz,, k = 1,...,7, span a 7-dimensional subspace in V C s0(4,4), nev-

ertheless the vector space V is not a Lie subalgebra of so(4,4). Hence, N34 is not a
naturally reductive manifold.
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TABLE 3. Commutators in ngz 4

L [V [ Vs [ Vi [ Vs | Vs [ V7| Vg |
Vil 0 | Zi | Zs | Zs | 24 | 25 | Zs | Z»
Vol =21 0 |—Z5| Zo | 71| —Zs| Z5 | Z
Vall=Zs| Z5 | 0 |—Zi|—Z6| 27 | Z4 | —Z5
Vil —Zs| —Zs| Z1 | 0 | —Zs| Z4 | —Z+| Zs
Vil —Zu| Z7 | Zs | Z5s | 0 | Z5 | Za | Z)
Vil =Zs | Zo | -2+ | —Z4|—Z5| 0 | Z1 | 25
Vil —Zs | —Z5 | —Z4| Z7 | —Zs| —Z1| 0 | Zs
Vel —Z7 | —Z4| Zs | —Zs | —Z1| Za | —Z3| O

The direct computations shows that the centralizer Z of V in the isotropy subalgebra
is trivial. Hence, the normalizer N = Z @& [V, V] of V is the linear span of all matrices
of the following type: Jiu. := [Jz,Jz], 1 < i < k < 7. In particular, dimN = 21 and
any operator B € N has the form B =) . @y Jiy for some 2 e R, 1 <i <k <7 An
explicit form of the operator B is as follows:

0 T23—X47—L56 —X13—L46+TT57 T12—T45—TEe7 X171+T26+T35 T16—L27—L34 —T15—X24+T37 —T14+T25—L36
—x23+T47+T56 0 —X12—T45—TE7 —X13+T46—L57 T14+T25—T36 L15—T24+x37 Ti6+X27+T34  T17—T26 I35
T13+%46—T57 T12+T45+T67 0 —X23—T47—T56 —T15+T24+X37 T14+T25+T36 —T17+T26—T35 T16+T27—T34

2 —T12+%45+T67 T13—T46+T57 X23+T47+T56 0 T16—X27+T34 —X17—L26+T35 —L14+T25+L36 LT15+T24+T37
T17+x26+T35 T14+T25—T36 —T15+T24+T37 Ti6—T27+T34 0 T12+xa5—Te7 —T13+Ta6+T57 T23+T47—T56
T16—X27—T34 T15—T24+T37 T14+T25+T36 —T17—T26+TX35 —T12—T45+L67 0 T23—X47+T56  X13+T46+T57
—T15—%24+237 T16+X27+L34 —T17+L26—X35 —L14+X25+L36 L13—L46—T57 —L23+T47—L56 0 T12—T45+T67
—T14+X25—X36 T17—T26—X35 T16+T27—T34 T15+T24+T37 —T23—T47+T56 —XT13—T46—T57 —T12+T45—T67 0

Remark 5. Recall that the matrices Jz,, i = 1,...,7, as well as B are skew-symmetric
with respect the inner product (-,-)44. Therefore, if A is one of such matrices and
Y € v = R then the vector Y = A(Y)) is such that

(v, ?>4,4 = 1Yy + Y2Ys + Y3Ys + YaUs — Ys5Us — YU — Y797 — YsYs = 0.
This implies that for a given Y, the linear space L(Y') for L = V & [V, V] has dimension
<T.
The following result is useful for various computations.

Lemma 4. If a matriz Lie group G with the Lie algebra g C gl(m,R) preserves the value
> Cijyiyj for some fized Y = (y1,...,Ym), where c¢;; € R, then for any matriz A € g we
have ). cij <(A(Y))Z-yj + (A(Y))jyi> = 0, where A(Y') is the image of Y under the action
of A.

Proof. For any @ € G and any Y € R™ we have . c;;(Q(Y)):(Q(Y)); = >_,; cij¥ivi»

where G(Y') is the image of Y under the action of the matrix G. If @ = exp(t4) =
Id +tA + o(t) when t — 0 for some A € g, then

> (@QUAQY)); = DY + LAY Y +LA(Y); + o(t)

1j (5]

= D ey +tY ey <A(Y)z‘yj + A(Y)jyi> + o(t)

ij i
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when t — 0, that proves the lemma. m

If N3, is geodesic orbit, then for any Y € v and any Z € V, there is some B € N
such that [B,Z] =0 and B(Y) = Z(Y). We aim to find such matrix B. Without loss of
generality we may take

Y = (Y1, Y2, Y3, Y4, Us: Yo, U7, Ys) = 1 Vi+y2Vo+ysVa+uaVai+ys Vs +ysVo +yr Vi +ysVs € v
(33)
for any given y; e R, e =1,...,8.

Theorem 14. For any Z € V and for any Y € R it is possible to find B € N = [V, V]
such that [B,Z] =0 and B(Y') = Z(Y'). Hence, N34 is geodesic orbit pseudo nilmanifold.

Remark 6. In particular, N34 is the first example of pseudo H-type geodesic orbit
manifolds that is not naturally reductive. Moreover, it is the first pseudo H-type geodesic
orbit manifold such that the space V satisfies the strong transitive normalizer condition,
that is for every Y € v = RY and every Z € V = J(3) there is some B € [V, V] such
that [B, Z]sqy = 0 and B(Y) = Z(Y).

The proof of Theorem 14 is based on Propositions 9, 10, and 6.

We also use the fact that we have only three classes in the center of ng 4, up to similarity
and the action of the isotropy subgroup. They are represented by Z; (positive vector),
Z4 (negative vector), and Z; + Z4 (null vector).

Indeed, the group O(3,4) with the Lie algebra so(3,4), that is a linear span of the
operators [Jyz,, Jz;], 1 <i < j <7, acts naturally by automorphisms on the center 3. It is
well known that O(3,4) acts transitively on every hyperquadric Q(r) = {z € 3| (2, 2)34 =
r} with r # 0, see e.g. [47, page 239 | or [55, Theorem 2.4.4 ].

Now, let us suppose that z,Z € 3 and (z,2)34 = (Z,2)34 = 0. If (2, 2p)34 = (Zp, Zp)34 =
p # 0 or, equivalently, (z,, z,)34 = (Zn,Zn)34 = —p # 0, where the subscripts p and n
mean the components of vectors in span(Zy, Zy, Z3) and span(Zy, Zs, Zg, Z7) respectively.
Then it easy to see that there is Q € O(3) - O(4) C O(3,4) such that Q(z,) = %z, and
Q(zn) = Zn.

Hence, up to a similarity, it suffices to consider only one point in every of the following
hyperquadrics: Q(1), @(—1), Q(0) (non-trivial in the last case). For instance, we can
take Z satisfying one of the following possibilities:

Z:JZ1€V, Z:JZ4EV, Z:JZ1+JZ4:JZ1+Z4€V>
which corresponds to positive, negative or zero length of Z.

Remark 7. It would be interesting to find shorter and more conceptual proof of Theo-
rem 14. In our proof we have used some standard results on Lie algebras, on represen-
tations of Lie groups, as well as classical results in the linear algebra and properties of
polynomial ideals.

It is clear that for trivial Y (i.e. y; = 0 for all i = 1,...,8) and Z as above, we can
take the trivial (zero) operator B in order to get equalities B(Y) = Z(Y') and [B, Z] = 0.
In what follows, it suffices to check only non-trivial Y.

7.1. The case Z = Jz . The first condition [B, Z] = 0 implies x5 = 713 = T14 = T15 =
x16 = x17 = 0. Let us consider the condition B(Y) = Z(Y) for a non-trivial B. Let us
assume in addition that x93 = Tos = Xo5 = Tog = Loy = Taa = T35 = X3¢ = 37 — 0. Then
we get the following explicit solutions
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If y? + 92 +y2 +y2 # 0 and y2 + y2 +y2 +y2 = 0, then we can take x55 = x5y = 767 = 0
and
2y1yg—y;y4 G = 2y1y;1+y;y3 . Ga = yi 4+ vs — v — Ui ‘
yi + s+ Y3+l yi +ys + Y3+l 2(yi + 3 +y3 + i)
If y2 + y2 + y2 +y2 # 0 and ¥} + y3 + y2 +y3 = 0, then we can take z55 = x57 = 267 = 0
and

Typ = —

YsYr — YeYs gy — Yol t yrys o — Y8 Yo —UF TR
Y3+ Ys Ty uE Y3+ Y T YF T uR 2(y3 + g + v7 + v3)
Finally, if y +y2 + y2 + v # 0 and y2 + y2 + y2 + y2 # 0, then we can take
1 ( Y193 — Y2Ya YsY7 — YeYs )

Tgp = —

WS T\ g BRI
= 1( iatyays L Ysyo + yrys )
2\yi+tytys+vi vttt/
e = LT B) (w5 4 u8) — (U3 + D) (v + v7)
2097 +y3 +y3 + i) (W3 +yg +vE + i)
vy = WIHY)We+yE) — (U5 + i) (s + 1)
20y7 + 5 +y3 +ui) (Y3 +ug +vr i)
v — 1(_ Y1ys + Yoys YsYe + Yrys )
2\ it tyitui vty
mm:z}( —Y1Y3 + Y2y Ysyr + Yoys >'
2\yi+y +ystui vy ty+u

Hence, we have the following result.

Proposition 9. For any Y € R%*, it is possible to find B € N = [V, V] of V such that
(B, Z] =[B,Jz]=0and B(Y)=2Z(Y) = Jz,(Y).

7.2. The case Z = Jz,. The first condition [B, Z] = 0 implies 14 = X9y = T34 = Ty5 =
x46 = x47 = 0. Let us consider a subalgebra N; C N that is generated by the matrices of
the type [Jz,, Jz,], where k,l € {1,2,3,5,6,7}. It is clear that [Jz,,N;] = 0.

Let us consider the condition B(Y) = Z(Y). The above arguments show that we need
to consider only B € Nj. It is more convenient to consider the linear system 2B(Y) =
Z(Y') = Jz,(Y) which allows to find B = {x;;}. Since Jz,(Y') = (ys, ys, Y7, Y6, Y1, Y4, Y3, Y2),
then we have a system of linear equations with respect to the variables

X12, X13, 15, L16, L17, 23, L25, L26, L27, L35, L36, L37, L56, L57, L67

with the following extended matrix (the last column is the column of free terms of our
system of linear equations):

—Y6 Yr Y3 —Y4 —Yl Y8 —Y2 Y1 Y4 —Y1 Y2 —Y3 Ys —Yr Y6 —VY1
Yo Y6 —Y4 —Y3 Y2 Y5 —Y1L Y2 Y3 Y2 Y1 Y4 —Ys Y6 Y1 —Y2
—Y8 —Ys Y1 —Y2 Y3 Y6 —Y4 —Y3 —Y2 Y3 —Y4 —Yl Y6 Y5 —Y8 —Y3
ME — Ys —Y8 —Y2 —Y1 Y4 —Y7 —Y3 Y4 Y1 —Y4 —Y3 —Y2 —Y7 —Yg —Ys5 —Y4
—Y4 Y3 Y7 —Y6 —Y5 —Y2 —Ys Y5 Y6 —Y5 Yg8 Y7 Y2 —Y3 Y4 —Y5
Y1 —Y2 —Ys8 —Ys Y6 —Y3 —Y7T Y6 Y5 —Y6 —Yr —Y3 —Y3 —Y2 —Y1 —Y6
—Y2 Y1 Ys —Y8 Yr Y4 —Ye6 —Yr —Y8 Yr —Y6 —Y5 Y4 Y1 —Y2 —Y7
Y3 Y4 —Y6 —Y7 —Y8 Y1 —Ys5 Ys —Yr Y8 Y5 —Y6 —Y1 Y4 Y3 —Y8
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By the Kronecker—Capelli theorem, this system has a solution if and only if the rank
of M FE coincides with the rank of the matrix M, which is obtained from M E by deleting
the last column (the column of free terms).

It is easy to see that the product of the vector (—ys, —ys, —y7, —Ys, Y1, Y4, Y3, Y2) and M E
is a vector with 16 zero entries. Hence, rank(MFE) < 7 (see also Remark 5). Therefore,

if rank(M) = 7, then the system 2B(Y) = Jgz, (V) has a solution. By symbol M%ﬁf{j _______ ! :]],
we denote the minor of M which is determined by the rows with the numbers i1, i, . . . , 75

and columns with the numbers ji, jo, ..., 5. It is easy to check that

9,10,11,12,13,14,15
M%1,2,3,4,6,7,8} V= yi- (Ui 45 — Y5 —vi —Ys + Y+ Ur — ya) X

X ((yf Tyt ys Yl —vE — v — v —v3) + AYiYe — Yoy + ysys — y4y5)2>.

Hence, for almost all Y € v, we obtain Mﬁ’g’g’i’g’;’g # 0 and rank(M) = rank(ME) =7,
that implies that we have a solution of the corresponding system.

It is possible to compute all other minors of M of order 7. For example,

1,3,7,8,10,11,15
M{1,2,3,4,6,7,8] = —8y1 - (Y13 + YoYs — Ysyr — YeYs) X

((y? + s+ Ys + y3) (ysyr + yays) — (Y3 + vi + vg + y7) (yiys + yzys))-

The set of Y € v with the property rank(M) < 7 is the zero set of several polynomials,
hence, it determines a polynomial ideals. It is interesting to describe this ideal completely.

More precisely, let M(7) be the set of all minors of size 7 of the matrix M (any such
minor is a 7-form in coordinates of Y'). There are 8 - Cf; = 51480 minors of size 7 of the
matrix M. Now, let us consider the following set:

ZM(7)={Y e R®| f(Y) =0 for any f € M(7)}.

IfY ¢ ZM(7), then there is a minor f of size 7 of the matrix M such that f(y) # 0.
Therefore, rank(M) = 7, hence, the corresponding linear system for the vector Y has a
solution. If Y € ZM(7) then rank(M) < 6, but this does not mean that the corresponding
linear system has no solution! But all possible “bad” vectors Y are in the set ZM (7). Note
that ZM(7) is a closed subset of zero measure in R®. Moreover, ZM(7) is an algebraic
set. On the other hand, this approach demands a lot of computations. Hence, we are
going to apply some other ideas.

Let us show that we may assume (without loss of generality) that y; = (Y, Vi)44 #
0. Indeed, if y; = 0, then there is y; # 0 for some i = 2,...,8. We can choose
a matrix of the type @ = exp(A4), where A € Nj such that (QY,Vi)sa # 0. In-
deed, if ¢ € {2,3,4,5,6,7,8}, then we can take ) = exp(t[JZk,JZl]) such that (k,l) €
{(2,3),(1,3),(1,2),(1,7),(1,6),(1,5),(2,5)} for respective i, and ¢ is a small positive
number. For instance, (QY,Vi)sq = cos(2t)y; + sin(2t)y if Q = exp(t[Jz, Jz,]) and

2t

(QY, Vi) = cosh(2t)y; + sinh(2t)ys = Sy, + S0 if Q = exp(t[Jz,, J2,)).
Recall that £ # 4 and [ # 4 in the above pairs. In particular, [Jz,, [Jz,,Jz]] =
[Jz,,Q] = 0 for all these pairs (k,l) and QJz,Q ' = Jz,. The equality B(Y) = Jz, (V)
is equivalent to QBQHQY) = QJz,Q 1 (QY) = Jz(QY). Since [QBQ™,Jz] = 0 if
[B, Jz,] =0, we can find a suitable B € N for the pair (Jz,,Y) if and only if we can find
a suitable B € N for the pair (Jz,, QY), where @ € N such that [Q, Jz| = 0.
In what follows, we assume that y; # 0 (by the above arguments).
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Lemma 5. If a vector Y = (y1,Y2,Ys, Y4, s, Ys, Y7, Ys) Salisfies the equalities U; = 0,
1=1,...,8, where

Ui = viys — Y2Us — YsYs + Yayr,

Uz = 1yr + Y2Us — Y3Ys — Ya¥s,
Us = y1ys+ Y2y3 — Ys¥s — Y7Ys,
Us = y1Ys — Y2Ys — YsYs + Y7Us,
Us = y1ys — Yola — Ysy7 + YsYs, (34)

Us = viy2 + Ys¥Ys — YsYs — Y6y,
U; Ui Ys — Y5 — Y —vs e Ty — v,
Us = yi—y+y;—vi—ve+ys—vs+s

then one of the following two cases holds:

1) Y = (yl,yg,yg,y4,y1,y4,y3,yg), 2) Y = (y1>y27y3,3/4> —Y1, —Y4, —Y3, —yz),
for any y1,v2, y3, Y4 € R. In particular, in both cases we have y? +y3 +y2 +y3 — y2 —y2 —
Y2 —ys = 1 and y1ys — Y27 + Ysys — Yays = 0.

Proof. The polynomials U;, ©+ = 1,..., 8, generates an ideal J. Now, if we compute the
elimination ideal J; from J with respect to the variables yi, y2, Y3, Y4, Us, Y6, y7 (it can be
done, say, by Maple), then we get that J; has two component:

St = {(y1,Y2,Y3, Y1, U5, Ys> Y7) | Y1 = Ys, Y2 = Vs, Y3 = Y7, Ys = Y6 },
So = {W1,Y2, Y3, Y1, Y5, Y6, Y7) | Y1 = —Ys, Y2 = —Ys, Ys = —Y7. Y1 = — Yo }-

This proves the lemma. m

Lemma 6. If rank(M) < 7, then y? +y3 +y2 +y2 = y2 +y2 +y2 +y2 and y1ys + ysys =
YoUY7 + YaYs.

Proof. Fori =2,...,9, we denote by D(7) the minor ME,120211E1),§27,183},,14,15]. Then we get

the following equalities:
D(2) = —2y1 . Ul . Uo, D(6> = —2y1 . U2 . UQ,
D(3) = —1y1 - Us - Uy, D(7) = 2y; - Us - Uy,
D(4) = —2y1 . Ug . Uo, D(S) = 2y1 . U3 . Uo,
D(5) = 2y, - Uy - Uy, D(9) =y - Uy - Uy,

where U;, 1 <17 < 8, are given in (34) and

Uo = (yi +95 + 95+ 91 — 3 —vg — v5 — ¥5) +4(y19s — Yayr + ysys — vays)”.

If Uy = 0, then the assertion of the theorem follows.

Let us suppose that Uy # 0. If U; # 0 for some ¢ = 1,...,8, then rank(M) = 7. On the
other hand, Uy = Uy = Us = Uy = Us = Ug = Uy = Ug = 0 implies Uy = 0 by Lemma 5.
Hence, the lemma is proved. m

Note that all matrices from exp(IN) preserves the quadratic form y? + y2 + y3 + y3 —
y2 — y2 — y2 — y2. On the other hand that, it is not true for the quadratic form y,ys —

Yoy7 + YsyYs — YaYs.



GEODESIC ORBIT PSEUDO-RIEMANNIAN NILMANIFOLDS 35

Lemma 7. If the vector Y = (y1,Y2, Y3, Ya, Ys, Y, Y7, Ys) with y1 # 0 is such that there is
no B € Ny satisfying B(Y') = Jz,(Y), then' Y has one of the following two forms:

D) Y = (Y1,Y2: Y3, Ya, Y1, Y1, Y3, Y2),  2) Y = (Y1, Y2, Y3, Ya, —Y1, —Ya, —Y3, —Y2),
where Y1,Y2, Y3, Yg c R

Proof. Let us consider any @ € exp(Ny). If @ does not preserve the equality y;ys —
Yoy7 + ysys — yays = 0, then the matrix M for the vector Y = Q(Y) has rank 7 by
Lemma 6. Therefore, we have some B € N; such that B(Y) = Jz (V). Consequently,
B = Q'BQ € N satisfies B(Y) = Jz,(Y), that is impossible by the assumptions.
Hence, any @) € exp(N;) preserves the equality y1ys + y3ys = Yoy7 + yays = 0.

By Lemma 4 we have

Y1Ye + Y1¥s + UsYs + YsYs — Yo7 — Y2Yr — Ys¥Ys — YaYs = 0, (35)
where Y = A(Y) and A is any matrix in N;. Taking various A = [Jz,, Jy] for k,l €
{1,2,3,5,6,7}, we obtain the equations U; = 0, 1 < i < 8, where U; are given in (34).
Now, it suffices to apply Lemma (5). =
Proposition 10. For any Y € R* it is possible to find B € N = [V, V] such that

B,Z]=[B,Jz] =0 and B(Y)=Z(Y) = Jy,(Y). (36)

Proof. Suppose that for some Y = (y1, Y2, Y3, Y4, Us, Ys, Y7, ys) € RS, there is no B € N
satisfying (36). The discussion above shows that (without loss of generality) we may
assume that y; # 0. Lemma 7 implies that we have one of the following two possibility:

D) Y = (Y1, Y2, Y3, Y, Y1, Y1, Y3, Y2)5 2) Y = (Y1, Y2, Y3, Ya, —Y1, —Ya, —Y3, —Y2),

where y1,v2,ys3,ys € R. We will find an explicit form of B € N satisfying (36) for both
cases.

Let us start from the case 1).

If y1y3 — y2ys # 0, then we have the solution B with the following entries:

Yt R R R e Yty s+l
Y1Ys — YoYa ’ 2(y1y3 — Yova)

T12 =
2(y1ys — Yoys)

and T16 = T17 = Tg3 = Tos = Tog = Ty = T35 = Tze = T37 = Ts6 = Tsy = Ter = 0.
If y1y3 — yoys = 0 and y4 # 0, then y3 = yz% and we can take the matrix B with the
following entries:

)W — i) ey — vl _ oyt
T12 = ) N v X3 = T 5 o5 Tis = 0, x=—"FF—"-,
2y1y4(y7 +v3) ya(yi +v5) 2y1Y4

and x17 = Tog3 = Ta5 = Tog = Toy = T35 = T36 = T3y = Tsg = Ts7 = Te7 = 0.

If y1y3 — yoys = 0 and y4, = 0, then y3 = 0. Therefore, we can take B with z7 = 1,
while x;; = 0 for all pairs (¢,7) # (1,7). It is easy to verify using the extended matrix
ME (recall that y; = y3 and yg = y4, hence, y3 = ys = y6 = y; = 0).

Now we are going to consider the case 2).

If y1y4 + y2ys # 0, then we have the solution B with the following entries:

Bl T Tk QN 1 1 _yit st
2(01ys + yoys) Yiys + Yous’ 2(y1ys + Y2y3)
and x17 = Tog = Tz = Tog = Toy = T35 = T3 = T37 = Tsg = Ty = Ty = 0.

T2 =

15 =0, T
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If y1y4 + yoys = 0 and y4 # 0, then yo # 0, y3 # 0, y3 = yzy‘* and we can take B with
the following entries:

ey (s —vi) vy — ()Y — i) e — Y5 +yi
ya(yi +v3)’ 200ys(yi +v3) 2y0ys

and T16 = T17 = Toz = To5 = Toe = Toy = T35 = T36 = T37 = Tse = Ts7 = Ty = 0.

If y1ys + yoys = 0 and y4 = 0, then yoy3 = 0. If y3 = 0, then we can take B with
x17 = 1, while x;; = 0 for all pairs (4,7) # (1,7). It is easy to verify using the extended
matrix M E (recall that y; = —y3 and yg = —y4, hence, y3 = ys = y6 = y; = 0).

Finally, if y4 = 0 and y, = 0, then we can take B with x9s = 1, while z;; = 0 for
all pairs (i,7) # (2,6). It is easy to verify using the extended matrix M E (recall that
ys = —Yyo and yg = —y4, hence, yo = y4 = ys = ys = 0). The proposition is proved. m

7.3. The case Z = Jz, + Jz,. The condition [B, Z] = 0 implies 212 = —%a4, T13 = T34,
214 = 0, T15 = Xy5, T16 = Ta6, T17 = T47. For the condition B(Y') = Z(Y') we consider the
liner equation system 2B(Y) = Z(Y) = Jz, (Y) + Jz,(Y) (any solution of this system is
just one half of a solution of B(Y) = Z(Y)). Since Jz, (Y)+Jz,(Y) = (Y5 —y2,y1+ys, ya+
Y7, Yo — Y3, Y1 + Us, Ya + Y7, Ys — Ys, Y2 — U5 ), then we have a system of linear equations with
respect to the following variables

T23,T25,X24, X26, L27, L34, X35, L36, L37, La5, L46, La7, T56, L57, T67

with the following extended matrices (the last column is the column of free terms of our
system of linear equations):

Y1 —Y3+yYe —Ys Y8 —Y7 —Ya—Y7r Y8 Ys —Ye6 Y3—Ye6 —Y4—Y7 —Y1—Ys —Y1 Y4 Y3 —Yi1—Ys

—Ys —Y3tYe —Y2 —Yl Y4 —Y4—Y7 —Y1 Y2 —Y3 Y3—Ye —Y4—Y7 —Y1—Ys Ys —Y7 Y6 —Y1—Ys

. —Y2 Y4+Yr —Ys —Ys Y6 —Y3tYe —Ys Ys —Y7 Yatyr Y3—Ye Y2—Ys Y2 —Y3 Y4 Y2—Ys
ME-= Y5 —Y4—Y7 —Yl Y2 —Y3 Y3—Ys Y2 Y1 —Y4 —Y4a—Y7 —Y3+¥Ye —¥Y2tYs —Ys Y6 Y7 —Y2+Ys
: —Y3 —Yi1—Ys —Y7r Ye Ys Y2—Ys —Ye —Y7 —Ys —Y1—Ys Y2—Ys —Y3t¥Ye —Y3 —Y2 —Y1 Y3—Ye

Y6 Yi1t+ys —ya —Yy3 —Yy2 —Y2+Yys Y3 —yY4 —Y1 Yi+tyYs —Y2+Ys ¥Y3—Ys6 Y6 Y5 —Ys —Y3+tye

—Y7 Y2—Y5 —Y3 Y4 Y1 Y1+Ys —Y4 —Y3 —Y2 —Y2+Ys —Y1—Ys Y4+yr —Y7 —Ys —Ys5 —Ya—Yyr

Y4 Y2—Ys —Ye —Y7 —Ys YitYs Y7 —Y6 —Ys —Y2+Ys —y1—Ys Yatyr Y4 Y1 —Y2 —Ya—Yr

By the Kronecker—Capelli theorem, this system has a solution if and only if the rank
of M E coincides with the rank of the matrix M, which is obtained from M E by deleting
the last column (the column of free terms). It is easy to see that the product of the vector
(—vy2,Ys5, —Y1,Ys, —Y4, Y7, Y6, —y3) and the matrix ME is a zero vector with 16 entries.
Hence, rank(m) < 7 (see also Remark 5). Therefore, if rank(M ) = 7, then the system
2B(Y) = Jz, (V) + Jz,(Y) has a solution. By symbol M[h’”’ < \e denote the minor of

[i1,82,..,05]
M which is determined by the rows with the numbers 41,19, ...,7s and columns with the
numbers j1, Ja, - .., Js. It is easy to check that
709,10,11,12,13,14,15
M%1,2,34567} = 2ys3 - ((?/1 +ys)(Ya +yr) — (Y2 — ys)(yz — ?/6)) X
2
X ((yl +ys)+ (2 — ys)* + (ys — v6)* + (ya + y7)2) .

Hence, for almost allY € v we have Mﬁ ;03141512 173 M15] 24 0 and rank(M) = rank(ME) = 7,
that implies the existence of a solution of the Correspondlng system.

Moreover, we can change the above minor, removing any line instead of the 8th one,
and this new minor is distinct from the given one exactly in the first multiple (2y3 will
change to +2y; according to the entries of the vector (—ya, ys, —¥1, Ys, —Ya, Y7, Y6, —Y3))-

Therefore, if (y1 + ys)(ya + y7) # (42 — ys)(ys — ys), then rank(M) = rank(ME) = 7,
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hence, there is a solution of the corresponding linear system. Furthermore, the following
is true

Lemma 8. If (y1 + ys) + (42 — y5)* + (3 — ¥6)® + (ya + yr)> # 0, then rank(M) = 7. If
(y1 +y=)? + (y2 — ys)® + (y3 — y6)* + (ya + y7)* = 0, then the last column of the matriz
ME (the column of free terms) has only zero entries.

Proof. Suppose (without loss of generality) that y; # 0. Now, we suppose that

(y1 +v8)? + (y2 — y5)? + (y3 — y6)* + (ya + y7)* # 0. Let us prove that rank(]\N@ =7 in
this case.

For i = 1,...,9, we denote by D(i) the minor M %11”12?;117;:(;27”18?’14’15]. Then we get the
following equalities:
D@3) = Wi ((yr +ys)* + (y2 — ys)* + (y3 — 96)2 + (ysa + y7)2)2,
D(4) = Wi - (1 + ys)® + (42 — 45)® + (g5 — 6)> + (94 + y1)?)°,
D(7) = ((yl +ys)® + (Y2 — ys)> + (y3 — v6)* + (ya + y7) )
D(8) = yi-Wa- (g1 +u)" + (12— v5)" + (45 —v6)” + (y4 +y0)%)

where

Wi = (i +us)” = (%2 —ys5)" — (s — y6)” + (ya +y7)°,
Wy = (1 +ys)* — (12 y5)2 + (ys — yﬁ) (ya +y7)?,
Wy = (yi+ 3/8)(2/2 Ys) — (Y3 — Yo) (Ya + y7),
Wi = (1 +ys)(y2 —us) + (ys — ye) (ya + y7)-

If W; # 0 for any i = 1,...,4, then rank(M) = 7. Let us suppose that W, = Wy =
W3 =Wy =0. Then Wy = Wy = 0 implies (y1+v:)? = (y2—y5)? and (y3—y6)* = (ya+y7)>
From W3 = W, = 0 we get (y1+ys)(y2 —ys5) = (Y3 — ¥s) (ya +y7) = 0. Therefore, we easily
obtain that (y; +ys) = (y2 — ys) = (y3 — ys) = (Y4 + y7) = 0 that is impossible by our

assumption. Hence, rank(M) = 7if (y1 +ys) + (y2 — y5)* + (Y3 — ¥6)* + (ya + y7)* # 0.
The second assertion is obvious. The lemma is proved. m

Corollary 6. The linear system with the extended matrix ME has a solution for any
Y € R¥. Hence, for any Y € R it is possible to find B € N = [V, V] such that
(B, Z]|=[B,Jz, + Jz,] =0 and B(Y) = Z(Y) = J5,(Y) + Jz,(Y).

Proof. If rank(M) = 7 then we get a solution due to rank(ME) = 7. If rank(M) < 7,
then the column of free terms of the matrix M E (the column of free terms) has only zero
entries by Lemma 8. This means rank(M) = rank(M E') and we also have a solution. m

It is possible to compute all minors of the matrix M of order 7. The set of Y with

the property rank(M) < 7 is the zero set of several polynomials, hence, it determines a
polynomial ideals. In this case, such a description follows from Lemma 8.
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