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Abstract

Baker constructed basic meromorphic functions on the Jacobian variety of a
hyperelliptic curve with two points at infinity. We call them Baker functions.
The construction is based on the Abel-Jacobi map, which allows us to identify
the field of meromorphic functions on the Jacobian variety of the curve with the
field of meromorphic functions on the symmetric product of the curve. In our
previous paper, a solution to the KP equation was constructed in terms of the
Baker function. This paper is devoted to the properties of the Baker functions. In
this paper, we construct an entire function whose second logarithmic derivatives
are the Baker functions. We prove that the power series expansion of the entire
function around the origin is determined only by the coefficients of the defining
equation of the curve and a branch point of the curve algebraically. We also
describe the quasi-periodicity of the entire function and express the entire function
in terms of the Riemann theta function.

1 Introduction

In [17] and [18], Klein generalized the Weierstrass elliptic sigma function to the mul-
tidimensional sigma functions associated with hyperelliptic curves. On this problem,
Klein published 3 works (1886–1890). Pay attention to the papers [6] and [7] by Baker.
In 1923, a 3-volume collection of Klein’s scientific works was published. There is no
doubt that Klein knew Baker’s results. However, in this collection Klein emphasized
that the theory of hyperelliptic sigma functions was still far from complete. Klein and
Baker did not discuss the equations of mathematical physics. The development of the
theory of multidimensional sigma functions in the direction of applications to problems
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of mathematical physics began with the works of Buchstaber, Enolski, and Leykin (cf.
[9], [10], [13], [14]). Over the past 30 years, a number of authors have successfully
joined in the development of the classical results of Klein and Baker with applications
in mathematical physics.

Throughout the present paper, we denote by Z≥0, Z, Q, and C the sets of non-
negative integers, integers, rational numbers, and complex numbers, respectively.

For a positive integer g, let us consider the polynomial in X

M(X) = X2g+1 + λ2X
2g + λ4X

2g−1 + · · ·+ λ4gX + λ4g+2, λi ∈ C.

We assume thatM(X) has no multiple roots and consider the non-singular hyperelliptic
curve of genus g

C =
{
(X,Y ) ∈ C2

∣∣∣ Y 2 =M(X)
}
.

We assign weights for X, Y , and λi as wt (X) = 2, wt (Y ) = 2g + 1, and wt (λi) = i.
The equation Y 2 = M(X) has the homogeneous weight 4g + 2 with respect to the
coefficients λi and the variables X,Y . Let σ(u) with u = t(u1, u3, . . . , u2g−1) ∈ Cg be
the sigma function associated with C, which is a holomorphic function on Cg (cf. [9],
[10], [13]). The coefficients of the power series expansion of this sigma function are
polynomials in {λ2i}2g+1

i=1 . Let ℘i,j = −∂uj
∂ui

log σ, where ∂uk
= ∂/∂uk. The functions

℘i,j are meromorphic functions on the Jacobian variety of C. We assign weights for ui
and ℘i,j as wt (ui) = −i and wt (℘i,j) = i + j. In [9], a solution to the KdV equation
was constructed in terms of ℘1,1. In [4], a solution to the KP equation was constructed
in terms of ℘1,1. In [4] and [12], a solution to the KP equation was constructed in terms
of ℘2g−1,2g−1. We changed the suffixes of ℘i,j in [9] to use the grading. The suffix g in
[9] is replaced with 1 and the suffix 1 in [9] is replaced with 2g − 1.

For a positive integer g, let us consider the polynomial in x

N(x) = ν0x
2g+2 + ν2x

2g+1 + · · ·+ ν4g+2x+ ν4g+4, νi ∈ C, ν0 6= 0.

We assume that N(x) has no multiple roots and consider the non-singular hyperelliptic
curve of genus g

V =
{
(x, y) ∈ C2

∣∣∣ y2 = N(x)
}
.

We assign weights for x, y, and νi as wt (x) = 2, wt (y) = 2g + 2, and wt (νi) = i. The
equation y2 = N(x) has the homogeneous weight 4g+4 with respect to the coefficients νi
and the variables x, y. We take a ∈ C such that N(a) = 0. In [7], Baker introduced basic
meromorphic functions Pi,j(v) with v = t(v2g, v2g−2, . . . , v2) ∈ Cg and i, j = 2, 4, . . . , 2g
on the Jacobian variety of V . We assign weights for vi and Pi,j as wt (vi) = −i and
wt (Pi,j) = i + j. The functions Pi,j are determined by {ν2i}2g+2

i=0 and a. In [7], Baker
used the Abel-Jacobi map and did not introduce a sigma function to define the functions
Pi,j. In [7], Baker derived a fundamental formula on differential relations between the
functions Pi,j. Further, in [7], the differential relations between the functions Pi,j were
described explicitly for g = 1, 2, 3. In [21], in the case g = 3, it was proved that the
function P2,2 satisfies the KP equation. In [4], we described the differential relations
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between the functions Pi,j explicitly for any g ≥ 1 and proved that the function P2,2

satisfies the KP equation for any g ≥ 3. The new results of our paper are as follows.

• We describe the relations between Pi,j and ℘k,l explicitly in Proposition 4.8, which
is a refinement of [4, Proposition 7.3 (i)].

• We construct an entire function H(v) such that ∂vi∂vj logH(v) = −Pi,j(v) for
i, j = 2, 4, . . . , 2g in Definition 4.10 and Theorem 4.11.

• We prove that the power series expansion of H(v) around the origin is determined
only by a and {ν2i}2g+2

i=0 algebraically in Theorem 4.12.

• We express the quasi-periodicity of H(v) in Proposition 4.15.

• We express H(v) in terms of the Riemann theta function in Proposition 4.16.

The formulas in our paper are consistent with the grading. Grading is the fundamen-
tal difference between the sigma function and the theta function. The theta function
does not allow grading since its arguments are normalized.

In [1], [2], and [8], the identities for hyperelliptic functions of genus 2 which are
different from the hyperelliptic functions considered in our paper were studied.

The sigma functions associated with the (n, s) curves were considered in [11], [15],
[16], and [22]. The sigma functions associated with the telescopic curves were considered
in [3] and [5]. For the (n, s) curves and the telescopic curves, the coefficients of the power
series expansion of the sigma function are polynomials in the coefficients of the defining
equations of the curve. The sigma functions associated with the Weierstrass curves
were considered in [19]. The (n, s) curves, the telescopic curves, and the Weierstrass
curves include hyperelliptic curves with one point at infinity. On the other hand, they
do not include hyperelliptic curves with two points at infinity. In [20] and [23], the
sigma functions associated with general compact Riemann surfaces were defined. They
are modular invariant, i.e., they do not depend on the choice of a canonical homology
basis. The function H(v) considered in our paper is apparently different from the sigma
functions defined in [20] and [23]. In the case of general compact Riemann surfaces, we
are not talking about a model of a curve in the form of specific algebraic equations.
The following problem arises. Suppose that an algebraic curve is given by an algebraic
equation. Find a sigma function whose power series expansion uses the coefficients of
this algebraic equation. In our paper, we solve this problem in the case of hyperelliptic
curves with two points at infinity.

The present paper is organized as follows. In Section 2, we review the definition and
properties of the sigma function associated with a hyperelliptic curve with one point at
infinity. In Section 3, we review the definition of the hyperelliptic functions associated
with a hyperelliptic curve with two points at infinity. In Section 4, we construct the
sigma function associated with the hyperelliptic curve with two points at infinity and
study its properties.
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2 Sigma function associated with a hyperelliptic curve

with one point at infinity

In this section, we review the definition of the sigma function associated with a hyper-
elliptic curve with one point at infinity and give facts about it which will be used later
on. For details, see [9], [10], and [13].

For a positive integer g, let us consider the polynomial in X

M(X) = X2g+1 + λ2X
2g + λ4X

2g−1 + · · ·+ λ4gX + λ4g+2, λi ∈ C.

We assume thatM(X) has no multiple roots and consider the non-singular hyperelliptic
curve of genus g

C =
{
(X,Y ) ∈ C2

∣∣∣ Y 2 =M(X)
}
.

We assign weights for X, Y , and λi as wt (X) = 2, wt (Y ) = 2g + 1, and wt (λi) = i.
The equation Y 2 = M(X) has the homogeneous weight 4g + 2 with respect to the
coefficients {λ2i}2g+1

i=1 and the variables X,Y . A basis of the vector space consisting of
holomorphic 1-forms on C is given by

ωi = −X
g−i

2Y
dX, 1 ≤ i ≤ g.

We set ω = t(ω1, . . . , ωg). Let us consider the following meromorphic 1-forms of the
second kind on C:

ηi = − 1

2Y

g+i−1∑
k=g−i+1

(k + i− g)λ2g+2i−2k−2X
kdX, 1 ≤ i ≤ g, (2.1)

which are holomorphic at any point except ∞. In (2.1), we set λ0 = 1. For example,
for g = 1, we have

η1 = − X

2Y
dX.

Let {Ai, Bi}gi=1 be a canonical basis in the one-dimensional homology group of the curve
C. We define the period matrices by

2ω′ =

(∫
Aj

ωi

)
, 2ω′′ =

(∫
Bj

ωi

)
, −2η′ =

(∫
Aj

ηi

)
, −2η′′ =

(∫
Bj

ηi

)
.

We define the lattice of periods Λ =
{
2ω′m1 + 2ω′′m2 | m1,m2 ∈ Zg

}
and consider

the Jacobian variety Jac(C) = Cg/Λ. The normalized period matrix is given by
τ = (ω′)−1ω′′. Let τδ′ + δ′′ with δ′, δ′′ ∈ Rg be the Riemann constant with respect
to
(
{Ai, Bi}gi=1,∞

)
. We denote the imaginary unit by i. The sigma function σ(u)

associated with the curve C, u = t(u1, u3, . . . , u2g−1) ∈ Cg, is defined by

σ(u) = ε exp

(
1

2
tuη′(ω′)−1u

)
θ

[
δ′

δ′′

] (
(2ω′)−1u, τ

)
, (2.2)
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where θ

[
δ′

δ′′

]
(u, τ) is the Riemann theta function with the characteristics

[
δ′

δ′′

]
defined

by

θ

[
δ′

δ′′

]
(u, τ) =

∑
n∈Zg

exp
{
πi t(n+ δ′)τ(n+ δ′) + 2πi t(n+ δ′)(u+ δ′′)

}
and ε is a non-zero constant. The characteristics of this sigma function correspond to

the vector of the Riemann constant. Let K =

(
ω′ ω′′

η′ η′′

)
.

Proposition 2.1 ([9, Lemma 1.1], [22, p. 191]). We have

tK

(
O Eg

−Eg O

)
K = −πi

2

(
O Eg

−Eg O

)
,

where Eg is the identity matrix of size g and O is the g × g zero matrix.

Proposition 2.2 ([9, pp. 7, 8]). For m1,m2 ∈ Zg and u ∈ Cg, we have

σ(u+ 2ω′m1 + 2ω′′m2)/σ(u)

= (−1)2(
tδ′m1−tδ′′m2)+tm1m2 exp

{
t(2η′m1 + 2η′′m2)(u+ ω′m1 + ω′′m2)

}
.

For n ≥ 0, let pn(T ) be the polynomial of T1, T2, . . . defined by

∞∑
i=0

1

i!

(
∞∑
j=1

Tjk
j

)i

=
∞∑
n=0

pn(T )k
n, (2.3)

where k is a variable, i.e., pn(T ) is the coefficient of kn in the left-hand side of (2.3).
For example, we have

p0(T ) = 1, p1(T ) = T1, p2(T ) = T2 +
T 2
1

2
, p3(T ) = T3 + T1T2 +

T 3
1

6
.

For n < 0, let pn(T ) = 0. Let

S(T ) = det
(
pg+j+1−2i(T )

)
1≤i,j≤g

.

Lemma 2.3 ([11, Section 4]). The polynomial S(T ) is a polynomial in the variables
T1, T3, . . . , T2g−1.

Let S(u) = S(T )|Ti=ui
. We assign weights for ui as wt (ui) = −i.

Theorem 2.4 ([11, Theorem 6.3], [22, Theorem 3]). The sigma function σ(u) is a
holomorphic function on Cg and we have the unique constant ε in (2.2) such that the
power series expansion of σ(u) around the origin has the following form:

σ(u) = S(u) +
∑

∑g
i=1(2i−1)ni>g(g+1)/2

γn1,...,ngu
n1
1 · · · ung

2g−1, (2.4)

where γn1,...,ng ∈ Q
[
{λ2i}2g+1

i=1

]
and the right-hand side of (2.4) is homogeneous of degree

−g(g + 1)/2 with respect to {λ2i}2g+1
i=1 and {u2i−1}gi=1.
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We take the constant ε in (2.2) such that the expansion (2.4) holds. Then the
sigma function σ(u) does not depend on the choice of a canonical basis {Ai, Bi}gi=1

in the one-dimensional homology group of the curve C and is determined only by the
coefficients {λ2i}2g+1

i=1 of the defining equation of the curve C. Let ℘i,j = −∂uj
∂ui

log σ,
where ∂uk

= ∂/∂uk. We assign weights for ℘i,j as wt (℘i,j) = i+ j.

Remark 2.5. In [9, Theorem 4.12], it was proved that the function

G(t1, t3, . . . , t2g−1) = 2℘1,1(t1, t3, . . . , t2g−1) + 2λ2/3

satisfies the KdV equation

4∂t3G + 6G∂t1G − ∂3t1G = 0.

Remark 2.6. We consider the case g ≥ 2 and for g ≥ 3 take constants ϱi ∈ C with
3 ≤ i ≤ g. Let us consider the function

Υ(t1, t2, t3) = −2℘1,1(t1 + 2
√
λ2t2,−4t3, ϱ3, . . . , ϱg).

In [4, Proposition 3.9], it was proved that the function Υ satisfies the KP equation

∂t1(∂t3Υ+ 6Υ∂t1Υ+ ∂3t1Υ) = ∂2t2Υ.

Remark 2.7. In [12, p. 170], it was pointed out that if g ≥ 3, under certain restrictions
on the coefficients of the defining equation of the curve, ℘2g−1,2g−1 is a solution to the
KP equation. We consider the case g ≥ 3, assume λ4g+2 6= 0, and for g ≥ 4 take
constants bi ∈ C with 1 ≤ i ≤ g − 3. Let

φ(t1, t2, t3) = −2℘2g−1,2g−1 (b1, . . . , bg−3, ct3, dt2, t1 + et2)− f,

where

c = −16λ4g+2, d = 2
√

−3λ4g+2, e =
λ4g√

−3λ4g+2

, f =
2

3
λ4g−2 +

λ24g
18λ4g+2

.

In [4, Corollary 3.12], it was proved that if λ4g+2 6= 0, the function φ satisfies the KP
equation

∂t1(∂t3φ+ 6φ∂t1φ+ ∂3t1φ) = ∂2t2φ.

3 Hyperelliptic functions associated with a hyper-

elliptic curve with two points at infinity

In this section, we define basic meromorphic functions on the Jacobian variety of a
hyperelliptic curve with two points at infinity in accordance with [7, p. 145]. For details,
see [4, Section 4].
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For a positive integer g, let us consider the polynomial in x

N(x) = ν0x
2g+2 + ν2x

2g+1 + · · ·+ ν4g+2x+ ν4g+4, νi ∈ C, ν0 6= 0.

We assume that N(x) has no multiple roots and consider the non-singular hyperelliptic
curve of genus g

V =
{
(x, y) ∈ C2

∣∣∣ y2 = N(x)
}
.

We assign weights for x, y, and νi as wt (x) = 2, wt (y) = 2g + 2, and wt (νi) = i. The
equation y2 = N(x) has the homogeneous weight 4g+4 with respect to the coefficients
{ν2i}2g+2

i=0 and the variables x, y. A basis of the vector space consisting of holomorphic
1-forms on V is given by

µi =
xi−1

2y
dx, 1 ≤ i ≤ g.

We set µ = t(µ1, . . . , µg). Let {ai, bi}gi=1 be a canonical basis in the one-dimensional
homology group of the curve V . We define the period matrices by

2µ′ =

(∫
aj

µi

)
, 2µ′′ =

(∫
bj

µi

)
.

We define the lattice of periods L =
{
2µ′m1 + 2µ′′m2 | m1,m2 ∈ Zg

}
and consider the

Jacobian variety Jac(V ) = Cg/L. We take a ∈ C such that N(a) = 0. Let Symg(V )
be the g-th symmetric product of V . Let F

(
Symg(V )

)
and F

(
Jac(V )

)
be the fields

of meromorphic functions on Symg(V ) and Jac(V ), respectively. Let us consider the
Abel-Jacobi map

I : Symg(V ) → Jac(V ),

g∑
i=1

Qi 7→
g∑

i=1

∫ Qi

(a,0)

µ.

The map I induces the isomorphism of fields

I∗ : F
(
Jac(V )

)
→ F

(
Symg(V )

)
, ϕ 7→ ϕ ◦ I.

For (xi, yi) ∈ V with 1 ≤ i ≤ g, let

R(x) = (x− a)(x− x1) · · · (x− xg), R′(x) =
d

dx
R(x).

For variables e1, e2, we set

∇ =

g∑
i=1

yi
(e1 − xi)(e2 − xi)R′(xi)

, f(e1, e2) =

g+1∑
i=0

ei1e
i
2

{
2ν4g+4−4i + ν4g+2−4i(e1 + e2)

}
,

where we set ν−2 = 0. We set

F (e1, e2) = f(e1, e2)R(e1)R(e2)+(e1−e2)2R(e1)2R(e2)2∇2−N(e1)R(e2)
2−N(e2)R(e1)

2.
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Note that F (e1, e2) is a symmetric polynomial in e1 and e2. The polynomial F (e1, e2)
can be divided by (e1 − e2)

2R(e1)R(e2) (see [4, Lemmas 4.3 and 4.4]). Let G(e1, e2) =
F (e1, e2)/

{
(e1 − e2)

2R(e1)R(e2)
}
. Then G(e1, e2) is a symmetric polynomial in e1 and

e2 of degree at most g − 1 in each variable. We assign weights for a, xi, yi, and ei as
wt (a) = wt (xi) = wt (ei) = 2 and wt (yi) = 2g+2. Then G(e1, e2) has the homogeneous
weight 4g.

Definition 3.1 ([7, p. 145]). (i) For 1 ≤ i, j ≤ g, we define P2g+2−2i,2g+2−2j ∈ F
(
Symg(V )

)
by

g∑
i,j=1

P2g+2−2i,2g+2−2je
i−1
1 ej−1

2 = G(e1, e2).

(ii) For i, j = 2, 4, . . . , 2g, we define the meromorphic functions Pi,j(v) with v =
t(v2g, v2g−2, . . . , v2) ∈ Cg on Jac(V ) by Pi,j = (I∗)−1(Pi,j).

For example, for g = 1, we have

P2,2 =
a(ν2 + 2aν0)x1 + ν6 + 2aν4 + 2a2ν2 + 2a3ν0

x1 − a
.

Since G(e1, e2) is a symmetric polynomial in e1 and e2, we have Pi,j = Pj,i for any
i, j. We assign weights for vi and Pi,j as wt (vi) = −i and wt (Pi,j) = i+ j.

Remark 3.2. We consider the case g ≥ 3 and for g ≥ 4 take constants ci ∈ C with
1 ≤ i ≤ g − 3. Let

ψ(t1, t2, t3) = −2P2,2 (c1, . . . , cg−3, αt3, βt2, t1 + γt2)− δ,

where

α = −16ν0, β = 2
√
−3ν0, γ =

ν2√
−3ν0

, δ =
2

3
ν4 +

ν22
18ν0

.

In [4, Corollary 5.8], it was proved that the function ψ satisfies the KP equation

∂t1(∂t3ψ + 6ψ∂t1ψ + ∂3t1ψ) = ∂2t2ψ.

4 Sigma function associated with the hyperelliptic

curve with two points at infinity

Let us express N(x) in the following form:

N(x) = ν0(x− a)

2g+1∏
i=1

(x− ai), ai ∈ C.

We take s, t ∈ C such that st 6= 0 and s2g+1/t2 = N ′(a). We assign weights for s and t
as wt (s) = 4 and wt (t) = 2g + 1. Let us consider the polynomial

M̃(X) =

2g+1∏
i=1

(
X − s

ai − a

)
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and the hyperelliptic curve C̃ of genus g defined by

C̃ =
{
(X,Y ) ∈ C2

∣∣∣ Y 2 = M̃(X)
}
.

We have the following isomorphism from V to C̃:

ζ : V → C̃, (x, y) 7→ (X,Y ) =

(
s

x− a
,

t y

(x− a)g+1

)
(cf. [7, pp. 144, 145]). Let D be the g × g regular matrix defined by

t
(
ζ∗(ω1), . . . , ζ

∗(ωg)
)
= Dµ, (4.1)

where ζ∗(ωi) is the pullback of the holomorphic 1-form ωi on C̃ with respect to the map

ζ. For n, k ∈ Z≥0, we denote the binomial coefficient by

(
n
k

)
.

Proposition 4.1. For 1 ≤ i, j ≤ g, the (i, j) element of D is t−1sg+1−i

(
i− 1
j − 1

)
(−a)i−j.

Proof. From

ζ∗(ωi) = t−1sg+1−i(x− a)i−1dx

2y
= t−1sg+1−i

i∑
j=1

(
i− 1
j − 1

)
(−a)i−jµj,

we obtain the statement of the proposition.

For 0 ≤ i ≤ 2g + 1, we define λ̃2i ∈ C by the following equality:

M̃(X) = λ̃0X
2g+1 + λ̃2X

2g + λ̃4X
2g−1 + · · ·+ λ̃4gX + λ̃4g+2.

For a positive integer k, let N (k)(x) = (dk/dxk)N(x).

Lemma 4.2. For 0 ≤ i ≤ 2g + 1, we have

λ̃2i = si
N (i+1)(a)

(i+ 1)!N ′(a)
.

Proof. For 1 ≤ i ≤ 2g+1, let ãi = a− ai. For 1 ≤ k ≤ 2g+1, let hk be the elementary
symmetric polynomial of degree k in ã1, . . . , ã2g+1. We set h0 = 1. For 1 ≤ k ≤ 2g + 2,
we have N (k)(a) = ν0k!h2g+2−k. For 0 ≤ i ≤ 2g + 1, we have

λ̃2i = si
h2g+1−i

h2g+1

= si
N (i+1)(a)

(i+ 1)!N ′(a)
.
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Remark 4.3. For 0 ≤ i ≤ 2g + 1, the coefficient λ̃2i has the homogeneous weight 2i
with respect to s, a, and {ν2i}2g+2

i=0 .

Let

f̃(e1, e2) =

g∑
i=0

ei1e
i
2

{
2λ̃4g+2−4i + λ̃4g−4i(e1 + e2)

}
,

f(e1, e2) = t−2(e1 − a)g+1(e2 − a)g+1f̃

(
s

e1 − a
,

s

e2 − a

)
.

(4.2)

The polynomial f(e1, e2) is a symmetric polynomial in e1 and e2. From λ̃4g+2 6= 0, the
degree of f(e1, e2) is g + 1 in each variable. There exist complex numbers {ni,j}gi,j=1

such that ni,j = nj,i and

f(e1, e2) = f(e1, e2) + (e1 − e2)
2

g∑
i,j=1

ni,je
i−1
1 ej−1

2 (4.3)

(see the proof of Proposition 7.3 in [4]). Let

f(e1, e2) =

g+2∑
i,j=1

ñi,je
i−1
1 ej−1

2 , ñi,j ∈ C.

Lemma 4.4. For 1 ≤ j ≤ i ≤ g, we have

ñi+2,j = t−2

{
g−i∑
k=0

2λ̃4g+2−4ks
2k

(
g + 1− k
i+ 1

)(
g + 1− k
j − 1

)
(−a)2g+2−2k−i−j

+

g−i−1∑
k=0

λ̃4g−4ks
2k+1

(
g − k
i+ 1

)(
g + 1− k
j − 1

)
(−a)2g+1−2k−i−j

+

g−i∑
k=0

λ̃4g−4ks
2k+1

(
g + 1− k
i+ 1

)(
g − k
j − 1

)
(−a)2g+1−2k−i−j

}
.

Proof. From (4.2), we have

f(e1, e2) = t−2

g∑
k=0

{
2λ̃4g+2−4ks

2k(e1 − a)g+1−k(e2 − a)g+1−k

+ λ̃4g−4ks
2k+1(e1 − a)g−k(e2 − a)g+1−k

+ λ̃4g−4ks
2k+1(e1 − a)g+1−k(e2 − a)g−k

}
.

By the direct calculations, we obtain the statement of the lemma.

If i /∈ {1, . . . , g} or j /∈ {1, . . . , g}, then we set ni,j = 0.
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Proposition 4.5. For 1 ≤ j ≤ i ≤ g, we have ni,j = 2ni+1,j−1 − ni+2,j−2 + ñi+2,j.

Proof. By comparing the coefficients of ei+1
1 ej−1

2 in (4.3), we obtain the statement of
the proposition.

Remark 4.6. From Lemma 4.4, Proposition 4.5, and ni,j = nj,i, we can determine any
ni,j explicitly.

Lemma 4.7. We have ni,j ∈ Q
[
a, {ν2i}2g+2

i=0

]
and ni,j has the homogeneous weight 4g +

4− 2i− 2j with respect to a and {ν2i}2g+2
i=0 .

Proof. From s2g+1/t2 = N ′(a), Lemma 4.2, and Lemma 4.4, for 1 ≤ j ≤ i ≤ g, we have
ñi+2,j ∈ Q

[
a, {ν2i}2g+2

i=0

]
and ñi+2,j has the homogeneous weight 4g + 4 − 2i − 2j with

respect to a and {ν2i}2g+2
i=0 . From Proposition 4.5, for 1 ≤ i ≤ g, we have ni,1 = ñi+2,1.

Thus, the statement of the lemma holds for ni,1 with 1 ≤ i ≤ g. We take an integer j0
such that 2 ≤ j0 ≤ g and assume that the statement of the lemma holds for any ni,j
with 1 ≤ j < j0 and j ≤ i ≤ g. From Proposition 4.5, the statement of the lemma
holds for ni,j0 with j0 ≤ i ≤ g. By induction, the statement of the lemma holds for any
ni,j with 1 ≤ j ≤ i ≤ g. From ni,j = nj,i, the statement of the lemma holds for any ni,j
with 1 ≤ i, j ≤ g.

For example, for g = 1, we have

n1,1 = t−2(−asλ̃4 + 2a2λ̃6) = −aN
(3)(a)

6
+
a2N (4)(a)

12
= −2a2ν0 − aν2.

Proposition 4.8. For 1 ≤ i, j ≤ g and v ∈ Cg, we have

P2g+2−2i,2g+2−2j(v)

= −ni,j + t−2

g∑
k=i

g∑
l=j

s2g+2−k−l

(
k − 1
i− 1

)(
l − 1
j − 1

)
(−a)k+l−i−j℘2k−1,2l−1(Dv).

Proof. In the proof of [4, Proposition 7.3], we proved

s−2t2
g∑

i,j=1

{
P2g+2−2i,2g+2−2j(v) + ni,j

}
ei−1
1 ej−1

2

=

g∑
k,l=1

℘2k−1,2l−1(Dv)s
2g−k−l(e1 − a)k−1(e2 − a)l−1.

By comparing the coefficients of ei−1
1 ej−1

2 of the equality above, we obtain the statement
of the proposition.

Remark 4.9. Proposition 4.8 is a refinement of [4, Proposition 7.3 (i)]. For i = j = g,
the equality in Proposition 4.8 was given in [4, Corollary 7.5]. For g = 2, the equalities
in Proposition 4.8 were given in [4, Example 7.6].
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Let Ω be the g×g symmetric matrix defined by Ω = (ni,j)1≤i,j≤g. Note that g(g+1)/2
is odd if and only if g is congruent to 1 or 2 modulo 4. If g(g + 1)/2 is odd, we set
χ = s(g

2−3g−2)/4t. If g(g + 1)/2 is even, we set χ = sg(g+1)/4.

Definition 4.10. Let H(v) be the holomorphic function on Cg defined by

H(v) = χ exp(tvΩv)σ(Dv), (4.4)

where σ is the sigma function associated with the curve C̃.

Theorem 4.11. For 1 ≤ i, j ≤ g and v ∈ Cg, we have

∂v2g+2−2i
∂v2g+2−2j

logH(v) = −P2g+2−2i,2g+2−2j(v).

Proof. From Propositions 4.1 and 4.8, we obtain the statement of the theorem.

Let
R =

{
N ′(a)−mr

∣∣∣ m ∈ Z≥0, r ∈ Q
[
a, {ν2i}2g+2

i=0

]}
.

Theorem 4.12. The power series expansion of H(v) around the origin has the following
form:

H(v) =
∑

n1,...,ng≥0

ξn1,...,ngv
n1
2g · · · v

ng

2 , (4.5)

where ξn1,...,ng ∈ R. If g(g+1)/2 is odd, then the right-hand side of (4.5) is homogeneous

of degree (g2−3g−2)/2 with respect to a, {ν2i}2g+2
i=0 , and {v2i}gi=1. If g(g+1)/2 is even,

then the right-hand side of (4.5) is homogeneous of degree g(g + 1)/2 with respect to a,
{ν2i}2g+2

i=0 , and {v2i}gi=1. In particular, the function H(v) does not depend on s and t.

Proof. From Theorem 2.4, the power series expansion of σ(u) around the origin has the
following form:

σ(u) =
∑

∑g
i=1(2i−1)ni≥g(g+1)/2

γn1,...,ngu
n1
1 · · · ung

2g−1, (4.6)

where γn1,...,ng ∈ Q
[
{λ̃2i}2g+1

i=1

]
and the right-hand side of (4.6) is homogeneous of degree

−g(g + 1)/2 with respect to {λ̃2i}2g+1
i=1 and {u2i−1}gi=1. If γn1,...,ng 6= 0, there exists a

positive integer k such that wt (γn1,...,ng) = 2k. From Lemma 4.2, there exists u ∈ R
such that γn1,...,ng = sku. From (4.6), we have

2k −
g∑

i=1

(2i− 1)ni = −g(g + 1)

2
. (4.7)

First, we consider the case where g(g+1)/2 is odd. There exists a non-negative integer
l such that

∑g
i=1 ni = 2l+1. From (4.7), we have

∑g
i=1 ini = k+ l+(g2 + g+2)/4. By

substituting

u2i−1 = t−1sg+1−i

i∑
j=1

(
i− 1
j − 1

)
(−a)i−jv2g+2−2j (4.8)

12



for any 1 ≤ i ≤ g (see Proposition 4.1), we have

γn1,...,ngu
n1
1 · · · ung

2g−1 = sk
s(2l+1)(g+1)−k−l−(g2+g+2)/4

t2l+1
v =

N ′(a)lv

s(g2−3g−2)/4t
,

where v ∈ R[v2g, . . . , v2]. Here, we used s2g+1/t2 = N ′(a). From (4.6), we have the
power series expansion

s(g
2−3g−2)/4t σ(Dv) =

∑
n1,...,ng≥0

ξ̃n1,...,ngv
n1
2g · · · v

ng

2 , (4.9)

where ξ̃n1,...,ng ∈ R and the right-hand side of (4.9) is homogeneous of degree (g2 −
3g − 2)/2 with respect to a, {ν2i}2g+2

i=0 , and {v2i}gi=1. Next, we consider the case where
g(g+1)/2 is even. There exists a non-negative integer m such that

∑g
i=1 ni = 2m. From

(4.7), we have
∑g

i=1 ini = k +m+ g(g + 1)/4. By substituting (4.8) for any 1 ≤ i ≤ g,
we have

γn1,...,ngu
n1
1 · · · ung

2g−1 = sk
s2m(g+1)−k−m−g(g+1)/4

t2m
w =

N ′(a)mw

sg(g+1)/4
,

where w ∈ R[v2g, . . . , v2]. From (4.6), we have the power series expansion

sg(g+1)/4σ(Dv) =
∑

n1,...,ng≥0

ξn1,...,ng
vn1
2g · · · v

ng

2 , (4.10)

where ξn1,...,ng
∈ R and the right-hand side of (4.10) is homogeneous of degree g(g +

1)/2 with respect to a, {ν2i}2g+2
i=0 , and {v2i}gi=1. From Lemma 4.7, the power series

expansion of exp(tvΩv) around the origin has the homogeneous weight 0 with respect
to a, {ν2i}2g+2

i=0 , and {v2i}gi=1. Therefore, we obtain the statement of the theorem.

Let κ1, . . . , κg be the meromorphic 1-forms of the second kind on V defined by

t(κ1, . . . , κg) =
t
{(
ζ∗(η1), . . . , ζ

∗(ηg)
)
D
}
− 2Ωµ, (4.11)

where ζ∗(ηi) is the pullback of the meromorphic 1-form ηi on C̃ with respect to the map
ζ. The meromorphic 1-forms κ1, . . . , κg are holomorphic at any point except (a, 0).

Lemma 4.13. For 1 ≤ i ≤ g, the meromorphic 1-form κi has the following form:

κi =
r

(x− a)g
dx

2y
,

where r ∈ Q
[
a, {ν2i}2g+2

i=0 , x
]
. In particular, κi does not depend on s and t.

Proof. From (2.1) and Lemma 4.2, for 1 ≤ i ≤ g, we have

ζ∗(ηi) =
sg+i

t

g+i−1∑
k=g−i+1

(k + i− g)
N (g+i−k)(a)

(g + i− k)!N ′(a)
(x− a)g−k−1dx

2y
.

From s2g+1/t2 = N ′(a), Proposition 4.1, and Lemma 4.7, we obtain the statement of
the lemma.
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For example, for g = 1, we have

κ1 =
2a(2aν0 + ν2)x+ a2ν2 + 2aν4 + ν6

x− a

dx

2y
.

We define the period matrices by

−2κ′ =

(∫
aj

κi

)
, −2κ′′ =

(∫
bj

κi

)
.

Hereafter, let ω′, ω′′, η′, η′′, and τ be the period matrices of the curve C̃, which are
defined in Section 2, with respect to the canonical basis

{
ζ(ai), ζ(bi)

}g
i=1

in the one-

dimensional homology group of the curve C̃. Let τδ′+δ′′ with δ′, δ′′ ∈ Rg be the Riemann
constant of C̃ with respect to

(
{ζ(ai), ζ(bi)}gi=1,∞

)
, which coincides with the Riemann

constant of V with respect to
(
{ai, bi}gi=1, (a, 0)

)
. Let ε be the constant defined in (2.2)

with respect to
(
C̃, {ζ(ai), ζ(bi)}gi=1

)
.

Lemma 4.14. We have

Dµ′ = ω′, Dµ′′ = ω′′, τ = (µ′)−1µ′′,

κ′ = tDη′ + 2Ωµ′, κ′′ = tDη′′ + 2Ωµ′′.

Proof. From (4.1), we have Dµ′ = ω′ and Dµ′′ = ω′′. We have τ = (ω′)−1ω′′ =
(µ′)−1D−1Dµ′′ = (µ′)−1µ′′. From (4.11), we have κ′ = tDη′ + 2Ωµ′ and κ′′ = tDη′′ +
2Ωµ′′.

Proposition 4.15. For m1,m2 ∈ Zg and v ∈ Cg, we have

H(v + 2µ′m1 + 2µ′′m2)/H(v)

= (−1)2(
tδ′m1−tδ′′m2)+tm1m2 exp

{
t(2κ′m1 + 2κ′′m2)(v + µ′m1 + µ′′m2)

}
.

Proof. From (4.4), Proposition 2.2, and Lemma 4.14, we have

H(v + 2µ′m1 + 2µ′′m2)

= χ exp
{
t(v + 2µ′m1 + 2µ′′m2)Ω(v + 2µ′m1 + 2µ′′m2)

}
σ(Dv + 2Dµ′m1 + 2Dµ′′m2)

= χ exp
{
tvΩv + t(2µ′m1 + 2µ′′m2)2Ω(v + µ′m1 + µ′′m2)

}
× (−1)2(

tδ′m1−tδ′′m2)+tm1m2 exp
{
t(2η′m1 + 2η′′m2)(Dv + ω′m1 + ω′′m2)

}
σ(Dv)

= H(v) exp
{
t(2µ′m1 + 2µ′′m2)2Ω(v + µ′m1 + µ′′m2)

}
× (−1)2(

tδ′m1−tδ′′m2)+tm1m2 exp
{
t(2η′m1 + 2η′′m2)D(v + µ′m1 + µ′′m2)

}
= (−1)2(

tδ′m1−tδ′′m2)+tm1m2 exp
{
t(2κ′m1 + 2κ′′m2)(v + µ′m1 + µ′′m2)

}
H(v).
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Proposition 4.16. We have

H(v) = χε exp

(
1

2
tvκ′(µ′)−1v

)
θ

[
δ′

δ′′

] (
(2µ′)−1v, τ

)
.

Proof. From (2.2), (4.4), and Lemma 4.14, we have

H(v) = χε exp

{
1

2
tv
(
tDη′(ω′)−1D + 2Ω

)
v

}
θ

[
δ′

δ′′

] (
(2ω′)−1Dv, τ

)
= χε exp

{
1

2
tv
(
tDη′(µ′)−1 + 2Ω

)
v

}
θ

[
δ′

δ′′

] (
(2µ′)−1v, τ

)
= χε exp

{
1

2
tv
(
tDη′ + 2Ωµ′)(µ′)−1v

}
θ

[
δ′

δ′′

] (
(2µ′)−1v, τ

)
= χε exp

(
1

2
tvκ′(µ′)−1v

)
θ

[
δ′

δ′′

] (
(2µ′)−1v, τ

)
.

Let K =

(
µ′ µ′′

κ′ κ′′

)
.

Proposition 4.17. We have

tK
(

O Eg

−Eg O

)
K = −πi

2

(
O Eg

−Eg O

)
.

Proof. From Proposition 2.1 and Lemma 4.14, we obtain the statement of the proposi-
tion.
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