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Abstract

Baker constructed basic meromorphic functions on the Jacobian variety of a
hyperelliptic curve with two points at infinity. We call them Baker functions.
The construction is based on the Abel-Jacobi map, which allows us to identify
the field of meromorphic functions on the Jacobian variety of the curve with the
field of meromorphic functions on the symmetric product of the curve. In our
previous paper, a solution to the KP equation was constructed in terms of the
Baker function. This paper is devoted to the properties of the Baker functions. In
this paper, we construct an entire function whose second logarithmic derivatives
are the Baker functions. We prove that the power series expansion of the entire
function around the origin is determined only by the coefficients of the defining
equation of the curve and a branch point of the curve algebraically. We also
describe the quasi-periodicity of the entire function and express the entire function
in terms of the Riemann theta function.

1 Introduction

In [17] and [18], Klein generalized the Weierstrass elliptic sigma function to the mul-
tidimensional sigma functions associated with hyperelliptic curves. On this problem,
Klein published 3 works (1886-1890). Pay attention to the papers [6] and [7] by Baker.
In 1923, a 3-volume collection of Klein’s scientific works was published. There is no
doubt that Klein knew Baker’s results. However, in this collection Klein emphasized
that the theory of hyperelliptic sigma functions was still far from complete. Klein and
Baker did not discuss the equations of mathematical physics. The development of the
theory of multidimensional sigma functions in the direction of applications to problems
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of mathematical physics began with the works of Buchstaber, Enolski, and Leykin (cf.
9], [10], [13], [14]). Over the past 30 years, a number of authors have successfully
joined in the development of the classical results of Klein and Baker with applications
in mathematical physics.

Throughout the present paper, we denote by Zs, Z, Q, and C the sets of non-
negative integers, integers, rational numbers, and complex numbers, respectively.

For a positive integer g, let us consider the polynomial in X

M(X) = X294 XN X2+ N X2 oo Ny X+ Ao, \i € C.

We assume that M (X) has no multiple roots and consider the non-singular hyperelliptic
curve of genus g

C= {(X, Y)eC?|y?= M(X)}.

We assign weights for X, Y, and \; as wt (X) = 2, wt (V) = 29 + 1, and wt (\;) = 1.
The equation Y2 = M(X) has the homogeneous weight 4g + 2 with respect to the
coefficients \; and the variables X,Y. Let o(u) with u = “(uy,us,...,us—1) € C9 be
the sigma function associated with C, which is a holomorphic function on C9 (cf. [9],
[10], [13]). The coefficients of the power series expansion of this sigma function are
polynomials in {)\Qi}fffl. Let @;; = —04,04, logo, where 0,, = 0/0u;. The functions
©;.; are meromorphic functions on the Jacobian variety of C'. We assign weights for u;,
and p;; as wt (u;) = —i and wt (g; ;) = ¢+ j. In [9], a solution to the KdV equation
was constructed in terms of ;1. In [4], a solution to the KP equation was constructed
in terms of g ;. In [4] and [12], a solution to the KP equation was constructed in terms
of ©ag-124-1. We changed the suffixes of p;; in [9] to use the grading. The suffix g in
9] is replaced with 1 and the suffix 1 in [9] is replaced with 2¢g — 1.
For a positive integer g, let us consider the polynomial in x

N(z) = z®9 ™% 4 12?9t 4. Vigro® + Vagra, Vi €C, 15 #0.

We assume that N (z) has no multiple roots and consider the non-singular hyperelliptic
curve of genus g

V= {(w,y) e C?

y2:N(3:)}.

We assign weights for z, y, and v; as wt (z) = 2, wt (y) = 29 + 2, and wt (1;) = i. The
equation y? = N(z) has the homogeneous weight 4g+4 with respect to the coefficients v;
and the variables z,y. We take a € C such that N(a) = 0. In [7], Baker introduced basic
meromorphic functions P; ;(v) with v = *(veg, Vog—2,...,v2) € CY and 4,5 = 2,4,...,2g
on the Jacobian variety of V. We assign weights for v; and P;; as wt (v;) = —i and
wt (P;;) = i + j. The functions P;; are determined by {5 }>%5* and a. In [7], Baker
used the Abel-Jacobi map and did not introduce a sigma function to define the functions
P; ;. In [7], Baker derived a fundamental formula on differential relations between the
functions P; ;. Further, in [7], the differential relations between the functions P; ; were
described explicitly for ¢ = 1,2,3. In [21], in the case g = 3, it was proved that the
function Py, satisfies the KP equation. In [4], we described the differential relations
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between the functions P;; explicitly for any g > 1 and proved that the function Ps
satisfies the KP equation for any g > 3. The new results of our paper are as follows.

e We describe the relations between P; ; and gy, explicitly in Proposition 4.8, which
is a refinement of [4, Proposition 7.3 (i)].

e We construct an entire function H(v) such that 9,,0,,log H(v) = —P;;(v) for
1,7 = 2,4,...,2¢g in Definition 4.10 and Theorem 4.11.

e We prove that the power series expansion of H(v) around the origin is determined

only by a and {1 }295? algebraically in Theorem 4.12.

e We express the quasi-periodicity of H(v) in Proposition 4.15.

e We express H(v) in terms of the Riemann theta function in Proposition 4.16.

The formulas in our paper are consistent with the grading. Grading is the fundamen-
tal difference between the sigma function and the theta function. The theta function
does not allow grading since its arguments are normalized.

In [1], [2], and [8], the identities for hyperelliptic functions of genus 2 which are
different from the hyperelliptic functions considered in our paper were studied.

The sigma functions associated with the (n,s) curves were considered in [11], [15],
[16], and [22]. The sigma functions associated with the telescopic curves were considered
in [3] and [5]. For the (n, s) curves and the telescopic curves, the coefficients of the power
series expansion of the sigma function are polynomials in the coefficients of the defining
equations of the curve. The sigma functions associated with the Weierstrass curves
were considered in [19]. The (n,s) curves, the telescopic curves, and the Weierstrass
curves include hyperelliptic curves with one point at infinity. On the other hand, they
do not include hyperelliptic curves with two points at infinity. In [20] and [23], the
sigma functions associated with general compact Riemann surfaces were defined. They
are modular invariant, i.e., they do not depend on the choice of a canonical homology
basis. The function H (v) considered in our paper is apparently different from the sigma
functions defined in [20] and [23]. In the case of general compact Riemann surfaces, we
are not talking about a model of a curve in the form of specific algebraic equations.
The following problem arises. Suppose that an algebraic curve is given by an algebraic
equation. Find a sigma function whose power series expansion uses the coefficients of
this algebraic equation. In our paper, we solve this problem in the case of hyperelliptic
curves with two points at infinity.

The present paper is organized as follows. In Section 2, we review the definition and
properties of the sigma function associated with a hyperelliptic curve with one point at
infinity. In Section 3, we review the definition of the hyperelliptic functions associated
with a hyperelliptic curve with two points at infinity. In Section 4, we construct the
sigma function associated with the hyperelliptic curve with two points at infinity and
study its properties.



2 Sigma function associated with a hyperelliptic curve
with one point at infinity

In this section, we review the definition of the sigma function associated with a hyper-
elliptic curve with one point at infinity and give facts about it which will be used later
on. For details, see [9], [10], and [13].

For a positive integer g, let us consider the polynomial in X

M(X) = X2 4 XX+ N X o A X + A2, N €C

We assume that M (X) has no multiple roots and consider the non-singular hyperelliptic
curve of genus g

C= {(X,Y) ccC?|v?= M(X)}.

We assign weights for X, Y, and \; as wt (X) = 2, wt (Y) = 29 + 1, and wt (\;) = 1.
The equation Y? = M(X) has the homogeneous weight 4g + 2 with respect to the
coefficients {/\gi}?ffl and the variables X,Y. A basis of the vector space consisting of
holomorphic 1-forms on C' is given by

X9~
= — dX, 1<i<gy.
“ 2Y =t=9
We set w = *(wy,...,w,). Let us consider the following meromorphic 1-forms of the
second kind on C"
1 g+i—1
N = _W . Z+1(k3 + 17— g))\29+27;_2k_2XkdX, 1 S 1 S g, (21)
—g—i

which are holomorphic at any point except co. In (2.1), we set Ay = 1. For example,

for g = 1, we have
X
= ——dX.
m 5y
Let {4;, B;}Y_; be a canonical basis in the one-dimensional homology group of the curve

C. We define the period matrices by

([ (1) (1) (1)

We define the lattice of periods A = {Zw/ml + 2wW'my | my,me € Zg} and consider
the Jacobian variety Jac(C') = C9/A. The normalized period matrix is given by
7 = (W)W Let 78 + §” with §,0” € RY be the Riemann constant with respect
to ({4, B;}{_;,00). We denote the imaginary unit by i. The sigma function o(u)
associated with the curve C, v = "(uy, us, . .., usy—1) € CY, is defined by

o (1) = £ exp (%tun'(u)')_lu) 6 m (2) 7). (2.2)
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where 6 [5 5"

5// :| deﬁned
by

} (u,7) is the Riemann theta function with the characteristics {

!
0 [g,,} (u,7) = Z exp{mi‘(n+0)7r(n+4) +2xi'(n+0)(u+4")}
nezI
and ¢ is a non-zero constant. The characteristics of this sigma function correspond to
/ "
the vector of the Riemann constant. Let K = (j;, j;,,).
Proposition 2.1 ([9, Lemma 1.1], [22, p. 191]). We have

(O E\,. w0 K
K(—Eg() K==5\-g o)

where E, is the identity matriz of size g and O is the g X g zero matriz.
Proposition 2.2 ([9, pp. 7, 8]). For my,my € Z9 and u € C9, we have

o(u+ 2w'my + 2w"ms) /o (u)

_ (_1)2(t5/m1_t5//m2)+tm1m2 eXp{t(Qn'ml + 2n”m2)(u +w'my + w//m2)}'

For n > 0, let p,(T) be the polynomial of T, T, ... defined by

> (Z Tk:) =3 pu)in, (2.3)

where k is a variable, i.e., p,(T) is the coefficient of k" in the left-hand side of (2.3).
For example, we have

T2 T3
po(T)=1, p(T)=T., p(T)=T>+ 71, ps(T) =15 + T + Fl

For n <0, let p,(T) = 0. Let

S(T) = det <p9+j+1—2i (T)) 1<i,j<g’

Lemma 2.3 ([11, Section 4]). The polynomial S(T) is a polynomial in the variables
T17T37 SR 7T2g—1~

Let S(u) = S(T)|1—u;- We assign weights for u; as wt (u;) = —i.

Theorem 2.4 ([11, Theorem 6.3|, [22, Theorem 3]). The sigma function o(u) is a
holomorphic function on C9 and we have the unique constant € in (2.2) such that the
power series expansion of o(u) around the origin has the following form:

o(u) = 5(u) + Z Vngng U1 'u;;—lv (2.4)
9 (2i-1)ni>g(g+1)/2
,,,,, ny € @[{)\Qi}fﬂl} and the right-hand side of (2.4) is homogeneous of degree
—g(g + 1)/2 with respect to { X }297" and {ugi_1}7_,.
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We take the constant ¢ in (2.2) such that the expansion (2.4) holds. Then the
sigma function o(u) does not depend on the choice of a canonical basis {4;, B;}Y_,
in the one-dimensional homology group of the curve C' and is determined only by the
coefficients {)\zi}?f{l of the defining equation of the curve C. Let @, ; = —auj Oy, log o,
where 0, = 0/0uy. We assign weights for @, ; as wt (p; ;) =i+ J.

Remark 2.5. In [9, Theorem 4.12|, it was proved that the function
Gltr, b3, ... tag 1) = 2011 (t1, b3, .. tag_1) + 2Xa/3
satisfies the KdV equation
40,,G +6G0,G — ;.G = 0.

Remark 2.6. We consider the case g > 2 and for g > 3 take constants g; € C with
3 < i < g. Let us consider the function

T(t1,te,t3) = —2p11(t1 + 24/ Aate, =43, 03, ..., 0y)-

In [4, Proposition 3.9], it was proved that the function Y satisfies the KP equation
(9t1 (([9th ‘l— 6T8t1T —|— 8?1T) = @fQT

Remark 2.7. In [12, p. 170], it was pointed out that if g > 3, under certain restrictions
on the coefficients of the defining equation of the curve, a5_124—1 is a solution to the
KP equation. We consider the case g > 3, assume M\yy49 # 0, and for g > 4 take
constants b; € C with 1 <i < g — 3. Let

O(t1,ta, t3) = —2095-129-1 (b1, ..., by_3, ct3, Vo, b1 + eta) — f,
where

2 A,

A
¢ = —16M4p40, 0=2y/—3Mggpa, €= ———  f= Ao+ .
ot RV P X R OV

In [4, Corollary 3.12], it was proved that if Asz4o # 0, the function ¢ satisfies the KP
equation
O Oy + 6901, 0 + 0, 0) = Opp.

3 Hyperelliptic functions associated with a hyper-
elliptic curve with two points at infinity

In this section, we define basic meromorphic functions on the Jacobian variety of a
hyperelliptic curve with two points at infinity in accordance with [7, p. 145]. For details,
see [4, Section 4].



For a positive integer g, let us consider the polynomial in x
N(z) = o292 4t 4 Vigo® + Vagra, V; €C, vy #0.

We assume that N (x) has no multiple roots and consider the non-singular hyperelliptic
curve of genus g

V= {(q:,y) € C?

y2:N(x)}.

We assign weights for z, y, and v; as wt (z) = 2, wt (y) = 29 + 2, and wt (1;) = i. The
equation y* = N(x) has the homogeneous weight 4g + 4 with respect to the coefficients
{Vgi}?iarQ and the variables z,y. A basis of the vector space consisting of holomorphic
1-forms on V' is given by

dzx, 1<i<g.

We set = *(p1, ..., 1y). Let {a;,0;}7_; be a canonical basis in the one-dimensional
homology group of the curve V. We define the period matrices by

(1) (1)

We define the lattice of periods L = {2,u’m1 +2u"my | my,mg € Zg} and consider the
Jacobian variety Jac(V) = C9/L. We take a € C such that N(a) = 0. Let Sym?(V)
be the g-th symmetric product of V. Let F(Sym?(V)) and F(Jac(V)) be the fields
of meromorphic functions on Sym?(V) and Jac(V'), respectively. Let us consider the
Abel-Jacobi map

9 9 Qi
I: Sym?(V) — Jac(V), ZQi — Z/ 78
i=1 i=1 ¥ (a,0)

The map I induces the isomorphism of fields
I+ F(Jac(V)) — F(Sym?(V)), G ol

For (z;,y;) € V with 1 <i < g, let

d
R(z)=(z —a)(z —a1)---(z —zy),  R(x)=—R().
For variables ey, e5, we set
V= ; (e1 — 1)(es Z_ R (1) fler,ez) = ZZ; 611612{27/4%4—41' + Vagyo—ai(er + 62)}7

where we set v_y = 0. We set
F(el, 62) = f(@l, 62)R(€1)R(62)+(61—62)2R(61)2R(62)2v2—N(el)R<€2)2—N(eg)R(el)z.
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Note that F(e,es) is a symmetric polynomial in e; and e;. The polynomial F'(eq,es)
can be divided by (e; — e2)?R(e1)R(ea) (see [4, Lemmas 4.3 and 4.4]). Let G(ey,eq) =
F(er,e2)/{(ex — e2)?R(e1)R(es) }. Then G(ey,ez) is a symmetric polynomial in e; and
es of degree at most g — 1 in each variable. We assign weights for a, x;, y;, and e; as
wt (a) = wt (z;) = wt (¢;) = 2 and wt (y;) = 29+2. Then G(ey, e2) has the homogeneous
weight 4g.
Definition 3.1 ([7, p. 145]). (i) For 1 < i,j < g, we define Pag 2 9;2542-2; € F (Sym?(V))
by
g i .

Z P29+2—2i,2g+2—2j621716%71 = G(eq,e2).

ij=1
(ii) For 4,5 = 2,4,...,29, we define the meromorphic functions P, ;(v) with v =
H(vag, vag—2,...,v9) € C9 on Jac(V) by P;; = (I*) 1 (Pij).

For example, for g = 1, we have

P a(vy + 2avp)xy + v + 2avy + 2a*vs + 2431y
22 = pa— .
Since G(eq, e2) is a symmetric polynomial in e; and ey, we have P; ; = P;; for any
i,j. We assign weights for v; and P; ; as wt (v;) = —i and wt (P; ;) =i + J.
Remark 3.2. We consider the case ¢ > 3 and for g > 4 take constants ¢; € C with
1<i<g—3. Let
Y(ty,ta,t3) = —2Pas (c1, ..., Cog, at3, Bla, t1 + yta) — 6,
where
2 va

vy
— _16 = 2\/—3 = 5 = — .
o o, ﬂ Vo, Y \/TVQ7 3V4+ 18V0

In [4, Corollary 5.8|, it was proved that the function 1 satisfies the KP equation
Oy, (O, + 690, 0 + O} ) = O} 4.

4 Sigma function associated with the hyperelliptic
curve with two points at infinity

Let us express N(x) in the following form:

2g+1

N(x) = vy(x —a) H(x—ai), a; € C.

i=1
We take s,t € C such that st # 0 and 297! /t* = N'(a). We assign weights for s and t
as wt (§) = 4 and wt (t) = 2¢g + 1. Let us consider the polynomial

2g+1

Mx) =] (X_a:a)




and the hyperelliptic curve C of genus g defined by

C= {(X,Y) e C?

Y2 = ]\N/[(X)}.

We have the following isomorphism from V' to C:

¢ Vo0 (%MFMXqu(xia%xfgﬁJ

(cf. [7, pp. 144, 145]). Let D be the g x g regular matrix defined by
(¢ (wr), .-, CF(wy) = Dp, (4.1)

where (*(w;) is the pullback of the holomorphic 1-form w; on C with respect to the map
¢. For n, k € Z>, we denote the binomial coefficient by (Z)

Proposition 4.1. For1 <i,j < g, the (i,7) element of D is t~1g9T1~ (; : i) (—a)i=.

Proof. From

. d i1 o
C () = 10 @ —a) T = e ("- ) (~a) Ty,

we obtain the statement of the proposition. O]

For 0 <i <2g+ 1, we define Xzi € C by the following equality:

M(X) = XX+ 4 20,X% 4+ X271 4o 4 N, X A+ o,
For a positive integer k, let N*®)(z) = (d*/d2z*)N(x).
Lemma 4.2. For 0 <i <29+ 1, we have

N(z‘+1)<a)

Ao =S N ()

Proof. For 1 <i<2g+1,let a;=a—a;. For 1 <k <2g+1, let hy be the elementary
symmetric polynomial of degree k in ay, ..., as+1. Weset hg = 1. For 1 <k <2g + 2,
we have N®)(a) = vyklhgy o 1. For 0 <i < 2g+ 1, we have

ogrii _ o N D(a)
hag (i + DIN'(a)’

/\QZ' =5



Remark 4.3. For 0 < ¢ < 2g + 1, the coefficient Xgi has the homogeneous weight 2¢

with respect to s, a, and {vy; }2957.

Let

g
flei,e2) = Z 6363 {2)\4g+274i + Agg—si(e1 + 62)} )
i=0 (4.2)

fler,e2) =t %(ex —a)?™ (ex — a)9+1f<615_ — 625_ a) ‘

The polynomial fle1,e2) is a symmetric polynomial in e; and ey. From Ay, 4o # 0, the
degree of f(ei,es) is g + 1 in each variable. There exist complex numbers {“w}” 1

such that n; ; = n;,; and

?(61, 62) = f(el, 62 61 — 62 Z n; ;e Z 16% ! (43
=1
(see the proof of Proposition 7.3 in [4]). Let
g+2
fler,e2) Z n; el e 1, n;; € C.
i,j=1

Lemma 4.4. For1 < j <1 < g, we have

g—1i
n - \ g+1—Fk\ [(g+1—-k o
Ny =t 2{ %2)\4%2_%5% < - > < i1 (_a)2g+2 2k—i—j

g—i—1
by o1 (9— K\ (9+1—k 2g+1—2k—i—j
+ Z Ag—ar§ (z’+1)( i1 (—a)™ !

g—1
0N 1—k —k o
+ Z /\49_4k52k+1 (9 ‘lij . ) (?7 B 1) (_a)Qg—‘rl—Qk—z—]}'
k=0

Proof. From (4.2), we have

g
fler,en) =t 22{2)\4g+2 w5 (er —a)?t ey — )9t F

k=0
+ X4g_4k52k+1 (61 — a)g_k(eg a)9+1_k

+ 5\/4g74k52k+1(el _ a)nglfk(ez i a)gk}_

By the direct calculations, we obtain the statement of the lemma

, g}, then we set n; ; = 0.

Ifig{l,...,g}orjée{l,...
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PI'OpOSitiOIl 4.5. For 1 < j <1< g, we have n,; = 2ni+1’j,1 —Njy25-2 + ﬁ//iJrQ’j.

Proof. By comparing the coefficients of ¢'™e) -1 n (4.3), we obtain the statement of
the proposition. O

Remark 4.6. From Lemma 4.4, Proposition 4.5, and n; ; = n;;, we can determine any
n; exphmtly

Lemma 4.7. We have n;; € Q[ {voi}; g+2} and n; ; has the homogeneous weight 4g +
4 — 2i — 2§ with respect to a and {V22}2g+2

Proof. From s%71 /{2 = N'(a), Lemma 4.2, and Lemma 4.4, for 1 < j <14 < g, we have
Niso; € Qla, {1/2@}2932] and ;4o ; has the homogeneous weight 4g + 4 — 2i — 2j with
respect to a and {1/21}1»132. From Proposition 4.5, for 1 < ¢ < g, we have n;; = n;42;1.
Thus, the statement of the lemma holds for n;; with 1 <17 < g. We take an integer j,
such that 2 < j, < g and assume that the statement of the lemma holds for any n, ;
with 1 < 7 < jo and j < ¢ < g. From Proposition 4.5, the statement of the lemma
holds for n; ;, with jo < i < g. By induction, the statement of the lemma holds for any
n;; with 1 < j <14 <g. From n;; = n,;, the statement of the lemma holds for any n; ;
with 1 <14,7 <g. O

For example, for ¢ = 1, we have

aN®(a) N a®?N®W(a)

5 B = —2a’vy — aws.

n171 = t_Q(—a§X4 + QGQ’XG) = —
Proposition 4.8. For 1 <i,5 < g and v € C9, we have

Pagro—2i2g+2— 2j(U)

1 [ —1 i
=-n;; +t 22529+2 k= l(z—l) (j—l)( )k+l jmk 121-1(Dv).

k=i l=j

Proof. In the proof of [4, Proposition 7.3], we proved

9
sy {772g+272i,2g+272j(v) + ﬂi,j}elflej{l

ij=1

g9
— Z pgk_l,gl_l(Dv)szg_k_l(el —a)* ey —a) .

kl=1

By comparing the coefficients of ei~1e} ! of the equality above, we obtain the statement
of the proposition. n

Remark 4.9. Proposition 4.8 is a refinement of [4, Proposition 7.3 (i)]. For i = j =g,
the equality in Proposition 4.8 was given in [4, Corollary 7.5]. For g = 2, the equalities
in Proposition 4.8 were given in [4, Example 7.6].
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Let Q be the g x g symmetric matrix defined by © = (n; ;)1<; j<4- Note that g(g+1)/2
is odd if and only if ¢ is congruent to 1 or 2 modulo 4. If g(g + 1)/2 is odd, we set
X = s34 If g(g+1)/2 is even, we set x = s90T1/4,

Definition 4.10. Let H(v) be the holomorphic function on CY defined by
H(v) = xexp("vQu)o(Dv), (4.4)
where ¢ is the sigma function associated with the curve C.

Theorem 4.11. For1<1i,j7 < g and v € CY9, we have

av2g+272i 8U2g+272j log H(U) = _P29+2—2i,29+2—2j (U)
Proof. From Propositions 4.1 and 4.8, we obtain the statement of the theorem. O]

Let
R = {V(a)r | m € Zag. v € Qo ) 247 .

Theorem 4.12. The power series expansion of H(v) around the origin has the following

form:
H(v) = Z Eni,ingVg =+ Uy, (4.5)
N yeeny ng>0
where &, n, € R. If g(g+1)/2 is odd, then the right-hand side of (4.5) is homogeneous

of degree (g* —3g —2)/2 with respect to a, {vy; ?2{2, and {ve; }_1. If g(g+1)/2 is even,
then the right-hand side of (4.5) is homogeneous of degree g(g + 1)/2 with respect to a,
{2} 7952 and {vy}o_,. In particular, the function H(v) does not depend on s and t.

Proof. From Theorem 2.4, the power series expansion of o(u) around the origin has the
following form:
(T(u) = Z Y., ngu?l .. .u;;_l, (4,6)

y_1(2i—1)n;>g(g+1)/2

where v, . n, € Q [{ng}ff{l} and the right-hand side of (4.6) is homogeneous of degree
—g(g + 1)/2 with respect to {Ag;}227" and {ugi_1}7_,. If v,

.....
.....

77777

g

2k — ) (20— L)n; = —@. (4.7)

First, we consider the case where g(g+1)/2 is odd. There exists a non-negative integer
[ such that > n; =20+ 1. From (4.7), we have Y7 in; = k+1+ (¢*+g+2)/4. By
substituting
i (i1 o
U2;—1 — t lﬁngl Z < ) (—a) ]U29+2,2j (48)

iV
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for any 1 < i < g (see Proposition 4.1), we have

. ny k5(2l+1)(g+1)—k—l—(g2+g+2)/4 B N/(a)lt)
TningUy -t Ugg g =8 @2t b= 5(92—39-2)/4¢’
where v € R[vy, ..., vs]. Here, we used s /t> = N'(a). From (4.6), we have the
power series expansion
5(92_3g_2)/4t O'(D?}) = Z gnh...,ngvggl T U;lg7 (49)

Nn1,...,mg>0

where Enh_,,,ng € R and the right-hand side of (4.9) is homogeneous of degree (g* —
3g — 2)/2 with respect to a, {ry}-25?, and {vy;}9_,. Next, we consider the case where
g(g+1)/2is even. There exists a non-negative integer m such that > n; = 2m. From
(4.7), we have >°7 in; = k+m+ g(g+ 1)/4. By substituting (4.8) for any 1 <i < g,
we have

- ng k52m(9+1)—k—m—g(g+1)/4 B N'(a)™w
Tniyngty” * o Ugg g =8 2m - golgt1)/4
where 1w € Rvgg, ..., v2]. From (4.6), we have the power series expansion
sg(g+1)/40(Dv) = Z Enl,...,ngvgg; T U;Lg’ (410)
n1,..,1g >0

where &, , € R and the right-hand side of (4.10) is homogeneous of degree g(g +

1)/2 with respect to a, {15;}:2¢%, and {vy}Y_,. From Lemma 4.7, the power series
expansion of exp(‘vQw) around the origin has the homogeneous weight 0 with respect
to a, {vy}2257, and {vy}._,. Therefore, we obtain the statement of the theorem. [

N

Let k1, ..., kg be the meromorphic 1-forms of the second kind on V' defined by
i, ... fg) = t{(g*(m), N .,C*(ng))D} — 20y, (4.11)

where (*(n;) is the pullback of the meromorphic 1-form 7; on C with respect to the map
¢. The meromorphic 1-forms &y, ..., K, are holomorphic at any point except (a,0).

Lemma 4.13. For 1 <1 < g, the meromorphic 1-form k; has the following form:

r dx
Ki = 7,
(x —a)9 2y

where r € Q[a, {Vgi}iiaq,x]. In particular, k; does not depend on s and t.

Proof. From (2.1) and Lemma 4.2, for 1 <i < g, we have

gti 9riTl N (g+i—k)
Cn) =0 Y (krieg 2

k=g—i+1

gfkfld_x

(g+i—k)!N'(a) (z—a) 2%

From s%%1/t2 = N’(a), Proposition 4.1, and Lemma 4.7, we obtain the statement of
the lemma. O]
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For example, for g = 1, we have

2a(2avy + vo)x + a’vy + 2avy + v dx
T—a 2y

R1 =

We define the period matrices by

Hereafter, let w',w”, 7', n”, and 7 be the period matrices of the curve C, which are
defined in Section 2, with respect to the canonical basis {¢(a;),((b;)}7_| in the one-
dimensional homology group of the curve C. Let 78'+6" with &, 8" € RY be the Riemann
constant of C' with respect to ({¢(a;), ((b;)}_,, 00), which coincides with the Riemann
constant of V with respect to ({a;, b;}7_,, (a,0)). Let € be the constant defined in (2.2)

with respect to (6’, {¢(ay), ¢(6:)}2,).
Lemma 4.14. We have

" -1, .n

Dp'=w',  Dp'=u"  7=)"p,
KJ/ — t-Dn/ + QQ/L/, H// — t-Dn// + QQH”-

Proof. From (4.1), we have Dy/ = ' and Dp” = &”. We have 7 = (w')"'w”
(W) 'D1Dy" = ()" 'y, From (4.11), we have ' = 'Dn’ 4+ 2Qu' and £ = 'Dn”
2Qu”.

O+ |l

Proposition 4.15. For my,ms € Z9 and v € C9, we have

H(v + 24y + 24" ms) [ H(v)
— (_1)2(t6/m1_t6//m2)+tm1m2 eXp{t(QI{/ml + QIi”mQ)(U + ,u,ml + M//m2)}‘

Proof. From (4.4), Proposition 2.2, and Lemma 4.14, we have

H(v+2u'my + 2u"msy)
= xexp{‘(v+ 2u'my + 24" m2) Qv + 2p'my + 24" my) }o(Dv + 2Dp'my + 2D p"my)
= xexp{"vQu + *(2p'my + 21" m2)2Q(v + p'my + p"'ms) }
x (—1)20m=tma)ttmme oy P 9n/my 4 20"y ) (Do + w'my + w"my) Yo (D)
= H(o) exp{! (24 + 2" ma)200 + gl + ')}
x (—1)2C0ma=totma)imims oxp £/ my + 29'ma) D(v + p/'my + p'ma) }
= (—1)2(m=t ma)ttmme o LK my + 26" ma) (v + 'y + 1'me) YH (v).

14



Proposition 4.16. We have
]'t 1o, -1 5/ n—1
H(v) = xeexp 5 VK (W) v )0 5 ((21) o, 7).

Proof. From (2.2), (4.4), and Lemma 4.14, we have

!

H(v) = xe exp{%tv (fDn'(w’)—lD + 2Q)u}9 [(ﬂ ((2w') Do, 7)
+29> }0 L?,l,] ((2) v, 7)

/

v("Dr + 20" (')~ 10}9 [;5”} (2u) o, 7)

)9 m (24) Y, 7).

= xeexp

= xYeexp

o
(3

[\3|,_. [\3|,_.

!/ "
Lethz(M, 'u,,>.
K K

Proposition 4.17. We have

0 £ m( O E
t - _ g
o5 8)--5(% 8)
Proof. From Proposition 2.1 and Lemma 4.14, we obtain the statement of the proposi-
tion. .

Acknowledgments

The authors are grateful to Atsushi Nakayashiki for drawing our attention to the sigma
function associated with a hyperelliptic curve with two points at infinity. The work of
Takanori Ayano was partly supported by MEXT Promotion of Distinctive Joint Re-
search Center Program JPMXP(0723833165 and Osaka Metropolitan University Strate-
gic Research Promotion Project (Development of International Research Hubs).

References

[1] C. Athorne, J. C. Eilbeck, V. Z. Enolskii, Identities for the classical genus two g
function, J. Geom. Phys. 48 (2003), 354-368.

[2] C. Athorne, J. C. Eilbeck, V. Z. Enolskii, A SL(2) covariant theory of genus 2
hyperelliptic functions, Math. Proc. Camb. Phil. Soc. 136 (2004), 269-286.

15



3]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

T. Ayano, Sigma functions for telescopic curves, Osaka J. Math. 51 (2014), 459
480.

T. Ayano, V. M. Buchstaber, Hyperelliptic sigma functions and the Kadomtsev-
Petviashvili equation, Physica D: Nonlinear Phenomena 481 (2025), 134819.

T. Ayano, A. Nakayashiki, On Addition Formulae for Sigma Functions of Telescopic
Curves, SIGMA 9 (2013), 046, 14 pages.

H. F. Baker, On the Hyperelliptic Sigma Functions, Amer. J. Math. 20 (1898),
301-384.

H. F. Baker, On a system of differential equations leading to periodic functions,
Acta Math. 27 (1903), 135-156.

H. F. Baker, An introduction to the theory of multiply periodic functions, Cam-
bridge University Press, Cambridge, 1907.

V. M. Buchstaber, V. Z. Enolskii, D. V. Leikin, Hyperelliptic Kleinian Functions
and Applications, Solitons, Geometry, and Topology: On the Crossroad, Amer.
Math. Soc. Transl. Ser. 2, 179, Amer. Math. Soc., Providence, RI, 1997, 1-33.

V. M. Buchstaber, V. Z. Enolskii, D. V. Leykin, Kleinian Functions, Hyperelliptic
Jacobians and Applications, Rev. Math. Math. Phys. 10, 1997, 3—-120.

V. M. Buchstaber, V. Z. Enolskii, D. V. Leykin, Rational Analogs of Abelian
Functions, Funct. Anal. Appl. 33 (1999), 83-94.

V. M. Buchstaber, V. Z. Enolskii, D. V. Leykin, Uniformization of Jacobi Varieties
of Trigonal Curves and Nonlinear Differential Equations, Funct. Anal. Appl. 34
(2000), 159-171.

V. M. Buchstaber, V. Z. Enolski, D. V. Leykin, Multi-Dimensional Sigma-
Functions, arXiv:1208.0990, (2012).

V. M. Buchstaber, V. Z. Enolski, D. V. Leykin, o-Functions: Old and New Results,
Integrable Systems and Algebraic Geometry, 2, London Math. Soc. Lecture Note
Ser. 459, Cambridge University Press, 2020, 175-214.

V. M. Bukhshtaber, D. V. Leikin, V. Z. Enol’skii, o-functions of (n, s)-curves, Russ.
Math. Surv. 54 (1999), 628-629.

J. C. Eilbeck, V. Z. Enolskii, D. V. Leykin, On the Kleinian Construction of Abelian
Functions of Canonical Algebraic Curves, in proceedings of the Conference SIDE
[II: Symmetries and Integrability of Difference Equations (Sabaudia, 1998), CRM
Proc. Lecture Notes, 25, Amer. Math. Soc., Providence, RI, 2000, 121-138.

F. Klein, Ueber hyperelliptische Sigmafunctionen, Math. Ann. 27 (1886), 431-464.

16



[18] F. Klein, Ueber hyperelliptische Sigmafunctionen, Math. Ann. 32 (1888), 351-380.

[19] J. Komeda, S. Matsutani, E. Previato, Algebraic Construction of the Sigma Func-
tion for General Weierstrass Curves, Mathematics 10 (2022), 3010.

[20] D. Korotkin, V. Shramchenko, On higher genus Weierstrass sigma-function, Phys-
ica D: Nonlinear Phenomena 241 (2012), 2086-2094.

[21] S. Matsutani, Hyperelliptic solutions of KdV and KP equations: re-evaluation of
Baker’s study on hyperelliptic sigma functions, J. Phys. A: Math. Gen. 34 (2001),
4721-4732.

[22] A. Nakayashiki, On Algebraic Expressions of Sigma Functions for (n,s) Curves,
Asian J. Math. 14 (2010), 175-212.

[23] A. Nakayashiki, Tau function approach to theta functions, Int. Math. Res. Not.
2016 (2016), 5202-5248.

17



