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Abstract

We investigate the asymptotic behavior of maximizers for the Trudinger-
Moser inequalities with a scaling parameter, both in the Neumann and
Dirichlet cases. In particular, we focus on the vanishing phenomena of max-
imizers when the exponent in the Trudinger-Moser functional is sufficiently
small. We show that, after suitable normalization, sequences of maximiz-
ers converge to solutions of elliptic equations with polynomial nonlinearities,
which are characterized as maximizers of explicit variational problems. More-
over, we derive asymptotic expansions of the best constants.
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1. Introduction

Let Ω ⊂ R2 be a smooth bounded domain. It is well known that there
is a Sobolev embedding W 1,p

0 (Ω) ↪→ L2p/(2−p)(Ω) for p ∈ [1, 2). If we look at
the limiting case p = 2, then H1

0 (Ω) := W 1,2
0 (Ω) ↪→ Lq(Ω) for any q ≥ 1, but

H1
0 (Ω) ̸↪→ L∞(Ω). To fill this gap, it is natural to seek the maximal growth

function g : R → R+ such that

sup
u∈H1

0 (Ω)
∥∇u∥2≤1

∫
Ω

g(u)dx <∞,
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where ∥∇u∥22 =
∫
Ω
|∇u|2dx denotes the Dirichlet norm of u. Pohozaev [21]

and Trudinger [24] proved independently that the maximal growth is of ex-
ponential type, more precisely that there exists a constant α such that

sup
u∈H1

0 (Ω)
∥∇u∥2≤1

∫
Ω

eαu
2

dx <∞.

Later, Moser [18] sharpened this inequality as follows:

sup
u∈H1

0 (Ω)
∥∇u∥2≤1

∫
Ω

eαu
2

dx

{
< C|Ω| if α ≤ 4π,

= ∞ if α > 4π.
(1)

Lions [16] showed that for (1) there is a loss of compactness at the limiting
exponent α = 4π. Despite this loss of compactness, the existence of an
extremal function attaining the supremum in (1) for α = 4π was established
by Carleson and Chang [1] in the case where Ω is a unit ball, and this result
was extended to arbitrary bounded domains in R2 by Flucher [6].

In this paper, we study the Trudinger-Moser functional

Eα(u) :=

∫
Ω

(
eαu

2 − 1
)
dx, α > 0,

subject to either of the constraints

Σλ :=

{
u ∈ H1(Ω)

∣∣∣∣ ∫
Ω

(|∇u|2 + λu2)dx = 1

}
or

Σ0
λ :=

{
u ∈ H1

0 (Ω)

∣∣∣∣ ∫
Ω

(|∇u|2 + λu2)dx = 1

}
,

where λ > 0 is a parameter. The parameter λ represents the scaling of the
domain Ω. Indeed, by considering the transformation uλ(x) = u((x−p)/

√
λ)

for u ∈ H1(Ω), λ > 0, and p ∈ R2, one has that the functional Eα(u) on

Ω coincides with Eα(uλ) on Ωλ :=
{√

λx+ p
∣∣∣x ∈ Ω

}
, and similarly, u ∈ Σλ

on Ω if and only if uλ ∈ Σ1 on Ωλ. Thus, the existence of a maximizer for
supu∈Σλ

Eα(u) on Ω is equivalent to that for supu∈Σ1
Eα(u) on Ωλ. The same

equivalence holds in the Dirichlet case.
Concerning the existence of maximizers, it is known that for any λ > 0

there exists a maximizer for supu∈Σλ
Eα(u) provided α ∈ (0, 2π], and for
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supu∈Σ0
λ
Eα(u) provided α ∈ (0, 4π]. In particular, the existence of a max-

imizer for supu∈Σλ
E2π(u) and for supu∈Σ0

λ
E4π(u) has been proved by Yang

[25] and Ruf [22], respectively.
We focus on the asymptotic behavior of maximizers for supu∈Σλ

Eα(u) and
supu∈Σ0

λ
Eα(u) as λ→ ∞. In [7], it was shown that the asymptotic behavior

of maximizers for supu∈Σλ
Eα(u) depends on the exponent α. Namely, there

exists a threshold α∗ ∈ (0, 2π) such that if α ∈ (α∗, 2π), then any maximizer
of supu∈Σλ

Eα(u) develops a single spike layer with its unique peak located
on the boundary of Ω, while if α ∈ (0, α∗), then any sequence of maximizers
converges to zero in C(Ω) as λ→ ∞. Moreover, in [8], it was shown that the
situation in the critical case α = 2π is the same as in the case α ∈ (α∗, 2π).
Furthermore, for any α ∈ (α∗, 2π] maximizers of supu∈Σλ

Eα(u) concentrate
around a point where the mean curvature is maximized as λ→ ∞. A similar
phenomenon holds for supu∈Σ0

λ
Eα(u). In [8], it was also shown that there

exists a threshold β∗ ∈ (0, 4π) such that if α ∈ (β∗, 4π], then maximizers
of supu∈Σ0

λ
Eα(u) concentrate at a single point, whereas if α ∈ (0, β∗), then

any sequence of maximizers vanishes in C(Ω) as λ → ∞. However, the
concentration point of maximizers for supu∈Σ0

λ
Eα(u) differs from that in the

case of supu∈Σλ
Eα(u). Maximizers for supu∈Σ0

λ
Eα(u) necessarily concentrate

around a “most centered point” of the domain Ω, namely a point of maximum
distance to the boundary. These concentration results follow from asymptotic
expansions of the best constants supu∈Σλ

Eα(u) and supu∈Σ0
λ
Eα(u) as λ →

∞. On the other hand, a precise description of the vanishing behavior of
maximizers for small α remains open in both cases.

The asymptotic behavior of maximizers for supu∈Σλ
Eα(u) and supu∈Σ0

λ
Eα(u)

is closely related to the following variational problem:

dβ := sup
u∈H1(R2)∫

R2 (|∇u|2+u2)dx≤1

∫
R2

(
eβu

2 − 1
)
dx.

The variational problem dβ exhibits a loss of compactness in H1(R2) caused
not only by concentration but also by vanishing phenomena. In [10], it has
been shown that for sufficiently small β, there does not exist a function that
attains the supremum dβ, due to vanishing loss of compactness. This nonex-
istence result causes the vanishing behavior of maximizers for supu∈Σλ

Eα(u)
and supu∈Σ0

λ
Eα(u) when α is small. In fact, their behavior corresponds to

the vanishing behavior of maximizing sequences for dβ. Thus, maximizers of
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supu∈Σλ
Eα(u) and supu∈Σ0

λ
Eα(u) can be regarded as “normalized vanishing

sequences” introduced in [10], in the following sense.
Let λ > 0, and let uλ and vλ be maximizers of supu∈Σλ

Eα(u) and

supu∈Σ0
λ
Eα(u), respectively. Consider Ωλ :=

{√
λ(x− p) + p

∣∣∣ x ∈ Ω
}
, p ∈

R2, and define the scaled functions

ũλ(x) := uλ

(
x− p√
λ

+ p

)
, ṽλ(x) := vλ

(
x− p√
λ

+ p

)
,

which satisfy ∥ũλ∥H1(Ωλ) = ∥ṽλ∥H1(Ωλ) = 1 for all λ > 0. The results in [7, 8]
show that

lim
λ→∞

∥∇ũλ∥L2(Ωλ) = lim
λ→∞

∥∇ṽλ∥L2(Ωλ) = 0,

lim
λ→∞

∥ũλ∥L2(Ωλ) = lim
λ→∞

∥ṽλ∥L2(Ωλ) = 1,

and

lim
λ→∞

∫
Ωλ∩BR(q)

(
eαũ

2
λ − 1

)
dx = lim

λ→∞

∫
Ωλ∩BR(q)

(
eαṽ

2
λ − 1

)
dx = 0

for each R > 0 and q ∈ R2, where q may depend on λ.
The vanishing loss of compactness of maximizing sequences for dβ arises

from the fact that the embedding H1
rad(R2) ↪→ L2(R2) is continuous but not

compact, where H1
rad(R2) consists of radially symmetric functions in H1(R2).

For further studies on vanishing phenomena, their relation to Trudinger-
Moser type inequalities, and related variational problems, we refer the reader
to [2, 3, 4, 5, 9, 11, 14, 15, 17, 23] and references therein.

In this paper, we clarify the profiles of the normalized vanishing sequences
ũλ and ṽλ by investigating the asymptotic behavior of uλ and vλ.

To state our results, we first define the constant

β∗ := inf {β ∈ (0, 4π) | dβ > β} ,

and set α∗ := β∗/2. We also define the best constant of the Gagliardo-
Nirenberg inequality by

A := sup
ϕ∈H1(R2)

ϕ ̸≡0

∫
R2 φ

4dx(∫
R2 |∇φ|2dx

) (∫
R2 φ2dx

) .
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Note that β∗ ∈ (0, 4π), and hence α∗ ∈ (0, 2π). More precisely, it holds that
β∗ ≤ 2/A, and therefore α∗ ≤ 1/A, by Theorem 1.1 in [10]. For the relation
between α∗ and the variational problem on the Trudinger-Moser inequalities
in the half space, see Appendix in [7].

For α ∈ (0, 2π] and λ > 0, we write I(α, λ) := supu∈Σλ
Eα(u), and for

α ∈ (0, 4π] and λ > 0, d(α, λ) := supu∈Σ0
λ
Eα(u). For γ > 0 we further define

Bγ := sup
u∈H1(Ω)∫
Ω u2dx=1

(∫
Ω

u4dx− 2

γ

∫
Ω

|∇u|2dx
)
,

and

B0
γ := sup

v∈H1
0 (Ω)∫

Ω v2dx=1

(∫
Ω

v4dx− 2

γ

∫
Ω

|∇v|2dx
)
.

In Section 4, we will prove that Bγ < ∞ if γ < 1/A, and that B0
γ < ∞ if

γ < 2/A, as well as the existence of maximizers.
Within this framework, we obtain the following results.

Theorem 1.1. Assume that α ∈ (0, α∗). Let uλ be a maximizer of I(α, λ)
for large λ. Then √

λuλ(x) → u0 in C2(Ω)

as λ→ ∞, where u0 ∈ H1(Ω) is a maximizer of Bα.

Theorem 1.2. Assume that α ∈ (0, β∗). Let vλ be a maximizer of d(α, λ)
for large λ. Then √

λvλ(x) → v0 in C2(Ω)

as λ→ ∞, where v0 ∈ H1(Ω) is a maximizer of B0
α.

From the viewpoint of normalized vanishing sequences ũλ and ṽλ, it fol-
lows that

√
λũλ

(√
λ(x− p) + p

)
→ u0,

√
λṽλ

(√
λ(x− p) + p

)
→ v0

as λ → ∞. This transformation preserves the L2-norm and was introduced
in [10] as an explicit form of vanishing sequences.
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Maximizers of I(α, λ) and d(α, λ) correspond to solutions of the following
elliptic equations: {

−∆u+ λu = ueαu2∫
Ω u2eαu2dx

in Ω,

∂u
∂ν

= 0 on ∂Ω,

and {
−∆u+ λu = ueαu2∫

Ω u2eαu2dx
in Ω,

u = 0 on ∂Ω,

respectively. The proofs of Theorems 1.1 and 1.2 are based on an analysis of
these equations, under the assumption that both uλ and vλ vanish in C(Ω)
as λ → ∞. Precise asymptotic properties of uλ and vλ, together with the
Taylor expansion

es − 1 = s+
s2

2
+O(s4) as s→ 0,

lead to the following asymptotic expansions:

I(α, λ) = sup
u∈Σλ

Eα(u) =
1

λ

[
α +

α2

2
Bα

1

λ
+ o(λ−1)

]
,

and

d(α, λ) = sup
u∈Σ0

λ

Eα(u) =
1

λ

[
α +

α2

2
B0

α

1

λ
+ o(λ−1)

]
,

as λ → ∞. It is worth noting that the difference between the behaviors
of I(α, λ) and d(α, λ) is that λI(α, λ) approaches α from above, whereas
λd(α, λ) approaches α from below, since Bα > 0 while B0

α < 0.
This paper is organized as follows. In Section ,2 we prove Theorem 1.1,

and in Section 3, we prove Theorem 1.2. In Section 4, we establish several
results concerning Bα and B0

α.

2. Proof of Theorem 1.1

Assume that α ∈ (0, α∗). Let {λn} be a sequence with λn → ∞ as
n→ ∞, and let un be a maximizer of supu∈Σλn

Eα(u) for sufficiently large n.
Without loss of generality, we may assume that un is nonnegative in Ω. For

6



simplicity, set µn := ∥un∥L∞(Ω). Let xn ∈ Ω be a point where un attains its
maximum, i.e., un(xn) = µn. Then un satisfies the elliptic equation{

−∆un + λnun = Lnune
αu2

n in Ω,
∂un

∂ν
= 0 on ∂Ω,

(2)

where Ln is the Lagrange multiplier expressed as

Ln =
1∫

Ω
u2ne

αu2
ndx

.

Moreover, we have Ln < λn for each n ∈ N. By elliptic regularity theory, it
follows that un ∈ C2(Ω) ∩ C1(Ω), and by the maximum principle, we obtain
un > 0 in Ω.

The following results have been proved in [7].

Proposition 2.1. We have

µn → 0,

∫
Ω

|∇un|2dx→ 0, and λn

∫
Ω

u2ndx→ 1

as n→ ∞.

Concerning the behavior of Ln, Lemma 2.5 in [7] yields

lim
n→∞

Ln

λn
= 1. (3)

We first prove the following lemma.

Lemma 2.2. It holds that

lim inf
n→∞

λnµ
2
n ≥ 1

|Ω|
,

where |Ω| denotes the Lebesgue measure of the domain Ω.

Proof. By Proposition 2.1, we obtain

λnµ
2
n|Ω| ≥ λn

∫
Ω

u2ndx = 1 + o(1).

This directly implies the desired lower bound in Lemma 2.2.
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Next, we establish the following estimates.

Lemma 2.3. We have

lim sup
n→∞

1

µ2
n

∫
Ω

|∇un|2dx ≤ α (4)

and

lim sup
n→∞

(
1− Ln

λn

)
1

µ2
n

≤ α. (5)

Proof. Multiplying (2) by un and integrating over Ω, we have∫
Ω

|∇un|2dx+ λn

∫
Ω

u2ndx = Ln

∫
Ω

u2ne
αu2

ndx.

For the right hand side, using Proposition 2.1 and (3), we estimate

Ln

∫
Ω

u2ne
αu2

ndx ≤
(
1 + αµ2

n

)
Ln

∫
Ω

u2ndx+O

(
Lnµ

4
n

∫
Ω

u2ndx

)
= Ln

∫
Ω

u2ndx+ αµ2
n + o(µ2

n).

Hence, ∫
Ω

|∇un|2dx+
(
1− Ln

λn

)
λn

∫
Ω

u2ndx ≤ αµ2
n + o(µ2

n).

Applying Proposition 2.1 once again, we deduce

1

µ2
n

[∫
Ω

|∇un|2dx+
(
1− Ln

λn

)
(1 + o(1))

]
≤ α + o(1),

which yields the desired estimates (4) and (5).

By the positivity of λn−Ln and estimate (5) in Lemma 2.3, we may, after
passing to a subsequence, assume that ω = limn→∞ (1− Ln/λn) /µ

2
n. Then,

we obtain the following upper bound for λnµ
2
n.

Lemma 2.4. There exists a positive constant K such that

lim sup
n→∞

λnµ
2
n ≤ K.
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Proof. Assume by contradiction that, after passing to a subsequence if nec-
essary, λnµ

2
n → ∞ as n → ∞. We may also assume that xn → x0 ∈ Ω if

necessary. For simplicity, set Rn :=
√
λnµn.

We first consider the case limn→∞ dist(xn, ∂Ω)Rn = ∞. Define Ωn :=
{Rn(x− xn) | x ∈ Ω} and consider a scaled function

wn(z) =
1

µn

un

(
z

Rn

+ xn

)
.

The function wn satisfies wn(z) ≤ 1 for any z ∈ Ωn, ∥wn∥L∞(Ωn) = 1 and{
−∆wn +

(
1− Ln

λn

)
1
µ2
n
wn = Ln

λn

1
µ2
n
wn

(
eαµ

2
nw

2
n − 1

)
in Ωn,

∂wn

∂ν
= 0 on ∂Ωn.

Since limn→∞ dist(xn, ∂Ω)Rn = ∞, for any R > 0 there exists N ∈ N such
that BR(xn) ⊂ Ωn for any n ≥ N . Then, by elliptic regularity theory, there
exists a function w0 such that

wn → w0 in C2
loc(R2)

and
−∆w0 + ωw0 = αw3

0, w0 > 0 in R2. (6)

Since λn
∫
Ω
u2ndx = 1 + o(1), we have∫

R2

w2
0dx = lim

R→∞

∫
BR

w2
0dx

= lim
R→∞

lim
n→∞

∫
BR

w2
ndx

= lim
R→∞

lim
n→∞

λn

∫
BR/Rn (xn)

u2ndx

≤ 1. (7)

Combining this with (4), we deduce w0 ∈ H1(R2). Then, by the Harnack in-
equality, we derive that w0(x) → 0 as |x| → ∞, so w0 is uniquely determined
by the uniqueness result for (6) with the decay condition at infinity (see for
instance, Kwong [12]).
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Here, recalling that α < α∗ ≤ 1/A and the Gagliardo-Nirenberg inequal-
ity, we have ∫

R2 w
4
0dx(∫

R2 |∇w0|2dx
) (∫

R2 w
2
0dx
) ≤ A <

1

α
. (8)

On the other hand, the Pohozaev identity gives

ω

∫
R2

w2
0dx =

α

2

∫
R2

w4
0dx,

which leads to ω > 0 and∫
R2

w4
0dx =

2ω

α

∫
R2

w2
0dx. (9)

Moreover, multiplying (6) by w0, integrating over R2 and using (9), we have∫
Ω

|∇w0|2dx = ω

∫
R2

w2
0dx. (10)

Thus, combining (7), (9) and (10), we obtain∫
R2 w

4
0dx(∫

R2 |∇w0|2dx
) (∫

R2 w
2
0dx
) =

2

α
∫
Ω
w2

0dx
≥ 1

α
.

However, the inequality contradicts (8). Consequently, Lemma 2.4 holds in
the case limn→∞ dist(xn, ∂Ω)Rn = ∞.

We next consider the case dist(xn, ∂Ω) = O(R−1
n ). We recall a diffeomor-

phism straightening a boundary portion around a point P on ∂Ω, introduced
in [13, 19, 20].

Fix P ∈ ∂Ω. We may assume that P is the origin and the inner normal to
∂Ω at P points in the direction of the positive x2-axis, where x = (x1, x2) ∈
R2. In a neighborhood N of P , ∂Ω ∩N can be represented by

x2 = ψ(x1) =
1

2
Hx21 + o(x21),

whereH is the curvature of ∂Ω at P . Define a map x = Φ(y) = (Φ1(y),Φ2(y))
by

Φ1(y) = y1 − y2
∂ψ

∂x1
(y1), Φ2(y) = y2 + ψ(y1).
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Since ψ′(0) = 0, the differential map DΦ of Φ satisfies DΦ(0) = I, the
identity map. Thus, Φ has the inverse mapping y = Φ−1(x) for small |x|. We
write Ψ(x) = (Ψ1(x),Ψ2(x)) instead of Φ−1(x).

Since x0 ∈ ∂Ω, we apply this diffeomorphism around x0. We may assume
that Φ = Ψ−1 is defined in an open set containing the closed ball B2κ, κ > 0,
and that Pn := Ψ(xn) ∈ B+

κ for all n, where B+
κ := {y ∈ Bκ | y2 > 0}. Define

ûn(y) := un(Φ(y)) for y ∈ B+
2κ

and extend it to B2κ by reflection:

ũn(y) :=

{
ûn(y) if y ∈ B+

2κ,

ûn((y1,−y2)) if y ∈ B−
2κ,

where B−
2κ :=

{
y ∈ B2κ

∣∣ y2 < 0
}
. Now, set

wn(z) :=
1

µn

ũn

(
z

Rn

+ Pn

)
for z ∈ BκRn .

Let Pn = (pn, qn/Rn). The condition dist(xn, ∂Ω) = O(R−1
n ) implies qn <∞.

By (2), wn satisfies the following elliptic equations:

2∑
i,j=1

anij(z)
∂2wn

∂zi∂zj
+

1

Rn

2∑
j=1

bnj (z)
∂wn

∂zj
+

(
1− Ln

λn

)
1

µ2
n

wn =
Ln

λn

1

µ2
n

wn

(
eαµ

2
nw

2
n − 1

)
,

where anij, b
n
j are defined as follows: First, put

aij(y) =
2∑

ℓ=1

∂Ψi

∂xℓ
(Φ(y))

∂Ψj

∂xℓ
(Φ(y)) 1 ≤ i, j ≤ 2

bj(y) = (∆Ψj)(Φ(y)) 1 ≤ j ≤ 2.

Then, set

anij(z) =

{
aij(Pn + z/Rn) z2 ≥ −qn,
(−1)δi2+δj2aij((pn + z1/Rn,−(qn + z2)/Rn) z2 < qn,

bnj (z) =

{
bj(Pn + z/Rn) z2 ≥ −qn,
(−1)δj2bj((pn + z1/Rn),−(qn + z2)/Rn) z2 < −qn,
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where δij is the Kronecker symbol.
By elliptic regularity theory, we have

wn → w0 in C2
loc(R2),

and
−∆w0 + ωw0 = αw3

0, w0 > 0 in R2.

As in (7), we have ∫
R2

w2
0dx ≤ 2,

so w0 ∈ H1(R2), and thus w0(x) → 0 as |x| → ∞. Hence w0 is uniquely
determined.

To derive a contradiction, arguing as in (9) and (10), we see∫
R2

w4
0dx =

2ω

α

∫
R2

w2
0dx

and ∫
R2

|∇w0|2dx = ω

∫
R2

w2
0dx.

Hence, the Gagliardo-Nirenberg inequality yields

A ≥
∫
R2 w

4
0dx(∫

R2 |∇w0|2dx
) (∫

R2 w
2
0dx
) =

2

α
∫
R2 w

2
0dx

≥ 1

α
,

which contradicts the assumption α < α∗ ≤ 1/A. Consequently, Lemma 2.4
also holds in the case dist(xn, ∂Ω) = O(R−1

n ), completing the proof.

By Lemmas 2.2 and 2.4, we may, up to a subsequence, assume without
loss of generality that K = limn→∞ λnµ

2
n. Thus, we suppose that

lim
n→∞

(λn − Ln) = ωK.

Define u∗n :=
√
λnun. By (2), the function u∗n satisfies{

−∆u∗n + (λn − Ln)u
∗
n = Lnu

∗
n

(
eαλ

−1
n |u∗

n|2 − 1
)

in Ω,
∂u∗

n

∂ν
= 0 on ∂Ω.
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Since ∥u∗n∥L∞(Ω) →
√
K as n → ∞, using elliptic regularity theory, we

observe that there exists u0 ∈ C2(Ω) such that

u∗n → u0 in C2(Ω),

∥u0∥L∞(Ω) =
√
K,
∫
Ω
u20dx = 1, and{
−∆u0 + ωKu0 = αu30 in Ω,
∂u0

∂ν
= 0 on ∂Ω.

Finally, to complete the proof, we establish the following proposition.

Lemma 2.5. The function u0 is a maximizer of Bα.

Proof. We compute

λnEα(un) = λn

∫
Ω

(
αu2n +

α2

2
u4n

)
dx+O

(
λn

∫
Ω

u6ndx

)
= α +

α

λn

(
α

2
λ2n

∫
Ω

u4ndx− λn

∫
Ω

|∇un|2dx
)
+O(µ4

n)

= α +
α2

2λn

(∫
Ω

|u∗n|4dx−
2

α

∫
Ω

|∇u∗n|2dx
)
+O(λ−2

n )

= α +
α2

2λn

(∫
Ω

u40dx−
2

α

∫
Ω

|∇u0|2dx
)
+ o(λ−1

n ).

Since
∫
Ω
u20dx = 1, it follows that

λnI(α, λn) = λnEα(un) ≤ α +
α2

2λn
Bα + o(λ−1

n ). (11)

On the other hand, for η ∈ H1(Ω) set

ηn :=
η√

λn∥η∥H1
λn

,

where

∥η∥H1
λn

:=

(∫
Ω

(
λ−1
n |∇η|2 + η2

)
dx

) 1
2

.

13



Then ηn ∈ Σλn , and we obtain

λnEα(ηn) = λn

∫
Ω

(
eαη

2
n − 1

)
dx

= α

∫
Ω

η2

∥η∥2
H1

λn

dx+
α2

2λn

∫
Ω

η4

∥η∥4
H1

λn

dx+O(λ−2
n )

= α− α

λn

∫
Ω

|∇η|2

∥η∥2
H1

λn

dx+
α2

2λn

∫
Ω

η4

∥η∥4
H1

λn

dx+O(λ−2
n )

= α +
α2

2λn

(∫
Ω

η4

∥η∥4
H1

λn

dx− 2

α

∫
Ω

|∇η|2

∥η∥2
H1

λn

dx

)
+O(λ−2

n )

= α +
α2

2λn

(∫
Ω

η4

∥η∥4L2(Ω)

dx− 2

α

∫
Ω

|∇η|2

∥η∥2L2(Ω)

dx

)
+O(λ−2

n ).

Choosing U as a maximizer of Bα, we deduce

λnI(α, λn) ≥ λnEα(Un)

= α +
α2

2λn

(∫
Ω

U4

∥U∥4L2(Ω)

dx− 2

α

∫
Ω

|∇U |2

∥U∥2L2(Ω)

dx

)
+O(λ−2

n )

= α +
α2

2λn
Bα +O(λ−2

n ).

The upper estimate (11) and the lower bound above together yield

λnI(α, λn) = λnEα(un) = α +
α2

2λn
Bα + o(λ−1

n ),

which implies that u0 is indeed a maximizer of Bα. This completes the proof
of Lemma 2.5.

Consequently, the proof of Theorem 1.1 is complete.

3. Proof of Theorem 1.2

Assume that α ∈ (0, β∗). Let {λn} be a sequence with λn → ∞ as
n→ ∞, and let vn be a maximizer of supu∈Σ0

λn
Eα(u) for sufficiently large n.

Without loss of generality, we may assume that vn is nonnegative in Ω. For

14



simplicity, set κn := ∥vn∥L∞(Ω). Let x̃n ∈ Ω be a point such that vn(x̃n) = κn.
Then vn satisfies the elliptic equation{

−∆vn + λnvn =Mnvne
αv2n in Ω,

vn = 0 on ∂Ω,
(12)

where the Lagrange multiplier Mn is expressed as

Mn =
1∫

Ω
v2ne

αv2ndx
.

By elliptic regularity theory, we have vn ∈ C2(Ω) ∩ C(Ω), and by the maxi-
mum principle, vn > 0 in Ω.

We first recall the following results, which correspond to Theorem 1.3 (II)
in [8].

Proposition 3.1. It holds that

κn → 0,

∫
Ω

|∇vn|2dx→ 0, and λn

∫
Ω

v2ndx→ 1

as n→ ∞.

By the same argument as in the proof of Lemma 2.2, we obtain:

Lemma 3.2.

lim inf
n→∞

λnκ
2
n ≥ 1

|Ω|
.

Assume that Λ1(Ω) denotes the first eigenvalue of −∆ with the zero
Dirichlet boundary condition and φ1 is the eigenfunction associated to Λ1(Ω).
Multiplying (12) by φ1 and integrating over Ω by parts, we have

Λ1(Ω)

∫
Ω

vnφ1dx =

∫
Ω

vnφ1

(
Mne

αv2n − λn

)
dx ≥ (Mn − λn)

∫
Ω

vnφ1dx,

which implies that λn − Mn ≥ −Λ1(Ω). Moreover, by Hopf’s lemma and
Proposition 3.1, it follows that

0 <

∫
Ω

vn

(
Mne

αv2n − λn

)
dx ≤

(
Mn(1 + 2ακ2n)− λn

) ∫
Ω

vndx.

15



Thus, we have
−Λ1(Ω) ≤ λn −Mn ≤ 2αMnκ

2
n. (13)

Furthermore, using Proposition 3.1 again, we obtain

λn

∫
Ω

v2ne
v2ndx = 1 + o(1),

and hence

lim
n→∞

Mn

λn
= 1.

Combining Lemma 3.2, (13), and the above equality, we derive

−Λ1(Ω)|Ω| (1 + o(1)) ≤
(
1− Mn

λn

)
1

κ2n
≤ 2α (1 + o(1)) (14)

as n→ ∞.
By (14), we may assume, after passing to a subsequence, that ω0 =

limn→∞ (1−Mn/λn) /κ
2
n. Then we obtain the following lemma.

Lemma 3.3. There exists a constant D > 0 such that

lim sup
n→∞

1

κ2n

∫
Ω

|∇vn|2dx ≤ D.

Proof. Multiplying (12) by vn, integrating over Ω by parts, and using Propo-
sition 3.1, we obtain∫

Ω

|∇vn|2dx+
(
1− Mn

λn

)
λn

∫
Ω

v2ndx ≤ ακ2n + o(κ2n).

This estimate together with (14) yields the existence of a constant D > 0
such that

1

κ2n

∫
Ω

|∇vn|2dx ≤ D + o(1)

as n→ ∞, which proves the desired estimate.

Then, we prove the following lemma.

Lemma 3.4. There exists a positive constant K0 such that

lim sup
n→∞

λnκ
2
n ≤ K0.
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Proof. The proof follows the strategy used to prove Lemma 2.4. Assume
by contradiction that, up to a subsequence, λnκ

2
n → ∞ as n → ∞. Define

Ωn :=
{√

λnκn(x− x̃n)
∣∣ x ∈ Ω

}
, and consider a scaled function

wn(z) =
1

κn
vn

(
z√
λnκn

+ x̃n

)
.

Then wn satisfies wn(z) ≤ 1 for z ∈ Ωn, ∥wn∥L∞(Ωn) = 1 and{
−∆wn +

(
1− Mn

λn

)
1
κ2
n
wn = Mn

λn

1
κ2
n
wn

(
eακ

2
nw

2
n − 1

)
in Ωn,

wn = 0 on ∂Ωn.

By elliptic regularity theory, there exists w0 such that

wn → w0 in C2
loc(X),

where w0 satisfies

−∆w0 + ωw0 = αw3
0, w0 > 0 in X,

and w0 ∈ H1
0 (X). Here, X = R2 if dist(x̃n, ∂Ω)

√
λnκn → ∞, and a half

space if dist(x̃n, ∂Ω) = O((
√
λnκn)

−1).
However, computing as in the proof of Lemma 2.4, we obtain

A ≥
∫
X
w4

0dx(∫
X
|∇w0|2dx

) (∫
X
w2

0dx
) ≥ 2

α
,

which contradicts the assumption α < β∗ ≤ 2/A. This completes the proof
of Lemma 3.4.

By Lemmas 3.2 and 3.4, we may assume without loss of generality that
K0 = limn→∞ λnκ

2
n, up to a subsequence. Then, we also assume that limn→∞(λn−

Mn) = ω0K0.
Set v∗n :=

√
λnvn. Since vn is a solution of (12), the function v∗n satisfies{

−∆v∗n + (λn −Mn)v
∗
n =Mnv

∗
n

(
eαλ

−1
n |v∗n|2 − 1

)
in Ω,

v∗n = 0 on ∂Ω.

Since limn→∞ ∥v∗n∥L∞(Ω) =
√
K0, by elliptic regularity theory, there exists

v0 ∈ C2(Ω) such that
v∗n → v0 in C2(Ω),
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where v0 satisfies ∥v0∥L∞(Ω) =
√
K0,

∫
Ω
v20dx = 1, and{

−∆v0 + ω0K0v0 = αv30 in Ω,

v0 = 0 on ∂Ω.

Thus, to complete the proof of Theorem 1.2, we establish the following
lemma.

Lemma 3.5. The function v0 is a maximizer of B0
α.

Proof. Following the computation in the proof of Lemma 2.5, we obtain

λnd(α, λn) = λnEα(vn)

= α +
α2

2λn

(∫
Ω

v40dx−
2

α

∫
Ω

|∇v0|2dx
)
+ o(λ−1

n )

≤ α +
α2

2λn
B0

α + o(λ−1
n ),

and

λnd(α, λn) = λnEα(vn) ≥ α +
α2

2λn
B0

α +O(λ−2
n ).

Therefore, we conclude that v0 is a maximizer of B0
α.

Consequently, the proof of Theorem 1.2 is complete.

4. Variational problems Bα and B0
α

In this section, we investigate the variational problems Bα and B0
α.

Proposition 4.1. For any α < 1/A, it holds that

0 < Bα <∞,

and Bα is attained.

Proof. Step 1. Fix λ > 0 and set

Bα,λ := sup
ζ∈H1(Ω)
∥ζ∥

H1
λ
=1

(∫
Ω

ζ4dx− 2

α

∫
Ω

|∇ζ|2dx
)
,
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where

∥ζ∥H1
λ
:=

(∫
Ω

(
λ−1|∇ζ|2 + ζ2

)
dx

) 1
2

.

We first show the existence of a maximizer of Bα,λ. For any ζ ∈ H1(Ω) with
∥ζ∥H1

λ
= 1, we observe that∫

Ω

ζ4dx− 2

α

∫
Ω

|∇ζ|2dx =

∫
Ω

ζ4dx+
2λ

α

∫
Ω

ζ2dx− 2λ

α
.

Thus, it follows that

Bα,λ = B̃α,λ −
2λ

α
,

and hence, the maximizers of Bα,λ coincide with those of B̃α,λ, where

B̃α,λ := sup
ρ∈H1(Ω)
∥ρ∥

H1
λ
≤1

(∫
Ω

ρ4dx+
2λ

α

∫
Ω

ρ2dx

)
.

Let {ρn} ⊂ H1(Ω) be a maximizing sequence for B̃α,λ. Since {ρn} is bounded
in H1(Ω), there exists ρ0 ∈ H1(Ω) such that, up to a subsequence, ρn ⇀ ρ0
weakly in H1(Ω), ρn → ρ0 strongly in L2(Ω) and ρn → ρ0 strongly in L4(Ω)
as n→ ∞. Therefore, ∥ρ0∥H1

λ
≤ 1 and∫

Ω

ρ40dx+
2λ

α

∫
Ω

ρ20dx = lim
n→∞

(∫
Ω

ρ4ndx+
2λ

α

∫
Ω

ρ2ndx

)
= B̃α,λ.

This shows that ρ0 is a maximizer of B̃α,λ, and hence also of Bα,λ.
Step 2. Let {λn} be a sequence such that λn → ∞ as n → ∞, and

let {ζn} ⊂ H1(Ω) be a sequence of maximizers of Bα,λn . Without loss of
generality, we may assume that ζn ≥ 0 in Ω. By the Lagrange multiplier
theorem, there exists τn ∈ R such that{

−
(

2
α
+ τn

λn

)
∆ζn + τnζn = 2ζ3n in Ω,

∂ζn
∂ν

= 0 on ∂Ω.
(15)

We observe that ∫
Ω

(
2ζ2n − τn

)
ζndx = 0,
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and then, τn > 0 and ∥ζn∥L∞(Ω) ≥
√
τn/2.

We now show that there exist positive constants C1 and C2, independent
of n, such that

C1 ≤ τn ≤ C2. (16)

Multiplying (15) by ζn and integrating over Ω, we obtain

τn = Bα,λn +

∫
Ω

ζ4ndx. (17)

Since the constant function |Ω|−1/2 satisfies ∥|Ω|−1/2∥H1
λ
= 1 for any n, it

follows that Bα,λn ≥ |Ω|−1. Thus, τn > |Ω|−1, which provides a uniform
lower bound.

For the upper bound, suppose by contradiction that τn → ∞ as n→ ∞.
Under the hypothesis, we have ∥ζn∥L∞(Ω) → ∞ as n→ ∞. By the Gagliardo-
Nirenberg inequality in H1(R2) and the existence of an extension operator
from H1(Ω) to H1(R2), there exists a constant AΩ > 0 such that for any
ζ ∈ H1(Ω), we derive∫

Ω

ζ4dx ≤ AΩ

(∫
Ω

ζ2dx

)[∫
Ω

(
|∇ζ|2 + ζ2

)
dx

]
.

Using this inequality together with ∥ζn∥H1
λn

= 1, we obtain

τn = O(λn)

as n→ ∞. By the lower bound of Bα,λn and the expression (17), we deduce∫
Ω

ζ4ndx = O(τn),

∫
Ω

|∇ζn|2dx = O(τn).

Going back to (15), we see that the coefficient of −∆ζn is uniformly bounded
in n. Therefore, recalling that α < 1/A and following the argument in
the proof of Lemma 2.4, we reach a contradiction. Hence, τn is uniformly
bounded from above.

The uniform bound (16) implies Bα,λn ≤ C2 and
∫
Ω
ζ4ndx ≤ C2, and con-

sequently
∫
Ω
|∇ζn|2dx is also uniformly bounded in n. By elliptic regularity

theory, after passing to a subsequence, there exists ζ0 ∈ C2(Ω) such that

ζn → ζ0 in C2(Ω),
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ζ0 > 0 in Ω,
∫
Ω
ζ20dx = 1, and{

− 2
α
∆ζ0 + τ0ζ0 = 2ζ30 in Ω,

∂ζ0
∂ν

= 0 on ∂Ω,

where τ0 = limn→∞ τn.
Step 3. We show that ζ0 is a maximizer of Bα. For ζ ∈ H1(Ω) with∫

Ω
ζ2dx = 1 and λ > 0, define

ζλ :=
ζ

∥ζ∥H1
λ

.

Since ∥ζ∥2
H1

λ
= λ−1

∫
Ω
|∇ζ|2dx+ 1, we have∫

Ω

ζ4dx− 2

α

∫
Ω

|∇ζ|2dx

= ∥ζ∥4H1
λ

(∫
Ω

ζ4λdx−
2

α

∫
Ω

|∇ζλ|2dx
)
+ ∥ζ∥4H1

λ

2

α

∫
Ω

|∇ζλ|2dx−
2

α

∫
Ω

|∇ζ|2dx

≤ ∥ζ∥4H1
λ
Bα,λ +

2

αλ

(∫
Ω

|∇ζ|2dx
)2

. (18)

Letting λ→ ∞, we obtain∫
Ω

ζ4dx− 2

α

∫
Ω

|∇ζ|2dx ≤ lim inf
λ→∞

Bα,λ.

Since ζ is arbitrary subject only to
∫
Ω
ζ2dx = 1, we obtain

Bα ≤ lim inf
λ→∞

Bα,λ.

By Step 2, we have

Bα ≤ lim inf
n→∞

Bα,λn

= lim inf
n→∞

(∫
Ω

ζ4ndx−
2

α

∫
Ω

|∇ζn|2dx
)

=

∫
Ω

ζ40dx−
2

α

∫
Ω

|∇ζ0|2dx,

which shows that ζ0 is a maximizer of Bα. This completes the proof of
Proposition 4.1.
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Proposition 4.2. For any α < 2/A, it holds that

−∞ < B0
α < 0

and B0
α is attained.

Proof. Similarly to the proof of Proposition 4.1, define

B0
α,λ := sup

ζ∈H1
0 (Ω)

∥ζ∥
H1
λ
=1

(∫
Ω

ζ4dx− 2

α

∫
Ω

|∇ζ|2dx
)
.

Note that for any ζ ∈ H1
0 (Ω) with ∥ζ∥H1

λ
= 1, we have∫

Ω

|∇ζ|2dx ≥ 1

λ−1 + Λ1(Ω)−1
,

where Λ1(Ω) denotes the first eigenvalue of −∆ with zero Dirichlet boundary
condition. Then, by the Gagliardo-Nirenberg inequality and the assumption
α < 2/A, we obtain∫
Ω

ζ4dx− 2

α

∫
Ω

|∇ζ|2dx <

(∫
Ω

|∇ζ|2dx
)( ∫

Ω
ζ4dx(∫

Ω
|∇ζ|2dx

) (∫
Ω
ζ2dx

) − 2

α

)

≤ λΛ1(Ω)

λ+ Λ1(Ω)

(
A− 2

α

)
.

Thus, B0
α,λ < 0. Using the same estimate as in (18), we obtain

B0
α ≤ lim inf

λ→∞
B0

α,λ.

For a lower bound of B0
α, consider the eigenfunction φ1 associated to Λ1(Ω),

normalized by
∫
Ω
φ2
1dx = 1. Then,

B0
α ≥ 1

|Ω|
− 2

α
Λ1(Ω).

Hence we obtain

1

|Ω|
− 2

α
Λ1(Ω) ≤ B0

α ≤ lim inf
λ→∞

B0
α,λ < 0. (19)
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For any λ > 0, the existence of a maximizer of B0
α,λ can be shown in the

same way as in Step 1 of the proof of Proposition 4.1. Let {λn} be a sequence
with λn → ∞, and let {ζn} ⊂ H1

0 (Ω) be maximizers of B0
α,λn

. Without loss

of generality, we may assume ζn ≥ 0 in Ω. For each n, ζn satisfies{
−
(

2
α
+ σn

λn

)
∆ζn + σnζn = 2ζ3n in Ω,

ζn = 0 on ∂Ω,

where the Lagrange multiplier σn ∈ R is given by

σn = B0
α,λn

+

∫
Ω

ζ4ndx.

If σn ≤ 0, (19) implies∫
Ω

ζ4ndx = σn − B0
α,λn

≤ 2

α
Λ1(Ω)−

1

|Ω|
,

so both
∫
Ω
ζ4ndx and

∫
Ω
|∇ζn|2dx are bounded uniformly in n. If σn > 0, then∫

Ω

(
2ζ2n − σn

)
ζndx > 0,

which implies ∥ζn∥L∞(Ω) ≥
√
σn/2. Moreover, by (19) and the Gagliardo-

Nirenberg inequality we have σn ≤ Aλn, and following Step 2 in the proof of
Proposition 4.1, we conclude that σn is uniformly bounded. Consequently,
both

∫
Ω
ζ4ndx and

∫
Ω
|∇ζn|2dx are uniformly bounded as well.

Finally, applying Step 3 in the proof of Proposition 4.1, we conclude that
B0

α admits a maximizer, which completes the proof.
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