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Abstract

We investigate the asymptotic behavior of maximizers for the Trudinger-
Moser inequalities with a scaling parameter, both in the Neumann and
Dirichlet cases. In particular, we focus on the vanishing phenomena of max-
imizers when the exponent in the Trudinger-Moser functional is sufficiently
small. We show that, after suitable normalization, sequences of maximiz-
ers converge to solutions of elliptic equations with polynomial nonlinearities,
which are characterized as maximizers of explicit variational problems. More-
over, we derive asymptotic expansions of the best constants.
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1. Introduction

Let Q C R? be a smooth bounded domain. It is well known that there
is a Sobolev embedding W, (Q) «— L*/Z=P)(Q) for p € [1,2). If we look at
the limiting case p = 2, then H{(Q) := W,*(Q) < LI(Q) for any ¢ > 1, but
H}(Q) o L>*(Q). To fill this gap, it is natural to seek the maximal growth
function g : R — R such that

sup / g(u)dzr < oo,
weHL(Q) /O
[Vull2<1
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where ||Vul]3 = [, |Vul?dz denotes the Dirichlet norm of u. Pohozaev [21]
and Trudinger [24] proved independently that the maximal growth is of ex-
ponential type, more precisely that there exists a constant a such that

2
sup /ea“ dr < oco.
ueHL(Q) JQ

[Vull2<1

Later, Moser [18] sharpened this inequality as follows:

< CQ if o <d4m,
sup / e da i _ =7 (1)
ueHE (Q) Jo = 00 if o >d4nr.
[Vull2<1

Lions [16] showed that for (1) there is a loss of compactness at the limiting
exponent o = 4mw. Despite this loss of compactness, the existence of an
extremal function attaining the supremum in (1) for a = 47 was established
by Carleson and Chang [1] in the case where 2 is a unit ball, and this result
was extended to arbitrary bounded domains in R? by Flucher [6].

In this paper, we study the Trudinger-Moser functional

E,(u) = /Q (ea“2 - 1) dr, o >0,

subject to either of the constraints

¥y = {u c H'(Q) ' /Q(|Vu|2 + \u?)dr = 1}
N »0 = {u c Hi () ’ /Q(|Vu|2 + M) de = 1} :

where A > 0 is a parameter. The parameter A represents the scaling of the
domain . Indeed, by considering the transformation uy(z) = u((z —p)/V/\)
for u € H'(Q2), A > 0, and p € R? one has that the functional E,(u) on
Q) coincides with F,(uy) on Q) = {\/Xx +plx € Q}, and similarly, u € %,
on 2 if and only if uy, € ¥y on ). Thus, the existence of a maximizer for
Sup,,ex, Fo(u) on Q is equivalent to that for sup,cy, Fo(u) on . The same
equivalence holds in the Dirichlet case.

Concerning the existence of maximizers, it is known that for any A > 0
there exists a maximizer for sup,cy, Fo(u) provided o € (0,27], and for
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sup,exo Eo(u) provided o € (0,4n]. In particular, the existence of a max-
imizer for sup,ey;, Far(u) and for sup,cxo Eur(u) has been proved by Yang
25] and Ruf [22], respectively.

We focus on the asymptotic behavior of maximizers for sup,,cy;, Fo(u) and
SUPyexo Ea(u) as A — co. In [7], it was shown that the asymptotic behavior
of maximizers for sup,cy, E,(u) depends on the exponent «. Namely, there
exists a threshold «a, € (0,27) such that if a € (o, 27), then any maximizer
of sup,cx, Fo(u) develops a single spike layer with its unique peak located
on the boundary of 2, while if a € (0, o), then any sequence of maximizers
converges to zero in C'(2) as A — co. Moreover, in [8], it was shown that the
situation in the critical case a = 27 is the same as in the case a € (a, 27).
Furthermore, for any a € (a., 27| maximizers of sup,cs, Fo(u) concentrate
around a point where the mean curvature is maximized as A — oco. A similar
phenomenon holds for sup,eso Eo(u). In [8], it was also shown that there
exists a threshold f, € (0,47) such that if o € (f,,4n|, then maximizers
of SUP,ex0 E,(u) concentrate at a single point, whereas if a € (0, 5,), then

any sequence of maximizers vanishes in C'(2) as A — oo. However, the
concentration point of maximizers for sup,eso Eo(u) differs from that in the
case of sup,ey, Eo(u). Maximizers for sup,exo Eq(u) necessarily concentrate
around a “most centered point” of the domain {2, namely a point of maximum
distance to the boundary. These concentration results follow from asymptotic
expansions of the best constants sup,cy, Fa(u) and sup,exo Eo(u) as A —
00. On the other hand, a precise description of the vanishing behavior of
maximizers for small o remains open in both cases.
The asymptotic behavior of maximizers for sup,cy, Eq(u) and sup,exo Ea(u)

is closely related to the following variational problem:

dg := sup / (e*g“Q — 1) dz.
ueH (R?) R2

Jr2 (IVu2+u?)dz<1

The variational problem dg exhibits a loss of compactness in H*(R?) caused
not only by concentration but also by vanishing phenomena. In [10], it has
been shown that for sufficiently small 3, there does not exist a function that
attains the supremum dg, due to vanishing loss of compactness. This nonex-
istence result causes the vanishing behavior of maximizers for sup,,cs, Fo(u)
and SUPyex9 E,(u) when « is small. In fact, their behavior corresponds to
the vanishing behavior of maximizing sequences for dg. Thus, maximizers of
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SuPyeyx, Fa(u) and sup,esy Fo(u) can be regarded as “normalized vanishing
sequences” introduced in [10], in the following sense.
Let A > 0, and let uy and vy be maximizers of sup,cy, Fo(u) and

Sup,exo Ea(u), respectively. Consider 2, := {\/X(x —p)+p|lze€ Q} , DE

R2, and define the scaled functions

a(@) = uy (x—\/_; —i—p) L Oa(x) == v (I—\}Ap +p> ,

which satisfy ||| g1y = [|0alla1@,) = 1 for all X > 0. The results in [7, §]
show that

Jim [V r2,) = lim [[Voullzzo,) =0,
Jim f[alz2@y = lim f[osllzz@,) =1,

and

lim (eo‘ai — 1> dz = lim (e"‘ﬁ§ — 1) de =0
A= J0,NBR(q) A= J0\NBR(q)

for each R > 0 and ¢ € R?, where ¢ may depend on \.

The vanishing loss of compactness of maximizing sequences for dg arises
from the fact that the embedding H} ,(R?) < L*(R?) is continuous but not
compact, where H! ;(R?) consists of radially symmetric functions in H'(R?).
For further studies on vanishing phenomena, their relation to Trudinger-
Moser type inequalities, and related variational problems, we refer the reader
to [2, 3,4, 5,9, 11, 14, 15, 17, 23] and references therein.

In this paper, we clarify the profiles of the normalized vanishing sequences
uy and vy by investigating the asymptotic behavior of uy and v,.

To state our results, we first define the constant

fei=nf{f € (0,4n) [ ds > B},

and set a, = f./2. We also define the best constant of the Gagliardo-
Nirenberg inequality by

f]R2 ¢'dx
A:= sup .
beH(®) (Jaz IVoI2dz) ([ $*d)



Note that 8. € (0,47), and hence o, € (0,27). More precisely, it holds that
Bs < 2/A, and therefore o, < 1/A, by Theorem 1.1 in [10]. For the relation
between a, and the variational problem on the Trudinger-Moser inequalities
in the half space, see Appendix in [7].

For a € (0,27] and A > 0, we write I(a, \) := sup,cx, Fa(u), and for
a € (0,4n] and A > 0, d(v, A) = sup,exg Ea(u). For 7 > 0 we further define

2
B,:= sup (/ u'dr — —/ |Vu|2dx> :
weH(Q) Q Y Ja

Jq vidz=1

2
BY):= sup (/ vidr — —/ ]Vv|2dx) :
vEHL(Q) Q Y Ja

Ja v2dr=1

and

In Section 4, we will prove that B, < oo if v < 1/A, and that Bg < oo if
v < 2/A, as well as the existence of maximizers.
Within this framework, we obtain the following results.

Theorem 1.1. Assume that o € (0,cv.). Let uy be a mazimizer of I(a, \)
for large A\. Then _
Vaus(z) = ug in CHQ)

as A\ — oo, where ug € H'(Q) is a mazimizer of B,.

Theorem 1.2. Assume that o € (0,5,). Let vy be a mazimizer of d(c, \)
for large A\. Then
Vs (z) = vy in C*(Q)

as A\ — oo, where vg € HY(Q) is a mazimizer of BL.

From the viewpoint of normalized vanishing sequences u) and vy, it fol-
lows that

Vi (\/X(x —p) +p> — U, VD, (\/X(x —p) +p> — Vg

as A — oo. This transformation preserves the L?-norm and was introduced
in [10] as an explicit form of vanishing sequences.



Maximizers of I(«, A) and d(«, \) correspond to solutions of the following
elliptic equations:

au2
—AU + )\U = m n Q,
Gu—0 on 09,
and ,
—AU + )\U = % in Q,
Q
u=20 on €,

respectively. The proofs of Theorems 1.1 and 1.2 are based on an analysis of
these equations, under the assumption that both wy and vy vanish in C(£2)
as A — oo. Precise asymptotic properties of uy, and vy, together with the

Taylor expansion

2
65—1:s+%+0(s4) as s—0,

lead to the following asymptotic expansions:

1 a2 1 _1

I{a,\) = sup E,(u) = — |[a+ —Ba— +0o(A7)

UED ) )\ L 2 )\ ]

and - .
1 a? ol 1

d(a,\) = sup Ey(u) = -~ |[a+ =B~ +0o(A7)

uGEg A L 2 A d

as A — oo. It is worth noting that the difference between the behaviors
of I(a,\) and d(a, ) is that AI(a, \) approaches a from above, whereas
Ad(a, \) approaches a from below, since B,, > 0 while B? < 0.

This paper is organized as follows. In Section ,2 we prove Theorem 1.1,
and in Section 3, we prove Theorem 1.2. In Section 4, we establish several
results concerning B, and BY.

2. Proof of Theorem 1.1

Assume that o € (0,c). Let {\,} be a sequence with A\, — oo as
n — oo, and let u, be a maximizer of sup,cy, E,(u) for sufficiently large n.
Without loss of generality, we may assume that u,, is nonnegative in 2. For



simplicity, set ji, = ||un|| o). Let z, € Q be a point where u,, attains its
maximum, i.e., u,(x,) = p,. Then w, satisfies the elliptic equation

2
9un — ) on 0f, @)

2 .
{—Aun + Ay, = Lyu,e%n in €,
ov

where L, is the Lagrange multiplier expressed as

1

S S—
2 pau? ’
Jo uZecvidx

Moreover, we have L, < A\, for each n € N. By elliptic regularity theory, it
follows that u, € C%(Q2) N C'(2), and by the maximum principle, we obtain
u, > 01in Q.

The following results have been proved in [7].

Proposition 2.1. We have

o, — 0, / |Vu,|?de — 0, and )\n/ uidr — 1
0 Q

as n — Q.

Concerning the behavior of L,,, Lemma 2.5 in [7] yields

We first prove the following lemma.

Lemma 2.2. It holds that
liminf A2 >
where || denotes the Lebesque measure of the domain Q.

Proof. By Proposition 2.1, we obtain
M fi21Q) > A / uidr =1+ o(1).
Q
This directly implies the desired lower bound in Lemma 2.2. ]
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Next, we establish the following estimates.

Lemma 2.3. We have

1
lim sup—Q/ |Vu,|?dr < « (4)
n—oo My JQ
and
I (1 L") L (5)
im su —— = <a

Proof. Multiplying (2) by u,, and integrating over 2, we have

/|Vun|2dx+)\n/uidx:Ln/uiea“%daz.
0 0 0

For the right hand side, using Proposition 2.1 and (3), we estimate

Ln/uieau%da: < (T4ap) Ln/uidx—i-O (Ln,ui/uidx)
0 0 Q
= Ln/ uldr + ap? + o(p?).
Q
Hence,
L,
/ |V, |*dz + (1 — —) )\n/ urdr < ap? + o(p?).
Q )‘n Q

Applying Proposition 2.1 once again, we deduce

L[ 9upar+ (1-2) a+o)] < a o,

which yields the desired estimates (4) and (5). O

By the positivity of A, — L,, and estimate (5) in Lemma 2.3, we may, after
passing to a subsequence, assume that w = lim,, o (1 — L, /\,) /u?. Then,
we obtain the following upper bound for A, u2.

Lemma 2.4. There exists a positive constant K such that

limsup A\, p2 < K.

n—o0



Proof. Assume by contradiction that, after passing to a subsequence if nec-
essary, A,y — 00 as n — oo. We may also assume that z,, — 2o € Q if
necessary. For simplicity, set R, := v/Aplin.

We first consider the case lim,, o dist(x,,0Q)R, = oco. Define Q, :=
{R.(z — z,,) | x € Q} and consider a scaled function

(2) 1 z n
Wn(2) = —Up | =+ ).
Hn R,
The function w,, satisfies w,(2) < 1 for any z € Q,, [|wy /L=, = 1 and

H2 b2,

Qun — () on 0€),.

2,,2 .
{—Awn + (1 - i—;) Lw, = i—;%wn (ea“nwn - 1) in Q,,
ov

Since lim,,_,, dist(z,, 0Q)R,, = oo, for any R > 0 there exists N € N such
that Br(z,) C Q, for any n > N. Then, by elliptic regularity theory, there
exists a function wy such that

w, = wy in CF (R?)

loc

and

—Awy +wwy = awy, we >0 in R (6)

Since A, [, uzdz = 14 o(1), we have

/ widr = lim widx
R2

R—o0 Bgr

= lim lim w?dx
R—o0on—oo Br

= lim lim A, / u?dx
R—o00 n—o0 BR/Rn (zn)

1. (7)

IN

Combining this with (4), we deduce wy € H'(R?). Then, by the Harnack in-
equality, we derive that wy(x) — 0 as |z| — 00, S0 wy is uniquely determined
by the uniqueness result for (6) with the decay condition at infinity (see for
instance, Kwong [12]).



Here, recalling that o < a,, < 1/A and the Gagliardo-Nirenberg inequal-

ity, we have

Je woda 1
<A< =
(oo Vo 2dz) (Jo widz) =~ @ (8)

On the other hand, the Pohozaev identity gives

a
w [ widr=— | widz,
R2 2 R2

which leads to w > 0 and

2
/R2 wydr = = whda. 9)

o Jr2

Moreover, multiplying (6) by wy, integrating over R? and using (9), we have

/|Vw0|2dx:w/ wid. (10)
Q R2
Thus, combining (7), (9) and (10), we obtain

Jgo widz B 2 - 1
(foo |Vwo|2dz) ([ widz) o [qwide — o
However, the inequality contradicts (8). Consequently, Lemma 2.4 holds in
the case lim,,_, dist(z,, 0Q)R, = 0.

We next consider the case dist(z,,9Q) = O(R,'). We recall a diffeomor-
phism straightening a boundary portion around a point P on 052, introduced
in [13, 19, 20].

Fix P € 09). We may assume that P is the origin and the inner normal to
0€) at P points in the direction of the positive zy-axis, where z = (x1,x9) €
R2. In a neighborhood N of P, 9Q N N can be represented by

1
vy = () = S Hat +ofa?),

where H is the curvature of 92 at P. Define amap x = ®(y) = (P1(y), P2(y))
by
oy
Pu(y) = v~y —(),  P2(y) =12 + ¥ ().

X1
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Since ¢'(0) = 0, the differential map D® of ® satisfies D®(0) = I, the
identity map. Thus, ® has the inverse mapping y = ®~!(z) for small |z|. We
write U(z) = (V(z), ¥s(x)) instead of ®~1(z).

Since xy € L), we apply this diffeomorphism around xy. We may assume
that ® = U~ is defined in an open set containing the closed ball By, x > 0,
and that P, := ¥(z,) € B} for all n, where B! := {y € B, | yo > 0}. Define

n(y) = un(®(y) for y e By,
and extend it to Bs, by reflection:

/& (y) L an(:g) 1f Yy € B2m
e n((y1, —y2)) if y € By,

where B, = {y € By, ‘ Y2 < 0}. Now, set

1
wy(z) = M—ﬂn (Ri + Pn) for 2z € Byug,

Let P, = (Pn, ¢u/Ry). The condition dist(z,,0) = O(R;!) implies ¢, < oco.
By (2), w, satisfies the following elliptic equations:

2

82w L 1 L, 1 2,2
n b (2 1-=2 _n:_"_n(aunwn_1>’
Z 32’182] Z ( )\n> M%w An ,u%w c
where a7, b7 are defined as follows: First, put

W) = 3 @) I (@) 1< <2
biy) = (AU)@E) 1<j<2
Then, set

B R w2
i (_1)5i2+5j2a/ij(<pn + 21/ Rn, —(qn + 22)/Ry) 29 < Gn,

n(z>: bj(Pn_'_Z/Rn) 29 2 —(Qn,
’ (=1)%2b;((pn + 21/Rn), —(@n + 22)/Rn) 22 < =G,
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where 9;; is the Kronecker symbol.
By elliptic regularity theory, we have

w, — Wy In C’lzoc(Rz),

and
—Awy + wwy = awg, wo >0 in R

As in (7), we have
/ widr < 2,
R2

so wg € H'(R?), and thus wp(z) — 0 as |z] — oo. Hence wy is uniquely
determined.
To derive a contradiction, arguing as in (9) and (10), we see

2
/ wydr = = widxs
R2

A Jp2

and

|Vwo|?dr = w/ wid.
R? R?

Hence, the Gagliardo-Nirenberg inequality yields

A> Jpe woda _ 2 > l,
oY

B (fR? |Vw0|2dx) (fu@ w%dm) Q fRz wgdz

which contradicts the assumption o < a, < 1/A. Consequently, Lemma 2.4
also holds in the case dist(z,,9Q) = O(R, '), completing the proof. O

By Lemmas 2.2 and 2.4, we may, up to a subsequence, assume without
loss of generality that K = lim,, . )\nui. Thus, we suppose that

lim (\, — L,) = wK.

n—oo

Define u} := v/ Apu,. By (2), the function u} satisfies

{—Auz + (A — Lp)ul, = Lyl (eo"\;l‘“fl|2 — 1) in Q,

Zin =0 on 09
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Since |[u, ||z~ — VK as n — oo, using elliptic regularity theory, we
observe that there exists ug € C?(2) such that

ut —ug in C*(Q),
l|luo || o) = VK, fQ uddr =1, and

%:O on Of).

{—Auo +wKug = aud in Q,
Finally, to complete the proof, we establish the following proposition.
Lemma 2.5. The function ug is a mazimizer of B,.

Proof. We compute

2
MEo(uy) = /\n/ (aui + %ui) dx + O ()\n/ ugdx)
Q Q

- a4 2 <g>\i/Uid$ - )‘n/ |Vun|2d$) +O(pi)
)\n 2 Q Q

= a+ &—2 / luk [*da — z/ (VUi |2dr | + O(N,?)
N 2/\n Q " a Jo " "
2

_ a 4, 2 2 ~1
= a+2>\n (/Quodzv a/Q|Vu0| dx) +o(\,).

Since [, ujde = 1, it follows that

2

Ml (@A) = A Ba(tn) <+ %Ba +o(ATh). (11)

On the other hand, for n € H'(Q) set

n
M '= —F/— >
il

where )

iy, = ([ 1 47 )
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Then n, € X,,, and we obtain

MBalin) = A / (eani—1) dz
= ——dz + / dr + O(\,?
[ e IR AT R

\V/ 2 4
— a-2 | Z| dz + o’ / 774 dx + O(\,?)
n Jo Tl T 2N Jo Tl

2 4 2 2
= a+t— / _774 de — — —|VZ| dz | +O(\?)
22, \ Jo ||77||H1 aJo Il

9 2
2)\ ||77||L2(Q a Jo ||77||L2(Q)

Choosing U as a maximizer of B,, we deduce

Al \n) > MEa (U

2 VU |? —2

= a+2)\nB +O(\2).

The upper estimate (11) and the lower bound above together yield
o2
Al (a, A\p) = MEo(uy,) = o+ KB +o(A1),

which implies that ug is indeed a maximizer of B,. This completes the proof
of Lemma 2.5. O

Consequently, the proof of Theorem 1.1 is complete.

3. Proof of Theorem 1.2

Assume that a € (0,0). Let {\,} be a sequence with A\, — oo as
n — 00, and let v, be a maximizer of sup,exo Eo(u) for sufficiently large n.
Without loss of generality, we may assume that v,, is nonnegative in ). For
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simplicity, set £y, := ||vp||Le (). Let Z, € Q be a point such that v, (Z,) = &,.
Then v, satisfies the elliptic equation

{—Avn + Ay = M,v,e%n in €, (12)

v, =0 on 09,

where the Lagrange multiplier M,, is expressed as

1
Mn = 5
Jq vZeavada

By elliptic regularity theory, we have v, € C?(Q) N C(Q), and by the maxi-
mum principle, v, > 0 in 2.

We first recall the following results, which correspond to Theorem 1.3 (II)
in [8].

Proposition 3.1. [t holds that

Kn — 0, / Vo, |2de — 0, and M\, / vidr — 1
Q Q

as n — 0.
By the same argument as in the proof of Lemma 2.2, we obtain:
Lemma 3.2. .
liminf A k2 > —

Assume that A;(2) denotes the first eigenvalue of —A with the zero
Dirichlet boundary condition and ¢, is the eigenfunction associated to A;(2).
Multiplying (12) by ¢; and integrating over € by parts, we have

M) [ ntnde = [ vnon (Myet =3, ) do = (0, = A) [ nind
Q Q Q

which implies that A, — M,, > —A;(Q2). Moreover, by Hopf’s lemma and
Proposition 3.1, it follows that

0 < / o (Mneav% — )\n> do < (Mn(l + 2aK?) — /\n) / vpdx.
Q Q

15



Thus, we have
—A () < N\ — M, < 2aM, k2. (13)

Furthermore, using Proposition 3.1 again, we obtain
)\n/ v2endr =1+ o(1),
Q

and hence
lim Mg
e A,
Combining Lemma 3.2, (13), and the above equality, we derive
M\ 1
—A(Q)Q (14 0(1)) < (1 — )\—> — <2a (14 o0(1)) (14)

n) K2

as n — 00.
By (14), we may assume, after passing to a subsequence, that wy =
lim, o (1 — M, /\,) /2. Then we obtain the following lemma.

Lemma 3.3. There exists a constant D > 0 such that

1
limsup—/ |V, |?de < D.
0

2
n—oo Ry

Proof. Multiplying (12) by v, integrating over € by parts, and using Propo-
sition 3.1, we obtain

M,
/ |V, |*dx + (1 - —n) An / vidr < ak? 4 o(k2).
Q A 0

n

This estimate together with (14) yields the existence of a constant D > 0
such that

1
—2/ |V, |2de < D+ o(1)
Kn Ja
as n — 00, which proves the desired estimate. Il
Then, we prove the following lemma.

Lemma 3.4. There exists a positive constant Ko such that

lim sup A\, k2 < K.

n—oo
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Proof. The proof follows the strategy used to prove Lemma 2.4. Assume
by contradiction that, up to a subsequence, \,k2 — oo as n — oo. Define
Q, = {\/)\n/in(:v — ) ‘ T € Q}, and consider a scaled function

1 z -
wy(2) = K—nvn (m + :L‘n) )
Then w, satisfies w,(z) < 1 for 2 € Qy, |wy||r=(,) = 1 and
—Aw, + <1 — %) éwn = A/{—:éwn <e"“‘i?f‘”v21 — 1> in €,
{wn =0 on 0f,.
By elliptic regularity theory, there exists wy such that
w, = wy in C2_(X),
where w, satisfies
—Awy + wwy = awg, wo >0 in X,

and wy € H}(X). Here, X = R? if dist(Z,,9Q)v Ak, — 00, and a half
space if dist(Z,, 9Q) = O((vVAnkin) ™).

However, computing as in the proof of Lemma 2.4, we obtain

[ wodx 2
A> > 2
a (fX ‘VWOPdZU) (fX wgd:t) o

which contradicts the assumption a < 8, < 2/A. This completes the proof
of Lemma 3.4. O

By Lemmas 3.2 and 3.4, we may assume without loss of generality that
Koy = lim,, o A\ni2, up to a subsequence. Then, we also assume that lim,, (A, —
M,,) = woKp.

Set v¥ 1= \/A,v,. Since v, is a solution of (12), the function v} satisfies

— AU+ (A — My )vi = My (emw - 1) in 0
vy =0 on 0.
Since limy, o ||V} ]|z = VKo, by elliptic regularity theory, there exists
vp € C*(Q) such that B
vi =y in C*(Q),
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where vy satisfies ||vol| L) = VKo, [, vidz =1, and

—A’Uo + WOKQUO = Oé’l)g in Q,
v =0 on Of).

Thus, to complete the proof of Theorem 1.2, we establish the following
lemma.

Lemma 3.5. The function vy is a mazimizer of B.

Proof. Following the computation in the proof of Lemma 2.5, we obtain

Ad(a, Ny) = AEo(vn)
- +3it/%1—?/W]m +o(AY)
= ator QUO = : vol*dx | + o(\,

062
a4 —B% 4o\ 1),

<
- 2\,
and )
AM@A@:MEMMZQ+§%@+OQf)
Therefore, we conclude that vy is a maximizer of BY. O

Consequently, the proof of Theorem 1.2 is complete.

4. Variational problems B, and Bg
In this section, we investigate the variational problems B, and BY.

Proposition 4.1. For any o < 1/A, it holds that
0< B, < o0,

and B, s attained.

Proof. Step 1. Fix A > 0 and set

2
Ba,)\ ‘= Sup (/ C4d$ - _/ ‘VC'Zd.CIZ') )
CeHY(Q) \JQ a Ja

[l =1
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where

Hdhyz([}xﬂvq?+@ym)

We first show the existence of a maximizer of B, . For any ¢ € H 1(Q) with
||C||H§ = 1, we observe that

/C4d:c—g/ |VC|2dx:/C4dx+%/C2daz—%.
Q o Jo Q a Jo «

Thus, it follows that

. 2\
Ba,)\ = Ba,)\ - >
o

and hence, the maximizers of B, \ coincide with those of B, \, where

. 2\
B,y = sup (/ pldr + == / pzdx) :
pEHL(Q) \JQ o Jo

el g7y <1

Let {p,} C H'(Q) be a maximizing sequence for B, . Since {p,} is bounded
in H'(Q), there exists py € H'(2) such that, up to a subsequence, p, — po
weakly in H'(Q), p, — po strongly in L*(Q2) and p,, — po strongly in L*(£2)
as n — oo. Therefore, ||pol|g1 <1 and

2\ 2\ ~
/pédqu—/pgdx: lim (/ pida:—l——/pidx) = B .
Q @ Ja oo \Ja @ Ja

This shows that py is a maximizer of Bm A, and hence also of B, ».

Step 2. Let {\,} be a sequence such that \, — oo as n — oo, and
let {¢,} € H' () be a sequence of maximizers of B, ,,. Without loss of
generality, we may assume that ¢, > 0 in Q. By the Lagrange multiplier
theorem, there exists 7,, € R such that
{— <% + ;—Z) Ay + 16, =2¢ in Q, (15)

88%:0 on Of).

We observe that
/ (2(5 — Tn) Cudx =0,
Q
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and then, 7, > 0 and |G, ||z @) = /Tn/2-
We now show that there exist positive constants C; and C, independent
of n, such that
Cl S Tn S CQ. (16)

Multiplying (15) by ¢, and integrating over €2, we obtain
Tn = Ba, + / Cld. (17)
Q

Since the constant function |Q|~'/? satisfies |||Q|71/2||H)1\ = 1 for any n, it
follows that By, > [|7!. Thus, 7, > |Q|7', which provides a uniform
lower bound.

For the upper bound, suppose by contradiction that 7,, = oo as n — oo.
Under the hypothesis, we have ||, || L) — 00 as n — co. By the Gagliardo-
Nirenberg inequality in H'(R?) and the existence of an extension operator
from H'(Q) to H'(R?), there exists a constant Ag > 0 such that for any
¢ € HY(Q), we derive

/QC‘*dngQ (/QCde) Vg(yvqu@) dx}_

Using this inequality together with [|(,|| m =1, we obtain
T = O(A\pn)

as n — oo. By the lower bound of B, ), and the expression (17), we deduce

/ Cldr = O(1,), / V¢ |?dr = O(T,).
Q Q

Going back to (15), we see that the coefficient of —A(, is uniformly bounded
in n. Therefore, recalling that @ < 1/A and following the argument in
the proof of Lemma 2.4, we reach a contradiction. Hence, 7, is uniformly
bounded from above.

The uniform bound (16) implies B, , < Cs and [, (idx < C5, and con-
sequently [, |V¢,|*dz is also uniformly bounded in n. By elliptic regularity
theory, after passing to a subsequence, there exists (o € C2(f2) such that

(o — G in C*(Q),
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¢ >0in Q, fQ adr =1, and

{—iACo + 16 =2¢ in Q

%:O on 0f,

where 75 = lim,,_,o0 T
Step 3. We show that (y is a maximizer of B,. For ( € H'(Q) with
Jo ¢?dz =1 and A > 0, define

‘: ¢
N el

Since ||C]] A7 IVC|Pd + 1, we have

2 —
H)\

2
[ ¢tn =2 [ 1vepas
Q a Jo
_ 4 4d _z 2d 4 g 2d _g 2d
= [[¢lzn (\dx VG dx | + (¢l VG| dx V([ dx
* \Ja a Jo raJo @ Ja

) 2
< IClyBas+ 2 [ 9ePar) (18)

Letting A — oo, we obtain

2
/ Ctdr — —/ IV¢|*dz < liminf B, .
Q a Jo A—00
Since ¢ is arbitrary subject only to [, (*dz = 1, we obtain
B, <liminf B, ).
A—00

By Step 2, we have

B, < liminfB, ),

n—oo

2
= liminf (/ Cﬁdm——/ |V§n|2dx>
n—o0o Q o Jo

2
= /ggdx——/ V(o |*da,
Q a Jjo

which shows that (p is a maximizer of B,. This completes the proof of
Proposition 4.1. 0
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Proposition 4.2. For any o < 2/A, it holds that
—o00< B2 <0
and BY is attained.

Proof. Similarly to the proof of Proposition 4.1, define
2
Bgy)\ = sup (/ Cldr — —/ |V§|2dx).
CEH () \JQ @ Jo
€l =1

Note that for any ¢ € Hg(2) with ||C[| ;1 = 1, we have

1
?dz >
v > ey

where A;(€2) denotes the first eigenvalue of —A with zero Dirichlet boundary
condition. Then, by the Gagliardo-Nirenberg inequality and the assumption
a < 2/A, we obtain

e et < (/ﬂ WC%) ((fﬂ qu%gd(xfﬂ Gdr) §>
< % <A - %) |

Thus, B, , < 0. Using the same estimate as in (18), we obtain

BY <liminf B ,.
A—00 ’

For a lower bound of BY, consider the eigenfunction ¢; associated to A;(f2),
normalized by fQ ¢?dr = 1. Then,

1 2
B> — — ZA(Q
«a |Q| o 1( )
Hence we obtain
! 2A(Q)<B°<l' inf B, <0 (19)
Q] o 10V = Pa = NI Baa <
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For any A > 0, the existence of a maximizer of BY , can be shown in the
same way as in Step 1 of the proof of Proposition 4.1. Let {),} be a sequence
with A, — oo, and let {¢,} C Hj(Q) be maximizers of By, . Without loss

of generality, we may assume ¢, > 0 in Q. For each n, (, satisfies

~(2+2)AG+amG=2¢ i
=0 on 09,

where the Lagrange multiplier o,, € R is given by

on =B, + / Cldx.
Q

If 0, <0, (19) implies

1

2
tdr =0, — B%, < ZA(Q)— —
/and$ On aAp — o 1( ) |Q|7

so both [, (idx and [, |[V(,|*dz are bounded uniformly in n. If o, > 0, then

/ (2(2 — O'n) Codx > 0,
Q

which implies ||y ||L=) > \/0n/2. Moreover, by (19) and the Gagliardo-
Nirenberg inequality we have o, < A\,, and following Step 2 in the proof of
Proposition 4.1, we conclude that o, is uniformly bounded. Consequently,
both [, (idx and [, |[V(,[*dz are uniformly bounded as well.

Finally, applying Step 3 in the proof of Proposition 4.1, we conclude that
B? admits a maximizer, which completes the proof. O]
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