ON A CECH COHOMOLOGICAL EQUATION ALONG A COMPLEX
CURVE WITH A NODE

SATOSHI OGAWA! AND JINICHIRO TANAKA?

ABSTRACT. Let C be a rational curve with a single node embedded in a complex surface
V. We assume that the normal bundle N¢ v is flat, corresponding to the complex number
a € C* with |a| = 1. In this paper, we investigate how the cohomology of a certain finite
Stein covering of V' changes its behavior depending on the parameter «.

1. INTRODUCTION

Let C be a connected compact reduced complex curve holomorphically embedded in a
non-singular complex surface V. The complex analytic structure of a neighborhood of '
is related to the positivity or negativity of the normal line bundle N¢y .

In the case where C' is non-singular, several classical results characterize this relation-
ship. We assume that C' consists of irreducible components C, for v € {1,2,... N}. For
the intersection number of irreducible components a,, = C, - C,, we denote the inter-
section matrix of C' by A¢ = (a,,). According to the Grauert-Mumford criterion, the
largest eigenvalue A(A¢) of A¢ is negative if and only if C' admits a fundamental system of
strongly pseudoconvex neighborhoods (see [G] and [M]). Conversely, if A(A¢) is positive,
C possesses a fundamental system of strongly pseudoconcave neighborhoods [KU].

However, in the critical case where A\(A¢) is zero, the analytic properties of the neigh-
borhood are not determined by topological data alone. For non-singular carves with a
topologically trivial normal bundle, Ueda provided a classification into four types based
on the analytic structure of their neighborhoods [U83].

In the present paper, we observe the complex analytic properties of neighborhoods of
a curve C that is not a necessarily non-singular, specifically focusing on the case where
A(A¢) is zero. Regarding the curve C' as a divisor, we denote by [C] the corresponding
holomorphic line bundle on V, and define the normal bundle by N¢jy = [C]lc. We
suppose that C' is a rational curve with a single node (an ordinary double point) and
that its normal bundle N¢/y is flat. Given the flatness of N¢/y, the bundle corresponds
to the complex number a € C* = C\ {0} (see §2.1). For such nodal curves, Ueda
established the existence of an analytic neighborhood under the condition || # 1 [U91].
Koike investigated the case where |o| = 1, proving that a certain arithmetical condition
on « determines the complex structure of a neighborhood of C' [K]. Motivated by this
result, we study the cohomology groups of neighborhoods of C' with |a| = 1 under such
an arithmetical condition.
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In this paper, we investigate a Cech cohomological equation for a certain class of com-
plex curves with a single node, constructed as follows.

Let S and 7" = 1/S be the standard non-homogeneous coordinates of the complex
projective line P'. For the line bundle 7: Opi(—2) — P!, let o and y denote the fiber
coordinates over the neighborhoods 7 '({S = 0}) and 7 '({T = 0}). We define the

domains U, and U, by
U, = {(S,z) e 7 (C) | |S| <&, |z| <e},
U, ={(T,y) e 7 "B\ {0}) | |T] <&, |y <e},

where ¢ € (0, 1) is a sufficiently small number. We then define a biholomorphism r: U, —
[7:0 by the relation

r*S =y, r*(tz)="T.
Here, the parameter ¢ satisfies t € U(1) = {¢ € C | |¢| = 1} and let § € (0, 1) be the value
such that ¢t = ¢>™~1. By introducing a global coordinate w = Sz = Ty on Op(—2), we
define a neighborhood V of the zero-section C' of Op1(—2) as

V ={wer (P |w| <2}

Then, we obtain a complex curve with a node, embedded in a non-singular complex
surface, by taking the quotients

C=C/~CV=V/n~,

where the equivalence relation ~ on Vis generated by r(n) ~ 7. Furthermore, the family
of hypersurfaces {w € Op:1(—2) | w = constant} induces a singular foliation F on V. Let

Cr denote the sheaf of functions that are holomorphic on V' and constant along each leaf
of F.

Theorem 1.1. Let C, V, and F be as above. Then there exists a finite Stein covering
V of V which satisfies the following:

(1) If 6 is an asymptotically positive irrational number, i.e. there exist positive num-
bers ¢ and R < 1 such that min |nd — m| > c¢R" holds for any positive integer n,

meZ
then H'(V,Cx) = 0.
(2) If an irrational number 0 is not asymptotically positive, then H'(V,Cr) is a non-
Hausdorff topological space with respect to the topology of compact convergence.

We define the Cech cohomology group as the Hausdorff quotient of the standard Cech
cohomology. Specifically, let 1V be an open covering of a neighborhood of C'. We define

Ker(5: C’l(V, Ov/C]:) — 020), Ov/C]:))
m(5 OO<V,OV/Cf) — Cl(V, Ov/C]:))’

Hflormal(v’ OV/O]:> =

where ¢ denotes the boundary operator and Img represents the closure of the image of &
with respect to the topology of compact convergence. With this definition, the resulting
cohomology group becomes a Hausdorff topological vector space. For the quotient sheaf
Oy /Cx, we obtain the following result.



Theorem 1.2. There exists a finite Stein coveringV of V such that Hy. _.,(V, Oy /Cx) =
0.

The organization of this paper. §2 provides the setting of main theorems. In §2.1,
we construct a curve with a single node as described above and introduce the finite Stein
covering V of V. §2.2 is devoted to an explicit description of the Cech cohomological
equations to be solved. Finally, we prove Theorems 1.1 and 1.2 in §3.
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2. CECH COHOMOLOGICAL EQUATIONS

2.1. Construction a finite Stein covering. Let 7, : VoV= ‘7/ ~ be the quotient

map associated with the biholomorphism r : U, — U, and the equivalence relation ~
determined by 7.

Let p € C denote the node of C. We define Vj as a tubular neighborhood of C'\ {p}
in V, and Vi := m,(U,) as a neighborhood of p in V. Since Vj is Stein by [Si], the
sets form a finite Stein covering V = {Vi, Vi} of V. The intersection V5 NV} consists of
two connected components, denoted by V* and V. These components are chosen such
that 7' (V') (vesp. 7. *(V")) contains the axis {(z,S) | # = 0,0 < |S| < &} (resp.
{(y,T) |y=0,0 < |T| <e}). Accordingly, we define the following four sets:

Ve Tona (v, T = O, e (v,
Vo =U,nm i (vo), Vo=0,nm (V).

Finally, let V; be the connected component of the union of (Vo) \ (‘735_ U ‘7y+) and two
points {(z,5) = (0,0)} U{(y, T) = (0,0)} which contains C.
It is known that every topologically trivial line bundle E € Pic’(C) is uniquely rep-

resented by the non-zero complex number; that is, H'(C,0F) = C* [U91, Lemma 1].
Below, we provide an explicit description of this correspondence in our setting.

We consider an open covering {Wy, W;} of C, where Wy :== C'\ {p} and W, is a small
neighborhood of the node in C. The intersection WyNW consists of two disjoint connected
components, which we identify with the previously defined V- N C and V™ N C.
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Suppose that £ = Ngyy. Let wy be a local defining function of V5 N C in Vy. As
established in our construction, wy satisfies the following transition relations:

_fJtS-x (onV7),
TN Ty (on V).

Then we have
Neyy = [{(V-NnCt), (VINC 1)} € H ({Wi}, 0p) = H(C, OF).

Thus, the normal bundle N¢/y is uniquely determined by the number ¢ € U(1) C C*.

2.2. Cech cohomological equations. Let Cr C Oy be the subsheaf induced by leafwise
constant functions with respect to F as in §1. From the short exact sequence

0—>Cf—>OV—>Ov/C]:—)O,

we obtain the corresponding long exact sequence in Cech cohomology H *(V,e). Since
the Stein covering V consists of only two sets Vy and V;, the Cech cohomology groups
H*(V, @) vanish for all k > 2. Therefore, we focus on the following part of the long exact
sequence:

—>ﬁ1(V,C;) —)HI(V,Ov) —)HI(V,Ov/C}‘) —

What we want to investigate is the first Cech cohomology H (V,e). We denote VoNV; by
Vo1 for instance. To compute H*(V, Oy), we consider the coboundary equation Fy — F} =
f, where Fyy € O(Vp) and Fy € O(V}) are unknown functions, and {(Voy, f)} € C*(V, Oy)
is a given l-cocycle. Since the equation must be satisfied on each connected component
of V1, we express it as follows:

+ oon VT
0 r-n={ ol

Here, f* = f|y+ and f~ == f|y-. For simplicity, we denote the pull-back 7' F,, 7' F},
and 77 f* by Fy, Fi, and f*. Their Laurent series expansions are given as follows:

(2) fH(S,w) = Z S w"  on Vi,
TLGZZ(),T)’LEZ

(3) (T, w) = Z by T W™ on 17;;,
nEZZO,mEZ

(4) Fo(S,w) = Z PramS™w"  on Vp,
Nn€Z>o,meZ

(5) Fi (S z) = Z GnmS™ 2" on U,.
n,mEZZO



3. PROOF OF MAIN THEOREMS

3.1. Proof of Theorem 1.1. If F},, F}, and f* are leafwise constant, the expansions in
(2)—(5) reduce to power series in w alone:

fFrw)=>"Aw",  f(w)=> Bu"

n>0 n>0
Fo(w) = Zﬁnwna Fi(w) = ZqAnwn-
n>0 n>0

By substituting these series into the coboundary equation (1) on V7,

Fo(w) — Fi(w) = Zﬁnw” - Z&\nw” = ZAnw”.
n>0 n>0 n>0
Hence, we obtain the relation p, — ¢, = A, for each n € Z>o. On the other hand, the
equation (1) on V™ yields the relation ¢t™"p,, — ¢, = B,. Note that the transformation
w +— tw induced by r implies that the Laurent expansion of Fy on V™~ is given by
S o Pu(t™'w)", based on its expansion of Fy on VT. TIf t = ¢V~ for an irrational
number 6 € R, then 1 —¢" # 0 holds for all n € Z-0. Therefore, we obtain the coefficients

by

B, — A "B, — A
6 /\n: n n’ /;1: n n
(6) b= "= 4 1—¢n

for any n € Z-o By the assumption of the first assertion, there exist ¢ > 0 and 0 < R < 1

such that
1 1

<
|1 —t"| = cR»
for any n € Z~. Therefore, Iy and F} have a positive radius of convergence.

On the contrary, we show the second assertion. For any d > 0 and any positive number
r < 1, there exists Ng, € Zs, such that

1 S 1
|]_ — tNd,r| - drNd,r ’
For example, for f with A, =0 and f~ with B,, = 1/&", neither F, nor F} has a positive
radius of convergence. O

3.2. Proof of Theorem 1.2. In this subsection, we identify the coefficients p;, ,, and ¢, m,
by substituting the expansions into the equation (1).

On the component ‘7;, the equation Fy — F; = f7 is expressed in terms of the Laurent
series as follows:

S penS Y genS = Y agaut

n€l>o,meZ n,mE~Lx>q n€l>o,me”Z

By using the relation w = Sz and comparing the coefficients of each monomial S™z", we
derive the following relation:

_ S am (M >0)
(7) Pr.m—n = Gnm—n = { 0 <0)
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On the other hand, applying (1) to the component V™, we obtain similar relation. It

should be noted that the representations of F{, on IZ:F and on ‘7;; are related via the
coordinate transformations ST =1 and w = Sz = T'y. Furthermore, the representations
of F; on V., and on V., are identified through the gluing map r. Substituting these into

the expansion on V", we have
n—m., n —-n mn, m m n
E pn,mT Yy — E Qn,mt T y = § bn,mT w-.
nEZzo,mGZ n,m>0 TLEZZO,’I’TLEZ

By comparing the coefficients of each monomial 7"y",

_ _J amat™ (m=0)
®) e = b = { et 20

The equations (7) and (8) give the relations for p,, ,, and ¢, ,, as follows:

bi,—m (m >n)

_ ) b Guemnt™ (m < n)
pn,m N an,m + Qn,ern (m Z _77/)
Qp,m (m < —n)

By rearranging these relations, we obtain a system of equations for p,, ,, and g, ,:

(9) Prom = bn—m + Gnmnt™ " (m < n),

(10) Pnm = Anm + Qnom+n (m > —n),
(11) Gn,m = Pnym—n — nm—n (n,m > 0),
(12) Gnm = " (Pmym—n — bn—m) (n,m > 0).

We determine the coefficients p,, ., and ¢, ,,, by iteratively applying the relations (9) to
(12). First, by combining the relation p,, ,;, = bp —p, for m > n with (11), we find that

(13) Gnm = bn,nfm — Qpm—n
for pairs (n, m) satisfying m > 2n.

Next, by substituting (13) into (9), we obtain
(14) Pnm = bn,—m + tm_n(bn—m,—m - an—m,m)
for (n,m) satisfying n > m > g Similarly, applying (11) to (14) yields
Gn,m = bn,n—m — Gpm—n + tm_Qn(b?n—m,n—m - CL2n—m,m—n>
.3
for (n,m) with gn<m < 2n.
By repeatedly alternating between (9) and (11), one can determine the coefficients p;, ,,

and g, ., for (n,m) belonging to the specific regions. This inductive process leads to the
following assertion.



Proposition 3.1. For each integer j > 1, let P be the set defined by P? = {(n,m) €

L>o x | 717 <m < %}. Then,

J
Pnm = bn,—m + Z th(Ol)_nZ(bn—mé,—m - an—mf,m)

=1
holds for (n,m) € P’. Here, we denote the sum of integers from {1 to ly by > ({1, 0s) =
Lo
0.
=ty

Proof. The proof proceeds by induction on j. Let j > 1 be an integer and suppose that
the following expression for p,, ,,, holds for all (n,m) € P’:

J
(15) pn,m = bn,—m + Z tm2(07£)_n£(bn—mf,—m - an—mZ,m)~
(=1

To advance the induction to P/™ we observe how the index shifts in the relation (11).
Specifically, for a pair (n,m) to satisfy (n,m —n) € P’, the indices must fall within the
range

|+ 2 41
j. i n<m< ‘7—4_— n.

J+1 J
By substituting the inductive hypothesis (15) into the relation (11), it follows that

dnm = Pnom—n — Qnm—n
b b

J
= bn,—(m—n) + Z t(min) Z(078)7718(bn—(m—n)l,—(m—n) - an—(m—n)[,m—n) — Unm-—n
=1
J
= bn,n—m + Z t(m_N) Z(O!)_ne(bnf(mfn)f,nfm - anf(mfn)é,mfn) — Gnm—n
=1

J
_ Z t(m_n)Z(O’Z)_n[@n_(m—n)ﬁ,n—m — an_(m_n)&m—n>
=0

J
_ Z 00— T (g

{=0
j+1
_ Z #m >2(0,6—1)—n Z(—l,f)(

(=1

(+1)n—fmmn—m — a([—l—l)n—[m,m—n)

b@nf (t=1)ym,n—m — Qn— (Zfl)m,mfn)

for indices (n,m) satisfying the condition

(16) ‘ﬂn <m < ‘En
J+1 J
Hence, we find that
J+1
(17) Gnm = Z ¢ 2O D by oty — Qen (- 1)ymm—n)
=1



holds for (n,m) satisfying (16). Next, we substitute the expression (17) into (9). This
substitution is valid when

(n—m,n) € {(n,m) € (Zxo)?

)+ 2 + 1
‘Ln <m< J + n} .
J+1 J

For (n,m) € P’ that is, indices satisfying

J+2 RS
then we see that
Pnm = bn,—m + Qn—mmtm_n
Jj+1
= bn,fm + Z th(O’gil)i(njim) 210 (bﬁ(n—m)—(ﬂ—l)n,(n—m)—n - af(n—m)—(f—l)n,n—(n—m))
/=1
j+1
= b,y Z g 32(0,6—1)—n > (—1,0)+m > (—1,0) (bn—ém o — Ot m)
(=1
Jj+1
- bn,—m + e Z tmZ(_Le)_(é_l)n(bn—em,—m - an—fm,m)
/=1
Jj+1
= bn,fm + Z th(Ol)ine(bnfmé,fm - anfmf,m>-
/=1

This confirms that (15) holds for (n,m) € P/*!, thereby completing the induction. [

In the proof of Proposition 3.1, we also obtain the following.

Corollary 3.2. For each integer j > 1, let Q7 be the set defined by Q7 = {(n,m) €
(Z>0)? ;ﬁn <m < jjiln} for j € Z with j > 1. Then,
Jj+1
n,m = Z th(O,Z—l)—nZ(—l,K) (bﬁn—(ﬁ—l)m,n—m - afn—(f—l)m,m—n)

(=1

holds for (n,m) € @”.

On the other hand, the relation p,,,, = a,, holds for m < —n. By substituting this
into (12) and applying the relations (10) and (12) alternately, as in the previous argument,
we obtain the following proposition.

Proposition 3.3. For each integer j > 1, let P; be the set defined by P; = {(n,m) €
Lo X L | =% <m < —=15}. Then the following holds for (n,m) € P;:

j—1
Pnm = Gnm + Z tm2(07£)+n(£+1)(am(5+1)+n,m - bm(£+1)+n,fm)'
=0



Proof. This proof also proceeds by induction on j. Let j be a positive integer, and suppose
that the expression

j—1
(18) Pnm = Qnm + Z th(D,€)+n(€+1) (am(€+1)+n,m - bm(€+1)+n,fm>

=0

holds for (n,m) € P;. To establish the induction step, we consider the relation (12),
which involves the shifted index (m,m — n). From the definition of P;, the condition
(m,m —n) € P; is equivalent to the following inequality for m:

)+ 1
- n<m< jin
J+1 Jj+2

By substituting the hypothesis (18) into the relation (12), it follows that

Gn,m = tn(pm,m—n - bm,n—m)

j—1
=" (am,mn + Z t(min) (0.6 Fm(E+1) (a(m—n)(Z+l)+m,m—n - b(m—n)(€+1)+m,—(m—n) - bm,nm)
£=0

7j—1
t" (am,m—n - bm,n—m + Z th(O,E—i—l)—nZ(O,ﬁ) (a(mfn)(ﬁJrl)er,mfn - b(mn)(5+1)+m,(mn))>
(=0

= t 20D =n 2 (=10 (a(m—n)(ﬁ—i-l)—i-m,m—n - b(m—n) (Z+1)+m,—(m—n))

= ¢m 20 -n 2 (1) (a(mfn)éntm,mfn - b(mfn)€+m,*(mfn))

for indices (n, m) satisfying the condition (m,m —n) € P;. Hence, we find that

J
(19) nm = Z th(O,é)—nZ(—l,Z—l) (a(m—n)é-‘,-m,m—n - b(m—n)€+m,—(m—n))
=0

holds for (n,m) satisfying the condition
+ 1
- n<m< ”Ln
Jj+1 J+2
Subsequently, we substitute (19) into (10) when the condition

)+ 1
- n§m<‘7,in .
J+1 J+2

(n,m+n) € {(n,m) € (Z>o)?

Then we obtain the equation
Pnm = Qnm + Gn,m+n

J

_ m-+n 0,4)—n —1,0—1

= Gy + Yt ZOO7 XS (@t m)—m)et (s (metm)—n = B(Gmm) =) (m ), — () )
=0

J
= Qp,m + Z th(O,K)—i—n(f—i—l) (a(m+1)f+n,m - b(m+1)€+n,fm)
=0
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for (n,m) satisfying the condition

J+1 T oj+2
Therefore, the equation (18) holds if (n,m) € Pj41. O

In the proof of Proposition 3.3, we obtain the following.

Corollary 3.4. For each integer j > 1, let Q; be the set defined by {(n,m) € (Zso)” |

1
, n<m< j,+ n}. Then we find that
Jj+1 J+2

J
Gn,m = Z th(O,Z)—nZ(—l,Z—l) (a(ﬁ—i—l)m—fn,m—n - b(f—i—l)m—fn,n—m)
=0

holds for (n,m) € Q. O

In §3.1, we observed that the coefficients p,, of Fy € Cx correspond to p,, ., for indices
(n,m) lying on the line {(n,m) € Z>o x Z | m = 0}. Similarly, the coefficients @, of
Fy, € Cr correspond to ¢y, when (n,m) lies on the diagonal {(n,m) € (Zs()* | n = m}.
In the preceding sections, we identified p, ., (resp. ¢nm) except for the line {m = 0}
(resp. {n =m}). Consequently, we have formally solved the equation (1) in the quotient
space Oy /Cx. Specifically, we have obtained the N-th partial sum of the solution to (1)
for any positive integer N. We define the N-th partial sum as follows:

N
f+(S7w)N = Z Z A S" W™ |
k=

0 \ (n,m)eP,UPk

N
FFTwn =Y Y bamTw" |,
k=

0\ (n,m)eP,UPk

N
FQ(S,U))N = Z Z pmmSmw” 5
k=

0\ (n,m)eP,UPk

N
Fi(S,z)y = Z Z nmS™" "

k=0 "\ (n,m)eQiuQ*

Here, we set

Py :={(n,m) € Zso X Z | m < —n},
P%:={(n,m) € Zso x Z | n < m},
Qo= {(n.m) € (Z=0)? | m < 3},
Q" = {(n,m) € (Z>¢)* | 2n < m}



For example, on the domain 17;, the following series of equalities holds:

Z pn,mSmwn - Z (]mmSmZEn

Fo(S,w)ny — Fi(S,2)y =

(n,m)eP,UPk (n,m)€QLUQ*
Z pn,mSmwn - Z Qn,m+n8mwn
(n,m)eP,UPk (n,m)eP,UPk

Il
M= 1= 1M

Z A mS™W" = fH(S,w)y.

0 (n,m)eP,UPFk

i

Therefore, we obtain Theorem 1.2.
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