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ABSTRACT

An operation on a surface-link preserving the surface-knot components
called a quasi-equivalence is introduced, which induces an equivalence rela-
tion on the surface-links. A quasi-ribbon surface-link is a surface-link quasi-
equivalent to a ribbon surface-link. It is shown that a surface-link of triv-
ial components is a quasi-ribbon surface link if it has only at most one non-
spherical component, whereas there exist examples that are not quasi-ribbon
surface-links of trivial components when it has at least two aspherical compo-
nents. For every closed disconnected, orientable surface, a quasi-ribbon but
non-ribbon surface-link of trivial components is constructed. This construction
is done by applying a positive solution to Cochran’s conjecture, meaning that
the sphere-knot obtained from the anti-parallel sphere-link of every non-ribbon
sphere-knot by surgery along an s-nontrivial or s-trivial fusion 1-handle is a
non-ribbon or trivial sphere-knot, respectively.

Keywords: Ribbon, Quasi-equivalence, Quasi-ribbon, Cochran’s conjecture,
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1. Introduction

Let F be a (possibly disconnected) closed oriented surface. An F-link in the 4-
sphere S* is the image of a smooth embedding F — S*. A surface-link in S* is an
F-link for some F. If F consists of some copies of the 2-sphere S?, then it is also called
an S2-link. When F is connected, they are also called an F-knot, surface-knot and
S2-knot, respectively. A trivial surface-link is a surface-link F in S* which bounds



disjoint handlebodies smoothly embedded in S*. A 1-handle on a surface-link F in
S%is a 1-handle h on F embedded smoothly in S*, which is called a self 1-handle
on F' if the attaching part of h belongs to the same component of F'. Otherwise, the
1-handle h is called a fusion 1-handle on F. Let F'(h) be the surface-link obtained
from F' by surgery along a 1-handle system (i.e., a system of disjoint 1-handles) h.
A ribbon surface-link is the surface-link £/ = O(h®) in S* obtained from a trivial
S%link O by surgery along a 1-handle system h° on O, [1, 2]. An O2-handle pair
on a surface-link F in S* is a pair (D x I, E x I) of 2-handles D x I, E x I on F
in S* which intersect orthogonally only with the attaching parts (0D) x I, (OF) x I
to F' so that the intersection @ = (0D) x I N (OF) x I is a square, [3]. Let Fy be a
surface-knot in S* and hg a self-trivial 1-handle on Fy. Then there is an O2-handle
pair (D x I, E'x I) on the surface-knot Fy(hg). For any O2-handle pair (D x I, E'x I)
on Fy(hy), the surface-knot Fy(ho)(D x I, E'x I) is not only equivalent to the surface-
knots Fo(ho)(D x I) and Fy(ho)(E x I) by the common 2-handle property, but also
equivalent to the original surface-knot Fy, [3, 4, 5]. More generally, let F be a surface-
link with a component Fy in S*, and hg a self 1-handle system on F in S* such that hy
is a self-trivial 1-handle system on Fy. Let (D x I, E x I) be an O2-handle pair system
on Fy(hg) such that the 2-handle system E x I possibly meets the complementary
surface-link F'\ Fy in S*, which is referred to as a quasi-O2-handle pair system on F.
Then the surface-link F" = F(hg)(D x I) is a (possibly new) surface-link consisting
of the components equivalent to the original components of F. This correspondence
F — F’ is called an elementary quasi-equivalence. A correspondence F' — F* for
a surface-link F* is called a quasi-equivalence if there is a sequence of surface-links
FO (i =0,1,2,...,n) with F(© = F and F™ = F* such that the correspondence
FG=1) 5 FO) is an elementary quasi-equivalence for all i > 0. It would be interesting
to observe that the inverse correspondence F* — F is also a quasi-equivalent and
thus, quasi-equivalence on a surface-link is an equivalence relation. This is because
the 2-handle system D x I on F'(hg) is regarded as a self-trivial 1-handle system hy,
on " with F'(hy) = F(ho) and the self-trivial 1-handle system hg on F' is regarded
as a 2-handle system D’ x I on F'(h{) constituting a quasi-O2-handle pair system
(D' x I, E" x I)on F'(h{) such that F' = F'(h{)(D’ x I). A quasi-ribbon surface-link
is a surface-link quasi-equivalent to a ribbon surface-link. By definition, every ribbon
surface-link is a quasi-ribbon surface-link and every quasi-ribbon surface-link consists
of ribbon surface-knot components. In particular, a quasi-ribbon surface-knot is a
ribbon surface-knot. The following theorem is shown.

Theorem 1.1. Every surface-link F' of trivial components with only at most one
aspherical component in S* is a quasi-ribbon surface-link.



Theorem 1.1 corrects the author’s earlier statement, [6, Theorem 1], [7, The-
orem 1.1, Corollary 1.3]. The following theorem is a strengthened version of [6,
Theorem 2] and is shown in Section 3.

Theorem 1.2. For every disconnected closed oriented surface F with at least two
non-spherical components, there is a pair of F-links " and F” in S* both of trivial com-
ponents with the same fundamental group up to meridian-preserving isomorphisms
such that F'is a ribbon surface-link but F” is not a quasi-ribbon surface-link.

For the proof of Theorem 1.2, a generalization of the null-homotopic Gauss sum
invariant of a surface-knot to a surface-link is discussed, [8]. The following theorem
is the main result of this paper.

Theorem 1.3. For every disconnected closed oriented surface F, there is a quasi-
ribbon but non-ribbon F-link of trivial components in S*.

Theorem 1.3 generalizes Ogasa’s observation, [9]. The proof of Theorem 1.3 is
done in Section 4 by applying a positive answer to Cochran’s conjecture discussed
there, [10].

2. Proof of Theorem 1.1

A semi-unknotted multi-punctured handlebody system, or simply a SUPH system
for a surface-link I in S* is a compact oriented 3-manifold W smoothly embedded in
S% such that W is a handlebody system with a finite number of open 3-balls removed
and the boundary OW of W is given by W = F U O for a trivial S?-link O in S%,
[4]. A typical SUPH system W is constructed from a ribbon surface-link F' defined
from a trivial S2-link O and a 1-handle system h° on F as the union O x [0,1] U h°
for a normal collar O x [0,1] of O in S* with O x {0} = O where h° does not meet
O x [0, 1] except for the attaching part to O and OW = F U O x {1}. For a SUPH
system W with OW = F U O, there is a proper arc system « in W spanning O such
that a regular neighborhood N(O U «) of the union O U « in W' is diffeomorphic to
the closed complement cl(W \ ¢(F x [0, 1])) of a boundary collar ¢(F x [0, 1]) of F' in
W. This pair (O, «) is called a chorded sphere system of the SUPH system W. By
replacing o with a 1-handle system h® attaching to O with core arc system «, the
surface-link F is a ribbon surface-link defined by O and h®. In other words, giving a
SUPH system W with 0W = F U O is the same as saying that the surface-link F' is
a ribbon surface-link with sphere system O. A multi-fusion SUPH system of a SUPH
system W with OW = FUOQO in S* is a SUPH system for F' in S* obtained from W by
deleting an open regular neighborhood of a disjoint simple proper arc system in W
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spanning O. A multi-fission SUPH system of a SUPH system W with OW = F U O
in S* is a SUPH system for I in S* obtained from W by adding a 2-handle system
h? on O disjoint from W except for the attaching part in O where h? is taken in
the complement B\ Dy for a disjoint 3-ball system B bounded by O in S* with
(B\ O)NW = Dy a disjoint 2-disk system. For any two SUPH systems W and W’
for a ribbon surface-link F in S%, there is an orientation-preserving diffeomorphism
f of S* sending W to a multi-fusion SUPH system W** of a multi-fission SUPH
system W* of the SUPH system W, [10, Appendix|. The following theorem, giving a
characterization of quasi-ribbon surface-links, corrects an earlier characterization of
when a surface-link of ribbon components is a ribbon surface-link, [4, Theorem 1.4].

Theorem 2.1. A surface-link F' in S?* is a quasi-ribbon surface-link if and only if
there is a self-trivial 1-handle system h on F' such that the surface-link F'(h) is a
ribbon surface-link in S4.

Proof. A surface-link F' is a quasi-ribbon surface-link if and only if there is a ribbon
surface-link F’ with the same components as F' such that F' = F'(h')(D x I) for
a self 1-handle system A’ on F’ and a quasi-O2-handle pair system (D x I, E x I)
on F'(h'). Then the 2-handle system D x I on the ribbon surface-link F’(h') is
regarded as a self-trivial 1-handle system h on F such that F(h) = F'(h’). This
shows the “only if part”of the theorem. Conversely, assume that F'(h) is a ribbon
surface-link consisting of the ribbon surface-knots Fj(h;) (i = 1,2,...,r) where F; is
a surface-knot component F; of I and h; is the self-trivial 1-handle system h; on
F; with h = Ul_,h;. By the ribbonness of Fj(h;) and the triviality of h; on Fj, the
surface-knots F; (1 = 1,2,...,r) are ribbon surface-knots, [4]. Let W be a SUPH
system for F'(h) which is a union of SUPH systems W, for Fj(h;) (i = 1,2,...,7). Let
W? be a SUPH system for the ribbon surface-knot F;. The trivial 1-handle system
h; on F; is obtained so that the core arc system «; of h; is obtained from an arc
system o in F; by pushing the interior of the arc system af outside of W?. Then
the union W/ = W? U h; a SUPH system for Fj;(h;) which admits an O2-handle pair
system (Dy, x I, E; x I) on F;(h;) such that the core disk system Dy, of the 2-handle
system Dj,. x I is a transverse disk system of h; and the core disk system F; of the
2-handle system FE; x I does not meet W/. For the SUPH systems W; and W/ for
F;(h;), there is an orientation-preserving diffeomorphism f; of S* sending W; to a
multi-fusion SUPH system W;* of a multi-fission SUPH system W/ of the SUPH
system W/. Then the disk system Dy, is in W/ and hence in W, which is deformed
into a disk system D in W;* with 0D} = 0D,. Since the core arc system «; of h; is
an interior push of the arc system ! in F}, the disk system E; is made disjoint from
a disjoint 3-ball system B; bounded by the trivial S?-link O; = 9W? \ F; by sliding
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the arc system af along F;. This means that the disk system F; meets W;* only with
the boundary loop system OFE;. The disk systems D} = f;'(D}) and E! = f'(E;)
constitute an O2-handle system (D} x I, E! x I) on F;(h;) such that D} is a proper
disk system in W; and E! meets W; only with the boundary loop system OF!. Since
the pair (D} x I, E! x I) is a quasi-O2-handle pair system on F'(h;), there is a quasi-
O2-handle pair system (D’ x I, E’ x I) on the ribbon surface-link F'(h) by taking
D' = Ul_,D} and E' = Ul_, E! such that F' = F(h)(D’ x I) is a ribbon surface-link
with a SUPH system obtained from the SUPH system W for F'(h) by cutting along
the proper disk system D’. Thus, F' is quasi-equivalent to the ribbon surface-link F”.
Since quasi-equivalence is an equivalence relation, F' is a quasi-ribbon surface-link.

This completes the proof of Theorem 2.1.

The following lemma is shown in [7, Lemma 1.2] (although similar ideas are found
in the incorrect claims, [4, Theorem 1.4] and [6, Theorem 1]).

Lemma 2.2. For every surface-link F in S* with at most one aspherical component,
there is a self 1-handle system h on F' such that the surface-link F'(h) is a ribbon
surface-link in S%.

The proof of Theorem 1.1 is done as follows.

2.3: Proof of Theorem 1.1. Every self 1-handle system on every surface-link F' of
trivial components is a self-trivial 1-handle system on F, [11]. Thus, Theorem 1.1 is
obtained from Theorem 2.1 and Lemma 2.2, completing the proof of Theorem 1.1.

3. Proof of Theorem 1.2

The quadratic functionn : Hy(K; Zy) — Zy of a surface-knot K in S* is defined as
follows. For a loop £ on K, let d be a compact (possibly non-orientable) surface in S4
with d N K = dd = (. The value n([{]) is defined by the Zy-self-intersection number
Int(d,d) mod 2 with respect to the framing of the surface K which is independent
of a choice of d by calculation. The function n : Hy(K; Zy) — Zs is a Zy-quadratic
function with the identity

n(xr+y) =n(x) +ny) +z -y,

where z,y € Hy(K;Z5) and z -y denotes the Zo-intersection number of = and y
in K. A loop ¢ on K is spin or non-spin according to whether n([{]) is 0 or 1,
respectively. For a surface-link F in S*, the quadratic function n : H\(F; Zy) — Z,
of F' is defined to be the split sum of the quadratic functions ng : Hi(K; Zy) — Zs
for all the components K of F. This quadratic function may be identified with
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the quadratic function ng : Hy(Fy; Zs) — Zy of a surface-knot Fy in S* which is
a fusion of F' along a fusion 1-handle system on F under a canonical isomorphism
v H(F; Zy) — Hy(Fy; Zy). To see this, let £ be a loop in a component K of F, d a
compact surface in S* with dN K = dd = ¢, and Fy the connected surface-knot in S*
obtained from F' by surgery along a fusion 1-handle system h on F. Every transverse
intersection point between d and F'\ K in S* can be moved into K \ h N K through
Fy, so that the compact surface d is modified into a compact surface dy in S* with
dxg N F = 0dg = { Uog for a trivial loop system ox in K. Since every loop of ok is
a spin loop in Fy, the identity

1 (1([€1)) = e (([£]) + ([ox])) = n([€]),

holds, showing the identification of 7 to nx. Let A(F;Z3) be the subgroup of
H,(F; Z,) consisting of an element represented by a loop ¢ in F' which bounds an
immersed disk d in S* with d N F = . The restriction £ : A = A(F; Zy) — Z of the
quadratic function n on Hi(F'; Zy) is called the null-homotopic quadratic function of
the surface-link F'. The null-homotopic Gauss sum of F is the Gauss sum GSy(F') of
¢ defined by
GSy(F) = Zexp(f(m)W\/—_l).
TEA
This number GSy(F') is an invariant of a surface-link F', which is calculable as shown

for the case of a surface-knot, [8]. The following lemma is used for the proof of
Theorem 1.2.

Lemma 3.1. If F' is a quasi-ribbon surface-link of total genus g, then G\Sy(F') = 29.

Proof. If F'is a ribbon surface-link of total genus g, then it is known thatGSy(F') = 29,
[8]. For a self-trivial 1-handle hy on a surface-link F', the group A(F(hg); Z2) is the
direct sum A(F;Zs) @ Zy @ Zy or A(F;Zy) @& Zy according to whether a simple
loop ¢ in F induced from the core arc ag of hg bounds an immersed disk d in S*
with d N F' = (. In either case, it is calculated that GSy(F'(hg)) = GSo(F) - 2.
If F is a quasi-ribbon surface-link of total genus ¢, then there is a self-trivial 1-
handle system h such that F(h) is a ribbon surface-link of total genus g + s so
that GSo(F'(h)) = GSo(F) - 2° = 297% for the number s of 1-handles in h. Thus,
GSo(F) = 29. This completes the proof of Lemma 3.1.

By using this invariant GSy(F'), the proof of Theorem 1.2 is done as follows.

3.2: Proof of Theorem 1.2. Let kU k' be a non-split link in the interior of a 3-ball
B such that k and &’ are trivial knots. For the boundary 2-sphere S® = 9B and
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the disk D? with boundary circle S, let K be the surface-link of torus-components
T =kxS'and T7 = k' x S! in the 4-sphere S* with S* = B x S*U S x D?, which is
a ribbon surface-link in S*, [2]. Then, GSy(K) = 22. Since k and k" are trivial knots
in B, the torus-knots T and 7" are trivial torus-knots in S* by construction. Since
kUK’ is non-split in B, there is a simple loop t(k) in T' coming from the longitude of
k in B such that t(k) does not bound any disk not meeting 7" in S*, meaning that
there is a simple loop ¢ in T unique up to isotopies of T" which bounds a disk d in S*
not meeting 7", where ¢ and d are given by ¢ = {p} x S' and d = a x S' U {q} x D?
for a simple arc a in B joining a point p of k to a point ¢ in S with aN (kUE") = {p}
and a NS = {q}. Regard the 3-ball B as the product B = B; x [0, 1] for a disk Bj.
Let 7, be a diffeomorphism of the solid torus B; x S! given by one full-twist rounding
the meridian disk B; one time along the S!-direction. Let 7 = 7, X 1 be the product
diffeomorphism of (B; x S*) x [0, 1] = B x S* for the identity map 1 of [0, 1]. Let 75 be
the diffeomorphism of the boundary S x S1 of B x S! obtained from 7 by restricting
to the boundary, and the 4-manifold M obtained from B x S and S x D? by pasting
the boundaries O(B x S') = S8 x S' and 9(S® x D?) = S8 x S* by the diffeomorphism
T5. Since the diffeomorphism 7 of SE x S! extends to the diffeomorphism 7 of B x S?,
the 4-manifold M is diffeomorphic to S*. Let Ky = Ty U T}, be the surface-link
of torus components Ty, and T}, in the 4-sphere M, arising from K = T"U T’ in
B x S'. There is a meridian-preserving isomorphism 7 (S*\ K, z) — m (M \ Ky, )
by van Kampen theorem. Let (S*, K') = (M, Kj;). Let A be a 4-ball in S* such that
ANK = AN K’ is a trivial disk system in A taking one disk from each component of
K and from each component of K’ to construct the pair (F, F’) of a F-links F' and F”
constructed from the pair (K, K') by connected-summing a trivial surface-knot with
both K and K’ and/or adding a trivial surface-link component to both K and K’ as
a splitting component. By van Kampen theorem, it is shown that the fundamental
groups 71 (S*\ F,z) and m(S*\ F”, ) are the same group up to meridian-preserving
isomorphisms. By construction, F'is a ribbon surface-link. To show that F’ is not a
quasi-ribbon surface-link, note that the loop t(k) in T); does not bound any disk not
meeting 7T, in M, so that the loop ¢ in T}, is a unique simple loop up to isotopies
of Ty which bounds a disk dy; = a x S* U D3, in M not meeting T},, where D3,
denotes a proper disk in SZ x D? bounded by the loop 75({¢q} x S'). An important
observation is that the self-intersection number Int(dy;, dys) in M with respect to the
surface-framing on Kj; is 1. This means that the loop ¢ in T, is a non-spin loop.
Similarly, there is a unique non-spin loop ¢ in T}, which bounds a disk d}, with the
self-intersection number Int(d),,d),;) = 1 with respect to the surface-framing on
K’ = Kj;. Then it is calculated that GSo(K’) = 0, so that GSy(F’) = 2972 for the
total genus g(> 2) of F’. Thus, F’ is not a quasi-ribbon surface-link by Lemma 3.1.
This completes the proof of Theorem 1.2.



In 3.2, the non-ribbon surface-link K’ of two components starting from the Hopf
link kUK’ in the interior of a 3-ball B has the free abelian fundamental group of rank 2.
Then by van Kampen theorem, the surface-knot K’(h’) obtained from K’ by surgery
along any fusion 1-handle A’ on K’ has the infinite cyclic fundamental group, so that
K'(W) is a trivial surface-knot in S* by smooth unknotting result of a surface-knot,
[3, 5]. This shows that there is a non-ribbon surface-link F’ of ribbon components
such that the surface-knot obtained from F” by surgery along any fusion 1-handle is
a ribbon surface-knot, meaning that non-ribbonness of a surface-link cannot detect in
general by surgery along any fusion 1-handle system, giving a strong counterexample
to [4, Theorem 1.4]. The diffeomorphism 75 of S? x S! in 3.2 coincides with Gluck’s
non-spin diffeomorphism of S? x S', [12]. The surface-link (M, Kj;) called a turned
torus-link of a link £k U k" in B is an analogy of a turned torus-knot of a knot in B,
[13].

4. Proof of Theorem 1.3

For a 1-handle h on a surface-link F' in S*, a trivial S%link around h is a trivial
S2-link O™ in S* all of whose components are the boundary-spheres of fibers of a
trivial normal 3-disk bundle of the core arc « of h in S* not meeting with F'Uh. The
following lemma concerns a replacement of two spanning arcs of a surface-link.

Lemma 4.1. Let F be a surface-link in S*, and oy a simple arc spanning F in
S4 meeting I only with the endpoints. Then every simple arc a spanning F in S*
meeting F' only with the same endpoints as «y is isotopic to an arc obtained from the
arc ap by band summing with a meridian loop system m of ' by a smooth isotopy
of S$* keeping I fixed.

Proof. After a slight move of the interior of a;, the union ay U o bounds a disk D
smoothly embedded in S*. The interior of the disk D transversely meets F in a finite
point set @ = {q1,¢2,--.,q,}, whose regular neighborhood in D is an unoriented
meridian disk system N(Q) = {N(q),N(q2),...,N(¢g.)} of F in S*. The arc « is
O-relatively isotopic in D to a band sum of the arc o and the unoriented meridian
loop system m = ON(Q) = {mq,ma,...,m,}, m; = ON(¢;), along a band system
b = {by,by,...,b,} in D, where b; spans « and m;. This completes the proof of
Lemma 4.1.

The following lemma is obtained from Lemma 4.1 by replacing the spanning arcs
ag and « with the 1-handles hg and h on F' with core arcs agy and «, respectively.



Lemma 4.2. Let F be a surface-link in S*, and ho a 1-handle on F. Then for
every 1-handle h on F with the same attaching part as hg, there is a trivial S2-link
O around hy in S* with an equivalence F'(h) = (F(hg) UO)(£9) for a fusion 1-handle
system £9 connecting the trivial surface-knot F(ho) and the trivial S%-link O.

Proof. In Lemma 4.1, let B = {By, By, ..., B,} be a disjoint 3-ball system in S*
attaching to F' with a disk system d = {d;,ds,...,d,} and meeting a meridian loop
system m of F' transversely so that mN B = {t,ts,...,t,} for a point t; = m; N (B;\
0B;) (i =1,2,...,n). The thickening 1-handle h of o meets B; with a transverse disk
centered at t;. For the complementary disk system d° = cl(0B\d) of d in the boundary
OB of B, regard the surface-link F' = cl(F'\ d) Ud° as F. Deform the arc « into the
arc ag by taking together the 3-ball system B along the band system 0. Then the
1-handle h is deformed into the 1-handle hg thickening the arc «aq by taking together
the 3-ball system B. This means that there is an equivalence F'(h) = (F(ho)UO)(£9)
for the trivial S2-link O = @B around hg and a fusion 1-handle system £© connecting
F(hg) and O which is constructed by thickening and stretching the complementary
disk system d° along the band system b. This completes the proof of of Lemma 4.2.

For a surface-knot F in S* let V be a connected Seifert hypersurface V of F
in S%, and (V,F) x [0,1] a normal [0, 1]-bundle over (V,F) in S*. Let (V;, F;) =
(V,F) x {i} (i = 0,1). Then the natural homomorphism H;(Fy; Z) — H,(S*\ Fy; Z)
is the zero The surface-link P(F) = FoUF; is called the anti-parallel surface-link of F,
where by convention Fy and Fj are identified with —F (i.e., the orientation reversed
F) and F, respectively. Cochran’s conjecture says that when F is a non-ribbon S2-
knot, the anti-parallel S?-knot P(F'; h) must be a non-ribbon S*-knot for a sufficiently
complicated fusion 1-handle h, [10]. Let h be a fusion 1-handle on P(F), and § be a
1-handle system on F' embedded in V' with V(8) = cl(V'\ ) a handlebody such that
Bi = x {i} is embedded in V; (i = 0, 1) and disjoint from h. A fusion 1-handle h on
P(F) is surgically trivial, or simply s-trivial if P(8y U p1)(h) is a trivial surface-knot.
Otherwise, h surgically nontrivial, or simply s-nontrivial. Since P(F') is a boundary
surface-link, this definition does not depend on choices of V" and 3, [14, Lemma 1.1].
Cochran’s conjecture says that for the anti-parallel S%link P(K) of a non-ribbon S?-
knot K in S%, if h is a “sufficiently complicated” fusion 1-handle h on P(K) must be a
non-ribbonS?-knot, [10]. By replacing “sufficiently complicated”with “s-nontrivial”,
the following theorem not only confirms Cochran’s conjecture affirmatively but also
shows that the result holds even when the non-ribbon S%knot K is generalized to
any non-ribbon surface-knot F', which was announced in [15] with incomplete proof.

Theorem 4.3. Let P(F') be the anti-parallel surface-link of a non-ribbon surface-
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knot F in S* According to whether a fusion 1-handle h on P(F) is s-trivial or
s-nontrivial, the surface-knot P(F")(h) is a trivial surface-knot or a non-ribbon surface-
knot, respectively.

Proof. For any s-nontrivial fusion 1-handle h on P(F'), the surface-knot P(F')(h) is a
non-ribbon surface-knot, [14]. Let h be an s-trivial fusion 1-handle on P(F'). Let V/
be a connected Seifert hypersurface for F', 5 a 1-handle system on F' embedded in V'
such that cl(V'\ 8 is a handlebody. Let (V, F') x [0, 1] be a normal [0, 1]-bundle bundle
over (V,F) in S*. For a subset X in V, let X; denote X x {i} for i = 0 of 1. Let
P(F) = FyUF,. For adisk d in F, let hy = d x [0, 1] be the standard trivial 1-handle
on P(F), and assume that the attaching part of h to P(F’) coincides with the disk
union dy U d;. Note that the surface-knot P(F')(ho) is a trivial surface-knot since it
bounds a handlebody cl(F'\ d) x [0, 1]. Let ov and g be the core arcs of the 1-handles
h and hg on P(F), respectively, which are disjoint except for the same endpoints p; in
d; (i = 0,1). The simple loop oy U o meets Vy U V; only with the points p; (i = 0, 1),
and bounds a smoothly embedded disk A in S*, [11]. Let D’ be a transverse disk
system of the 1-handle system f; with just one disk for every 1-handle (i = 0,1).
By regarding the handlebody systems V;(5;) (i = 0, 1) as spine graphs attaching to
the points p; (i = 0,1), the disk A can avoid intersecting the handlebody system
Vo(Bo) U Vi(B1) except for the points p; (i = 0, 1) by general position. In particular,
the disk A does not meet the trivial surface-link P(F')(/5y U 1) except for the points
pi (i = 0,1). Thus, the disk A meets transversely the disk system D} U D} with a
finite number of interior points. By Lemma 4.1 applied to the disk A, the arc « is
obtained from the arc oy by band-summing a meridian loop system m of the disk
system Dg UDlﬁ in S%. By Lemma 4.2, there is a disk system Ef which is obtained from
Diﬁ and a trivial S%link O; around the 1-handle hg by surgery along a fusion 1-handle
system &; such that the surface-knot P(F)(h)(8,UB1) (DS x IUDY x I) is equivalent
to the surface-knot P(F)(ho)(8o U 81)(ES x I UEY x I). By choosing a disjoint arc
system -y in cl(F'\ d) such that each arc of 7 meets transversely the loop system 9D?
with just one point, the disk system A =~ x [0, 1] is considered as a core disk system
of a 2-handle A x I on P(F)(ho)(8yU B1) such that the pairs (E’ x I, Ax I) (i = 0,1)
and (D? x I, A x I) are O2-handle pair systems on P(F)(hg)BUS1)(i = 0,1) with the
same attaching parts for each i, where the 1-handle systems &; (i = 0,1) are chosen
to be disjoint from the disk A. By common 2-handle property, the O2-handle pair
system (E” x I, A x I) is sent to the O2-handle pair system (D? x I, A x I) for each i
by an orientation-preserving diffeomorphism f of S* keeping P(F)(ho)(8oU 31) fixed,
3, 5]. In particular, P(F)(h) = P(F)(ho)(8o U B1)(ES x I UEY x I) is equivalent to
P(F)(ho)(BoUB1)(DE x ITUDY x I) = P(F)(hy), which is a trivial surface-link. This
completes the proof of Theorem 1.2.
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The proof of Theorem 1.3 is done as follows.

4.4: Proof of Theorem 1.3. Let K be a non-ribbon S2-knot in S*, and V' a connected
Seifert hypersurface for K. Let BUV?®E be a decomposition of V with B a 3-ball and
d? = BNV a proper disk. For a collar V x [0,1] of V in S, Let hy = d x [0, 1]
be the trivial fusion 1-handle in the anti-parallel S?-link P(K) = Ky U K of K for a
disk d in d®, and h a non-trivial fusion 1-handle on P(K) with the same attachment
as hg such that h is in a regular neighborhood N of the 3-ball By U hoU B; in S* and
meets the interior of the 3-ball By with n transversal disks of h, for any given positive
integer n. Let b’ be a fusion 1-handle on P(K) in N with the same attachment as
h such that the core arc o of A’ does not meet By except for the attaching point
and the core arc « of h is a band sum of o' and a meridian loop system on K, by
an argument of Lemma 4.1. Since o is O-relatively isotopic to o in N, the S%-knot
component (P(K)(h') is equivalent to the trivial S?-knot (P(K)(hg). By Lemma 4.2,
there is an equivalence P(K)(h) = (P(K)(hg) U O)(£9) for a trivial S%link O with
n-components around hy and a fusion 1-handle system £© connecting the surface-
knot P(K)(ho) and O. By Theorem 4.3, the S?-knot P(K)(h) is non-ribbon, so that
the S?-link Fx = P(K)(ho) U O is a non-ribbon S*link of n + 1 components. By
Theorem 1.1, F is quasi-ribbon. For every disconnected closed oriented surface F,
a quasi-ribbon but non-ribbon F-link F' with trivial components is constructed from
Fk for some n by connected-summing trivial surface-knots and/or adding a trivial
surface-link component as a splitting component. Non-ribbonness of F' is seen from
that if F' is a ribbon surface-link, then Ff must be a ribbon S?-link, [4]. To see that
the F-link F'is quasi-ribbon, note that Fx is quasi-ribbon and by Theorem 2.1 there is
a self-trivial 1-handle system h* on F such that F(h*) is a ribbon surface-link The
connected-summand of trivial surface-knots and/or addition of a trivial surface-link
component is taken locally apart from h*, and F'(h*) is taken as a ribbon surface-link.
By Theorem 2.1, F' is a quasi-ribbon but non-ribbon F-link of trivial components.
This completes the proof of Theorem 1.3.

Conclusion

The original question is when a surface-link F' of ribbon surface-knot components
becomes a ribbon surface-link, [4]. Theorem 1.1 shows that a boundary surface-link
F'is a ribbon surface-link if there is a pairwise nontrivial fusion 1-handle system h
on F with F(h) a ribbon surface-link. For surface-links with at least two aspheric
components, there are examples of non-ribbon surface-links I’ of ribbon components.
In particular, there are examples of non-ribbon surface-links of trivial components
which cannot be detected by the fundamental groups, as shown in Theorem 1.2 and

11



[6]. According to Theorem 1.1, a surface-link of trivial components with at most one
aspherical component is a quasi-ribbon surface-link, which shares properties analo-
gous to those of ribbon surface-links. However, as Theorem 1.3 indicates, additional
conditions are required for it to be a ribbon surface-link.
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