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Abstract We study a Haar-type approximation scheme for one-hidden-layer neural
networks through its associated averaging operators. In the classical L? setting, these
operators correspond to piecewise constant approximations obtained by local averaging.
Motivated by the study of neural-network approximation independently of a specific
error norm, we extend the analysis to interval Banach function spaces, which form a
special class of ball Banach function spaces on the real line. Our main result charac-
terizes the convergence of the averaging operators on function spaces generated by a
natural class of step functions. We prove that convergence is equivalent to the vanish-
ing of the norms of characteristic functions of shrinking intervals centered at rational
points. Under the assumption of uniform boundedness of the averaging operators, this
characterization extends to the closure of the space of step functions. We also investigate
the dyadic scheme, for which convergence holds without additional assumptions. These
results demonstrate that convergence is governed at rational points by the local absolute
continuity of the norm at rational points of the underlying function space rather than by
the boundedness of the Hardy—Littlewood maximal operator. We also provide examples
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illustrating the restrictive nature of the assumptions required for this approximation
procedure.

Keywords Haar approximation - Neural networks - Interval Banach function spaces -
Averaging operators - Function space approximation

1 Introduction

In this paper, we study a simple approximation scheme based on piecewise constant
functions generated by Haar-type characteristic functions, which can be interpreted as
a one-hidden-layer neural-network model with step-function activation. Equivalently,
the scheme can be described in terms of local averaging operators.

To make this more precise, we consider the following approximation scheme. Let
J € N and define

E;f = JZX,T§/ J(y)dy.

Here and throughout the paper, yg denotes the indicator function of a measurable set
E.

A standard approach to studying the operators E; is to compare them with the
Hardy—Littlewood maximal operator, as in [2, 8]. Recall that the Hardy-Littlewood
maximal operator is defined by

Mre) =sup o 1l ay,

where the supremum is taken over all intervals I such that x € I C [0, 1]. Since
|Ejf(x)] < Mf(x) forallx,

one immediately obtains norm estimates for E£; whenever the maximal operator is
bounded on X. However, as the example of Ll([O, 1] shows, the boundedness of the
Hardy-Littlewood maximal operator is a substantially stronger assumption than is ac-
tually needed for the uniform boundedness of E;, J € N.

Let us now introduce interval Banach function spaces on [0, 1] following [7]. This
notion arises as the one-dimensional case of the ball Banach function spaces introduced
in [7].

Let M([0, 1]) denote the set of all (Lebesgue) measurable real-valued functions on
[0, 1], and let M* ([0, 1]) be the subset of all non-negative measurable functions.

Let

p M ([0,1]) — [0, 0]

be amapping. We say that p is an interval Banach function normif, forall f, g, { f; };’.":1 C
M*([0, 1]), all constants @ > 0, and all intervals (balls) I c [0, 1], the following
properties hold:
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(P1) Norm properties.

p(f)=0 & f=0ae, plaf)=ap(f),  p(f+8) <p(f)+p(g)-

(P2) Lattice property. If 0 < g < f a.e., then p(g) < p(f).

(P3) Fatou property.If0 < f; T f ae., then p(f;) T p(f).

(P4) Finite norm of characteristic functions of intervals. For every interval I c [0, 1],
we have p(yr) < oo.

(P5) Local integrability. For every interval I c [0, 1], there exists a constant C > 0,
depending on [ and p but is independent of f, such that

Ixt flliLio,ny < Cp(f).

Note that (P5) is a natural condition for us since the integral defining E; f makes
sense due to this condition. Applying (P5) to [0, 1], we learn that the embedding
X < L'([0, 1]) is continuous, that is,

Aoy < ClIfllx (1)

for all f € X. The collection

X([0,1]) = {f e M([0,1]) : p(If]) < o},

equipped with the norm

I1f1lx = (11D,

is called the interval Banach function space over [0, 1] generated by p.

We now turn to the main result of the paper, which characterizes the convergence
of the averaging operators E; in this setting. Unlike the classical L? theory, where
convergence follows from the boundedness of the Hardy-Littlewood maximal operator,
such a reduction is no longer available in the present abstract framework.

Instead, convergence is governed by a local vanishing property of characteristic
functions at rational points of the underlying space, expressed in terms of the behavior
of characteristic functions of small intervals. Theorem 1 shows that convergence of
E;f is essentially equivalent to a vanishing condition on the X-norm of shrinking
neighborhoods of points, and it further clarifies how this condition interacts with density
and uniform boundedness of the approximation scheme.

Theorem 1 Let X be an interval Banach function space over [0, 1], and define the
averaging operators

g
Esz‘/ZX[ﬂ 5) [_1 fy)dy, JeN
=1 LS
Define

U :=Span{x[o,q) : g € QN (0, 1)}.
(1) We have
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Jim JIE;f = fllx =0 2)
for every f € U if and only if
lrl,ILI()l ”X(q—r,q+r) ”X =0 (3)

forevery g € QN (0, 1).
(2) Assume that the family {E } j en is uniformly bounded on X. Then (2) holds for every

fe ﬂx, the closure of U in X, if and only if (3) holds for every g € QN (0, 1).

In the case of X = LP([0,1]) with 1 < p < oo, the approximation given by (2) for
all f € X is proved by a straightforward calculation in [11].

The proof of Theorem 1 relies on the discontinuous nature of the kernels associated
with the operators E;, in contrast to the Kantorovich-type operators studied in [2, 8],
whose kernel enjoys more continuity than that of £ ;. The dyadic approximation scheme
enjoys a stronger property because the interval [0, 1] is divided evenly at each scale.
Let

D::{;n—k:keN, 1§m§2k—l}cQﬁ(0,l)

be the set of dyadic rational points in (0, 1), and define

V :=Span {x(0,q) : g € D}.

Then
Jim [|Ess f = fllx =0 )
for every f € V. Indeed, for every f € V, there exists Jy € N such that
Eyf=f

for all J > Jy. This example of dyadic approximation illustrates that the Haar wavelet
provides greater flexibility than the standard equal partition, as demonstrated in the
recent papers [9, 10].

We emphasize that every function in U has only finitely many discontinuities,
all of which are rational points in (0, 1). Consequently, the convergence criterion in
Theorem 1 needs to be verified only at rational points; irrational points play no role
in the approximation. Naturally, if an interval Banach function space X ([0, 1]) has an
absolutely continuous norm, then it satisfies condition (3). Recall that X ([0, 1]) is said
to have an absolutely continuous norm if, for every f € X([0, 1]),

llxe, fllx — 0 5)

whenever that E,,,; C E,, C [0, 1] for all n and

e
n=1

=0.
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This property is satisfied by many classical Banach function spaces, including
Lorentz spaces, Orlicz spaces, Musielak—Orlicz spaces, and numerous Morrey-type
spaces studied in [6]. Consequently, all of these spaces satisfy condition (3).

Theorem 1 shows, however, that the full strength of absolute continuity is not required
for the convergence of the averaging operators. It suffices that condition (3) holds at
rational points. On the other hand, L* ([0, 1]) provides a typical example of a space on
which the Hardy—Littlewood maximal operator M is bounded, while condition (3) fails
at every point of (0, 1).

From a mathematical viewpoint, Theorem 1 provides a useful criterion for the
convergence of E; to the identity operator. From the viewpoint of applications, this
approximation scheme has recently attracted increasing attention as a Haar-type one-
hidden-layer neural-network model [11].

We may ask ourselves whether the convergence takes place for all f € X instead

—X
of f € U . If we assume the converngece for all f € X, we will have a topological
restriction on X.

Theorem 2 Let X be an interval Banach function space over [0, 1]. The following
assertions are equivalent.

(1) Forevery f € X,
Jim I £ = flix =0, ©

(2) The norm of X is absolutely continuous and
sup [|E[lx—x < oo. (7
JeN

In neural network approximation, the choice of the norm used to measure the approx-
imation error is not merely a technical issue. It determines which features of the target
function are emphasized and what types of discrepancies are regarded as significant.
Although L”-norms provide a classical and widely used scale of error criteria, many ap-
plications in data analysis and machine learning call for more flexible geometries, such
as weighted function spaces, non-Hilbertian Banach spaces, or spaces with spatially
inhomogeneous norms. From this perspective, it is natural to ask whether constructive
approximation schemes originally developed in L”-spaces remain valid in more general
function spaces.

The main objective of this paper is to address this question. We show in Theorem 1
that the answer depends on the approximation scheme under consideration: different
constructive schemes require different structural assumptions on the underlying function
space.

Interval Banach function spaces form a broad class of function spaces. Their gener-
ality precludes the derivation of explicit approximation error orders in full generality.
Nevertheless, they provide a natural abstract setting for the study of neural-network
approximation. Indeed, they preserve the lattice structure of function spaces and the
monotonicity of the norm with respect to absolute values, while encompassing numer-
ous classical and non-classical spaces beyond the fixed L? scale. Therefore, extending
approximation results from LP”-spaces to ball Banach function spaces represents a step
toward a norm-independent theory of neural-network approximation.
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The present paper adopts this perspective. We revisit a simple one-hidden-layer
neural-network approximation scheme based on Haar-type characteristic functions. In
the classical L? setting, this scheme reduces to a piecewise constant approximation
obtained by local averaging. We investigate the same averaging mechanism in an in-
terval Banach function space X and identify conditions under which the associated
approximation operators converge in the norm of X. Our objective is not to propose
a new training algorithm but rather to elucidate the functional-analytic structure un-
derlying this basic constructive approximation scheme. In particular, we show that its
convergence extends from the classical L” framework to the more general setting of

ball Banach function spaces in the sense that E; f converges back to f € TIX in X.

We organize the remainder of this paper as follows. Section 2 proves Theorem 1.
Section 3 considers the convergence of E; f for all f € X. Section 4 presents examples
of spaces X satisfying the conditions in Theorem 1 illustrating both situations: (i) M is
bounded on X but condition (3) fails at some ¢ € (0, 1) \ Q (Example 1), and (ii) M is
not bounded on X and condition (3) still fails at some g € (0, 1) \ Q (Example 2).

2 Proof of Theorem 1
2.1 Proof of Theorem 1(1)

We first prove the “if”” part.
Letg € QN (0, 1), and write

fI:E

in lowest terms, where s, d € Nand 1 < s < d. Since the characteristic functions x 1o, 4)
generate U from the definition of U, it suffices to consider the case f = x[o,¢)-
For each J € N, choose ¢(J) € N such that

q(J) -1 <q< q(J).
J J

Then, by the definition of E,
lf —Esfl < X[qm—l qu>]-
J > J

Write

6J—max{1 q, q 7 }

Since ) )
J) -1 J
[QT ‘IT] C [q =064, q+0s1 € (q=257, q+25,),
it follows that

lf —EJfl < X(g=6,,q+571 < X(q=255,q+257)-
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Since (¢ — 26y, g +26y) is an open interval centered at ¢ for each J € Nand 26; — 0
as J — oo, condition (3) implies

Jim [1E. £ = fllx =0.

We next prove the “only if” part.
Assume that

IEx10,9) — X[0.0llx — O (J = o)

for every g € Q N (0, 1).
Fix ¢ € QN (0, 1), and write

S

in lowest terms.
For eachn € N, let
Jo=nd+1.
Then s s
Jng = (nd + 1)3 =ns+ 7
so the fractional part of J,, g is independent of n and is equal to g. Let

mp = [Jngql = ns.
Then
my, < Jyqg <my+1,
and hence the interval of the J,-partition containing ¢ is

I = m, m,+1
n --— Jns Jn .

A direct computation shows that

m, ¢ my + 1 1-¢
—_— —q:

Jn o In In

Write ¢ := min{g, 1 — g}. Then

q—2 q+2 cl
Jn’ J}'l "

Moreover, for every t € I,,,

(mn+1)/Jn

Ej, x[0,q) (1) = Jn/

mp [ Jn

mp
X[O,q)(x) dx =J, (C] - ]_) =q.
n

Hence,
|E g, X10,9) = X10,9)l =1=¢q onl,N[0,q), (8)
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and
lEs.X10.9) = X10.9)l =¢  onlnN(g,1).
Therefore,
|E,X10.9) = X10.9)| = COX(g-co/ . q+coldn)-

Since X is an interval Banach function space, the lattice property implies

1
||X(q—60/1n,q+60/1n)||x = a HEJnX[O,Q) - X[O,q)“X :

Hence,
i || (g—co/ . greotim |lx = 0-

n—oo

Finally, let
Co Co

T nd+1

Then
lim ”X(qfsn,q‘h‘:n)”)( =0.

n—oo

Since {&,}, | is a monotone sequence that converges to 0, for r € (0, £1), there exists
n € N such that
Entl <T < &p.

This implies (¢ —r,q + 1) C (¢ — €4, q + &,)- Hence, by the lattice property,

||X(q—r,q+r)||X < ”X(q—s,l,q+en)||X-

Letting r l 0, we conclude that
lim _ =0.
rILO ”X(q r,q+r)||X

This completes the proof.

2.2 Proof of Theorem 1(2)

Assume that (2) and (3) hold as in Theorem 1(1) and that jug lEs|lx=x <C.
€
Let f € ﬂX. Then there exists a sequence {f,}," | € U such that
Tim [1f, = fllx =0.
Fix € > 0. Choose 7 sufficiently large so that

£
IIf = fallx < m
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Since f,, € U, by (1) there exists Jy € N such that for all J > Jy,

&
”Ean - fn”X < g

Now we estimate:

NEsf = fllx < NEs(f = f)llx +WEs fu = fallx +1fn = fllx-

For any f € X, by assumption {E; f}7_, converges to f as J — co. Using the uniform
boundedness of {E }, we obtain

IE;(f = f)llx < CIf = fullx.
Hence, for all J > Jy,
IEsf = fllx < CIF = fallx + 5+ 1fu = Fllx = A+ Ollf = fullx + 5

By the choice of n, we have

A+Olf - fillx < 5

Therefore,
lE;f = fllx <& forallJ > Jy,

which implies
Jim [|Es f = flix = 0.

Conversely, suppose that

Jim [IEsf = fllx =0 forevery f € u.

—X
Since U ¢ U , the convergence also holds for every f € U. Therefore, Theorem 1(1)
implies
lim ”/\/(q—r,qﬂ') ”X =0
rlo

for every g € Q N (0, 1). This completes the proof.

3 Convergence on the whole space

Here, we give a complete criterion for convergence of the averaging operators on the
whole space X. We consider the following space of step functions:

W :=Span {x[0,4) : ¢ € QN (0,1]}.
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By (P4), every function in the spanning family defining ‘W belongs to X, and hence
W c X. The endpoint ¢ = 1 is included so that W contains x(o,1), which is equal
almost everywhere on [0, 1] to the constant function 1.

We obtain a crude estimate using the triangle inequality.

Lemma 1 For every J € N, the operator Ej is a bounded linear operator on X, and
E; (X) cWw.
Proof. Property (P5) applied to [0, 1] gives a constant Cx > 0 such that

Aoy < Cxlfllx (f € X).
For
J-17 .
Iy ;i =|—,=], 1<j<J,

we have

Xiy -

J
E;fl<J (»d
s fl< ;/I“fy y

Therefore, by (P1), (P2), (P4), and (P5),

/1, ; f(y)dy

Thus E; is bounded for every fixed J.
It remains to prove the inclusion E;(X) € “W.For1 < j < Jand f € X, set

J
IEs fllx <7 )
j=1

J
i, llx < JCx | D by lx |Ifllx )
Jj=1

ayj:=J f(y)dy.

IJJ

Then
J-1
E;f =ajyxpon+ Z(aj,j —ay j+1)X[0./0) (10)
=1

almost everywhere on [0, 1]. Indeed, if x € I x, then the right-hand side of (10) is

J-1
ay,.g+ Z(a],j —ajj+1) =ajk-
j=k
For1 < j <J -1, we have .
J
~—eQn(0,1),
Leano
and hence (o, ;/7) € W. Moreover, x[o,1) € W by the definition of W. Therefore,
(10) implies that E; f € W. a

Note that estimate (9) depends on J.
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The following lemma is an immediate consequence of absolute continuity:

Lemma 2 Suppose that the norm of X is absolutely continuous. Then we have

lim sup lIxallx =0, 11)
610 Ac[0,1],]A|<6

where the supremum is taken over all Lebesgue measurable sets A C [0, 1] satisfying
|A] < 6.

Proof. For é > 0, set

®(0) := sup xallx-
AC[0,1],]A|<6

By the lattice property,
0 < ®(6) < [lxjo.llx < oco.

Moreover, @ is nondecreasing as a function of ¢. Consequently, the limit
L :=1lim®(¢) = inf ®(6
lim (6) = inf ©(6)

exists.
Suppose that (11) does not hold. Then L > 0. Put gy := L/2. For every n € N, we
have
®2™") > L > &o.

Hence, by the definition of the supremum, there exists a measurable set A, C [0, 1]
such that
|A,] <277 and llxa,llx > €o.

B, = O Ag.
k=n

Define

Then B, C B,, and
EAEDIFRET R
k=n

It thus follows that ()., B, differs from the empty set by a set of measure zero. Since
X[0,1] € X by (P4), absolute continuity gives

Tim [y, lx = 0.

This contradicts A,, € B,, and (P2). Therefore, (11) holds.
O

Proposition 1 Let X be an interval Banach function space over [0, 1]. The following
conditions are equivalent.

(1) The norm of X is absolutely continuous.
(2) The space ‘W is dense in X.
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(3) The space X is separable.
We know that (1) and (3) are equivalent; see [1, Chapter 1 Theorem 5.5].

Proof. We first prove (1) = (2). We approximate measurable sets by finite unions of
intervals with rational endpoints. Let A C [0, 1] be measurable. By (P2) and (P4), we
have y4 € X, since

0 < xa < xp0,1]

almost everywhere. For every n € N, the inner and outer regularity of Lebesgue measure
give a compact set K,, C A and an open set O, C R such that

AcCO, and |0n\Kn|<%.
For each x € K,,, choose an open interval I, with rational endpoints such that
xel, and I.n[0,1] c O,.
A finite number of these intervals cover the compact set K,,. Let V,, be their union. Then
K, cV,n|[0,1] C O,.

Since V,, is a finite union of open intervals with rational endpoints, the set V,, N [0, 1]
differs only by finitely many boundary points from a finite union R,, of pairwise disjoint
half-open intervals [a, b) with

a,beQno0,1], a<b.

As a result,
(Va0 [0,1]) A Ry| = 0.

Moreover, since K, is contained in both A and V,, N [0, 1], while both of these sets are
contained in O,,, we have

AANV,Nn[0,1]) c O, \ K,.
Therefore,
1
[AAR, <|AA Ve N[0, 1D+ [(Van[0,1]) A Ry < |05 \ Kn| < - (12)
For rational numbers 0 < a < b < 1, we have

Xla.b) = X[0,b) — X[0,a) € W.

Hence yr, € W. Since
lXa = xr,| = xasR,

on [0,1] and |A A R,| < 1/n, we deduce from (11) and (12) that
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llxa—xr.llx = llxasr.llx < sup |lxgllx =0 (13)
Bc[0,1]
|B|<1/n

as n — oco. Thus the characteristic function of every measurable set belongs to the
closure of “W. Consequently, every measurable simple function belongs to the closure
of W.

Let f € X. For N € N, define

fn = max{—N, min{f, N}}.
The sets
Fny :={x€[0,1] : |f(x)| > N}

decrease to a null set because f is finite almost everywhere. Since

lf = Il < 1 fIxEys

absolute continuity and (P2) give
dim 1 = fvllx = 0. (14)

For each fixed N, there are measurable simple functions sy such that

1

/N = snllL=(o,1) < v

Since
1allx < NlAllLeco,ipllxo,1711x

for every bounded measurable i, we have sy — fy — 01in X as N — co. To complete

3
the proof of density, let & > 0. First choose N > — so that || f — fn|lx < &/3, so that
E

llfnv —snllx < &/3. Since sy belongs to the closure of ‘W, choose g € ‘W such that
llsv — gllx < &/3. Then || f — g|lx < €. Hence ‘W is dense in X.

We next prove (2) = (3). Consider all finite linear combinations of the functions
X[0,9) (¢ € QN (0, 1]) with rational coefficients. This set is countable. We show that it
is dense in ‘W. Let

n
§= Z CkX[0.q) €W,
k=1

where ¢ € R and g € Q N (0, 1]. For each k, choose rational numbers c , such that
Ck.n — Ci asn — oo. Then

m m
8- Z ChnX[0q0)|| < Z lex = crnlllxio.gollx — 0
k=1 X k=1
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as n — oo. Therefore, the finite linear combinations with rational coefficients form a
countable dense subset of “W. Thus ‘W is separable. If ‘W is dense in X, then X is
separable. |

We now compare assertion (2) with the strong convergence of E; back to the identity
operator. We prove Theorem 2.

Suppose first that (1) holds. Lemma 1 shows that every E; is a bounded linear
operator on X. For every fixed f € X, condition (6) implies that {E;f : J € N}
is bounded in X. The uniform boundedness principle gives (7). Lemma 1 also gives
E;f € ‘W forevery f € X and every J. Since E; f — f in X, every f € X belongs
to the closure of “W. Thus ‘W is dense in X. Proposition 1 shows that the norm of X is
absolutely continuous. Hence (2) holds.

Conversely, assume (2). By Proposition 1, the space ‘W is dense in X. We first
consider the functions used in the definition of “W. We prove that

Jim lE7x10.9) = X10.0[1x =0
forevery g e QN (0,1].Let g € QN (0, 1). If Jg € Z, then
Ejx10,q) = X[0,q) almost everywhere.

Suppose that Jg ¢ Z and put my := |Jq|. The functions Ej x| 4) and x|o ) agree

outside
I:mj m1+1)
IJ = | — .

JJ

On I, both functions take values in [0, 1]. Since

Iy C ! + !
J q 7 q 7l
we obtain
|EJ X10.9) = X10.0)| < X(g=1/7.9+1/0)000,1]- (15)
We have
1 1
-—,g+-=|NnJ0,1
(q 74 j) [0,1] | {q}
as J — oo. Since {g} has measure zero, absolute continuity applied to y[o,1] gives
Jim lxg-17.q01/000.1]lx =0
It follows from (15) that
Jim lEs x10.9) = X10.9) llx = 0. (16)
for all ¢ € [0, 1). Note that (16) remains valid for g = 1, since we deduce from (8)

Ejx[0,1) = X[o,1) almost everywhere for every J € N. Linearity allows us to extend
(16) for any function g € W:
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Jim JIE;g —glix =0 (g €W). a7

Set

C:=sup |lEslx-x-
JeN

Let f € X and € > 0. Since W is dense in X, choose g € W such that

&
Ilf-gllx < m

By (17), there is Jo € N such that
&
IEsg —gllx < 3 (J = Jo).
For J > Jy,

WEsf = flix <NE;(f-@)lx +IIEsg —gllx +llg = fllx
<(C+DIf-zgllx+Esg—¢gllx <e&.

This proves (6).

Theorem 2 is therefore proved.

Proposition 2 below shows that, for any prescribed sequence of positive numbers
{a;}jen satisfying ay — 0, there exists a function f € X such that no constant C > 0
satisfies

NEsf - fllx < Cay

for all sufficiently large J. The proposition itself does not assume that
lim [E, f = fllx =0

for every f € X. If the equivalent conditions of Theorem 2 hold, then E; converges
to the identity operator in the strong operator topology, and the proposition shows that
this convergence can be arbitrarily slow.

Proposition 2 Let X be an interval Banach function space over [0,1]. For every
sequence
{as}sen € (0, 00), Jlim ay =0,

there exists a function f € X with

1fllx =1

such that
lim su

J—c0

NE;f - fllx _

p———— =
ajy

Proof. Let Ix denote the identity operator on X. For each J € N, define

hy = X[0,1/20) = X[1/QJ),1/7)-
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By property (P4), we have h; € X. Moreover, /; is not the zero function, and hence
lAsllx > 0.

The function £ is supported in the first interval

1
IJ,l = [0, 7)

of the J-partition. Its integral over this interval is zero:

1 1
hy(y)dy =~ =0
/,” 2] 2J

It also vanishes on every other interval of the J-partition. Therefore, E;h; = 0 and
hence (IX —E_])hJ = hj.

Set
_
T gl
Then
lusllx =1
and

(Ix —Ej)uy =uy.
It follows that
l1x = Ejllx-x > [(Ix —Epusllx =1 (J €N).
Now let {ay }jen be a sequence of positive numbers such that a; — 0, and define

_Ix-E;
==

le

By Lemma 1, every E; is a bounded linear operator on X. Hence every 7 is also a
bounded linear operator on X. Moreover,

Hx —Ejllxox _ 1
1T/ llxox = ——————= > —.
aj aj

Since a; — 0, we obtain

sup [|T[[x—x = 0.
JeN

Since X is a Banach space, the contrapositive of the Banach—Steinhaus theorem
yields a function g € X such that

sup [I7;8llx = eo.
JeN

In particular, g # 0. Replacing g by
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o llgllx”

we may assume that || f||x = 1. Foreach fixed J, the quantity ||7 f||x is finite. Therefore,
the unboundedness of the sequence {||T f||x }sen cannot be caused by finitely many
terms. Hence, for every N € N,

sup |7 fllx = oo,
J=N

which is equivalent to
IEsf - fllx _
a

lim sup =
J

J—0c0

O

Corollary 1 Assume that one (and hence both) of the equivalent assertions in Theorem 2
holds. Then there exists a function f € X with

Ifllx =1

such that
Jim [IE;f - fllx =0,
while, for every a > 0,

limsup J@|[E f - fllx = oo.

J >0

Equivalently, for this same function f, there is no « > 0 such that
IE;f=flix =077  (J— ).
Proof. By Theorem 2, we have
Jim JIE;g —gllx =0

for every g € X.
Apply Proposition 2 to the positive sequence

1
W (T 1)

Since a; — 0, there exists f € X with || f||x = 1 such that

limsuplog(J + D|E;f — fllx = .

J o0

In particular, the convergence
Jim £ f = fllx =0

follows from Theorem 2.
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Fix @ > 0. There exists a strictly increasing sequence {J, },en such that
lim log(Jn + DIIEy, f = fllx = co.

On the other hand,

. JE

lim —————— =
n—co log(J, + 1)
As a consequence,

(o7

@ ‘]n
i llEs, f = fllx =

oDy (oeln + DIESf = fllx) = o0

as n — oo, Therefore,
limsup J®||E; f - fllx = co.

J oo

For each fixed @ > 0, the estimate
NEsf - fllx =0 (J — ) (18)

holds if and only if the sequence

{JYNES f = flix}ren

is bounded. Thus the final assertion of Corollary 1 implies the failure of (18). |

4 Examples
4.1 Variable Lebesgue exponent spaces

Let p(-) : [0,1] — [1, ) be a measurable function, which we assume to be finite-
valued almost everywhere. We define

p- =essinf p(x), P+ = esssup p(x),
x€l0,1] x€[0,1]

and assume that
1 <p_<py<oo

For a measurable function f on [0, 1], we define the modular

1
oy (f) = /0 F 1P d.

The variable exponent Lebesgue space LP() ([0, 1]) is defined by
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LPY([0,1]) = {f € M([0,1]) : pp(.)(ﬁ) < oo for some A > 0} .
The Luxemburg norm on LP() ([0, 1]) is given by

”f”L"(')([O,l]) =inf {/l >0: pp(.)(g) < 1}

Equipped with this norm, L”() ([0, 1]) becomes an interval Banach function space
over [0, 1]. We conclude this paper with two examples p(-) and ¢(-) of functions related
to Theorem 1.

Example 1 We consider the variable exponent

p() = —— (te [Ql]\{?}),
=

q(t) == &, (r € [0,1]).
)4

and define

Then the space L”() ([0, 1]) satisfies the condition appearing in Theorem 1. How-
ever, although p(-) is finitely valued a.e., we claim that its norm is not absolutely
continuous. Indeed, let

V3

O<r<l-—.
g 2
Then, by the definition of the Luxemburg norm and the fact that

§+r 1
fe, )

whenever 0 < A < 1, we deduce

oo 27 (0F e
Lr() -r
=inf/121/

( )"| dr <1
.,
Vi

2+r
/ ldt=2r < 1.

1
V3
2

r—

dt = o0

e

ﬁ

s

7

|

*

éy

(S}

Meanwhile, when A = 1,

This implies
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§+r 1 r—\/—i
1e /121:/ (—) 2ldr<1
B, \4
2
and hence
=1.
HX(?_”?”) Lr0)
Hence,

=1.

lim ||y
rlo (?—r,?#) LpO

Since this violates (5) with f = 1, the space LP() ([0, 1]) does not have absolutely
continuous norm.

On the other hand, if x € (0,1) \ {?}, then p(-) is bounded in a neighborhood of
x, and therefore
=0.

lrl?(')l “X(x—r,x+r)i |70

This is an example of an interval Banach function space showing that the conclusion of
Theorem 1 holds but X does not have an absolutely continuous norm.

Finally, we claim that the Hardy-Littlewood maximal operator M is bounded on
LP()([0,1]) since p_ > 1 and 1/p(-) is log-Holder continuous. Although the result in
[3, Theorem 1.2] is stated for exponents defined on the whole real line, this causes no
difficulty in our setting.

Indeed, we can extend p(-) from [0, 1] to R so that p_ remains unchanged, that the
extension ﬁ is Lipschitz continuous outside (0, 1), and that

lim p(x) = pe
x—00
exists.
Hence, the above results apply, and therefore M is bounded on L) ([0, 1]).

The space X = L”() ([0, 1]) is the first example. We now turn to the second example.

Example 2 In Example 1, if we set g¢(-) = %, then we see that g = 1 and that M is

not bounded on L) ([0, 1]). See [5, Proposition 21.2] and [3, Theorem 6.3]. However,
by the same argument as above, we have

> 1,

1,5 +r

X(% 7 )LqH

and

. 3
lr}E}HX(x_r,x_Hf)“Lq(.) =0 for x * 7

Remark I When p, < oo, the variable exponent Lebesgue space LP() ([0, 1]) is sepa-
rable. See [4, Theorem 1.13]. To the best of the authors’ knowledge, much less is known
about the case where p, = oco.
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