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Abstract. In this article, we give an answer to the problem posed
in [5] about the length of the gradient of a potential function of the
Bergman metric of a bounded homogeneous domain. Indeed, our result
is valid for any bounded domain biholomorphic to a Siegel domain.

§1. Main result.

Let Ω be an open convex cone in Rn containing no line, and Q : Cm ×Cm → Cn

a Hermitian map satisfying Q(u, u) ∈ Cl(Ω) \ {0} (u ∈ Cm \ {0}), where Cl(Ω)

stands for the closure of Ω. We define a Siegel domain D by

(1) D := { (u,w) ∈ Cm × Cn ; w + w̄ −Q(u, u) ∈ Ω } .

Our Siegel domain D is a complex domain in CN with N := m + n, where the

coordinates of z = (u,w) ∈ D is taken as

zα :=

{
uα (1 ≤ α ≤ m),

wα−m (m+ 1 ≤ α ≤ N).

If m = 0, then D is the tube domain Ω + iRn ⊂ Cn.

Let KD : D × D → C be the Bergman kernel on D, and ϕ : D → R a function

defined by ϕ(z) := logKD(z, z) (z ∈ D). Recall that the Bergman metric ds2D of

D is a Kahler metric whose potential is ϕ:

ds2D :=
N∑

α,β=1

∂2ϕ

∂zα∂z̄β
dzαdz̄β.

Now we state our result.

Theorem 1. Measured by the metric ds2D, the length of the gradient of ϕ is equal

to a constant
√
m+ 2n : ∣∣∣∣∣

N∑
α=1

∂ϕ

∂zα
dzα

∣∣∣∣∣
ds2D

=
√
m+ 2n.
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It is known [6, Chapter 1, Sections 1,2] that any Siegel domain is holomorphically

isomorphic to a bounded domain. Let σ : U → D be a biholomorphism from a

bounded domain U onto the Siegel domain D. We denote by ds2U the Bergman

metric of U , and let φ be the function ϕ ◦ σ on U . Then φ is a potential of ds2U , and

we have σ∗ds2D = ds2U . Therefore

Corollary 2. On the bounded domain U , one has∣∣∣∣∣
N∑

α=1

∂φ

∂zα
dzα

∣∣∣∣∣
ds2U

=
√
m+ 2n.

Similarly to [5, Theorem 2], the result by Chen [1] tells us that

dimHp,q
(2)(U) =

{
+∞ (p+ q = N),

0 (p+ q 6= N),

where Hp,q
(2)(U) denotes the L2 ∂̄-cohomology group of the bounded domain D. Since

every bounded homogeneous domain is biholomorphic to a Siegel domain ([8]),

Corollary 2 gives the answer to the problem posed in [5].

§2. Proof of Theorem 1.

First let us fix our notation used in what follows. We denote by 〈 · , · 〉 the

standard inner product on Cp: 〈v, v′〉 =
∑p

k=1 vkv
′
k (v, v′ ∈ Cp). Let V1 and V2 be

vector spaces, and f a V2-valued function on an open set U in V1. For a ∈ U and

v ∈ V1, we denote byDvf(a) the derivative of f given byDvf(a) := ( d
dt
)t=0f(a+tv) ∈

V2. If V1 and V2 are complex vector spaces, the holomorphic and anti-holomorphic

derivative of f are given as ∂vf := (Dvf − iDivf)/2 and ∂̄vf := (Dvf + iDivf)/2

respectively. Making use of these conventions, we write

(2)
N∑

α=1

ζα
∂ϕ

∂zα
(z) = ∂ζϕ(z)

and

(3) ds2D(ζ, ζ
′)z =

N∑
α,β=1

ζαζ̄
′
β

∂2ϕ

∂zα∂z̄β
(z) = ∂ζ ∂̄ζ′ϕ(z)

for z ∈ D and ζ, ζ ′ ∈ CN .
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By [4, Proposition 5.1], there exists a holomorphic function η on the tube domain

Ω + iRn ⊂ Cn such that

(4) KD((u,w), (u
′, w′)) = η(w + w̄′ −Q(u, u′)) ((u,w), (u′, w′) ∈ D).

Note that the right-hand side is well-defined because

2<(w + w̄′ −Q(u, u′))

= w + w̄ −Q(u, u) + w′ + w̄′ −Q(u′, u′) +Q(u− u′, u− u′) ∈ Ω.

Lemma 3. For c > 0 and x ∈ Ω, one has η(cx) = c−(m+2n)η(x).

Proof. We denote by λc the map CN 3 (u,w) 7→ (
√
cu, cw) ∈ CN . Then λc

preserves the domain D ⊂ CN by (1). Therefore we see from (4) that

η(cx) = KD(λc(0, x/2), λc(0, x/2)) = | detλc|−2KD((0, x/2), (0, x/2))

= | detλc|−2η(x),

which together with det λc = cm/2+n gives the formula. □

Define a map Iη : Ω 3 x 7→ ξ ∈ Rn by ξk := − ∂
∂xk

log η(x) (k = 1, . . . , n). Then

(5) Dv log η(x) = −〈v, Iη(x)〉

for x ∈ Ω and v ∈ Rn. In particular, we see from Lemma 3 that

(6)
〈x, Iη(x)〉 = −Dx log η(x) = −( d

dt
)t=0{log η(x)− (m+ 2n) log(1 + t)}

= m+ 2n.

Since η is holomorphic on Ω + iRn, we have ∂
∂xk

log η(x) = ∂
∂zk

log η(x) (k =

1, . . . , n). Thus Iη is naturally extended to a holomorphic map, and (5) is still

valid for x ∈ Ω + iRn and v ∈ Cn.

Lemma 4. For c > 0 and x ∈ Ω, one has Iη(cx) = c−1Iη(x).

Proof. For v ∈ Rn, we see from (5) and Lemma 3 that

〈v, Iη(cx)〉 = ( d
dt
)t=0 log η(cx+ tv)

= ( d
dt
)t=0{log η(x+ tc−1v)− (m+ 2n) log c}

= 〈c−1v, Iη(x)〉,

whence the formula follows. □
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We set Φ(z) := w + w̄ −Q(u, u) for z = (u,w) ∈ D. Then we have ϕ = log η ◦ Φ
by (4). Thanks to (2) and (5), we obtain

(7)

N∑
α=1

ζ0,α
∂ϕ

∂zα
(z) = ∂ζ0ϕ(z) = −〈∂ζ0Φ(z), Iη(Φ(z))〉

= −〈w0 −Q(u0, u), Iη(Φ(z))〉

for ζ0 = (u0, w0) ∈ CN .

Let us define a map Hη : Ω 3 x → (akl)
n
k,l=1 ∈ Sym(n,R) by akl :=

∂2

∂xk∂xl
log η(x).

Namely, Hη is the Hessian of the function log η. Recalling the definition of Iη, we

have

(8) DvIη(x) = −Hη(x)v,

which is valid for v ∈ Cn. We see from (3) and (7) that

(9)
ds2D(ζ0, ζ1)z = ∂̄ζ1∂ζ0ϕ(z) = −∂̄ζ1〈∂ζ0Φ(z), Iη(Φ(z))〉

= −〈∂̄ζ1∂ζ0Φ(z), Iη(Φ(z))〉 − 〈∂ζ0Φ(z), ∂̄ζ1Iη(Φ(z))〉

for ζj = (uj, wj) ∈ CN (j = 0, 1). We observe ∂̄ζ1∂ζ0Φ(z) = −Q(u0, u1). On the

other hand, since ∂̄ζ1Φ(z) = w̄1 −Q(u, u1), we have by (8)

∂̄ζ1Iη(Φ(z)) = −Hη(Φ(z))(w̄1 −Q(u, u1)).

Thus (9) tells us that

(10) ds2D(ζ0, ζ1)z = 〈Q(u0, u1),Φ(z)〉+ 〈w0 −Q(u0, u), Hη(Φ(z))(w̄1 −Q(u, u1))〉.

Now we set ζϕ(z) := (0,−Φ(z)) ∈ CN for z ∈ D. By (10) we have

(11) ds2D(ζ0, ζϕ(z))z = −〈w0 −Q(u0, u), Hη(Φ(z))Φ(z)〉.

Thanks to (8) and Lemma 4, we have

Hη(Φ(z))Φ(z) = −DΦ(z)Iη(Φ(z)) = Iη(Φ(z)).

Thus we see from (11) and (7) that

(12) ds2D(ζ0, ζϕ(z))z = −〈w0 −Q(u0, u), Iη(Φ(z))〉 =
N∑

α=1

ζ0,α
∂ϕ

∂zα
(z),

which implies that ∣∣∣∣∣
N∑

α=1

∂ϕ

∂zα
dzα

∣∣∣∣∣
2

ds2D

= ds2D(ζϕ(z), ζϕ(z))z.

By (12) and (6), the right-hand side is

〈Φ(z), Iη(Φ(z))〉 = m+ 2n.
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Hence Theorem 1 is proved.

§3. Appendix.

The holomorphic function η : Ω + iRn → C in (4) equals the Fourier-Laplace

transform of a measure on the dual cone of Ω ([4, Theorem 5.4]). Following the

argument in [9, Chapter 3], we shall review this result briefly.

We denote by Ω∗ the dual cone { ξ ∈ Rn ; 〈x, ξ〉 > 0 (x ∈ Cl(Ω) \ {0}) } of Ω. We

define functions δΩ∗ and δQ on Ω∗ by

δΩ∗(ξ) :=

∫
Ω

e−⟨x,ξ⟩dx, δQ(ξ) :=

∫
Cm

e−⟨Q(u,u),ξ⟩dν(u) (ξ ∈ Ω∗)

respectively, where dν stands for the Euclidean measure on Cm. Let dµ be a measure

on Ω∗ given by dµ(ξ) := π−nδΩ∗(ξ)−1δQ(ξ)
−1 dξ (ξ ∈ Ω∗).

Lemma 5. The Fourier-Laplace transform
∫
Ω∗ e

−⟨w,ξ⟩dµ(ξ) of the measure dµ con-

verges absolutely for all w ∈ Ω + iRn.

Proof. It is enough to show the case that w = x ∈ Ω. For s > 0, let Px,s be the

hyperplane { ξ ∈ Rn ; 〈x, ξ〉 = s } in Rn. Then we have

(13)

∫
Ω∗

e−⟨x,ξ⟩dµ(ξ) =

∫ ∞

0

{∫
Px,s∩Ω∗

e−s · π−nδΩ∗(ξ)−1δQ(ξ)
−1dσx,s(ξ)

}
ds

‖x‖
,

where dσx,s denotes the Euclidean measure on Px,s. It is easy to see that dσx,s(sξ) =

sn−1dσx,1(ξ) for ξ ∈ Px,1. Moreover we have

δΩ∗(sξ)−1 = snδΩ∗(ξ), δQ(sξ)
−1 = smδQ(ξ)

by definition. Thus the right-hand side of (13) is rewritten as

(14)

1

πn‖x‖

∫ +∞

0

e−ss2n+m−1ds

∫
Px,1∩Ω∗

δΩ∗(ξ)−1δQ(ξ)
−1 dσx,1(ξ)

=
Γ(2n+m)

πn‖x‖

∫
Px,1∩Ω∗

δΩ∗(ξ)−1δQ(ξ)
−1 dσx,1(ξ).

Now we introduce a map R : Ω∗ → Herm(m,C) defined in such a way that

〈R(ξ)u, ū′〉 := 〈Q(u, u′), ξ〉 (ξ ∈ Ω∗, u, u′ ∈ Cm). Then we have

δQ(ξ) = πm detR(ξ)−1.

In particular, δQ(ξ)
−1 is a polynomial function of degree m. On the other hand,

for any point ξ0 on the boundary of the cone Ω∗, we have limξ∈Ω∗, ξ→ξ0 δΩ∗(ξ)−1 = 0

thanks to [10, Chapter 1, Proposition 3]. Therefore δΩ∗(ξ)−1δQ(ξ)
−1 is bounded on



6

the relatively compact set Px,1 ∩ Ω∗, so that the integral in (14) converges. □

For ξ ∈ Ω∗, we write Fξ for the Fock-Bargmann space on Cm whose reproducing

kernel is eξ◦Q. Namely, Fξ is the Hilbert space consisting of holomorphic square-

integrable functions on Cm with respect to the Gaussian measure δQ(ξ)
−1e−⟨Q(u,u),ξ⟩

dν(u) (u ∈ Cm).

Let L(Ω∗ ×Cm; dµ) be the space of equivalence classes of measurable functions f

on Ω∗ × Cm with respect to dµ⊗ dν such that

(L1) f(ξ, ·) ∈ Fξ for almost all ξ ∈ Ω∗,

(L2) ‖f‖2L :=
∫
Ω∗ ‖f(ξ, ·)‖2Fξ

dµ(ξ) < +∞.

Then L(Ω∗ ×Cm; dµ) forms a Hilbert space (see [9, Lemma 3.2.7]). For an element

(u0, w0) of the Siegel domain D, the function k(u0,w0) on Ω∗ × Cm given by

k(u0,w0)(ξ, u) := e−⟨w̄0,ξ⟩e⟨Q(u,u0),ξ⟩ (ξ ∈ Ω∗, u ∈ Cm)

belongs to L(Ω∗ × Cm; dµ). Indeed, we have ‖k(u0,w0)(ξ, ·)‖2Fξ
= e−⟨w0+w̄0−Q(u0,u0),ξ⟩,

so that ‖k(u0,w0)‖2L is finite by Lemma 5 (see (19) below).

Theorem 6 (cf. [9, Theorem 3.2.8]). One has a unitary isomorphism Ψ from L(Ω∗×
Cm; dµ) onto the Bergman space A2(D) on the Siegel domain D defined by

(15) Ψf(u,w) :=

∫
Ω

e−⟨w,ξ⟩f(ξ, u) dµ(ξ), ((u,w) ∈ D)

where the integral converges absolutely.

Proof. Thanks to (L1) and the reproducing property of eξ◦Q, we have f(ξ, u) =

(f(ξ, ·)|e⟨Q(·,u),ξ⟩)Fξ
for almost all ξ ∈ Ω∗, so that (15) is rewritten as

(16) Ψf(u,w) = (f |k(u,w))L,

which is always finite. Now we put F := Ψf . Applying Morera’s criterion and

Fubini’s theorem, we see that F is holomorphic. If w = x + iy with x, y ∈ Rn, we

have

(17) F (u, x+ iy) = (2π)−n

∫
Ω∗

e−i⟨y,ξ⟩e−⟨x,ξ⟩f(ξ, u) δΩ∗(2ξ)−1δQ(ξ)
−1dξ

because δΩ∗(2ξ)−1 = 2nδΩ∗(ξ)−1. By the Plancherel formula, we get∫
Rn

|F (u, x+ iy)|2dy = (2π)−n

∫
Ω∗

e−⟨x,2ξ⟩|f(ξ, u)|2δΩ∗(2ξ)−2δQ(ξ)
−2dξ,
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so that∫
Cm

∫
Rn

|F (u, x+ iy)|2dydν(u)

= (2π)−n

∫
Ω∗

e−⟨x−Q(u,u)/2,2ξ⟩
(
δQ(ξ)

−1

∫
Cm

|f(ξ, u)|2e−⟨Q(u,u),ξ⟩dν(u)

)
δΩ∗(2ξ)−2δQ(ξ)

−1dξ

= (2π)−n

∫
Ω∗

e−⟨x−Q(u,u)/2,2ξ⟩‖f(ξ, ·)‖2Fξ
δΩ∗(2ξ)−2δQ(ξ)

−1dξ

by Fubini’s theorem. Since (u,w) ∈ D if and only if t := x − Q(u, u)/2 ∈ Ω, we

obtain ∫
D
|F (u, x+ iy)|2dν(u)dxdy

=

∫
Ω

∫
Rn

∫
Cm

|F (u, t+Q(u, u)/2 + iy)|2 dν(u) dy dt

= (2π)−n

∫
Ω∗

(∫
Ω

e−⟨t,2ξ⟩dt

)
‖f(ξ, ·)‖2Fξ

δΩ∗(2ξ)−2δQ(ξ)
−1dξ

= (2π)−n

∫
Ω∗

‖f(ξ, ·)‖2Fξ
δΩ∗(2ξ)−1δQ(ξ)

−1dξ

=

∫
Ω∗

‖f(ξ, u)‖2Fξ
dµ(ξ).

Therefore F belongs to A2(D) and Ψ is an isometry. Owing to the Fourier inverse

formula, we see from (17) that

(18) f(ξ, u) = e⟨x,ξ⟩ δΩ∗(2ξ) δQ(ξ)

∫
Rn

ei⟨y,ξ⟩F (u, x+ iy) dy.

Thus, in order to show the surjectivity of Ψ, we have to check that the right-hand

side of (18) is independent of x ∈ Ω, and defines an element of L(Ω∗ × Cm; dµ) for

any F ∈ A2(D). We merely refer to [7, Proposition 2.5] and [7, Lemma 2.29] for

details. □

Since Ψ is unitary, we see from (16) that

F (u,w) = (f |k(u,w)) = (F |Ψk(u,w)) ((u,w) ∈ D)

for any F = Ψf ∈ A2(D) (f ∈ L(Ω∗ × Cm; dµ)). This means that the Bergman

kernel KD is given by

KD((u,w), (u
′, w′)) = Ψk(u′,w′)(u,w) = (k(u′,w′)|k(u,w))L ((u,w), (u′, w′) ∈ D),

where the last term equals

(19)

∫
Ω∗

e−⟨w̄′,ξ⟩e−⟨w,ξ⟩(e⟨Q(·,u′),ξ⟩|e⟨Q(·,u),ξ⟩)Fξ
dµ(ξ) =

∫
Ω∗

e−⟨w+w̄′−Q(u,u′),ξ⟩dµ(ξ).
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Therefore, putting

η(w) :=

∫
Ω∗

e−⟨w,ξ⟩dµ(ξ) (w ∈ Ω + iRn),

we have (4).
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