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Abstract. In this article, we give an answer to the problem posed
in [5] about the length of the gradient of a potential function of the

Bergman metric of a bounded homogeneous domain. Indeed, our result
is valid for any bounded domain biholomorphic to a Siegel domain.

§1. Main result.

Let € be an open convex cone in R" containing no line, and @) : C™ x C™ — C"
a Hermitian map satisfying Q(u,u) € CI(Q2) \ {0} (u € C™\ {0}), where CI(Q2)
stands for the closure of 2. We define a Siegel domain D by

(1) D :={(u,w) eC"xC"; w+w— Q(u,u) € N}.

Our Siegel domain D is a complex domain in CV with N := m + n, where the

coordinates of z = (u,w) € D is taken as

I (1 <a<m),
7 M wawm (m4+1<a < N).

If m = 0, then D is the tube domain € + ‘{R™ C C™.
Let Kp : D x D — C be the Bergman kernel on D, and ¢ : D — R a function
defined by ¢(z) := log Kp(z,2) (z € D). Recall that the Bergman metric ds% of

D is a Kahler metric whose potential is ¢:
N

82

ds? = ————
°D 020,073

a:ﬁ:]-

dzadi/g.

Now we state our result.

Theorem 1. Measured by the metric ds%, the length of the gradient of ¢ is equal

to a constant v/m + 2n :

N 891)
8—d2a =vm-+ 2n.
“a

2
ds7,

a=1
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It is known [6, Chapter 1, Sections 1,2] that any Siegel domain is holomorphically
isomorphic to a bounded domain. Let o : 4 — D be a biholomorphism from a
bounded domain U onto the Siegel domain D. We denote by ds?, the Bergman
metric of U, and let ¢ be the function ¢ oo on U. Then ¢ is a potential of ds?,, and

we have o*ds?, = ds},. Therefore

Corollary 2. On the bounded domain U, one has

N
m + 2n.

Similarly to [5, Theorem 2], the result by Chen [1] tells us that

+00 (p+q=N),
0 (p+q#N),

where H 1(D 9(U) denotes the L? -cohomology group of the bounded domain D. Since

dim HpY(U) = {

every bounded homogeneous domain is biholomorphic to a Siegel domain ([8]),

Corollary 2 gives the answer to the problem posed in [5].

§2. Proof of Theorem 1.

First let us fix our notation used in what follows. We denote by (-, -) the
standard inner product on C*: (v,v') = Y7 _, vpv}, (v,0" € CP). Let V; and V; be
vector spaces, and f a Vp-valued function on an open set U in V;. For a € U and
v € Vi, we denote by D, f(a) the derivative of f given by D, f(a) := (% )i=of(a+tv) €
V5. If Vi and V5 are complex vector spaces, the holomorphic and anti-holomorphic
derivative of f are given as 0,f := (Dyf — iDi,f)/2 and O,f := (Dyf + 1D, f)/2
respectively. Making use of these conventions, we write

N

0
@) Do () = 00002
and
(3) dsp(¢, () ancga a7, = %009(2)
a,f=1

for € D and (,(’ € CV.



By [4, Proposition 5.1], there exists a holomorphic function 7 on the tube domain
Q +iR™ C C" such that

4)  Kp((u,w), (' w)) =n(w+a" = Qu,u))  ((u,w), (', w') €D).
Note that the right-hand side is well-defined because
2R(w + 0" — Q(u,u’))
=w+4+w—Qu,u)+w + 0" —Q(u,u)+ Qu—u',u—1u) e

(m+2n)

Lemma 3. For ¢ >0 and x € Q, one has n(cx) = ¢~ n(x).

Proof. We denote by A. the map CV > (u,w) ~ (y/cu,cw) € CN. Then A,
preserves the domain D C CV by (1). Therefore we see from (4) that
n(cz) = Kp(A:(0,2/2), A(0,2/2)) = | det A\| 2Kp((0,2/2), (0,2/2))
= | det Ac| *n(z),

which together with det \. = ¢™/2*" gives the formula. 0

Define amap Z,, : Q2 >z — £ € R" by &, := —%klogn(x) (k=1,...,n). Then
(5) Dylogn(x) = —(v, Z,(x))
for x € 2 and v € R™. In particular, we see from Lemma 3 that

(x,T,(x)) = =Dy logn(z) = — (4 )i=o{log n(x) — (m + 2n)log(1 +t)}
=m + 2n.

Since 7 is holomorphic on 2 + iR", we have %logn(x) = %logn(x) (k =
1,...,n). Thus Z, is naturally extended to a holomorphic map, and (5) is still
valid for z € Q +4R" and v € C".

Lemma 4. For ¢ >0 and x € Q, one has I,(cx) = ¢ 'L,(z).

Proof. For v € R", we see from (5) and Lemma 3 that

(0., ex)) = (L) logn(es + )
= (£)i=o{log n(z + tc~v) — (m + 2n) log ¢}
- <C_1U7:Z77(x)>7

whence the formula follows. O



We set ®(2) :=w + w — Q(u,u) for z = (u,w) € D. Then we have ¢ =logno ®
by (4). Thanks to (2) and (5), we obtain

Zcoa L (2) = 04, 0(2) = —(06,(2), Z,(®(2)))
—(wo — Q(ug,u), Z,(®(2)))

(7)

for ¢o = (o, wo) € CN.
Let us define a map H, : Q23 x — (an); =, € Sym(n,R) by a : 8cck8xl logn(x).
Namely, H, is the Hessian of the function logn. Recalling the definition of Z,, we

have

(8) DyT,(x) = —Hy(x)v,

which is valid for v € C". We see from (3) and (7) that

o) dsp(Co: 1)z = 0,04 (%) = =0, (0,2 (2), L,(®(2)))
—(0¢,06,2(2), Zy(®(2))) — (05, ®(2), 9, T, (D(2)))

for ¢; = (uj,w;) € CV (j = 0,1). We observe 8 9, ®(z) = —Q(uo,u1). On the
other hand, since 0, ®(z) = w1 — Q(u,u1), we have by (8)

0, Zy(2(2)) = —Hy(®(2)) (01 — Q(u, un)).
Thus (9) tells us that
(10) dsp(Co,€1) = (Q(uo, ur), (2)) + (wo — Q(uo, u), Hy(P(2)) (W1 — Q(u, u1))).
Now we set (4(2) := (0, —®(z)) € CV for z € D. By (10) we have
(11) dsp (o, C(2)): = —(wo — Q(uo, w), Hy(®(2))®(2)).
Thanks to (8) and Lemma 4, we have
H,(9(2))2(2) = = Da(-)L,(2(2)) = L, (®(2)).
Thus we see from (11) and (7) that

0
(12)  dsp(Go,Gs(2))z = —(wo — Q(uo,u), T(P(2))) = Zl Co,aa—i(z),
which implies that
N 96 2
> 5, G = dsp(Cs(2), Co(2))-
a=1 @ ds?D




Hence Theorem 1 is proved.

§3. Appendix.

The holomorphic function n : Q + iR™ — C in (4) equals the Fourier-Laplace
transform of a measure on the dual cone of 2 ([4, Theorem 5.4]). Following the

argument in [9, Chapter 3], we shall review this result briefly.
We denote by 2* the dual cone { £ € R™; (z,£) >0 (z € CI(2) \ {0}) } of Q. We
define functions dg- and dg on Q2 by

S+ (&) = /Q e dx,  Sg(€) = / ) e QU dy(u) (€€ Q)

respectively, where dv stands for the Euclidean measure on C™. Let du be a measure
on ©* given by du(€) 1= 7 "0 () 1(€) 1 dE (€ € ).

Lemma 5. The Fourier-Laplace transform fQ e‘<w’5>du(§) of the measure du con-
verges absolutely for all w € Q + iR™.

Proof. It is enough to show the case that w = x € Q). For s > 0, let P, ; be the
hyperplane { £ € R™; (z,£) = s} in R". Then we have

o ds

19 [ e aue = [T e n (0@ €)1

Qx 0 Py .NQ* [Edl

where do, s denotes the Euclidean measure on P, ;. It is easy to see that do, s(s§) =

s" 1do,1(§) for € € P, ;. Moreover we have

do- (s€) 7! = s"d-(§),  do(s8)7! = sMdg(€)
by definition. Thus the right-hand side of (13) is rewritten as

1 oo

i [ e [ 0@ 0@ (@

|zl Jo Py 1NQ*

14 r@n+m)
n—+m _ _

= [ a©)0le) " doae).
mzll - Jp, e

Now we introduce a map R : 2 — Herm(m,C) defined in such a way that

(R(Qu,u) = (Qu,u'),&) (€€ u,u' € C™). Then we have
So(€) = m™det R(&)71.

In particular, do(¢)™" is a polynomial function of degree m. On the other hand,
for any point & on the boundary of the cone Q*, we have limecq« ¢ye, 00+(£) 1 =0
thanks to [10, Chapter 1, Proposition 3]. Therefore dg-(£) 10 (£)~! is bounded on



the relatively compact set P,; N Q*, so that the integral in (14) converges. O

For £ € 0%, we write F¢ for the Fock-Bargmann space on C™ whose reproducing
kernel is €5°@. Namely, F¢ is the Hilbert space consisting of holomorphic square-
integrable functions on C™ with respect to the Gaussian measure 5Q(§)’1e’<Q("’“)’5>
dv(u) (u e C™).

Let £(2* x C™; du) be the space of equivalence classes of measurable functions f
on 2 x C™ with respect to du ® dv such that
(L1) f(&,-) € Fe for almost all £ € Q,

(L2) 12 1= fo. I1£(€, )2 dpl€) < +o.
Then L£(Q* x C™; du) forms a Hilbert space (see [9, Lemma 3.2.7]). For an element
(uo,wp) of the Siegel domain D, the function Ky, .w,) on 2* x C™ given by

k(“OﬂUO) (6’ U/) = ei<w07€>€<Q(uvu0)7§> (5 E Q*’ U E (Cm)

belongs to £(2* x C™;dp). Indeed, we have ||k wo) (&, )||3T§ = e~ (wotwo—Quo,u0)&)
so that ||k(ug,we)||Z is finite by Lemma 5 (see (19) below).

Theorem 6 (cf. [9, Theorem 3.2.8]). One has a unitary isomorphism ¥V from L£(Q* x
C™; du) onto the Bergman space A*(D) on the Siegel domain D defined by

(15) U, w) = / e w9 f( u)dul€),  ((ww) € D)

where the integral converges absolutely.

Proof. Thanks to (L1) and the reproducing property of €¢°?, we have f(£,u) =
(f(&,)]e Q02 2 for almost all £ € Q*, so that (15) is rewritten as

(16) \I[f(u’ w) = (f’k(u,w)>£7

which is always finite. Now we put F := Wf. Applying Morera’s criterion and
Fubini’s theorem, we see that F' is holomorphic. If w = z + iy with x,y € R", we
have
(17)  F(u,z+iy) = (27)™" / e~ W8 e @8 £(£ ) 5o (26) Lo (6) T dE

Q*

because dg-(26)71 = 2"+ (€)1, By the Plancherel formula, we get

|F(u, x +iy)|dy = (27)™ /Q * e~ 2| £(€,u) 00 (26) 7200 (£) 2de,

R'I’L



so that

/ |F(u, x + iy) Pdydv ()

m Rn

= (27T)_"/ e~ Q220 (562(5)_1/ |f(€,U)IQB_@(“’“)’@CZV(U)) 8o (26) 20 (€)1 dE
Q* m

= (QW)_”/ e QU220 | £ (¢ )|, 00- (26) 20 (€) d¢
Q*

by Fubini’s theorem. Since (u,w) € D if and only if ¢ := =z — Q(u,u)/2 € Q, we

obtain

/D |F(u, z + iy) [2dv(u)dzdy
:/Q/n/m F(u,t + Qu,w)/2 + iy) [ dv(u) dy dt
=m0 ) L6 0o (26) (6
= (m) ™ [ o (26)50l) e
= [ Wl auo.

Therefore F' belongs to A?(D) and ¥ is an isometry. Owing to the Fourier inverse

formula, we see from (17) that

(18) F(E,u) = €59 5 (26) 60 (€) / &8 P, 2+ iy) dy.

Thus, in order to show the surjectivity of ¥, we have to check that the right-hand
side of (18) is independent of = € 2, and defines an element of £(2* x C™;du) for
any F' € A?(D). We merely refer to [7, Proposition 2.5] and [7, Lemma 2.29] for
details. O

Since ¥ is unitary, we see from (16) that
Fu,w) = (flkuw) = (F[¥k@w)  ((v,w) € D)

for any F' = Uf € A*(D) (f € L(Q* x C™;dp)). This means that the Bergman
kernel Kp is given by

Kp((u,w), (v, w") = Uk wy (u, w) = (kaw w) ke ) ((u,w), (v, w'") € D),

where the last term equals

(19) / e=(06) () (p(QUaNE) | QU dy(e) = / e W QA8 gy €.
Q* *



Therefore, putting

n(w) = / e du(e) (w e Q R,

we have (4).
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