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Abstract. The goal of this paper is to characterize the boundedness property

of the uncentered Hardy–Littlewood maximal operator on ball Banach function
spaces and their Köthe associate spaces in terms of the vector-valued maximal

inequality. The main result of this paper supplements the recent results by

Nieraeth.

1. Introduction

The goal of this paper is to investigate the boundedness property of operators
acting on Banach lattices. Let M denote the uncentered Hardy–Littlewood max-
imal operator over axis-parallel cubes in Rn. See (1.2) for the precise definition.
For 1 < q < ∞, we consider whether there is a constant Cq,X , independent of the
positive integer N , such that∥∥∥∥∥∥∥

 N∑
j=1

(Mfj)
q

 1
q

∥∥∥∥∥∥∥
X

≤ Cq,X

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
 1

q

∥∥∥∥∥∥∥
X

(1.1)

for every N ∈ N and every finite family {fj}Nj=1 of measurable functions for which
the quantity on the right is finite. Here we use the following notation: Throughout
the paper, for a measurable function f we allow

∫
Q
|f(x)| dx to take the value +∞,

and we put

Mf(x) = sup
Q

1Q(x) 〈|f |〉Q , 〈f〉Q =
1

|Q|

∫
Q

f, (1.2)

where the supremum is over all axis-parallel cubes. Here it will be understood that
0 · ∞ = 0. Thus Mf is initially an extended nonnegative measurable function. If
f is locally integrable, all the averages in (1.2) are finite.

The constant in (1.1) is required to be independent of N . This is the finite-
sequence form of the classical vector-valued maximal inequality of Fefferman and
Stein [3]. We also use its weighted form due to Andersen and John [1]. Throughout
the paper, a constant in a vector-valued estimate is only required to be finite and
independent of N .

Let X be a ball Banach function space (see Definition 2.1) and let X ′ be its
Köthe associate space. Consider the two boundedness assumptions

M : X → X, M : X ′ → X ′. (1.3)
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It is known that these assumptions imply the vector-valued estimate (1.1) for ev-
ery q ∈ (1,∞). This implication follows from [5, Theorem 1.1] by applying the
extrapolation theorem there to the weighted vector-valued maximal inequality of
Andersen and John [1]. As explained in [5], that extrapolation theorem is a special
case of [12, Theorem 4.7 and Remark 4.8].

The relation between (1.3) and sparse averaging operators is also known. Lorist
and Nieraeth [9, Lemma 3.4] and Nieraeth [13, Theorem 1.2] proved that (1.3)
is equivalent to uniform boundedness of sparse averaging operators. We use this
characterization in the proof of Theorem 1.1, after deriving the required uniform
sparse bound from (1.1). Lerner obtained another criterion for the boundedness of
M on X ′ in terms of local quantiles; see [6].

A related result concerns the linearized cube-average operators

TQf = 〈f〉Q 1Q.

Here and below 1E denotes the indicator function of a set E. Suppose that X is
r0-convex for some r0 > 1. Let Q denote the countable collection of cubes with
rational corners. Nieraeth considers the sequence-valued map

{fQ}Q∈Q 7−→ {〈fQ〉Q 1Q}Q∈Q.

Here the norm of a sequence {gQ}Q∈Q in X[ℓr(Q)] is

‖{gQ}Q∈Q‖X[ℓr(Q)] =

∥∥∥∥∥∥∥
∑

Q∈Q
|gQ|r

1/r
∥∥∥∥∥∥∥
X

.

By [13, Theorem 3.21], (1.3) is equivalent to the boundedness of this map on
X[ℓr(Q)] for some r ∈ (1, r0]. Restricting this bound to sequences supported on a
finite set F ⊂ Q gives∥∥∥∥∥∥∥

∑
Q∈F

|TQfQ|r
1/r

∥∥∥∥∥∥∥
X

≤ C

∥∥∥∥∥∥∥
∑

Q∈F
|fQ|r

1/r
∥∥∥∥∥∥∥
X

(Ar)

for every finite collection F of cubes with rational corners and every family {fQ}Q∈F ⊂
X. The number r and the constant C are independent of F and of the family
{fQ}Q∈F .

Let F = {Q1, . . . , QN} be an arbitrary finite collection of cubes, and let {fj}Nj=1 ⊂
X be an arbitrary family. For every j, choose cubes Q

(k)
j with rational corners

whose lower-left corners and side lengths converge to those of Qj . The choices can

be made so that the cubes Q
(k)
1 , . . . , Q

(k)
N are pairwise distinct for each k and all

the cubes Qj and Q
(k)
j are contained in one fixed bounded cube. Then

|Q(k)
j 4Qj | −→ 0, |Q(k)

j | −→ |Qj |, 1
Q

(k)
j

−→ 1Qj
almost everywhere.

Since X ⊂ L1
loc(Rn), each fj is integrable on that fixed bounded cube. Hence the

absolute continuity of the integral gives∣∣∣∣∣
∫
Q

(k)
j

fj −
∫
Qj

fj

∣∣∣∣∣ ≤
∫
Q

(k)
j △Qj

|fj | −→ 0.
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Together with |Q(k)
j | → |Qj |, this yields

〈fj〉Q(k)
j

−→ 〈fj〉Qj
(1 ≤ j ≤ N).

Consequently,

Gk :=

 N∑
j=1

|T
Q

(k)
j

fj |r
1/r

−→ G :=

 N∑
j=1

|TQj
fj |r

1/r

almost everywhere.

Apply (Ar) to {Q(k)
1 , . . . , Q

(k)
N } and the corresponding functions {f1, . . . , fN}. For

m ∈ N, set

Hm = inf
k≥m

Gk.

Then 0 ≤ Hm ↑ G almost everywhere, and Hm ≤ Gk for all k ≥ m. By the lattice
property of X,

‖Hm‖X ≤ inf
k≥m

‖Gk‖X .

The Fatou property of X therefore gives

‖G‖X = sup
m∈N

‖Hm‖X ≤ lim inf
k→∞

‖Gk‖X ≤ C

∥∥∥∥∥∥∥
 N∑

j=1

|fj |r
1/r

∥∥∥∥∥∥∥
X

.

Thus (Ar) also holds for arbitrary finite collections of cubes. Nieraeth’s proof of
the equivalence in [13, Theorem 3.21] between (1.3) and the boundedness of the
sequence-valued cube-average map on X[ℓr(Q)] uses a theorem of Rutsky [16]. For
r = 2, Nieraeth also proved that the implication from (Ar) to (1.3) holds for order-
continuous Banach function spaces with the Fatou property, without a convexity
assumption; see [13, Theorem A and Remark 3.22]. Since |TQfQ| ≤ MfQ pointwise,
(1.1) with q = 2 implies (Ar) with r = 2. Therefore Nieraeth’s result already gives
the converse to (1.1) in the order-continuous case when q = 2.

To the best of our knowledge, the present paper removes the convexity and
order-continuity assumptions from this converse implication. More precisely, we
prove that if (1.1) holds for some q ∈ (1,∞) with a constant independent of N ,
then (1.3) holds without assuming r0-convexity for any r0 > 1 or order continuity.
The main new step is to obtain a uniform scalar sparse bound from (1.1). First,
the disjoint sets in a sparse family give a bound for a sparse ℓq operator. Next,
a binomial iteration changes this ℓq bound into a bound for the ordinary sparse
averaging operator. The finite dyadic sparse criterion in Proposition 4.2 below
then gives (1.3), and in particular the boundedness of M on X ′.

Theorem 1.1 (Vector-valued maximal characterization). Let X be a ball Banach
function space on Rn, and let X ′ be its Köthe associate space.

(i) The following statements are equivalent.
(a) M : X → X and M : X ′ → X ′ are bounded.
(b) There exist q ∈ (1,∞) and a constant C > 0 such that, for every

N ∈ N and every finite family {fj}Nj=1 of measurable functions, the



4 YOSHIHIRO SAWANO, MITSUO IZUKI, AND TAKAHIRO NOI

finite vector-valued inequality∥∥∥∥∥∥∥
 N∑

j=1

(Mfj)
q

 1
q

∥∥∥∥∥∥∥
X

≤ C

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
 1

q

∥∥∥∥∥∥∥
X

(1.4)

holds whenever the quantity on the right is finite. The constant C is
independent of N and of the family {fj}Nj=1.

(c) For every q ∈ (1,∞), there is a constant C > 0 such that (1.4) holds
for every N ∈ N, with C independent of N and of the family {fj}Nj=1.

(ii) The parameter q ∈ (0,∞) must satisfy q > 1 if there exists a finite constant
C satisfying the inequality (1.4) for every N ∈ N and every finite family
{fj}Nj=1 of measurable functions. More precisely, for 0 < q ≤ 1 such an
estimate fails on every ball quasi-Banach function space on Rn.

(iii) Fix 1 < q < ∞. Suppose that the inequality (1.4), with this value of q
and constant C, holds for every N ∈ N. Then, for every sequence {fj}∞j=1

satisfying  ∞∑
j=1

|fj |q
 1

q

∈ X,

one has ∥∥∥∥∥∥∥
 ∞∑

j=1

(Mfj)
q

 1
q

∥∥∥∥∥∥∥
X

≤ C

∥∥∥∥∥∥∥
 ∞∑

j=1

|fj |q
 1

q

∥∥∥∥∥∥∥
X

.

Conversely, this estimate for all sequences implies (1.4) by taking fj = 0
for j > N , with the same constant C.

(iv) The following statements are equivalent. The constant C may be chosen to
be the same in (a)–(c).
(a) There is a constant C > 0 such that

‖Mf‖X ≤ C ‖f‖X (f ∈ X).

(b) There is a constant C > 0 such that, for every N ∈ N and every finite
family {fj}Nj=1 satisfying max

1≤j≤N
|fj | ∈ X,∥∥∥∥ max

1≤j≤N
Mfj

∥∥∥∥
X

≤ C

∥∥∥∥ max
1≤j≤N

|fj |
∥∥∥∥
X

. (1.5)

(c) There is a constant C > 0 such that, for every sequence {fj}∞j=1 with
sup
j≥1

|fj | ∈ X,

∥∥∥∥sup
j∈N

Mfj

∥∥∥∥
X

≤ C

∥∥∥∥sup
j∈N

|fj |
∥∥∥∥
X

.

These equivalent conditions need not imply that M is bounded on X ′.

The characterization in Theorem 1.1 is also useful for concrete ball Banach func-
tion spaces; see, for example, [19, Theorem 4.12].
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Let s ∈ (1,∞) and let X be a Banach lattice. We say that X is s-concave if
there exists a constant C > 0 such that, for every finite family {xj}Nj=1 ⊂ X, N∑

j=1

‖xj‖sX

1/s

≤ C

∥∥∥∥∥∥∥
 N∑

j=1

|xj |s
1/s

∥∥∥∥∥∥∥
X

.

Lerner recently proved that, if X is an s-concave Banach function space for some
s ∈ (1,∞) and M is bounded on X, then M is also bounded on X ′; see [8,
Corollary 1.4]. Our result is different in nature. Without assuming r0-convexity
for any r0 > 1, s-concavity, or order continuity, Theorem 1.1 (i) characterizes the
boundedness of M on X and X ′ by the finite vector-valued maximal inequality
(1.4). The principal new contribution is the converse implication: the finite vector-
valued inequality itself implies the boundedness of M onX ′, without any additional
convexity, concavity, or order-continuity assumption.

We briefly describe the converse argument. Let S be a finite sparse subcollection
of a dyadic grid and define

TS ,qf =

∑
Q∈S

〈|f |〉qQ 1Q

 1
q

, AS f =
∑
Q∈S

〈|f |〉Q 1Q.

The estimate in (1.4) first gives a bound for TS ,q that is independent of S . The
binomial iteration in Theorem 3.2, combined with this bound, gives the uniform
bound for AS stated in Corollary 3.3. The finite dyadic sparse criterion in Propo-
sition 4.2 then yields the boundedness of M on X ′.

To obtain the result in the quasi-Banach setting, let Y be a ball quasi-Banach
function space and let r > 0. Following the notation in [12], define

Y r = {h : |h|1/r ∈ Y }, ‖h‖Y r =
∥∥∥|h|1/r∥∥∥r

Y
. (1.6)

The following is a standard concavification fact; see [12, Definition 2.7 and the
discussion following it].

Lemma 1.2 (Standard concavification facts). Let Y be an r-convex ball quasi-
Banach function space with convexity constant one, and put X = Y r. Then X is
a Banach lattice with the Fatou property and contains the indicator of every ball.
Moreover,

‖H‖rY = ‖Hr‖X (H ≥ 0). (1.7)

We assume that Y is r-convex with constant one (see Definition 5.3). Under this
assumption, the quantity in (1.6) is a norm. Put X = Y r. For a finite collection
S of cubes and f ∈ Lr

loc(Rn), define

Mrf =
[
M(|f |r)

]1/r
, AS ,rf =

[
AS (|f |r)

]1/r
. (1.8)

The following theorem is a direct rescaling consequence of Theorem 1.1.

Theorem 1.3 (Powered vector-valued maximal characterization). Let Y be an r-
convex ball quasi-Banach function space with convexity constant one for some r > 0,
and put X = Y r with the norm in (1.6).

(i) The following statements are equivalent.
(a) M : X → X and M : X ′ → X ′ are bounded.



6 YOSHIHIRO SAWANO, MITSUO IZUKI, AND TAKAHIRO NOI

(b) There exist q > r and a constant C > 0 such that, for every N ∈ N
and every finite family {fj}Nj=1 ⊂ Lr

loc(Rn),∥∥∥∥∥∥∥
 N∑

j=1

(Mrfj)
q

 1
q

∥∥∥∥∥∥∥
Y

≤ C

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
 1

q

∥∥∥∥∥∥∥
Y

(1.9)

whenever the quantity on the right is finite. The constant C is inde-
pendent of N and of the family {fj}Nj=1.

(c) For every q > r, there is a constant C > 0 such that (1.9) holds for
every N ∈ N and every finite family {fj}Nj=1 ⊂ Lr

loc(Rn) for which
the quantity on the right is finite, with C independent of N and of the
family.

(d) There is a constant Csp > 0 such that

‖AS ,rf‖Y ≤ Csp ‖f‖Y (1.10)

for every finite 1/2-sparse subcollection S of every dyadic grid and
every f ∈ Y ∩ Lr

loc(Rn).
Each of these conditions implies Y ⊂ Lr

loc(Rn). Moreover, for q > r, a
constant C works in (1.9) if and only if Cr works in (1.4) on X with q/r
in place of q.

(ii) Let q > 0. Suppose that there is a finite constant C such that (1.9) holds
for every N ∈ N and every finite family {fj}Nj=1 ⊂ Lr

loc(Rn) for which the
quantity on the right is finite, with C independent of N and of the family.
Then necessarily q > r and Y ⊂ Lr

loc(Rn). In particular, no estimate in
(1.9) can hold for every N ∈ N when 0 < q ≤ r.

(iii) Fix q > r and suppose that (1.9), with constant C, holds for every N ∈ N.
Then, for every sequence {fj}∞j=1 satisfying

(∑∞
j=1 |fj |q

) 1
q ∈ Y , one has∥∥∥∥∥∥∥

 ∞∑
j=1

(Mrfj)
q

 1
q

∥∥∥∥∥∥∥
Y

≤ C

∥∥∥∥∥∥∥
 ∞∑

j=1

|fj |q
 1

q

∥∥∥∥∥∥∥
Y

.

Conversely, this estimate for all sequences implies (1.9) by taking fj = 0
for j > N , with the same constant C.

(iv) Suppose that Y ⊂ Lr
loc(Rn). The following statements are equivalent. The

constant C may be chosen to be the same in (a)–(c).
(a) There is a constant C > 0 such that

‖Mrf‖Y ≤ C ‖f‖Y (f ∈ Y ).

(b) There is a constant C > 0 such that, for every N ∈ N and every finite
family {fj}Nj=1 satisfying max

1≤j≤N
|fj | ∈ Y ,

∥∥∥∥ max
1≤j≤N

Mrfj

∥∥∥∥
Y

≤ C

∥∥∥∥ max
1≤j≤N

|fj |
∥∥∥∥
Y

.
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(c) There is a constant C > 0 such that, for every sequence {fj}∞j=1 with
sup
j∈N

|fj | ∈ Y ,∥∥∥∥sup
j∈N

Mrfj

∥∥∥∥
Y

≤ C

∥∥∥∥sup
j∈N

|fj |
∥∥∥∥
Y

.

To see the relation between the two theorems, let fj ∈ Lr
loc(Rn), set hj = |fj |r,

and put a = q/r. Then∥∥∥∥∥∥∥
 N∑

j=1

(Mrfj)
q

 1
q

∥∥∥∥∥∥∥
r

Y

=

∥∥∥∥∥∥∥
 N∑

j=1

(Mhj)
a

1/a
∥∥∥∥∥∥∥
X

,

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
 1

q

∥∥∥∥∥∥∥
r

Y

=

∥∥∥∥∥∥∥
 N∑

j=1

|hj |a
1/a

∥∥∥∥∥∥∥
X

.

Thus, after raising both sides to the power r, (1.9) becomes (1.4) onX, with a = q/r
in place of q. Similarly,

‖AS ,rf‖rY = ‖AS (|f |r)‖X .

These identities reduce the proof of Theorem 1.3 to Theorem 1.1, after the com-
pleteness and local-integrability properties of X have been verified.

The paper is organized as follows. Section 2 contains the definitions and known
results used throughout the paper. Section 3 derives uniform sparse bounds from
(1.4) under the assumption that this estimate holds for some q ∈ (1,∞). Section 4
recalls the finite dyadic sparse criterion needed here and then proves Theorem 1.1.
Section 5 is devoted to the proof of Theorem 1.3.

Our results also extend to the local Hardy–Littlewood maximal operator by
using Theorem 3.2. Finally, Section 6 establishes the local versions of Theorems 1.1
and 1.3 by applying the results of Section 3.

2. Ball function spaces, maximal operators, and sparse families

Section 2 collects preliminary facts.

2.1. The function-space setting. Fix n ∈ N. We work on Rn with Lebesgue
measure. For 1 < a < ∞, write a′ = a/(a − 1). The operators used below are
positively homogeneous but need not be linear, and they may initially have the
value +∞. If T assigns an extended measurable function Tf to every element f of
a quasi-normed function space Z, we set

‖T‖Z→Z := sup
0 ̸=f∈Z

‖Tf‖Z
‖f‖Z

∈ [0,∞], (2.1)

where the quotient is interpreted as +∞ when Tf /∈ Z. Thus T : Z → Z is bounded
exactly when the quantity in (2.1) is finite.

We invoke the notion of ball Banach function spaces from [4].

Definition 2.1. Let X be a normed linear space of measurable functions on Rn,
where functions that agree almost everywhere are identified. We call X a normed
function lattice if it satisfies property (i) below. We call X a ball Banach function
space if it is complete and satisfies properties (i)–(iv).
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(i) If f ∈ X and |g| ≤ |f | almost everywhere, then g ∈ X and ‖g‖X ≤ ‖f‖X .
(ii) If fk ∈ X, 0 ≤ fk ↑ f almost everywhere, and sup

k
‖fk‖X < ∞, then f ∈ X

and

‖f‖X = sup
k

‖fk‖X .

(iii) For every ball B ⊂ Rn, one has 1B ∈ X.
(iv) For every ball B ⊂ Rn, there is a constant CB such that∫

B

|f(x)| dx ≤ CB ‖f‖X (f ∈ X).

We also present the definition of ball quasi-Banach function spaces.

Definition 2.2. A quasi-Banach space Y of measurable functions on Rn is called
a ball quasi-Banach function space if the following properties hold.

(i) If f ∈ Y and |g| ≤ |f | almost everywhere, then g ∈ Y and ‖g‖Y ≤ ‖f‖Y .
(ii) If fk ∈ Y , 0 ≤ fk ↑ f almost everywhere, and sup

k
‖fk‖Y < ∞, then f ∈ Y

and

‖f‖Y = sup
k

‖fk‖Y .

(iii) For every ball B ⊂ Rn, one has 1B ∈ Y .

Let X be a normed function lattice that contains the indicator of every bounded
measurable set. Its Köthe associate space is

X ′ =

{
g : ‖g‖X′ := sup

∥f∥X≤1

∫
Rn

|f(x)g(x)| dx < ∞

}
. (2.2)

Since 1E ∈ X for every bounded measurable set E, each g ∈ X ′ is locally integrable.
More precisely, ∫

E

|g(x)| dx ≤ ‖1E‖X ‖g‖X′ < ∞.

The generalized Hölder inequality is∫
Rn

|f(x)g(x)| dx ≤ ‖f‖X ‖g‖X′ . (2.3)

Lemma 2.3. Let X be a normed function lattice and let X ′ be defined by (2.2). If
0 ≤ gk ↑ g almost everywhere and sup

k
‖gk‖X′ < ∞, then g ∈ X ′ and

‖g‖X′ = sup
k

‖gk‖X′ .

In particular, X ′ has the Fatou property.

Proof. Put C = sup
k

‖gk‖X′ . For every f ∈ X, the monotone convergence theorem

and (2.3) give∫
Rn

|f(x)|g(x) dx = lim
k→∞

∫
Rn

|f(x)|gk(x) dx ≤ C ‖f‖X .

Thus g ∈ X ′ and ‖g‖X′ ≤ C. The reverse inequality follows from gk ≤ g and the
lattice property of X ′. □

We collect some fundamental properties of ball Banach function spaces.
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Lemma 2.4. Let X be a ball Banach function space.

(i) If E is a bounded measurable set, then 1E ∈ X.
(ii) Both X and X ′ are continuously embedded into L1(E) for every bounded

measurable set E.
(iii) If E has positive measure, then there is a measurable subset F ⊂ E such

that |F | > 0 and 1F ∈ X.

Proof. Let E be bounded and choose a ball B containing E. Since 1E ≤ 1B , part
(i) follows from Definition 2.1(i),(iii). For f ∈ X,∫

E

|f(x)| dx ≤
∫
B

|f(x)| dx ≤ CB ‖f‖X ,

so the embedding for X in part (ii) follows from Definition 2.1(iv). Let us establish
that X ′ is embedded into L1(E) in part (ii). If g ∈ X ′, then∫

E

|g(x)| dx ≤ ‖1E‖X ‖g‖X′ ,

which proves the estimate for X ′. Finally, if |E| > 0, then |E ∩ B(0, R)| > 0 for
some R > 0. Part (i), applied to F = E ∩B(0, R), proves part (iii). □

We recall [10, Theorem 3.6] and [20, Theorem 71.1].

Lemma 2.5. [10, Theorem 3.6] and [20, Theorem 71.1] Let X be a ball Banach
function space. Then X ′ is a ball Banach function space, both X and X ′ are
continuously embedded into L1(E) for every bounded measurable set E, and X ′′ = X
with equality of norms.

We do not recall the proof but we make some comments. Part (iii) of Lemma 2.4
is precisely the saturation property used in the standard theory of Banach func-
tion spaces. Together with the Fatou property in Definition 2.1(ii), the Lorentz–
Luxemburg theorem gives X ′′ = X with equality of norms.

2.2. Maximal and vector-valued operators. The extrapolation theorem in [5]
is stated for a centered maximal operator over Euclidean balls Mcenter. The opera-
tor Mcenter and the operator in (1.2) dominate each other pointwise up to constants
depending only on n. Consequently, the boundedness on X and X ′, and the esti-
mates obtained by extrapolation, are unchanged apart from dimensional constants.

A weight is a locally integrable function w such that 0 < w < ∞ almost ev-
erywhere. For 1 < p < ∞, the Muckenhoupt class Ap consists of the weights
satisfying

[w]Ap
= sup

Q
〈w〉Q

(〈
w−1/(p−1)

〉
Q

)p−1

< ∞. (2.4)

We write

‖f‖Lp(w) =

(∫
Rn

|f(x)|pw(x) dx
)1/p

.

When w ≡ 1, we simply write Lp = Lp(Rn) and ‖f‖Lp in place of Lp(w) and
‖f‖Lp(w), respectively.

The following weighted vector-valued estimate is due to Andersen and John [1].
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Theorem 2.6. Let 1 < p, q < ∞. There is an increasing function Nn,p,q : [1,∞) →
(0,∞) such that, for every w ∈ Ap, every N ∈ N, and every finite family {fj}Nj=1 of
measurable functions for which the quantity on the right-hand side of the following
inequality is finite,∥∥∥∥∥∥∥

 N∑
j=1

(Mfj)
q

 1
q

∥∥∥∥∥∥∥
Lp(w)

≤ Nn,p,q([w]Ap
)

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
 1

q

∥∥∥∥∥∥∥
Lp(w)

. (2.5)

The function Nn,p,q is independent of N .

We use the following known extrapolation theorem in the form stated in [5,
Theorem 1.1]. That paper also explains that this statement is a special case of [12,
Theorem 4.7 and Remark 4.8].

Theorem 2.7. Let X be a ball Banach function space such that M is bounded on
both X and X ′. Fix p0 ∈ (1,∞), and let N : [1,∞) → (0,∞) be increasing. Let
F be a collection of pairs (f, g) of nonnegative measurable functions. Assume that,
for every w ∈ Ap0

and every (f, g) ∈ F with g ∈ Lp0(w), one has f ∈ Lp0(w) and

‖f‖Lp0 (w) ≤ N([w]Ap0
) ‖g‖Lp0 (w) .

Then there is a constant C = C(X, p0, N) such that, for every (f, g) ∈ F with
g ∈ X, one has f ∈ X and

‖f‖X ≤ C ‖g‖X .

The constant C is independent of F and of the particular pair (f, g).

The weighted spaces in [12] are written in the multiplier-weight convention Lp0
v =

{H : vH ∈ Lp0}. Taking v = w1/p0 gives

‖H‖Lp0
v

= ‖H‖Lp0 (w), [v]p0 = [w]
1/p0

Ap0
.

Accordingly, [12, Theorem 4.7], applied with ϕ(t) = N(tp0), yields the conclusion
of Theorem 2.7 for each pair (f, g) ∈ F . Remark 4.8 in [12] shows that the constant
may be chosen independently of the particular pair. Hence a specific constant works
uniformly for all (f, g) ∈ F with g ∈ X.

Let Z be a ball quasi-Banach function space and let 0 < q < ∞. Given a constant
C > 0, we say that the finite vector-valued estimate holds on Z with constant C if,
for every N ∈ N, ∥∥∥∥∥∥∥

 N∑
j=1

(Mfj)
q

 1
q

∥∥∥∥∥∥∥
Z

≤ C

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
 1

q

∥∥∥∥∥∥∥
Z

(2.6)

whenever the quantity on the right is finite. The constant C is independent of N
and of the family. Here Mfj is the extended-valued function in (1.2). Whenever
(2.6) holds with a finite constant C, taking N = 1 gives

‖Mf‖Z ≤ C ‖f‖Z (f ∈ Z). (2.7)

Hence Mf is finite almost everywhere for every f ∈ Z. If ‖f‖L1(Q) = ∞ for some
cube Q, then Mf = ∞ on Q, which is impossible. Therefore every element of Z is
locally integrable whenever (2.6) holds with a finite constant independent of N .
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Lemma 2.8. Let X be a ball quasi-Banach function space, and let 0 < q < ∞.
Assume that (2.6), with constant C, holds for every N ∈ N. Then X ⊂ L1

loc(Rn)
and ∥∥∥∥∥∥∥

 ∞∑
j=1

(Mfj)
q

1/q
∥∥∥∥∥∥∥
X

≤ C

∥∥∥∥∥∥∥
 ∞∑

j=1

|fj |q
1/q

∥∥∥∥∥∥∥
X

(2.8)

for every sequence for which the quantity on the right belongs to X.

Proof. If ‖f‖L1(Q) = ∞ for some cube Q, then

Mf = ∞ (2.9)

on Q, which is impossible. Hence ‖f‖L1(Q) < ∞ for every such cube. Since every

bounded set E is contained in a finite union of these cubes, say E ⊂
m⋃

ν=1
Qν , one

has ∫
E

|f(x)| dx ≤
m∑

ν=1

∫
Qν

|f(x)| dx < ∞.

Thus X ⊂ L1
loc(Rn).

Next, we justify the passage from inequality (2.6) for finitely many functions
to inequality (2.8) for infinite sequences. Since |fj | ≤ F , Definition 2.2(i) gives
fj ∈ X, and the assumed local embedding shows that each fj is locally integrable.
For N ≥ 1, put

FN =

 N∑
j=1

|fj |q
 1

q

, GN =

 N∑
j=1

(Mfj)
q

 1
q

.

Also set

F =

 ∞∑
j=1

|fj |q
 1

q

, G =

 ∞∑
j=1

(Mfj)
q

 1
q

.

Then FN ≤ F , and therefore

‖GN‖X ≤ C ‖FN‖X ≤ C ‖F‖X .

Since GN ↑ G pointwise, Definition 2.2(ii) gives G ∈ X and

‖G‖X = sup
N∈N

‖GN‖X ≤ C ‖F‖X .

□

We follow [18, p. 75, 5.2] to prove the following proposition.

Proposition 2.9. Let Y be a ball quasi-Banach function space on Rn, and let
0 < q ≤ 1. There is no constant C such that∥∥∥∥∥∥∥

 N∑
j=1

(Mfj)
q

 1
q

∥∥∥∥∥∥∥
Y

≤ C

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
 1

q

∥∥∥∥∥∥∥
Y

(2.10)

for every N ∈ N and all measurable functions for which the quantity on the right
is finite.
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Proof. Suppose, to the contrary, that (2.10) holds with a constant C independent
of N . Choose L = 8M with M ∈ N, and set

Q = [0, 1)n.

The Ln half-open cubes

Qν =

n∏
i=1

[
νi − 1

L
,
νi
L

)
, ν = (ν1, . . . , νn) ∈ {1, . . . , L}n,

are pairwise disjoint and their union is exactly Q. Put fν = 1Qν
. Thus we have a

family of N = Ln functions, and ∑
ν∈{1,2,...,L}n

|fν |q
 1

q

= 1Q pointwise on Rn. (2.11)

Let E = (3/8, 5/8)n. For each x ∈ E, define

κi = bLxic+ 1 (1 ≤ i ≤ n), κ = (κ1, . . . , κn).

Since 0 < xi < 1, one has κi ∈ {1, . . . , L} and

κi − 1

L
≤ xi <

κi

L
.

Hence x ∈ Qκ. There is only one index κ such that x ∈ Qκ because the cubes Qν

form a disjoint partition of Q. Moreover,

3M < Lxi < 5M,

and therefore

3M + 1 ≤ κi ≤ 5M. (2.12)

For each ν = (ν1, ν2, . . . , νn) ∈ {1, . . . , L}n, define the lattice distance by

d(ν, κ) = max
1≤i≤n

|νi − κi|.

We now construct explicitly a cube containing both x and Qν . For the i-th coordi-
nate, write

Iνi
=

[
νi − 1

L
,
νi
L

)
, xi ∈ Iκi

,

and let

ai = min

{
xi,

νi − 1

L

}
, bi = max

{
xi,

νi
L

}
.

Then both the point xi and the interval Iνi
are contained in [ai, bi]. Moreover,

bi − ai =



νi
L

− xi, νi > κi( ⇐⇒ νi ≥ κi + 1),

1

L
, νi = κi,

xi −
νi − 1

L
, νi < κi( ⇐⇒ νi ≤ κi − 1).

Recall that κi = bLxic+ 1. Therefore,

κi − 1

L
≤ xi <

κi

L
.
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Each of these three cases gives

bi − ai ≤
|νi − κi|+ 1

L
≤ d(ν, κ) + 1

L
. (2.13)

Set

δ =
d(ν, κ) + 2

L
and ci = ai −

δ − (bi − ai)

2
=

ai + bi − δ

2
.

Estimate (2.13) implies bi − ai < δ and ci < ai, and hence

[ai, bi] ⊂ (ci, ci + δ).

Therefore the axis-parallel cube

Rν,x =

n∏
i=1

[ci, ci + δ)

contains x and the whole cube Qν , and its side length is

ℓ(Rν,x) = δ =
d(ν, κ) + 2

L
.

Using this cube in the definition of M, we obtain

Mfν(x) ≥
1

|Rν,x|

∫
Rν,x

1Qν (y) dy =
|Qν |
|Rν,x|

≥ L−n[
(d(ν, κ) + 2)/L

]n =
(
d(ν, κ) + 2

)−n
. (2.14)

Let s ∈ N. We now count the indices ν at a fixed lattice distance s from κ. Set

Γs(κ) = {ν ∈ Zn : d(ν, κ) = s}.

If 1 ≤ s ≤ M = L/8, then since

2M + 1 ≤ κi − s ≤ νi ≤ κi + s ≤ 6M < L

due to (2.12), every ν ∈ Γs(κ) belongs to {1, . . . , L}n. The number of integer
vectors satisfying d(ν, κ) ≤ s is (2s+ 1)n, because each coordinate can take one of
the 2s+ 1 values

κi − s, κi − s+ 1, . . . , κi + s.

Similarly, the number satisfying d(ν, κ) ≤ s− 1 is (2s− 1)n. Therefore

#Γs(κ) = (2s+ 1)n − (2s− 1)n.

The subtraction removes the vectors with d(ν, κ) ≤ s−1 from those with d(ν, κ) ≤ s,
so the remaining vectors are exactly the elements of Γs(κ). Moreover,

(2s+ 1)n − (2s− 1)n =

∫ 2s+1

2s−1

ntn−1 dt ≥ 2n(2s− 1)n−1 ≥ 2nsn−1.

Thus

#Γs(κ) ≥ 2nsn−1 (1 ≤ s ≤ M).

Remark that s+2 ≤ 3s for s ∈ N. If q = 1, then (2.14) and the preceding count
give ∑

ν∈{1,2,...,L}n

Mfν(x) ≥
M∑
s=1

∑
ν∈Γs(κ)

(s+ 2)−n ≥
M∑
s=1

2nsn−1

(s+ 2)n
≥

M∑
s=1

2n

3ns
.
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Furthermore, using L = 8M , we have

M∑
s=1

2n

3ns
≥ 2n

3n
log(M + 1) =

2n

4 · 3n
log(M + 1)4 ≥ 2n

4 · 3n
log 8M =

2n

4 · 3n
logL.

Hence ∑
ν∈{1,2,...,L}n

Mfν(x) ≥
2n

4 · 3n
logL.

Let 0 < q < 1. Again using (2.14), we have∑
ν∈{1,2,...,L}n

(Mfν(x))
q ≥

M∑
s=1

♯Γs(κ)

(s+ 2)nq
≥

M∑
s=1

2nsn−1

(s+ 2)nq
≥

M∑
s=1

2n

3nq
sn(1−q)−1.

Hence ∑
ν∈{1,2,...,L}n

(Mfν(x))
q ≥

M∑
s=1

2n

3nq
sn(1−q)−1 ≥ cn,qL

n(1−q).

The last inequality is the elementary power-sum estimate; for example, it follows
by summing only over the integers s with M/2 ≤ s ≤ M .

Consequently, for every x ∈ E, ∑
ν∈{1,2,...,L}n

(Mfν(x))
q

 1
q

≥

{
cn logL, q = 1,

cn,qL
n(1/q−1), 0 < q < 1.

The sets E and Q are bounded, so each is contained in a ball. Definition 2.2(i),(iii)
therefore gives 1E ,1Q ∈ Y . Hence (2.11) and the lattice property give∥∥∥∥∥∥∥

 ∑
ν∈{1,2,...,L}n

(Mfν)
q

 1
q

∥∥∥∥∥∥∥
Y

≥

{
cn(logL) ‖1E‖Y , q = 1,

cn,qL
n(1/q−1) ‖1E‖Y , 0 < q < 1,

whereas the right-hand side of (2.10), for this family, is C ‖1Q‖Y . The latter is
independent of L, while either lower bound tends to infinity as L → ∞. This
contradiction proves the proposition. □

Proposition 2.10. Let Y be a ball quasi-Banach function space. The following
statements are equivalent. The constant C may be chosen to be the same in (i)–
(iii).

(i) There is a constant C > 0 such that

‖Mf‖Y ≤ C ‖f‖Y (f ∈ Y ).

(ii) There is a constant C > 0 such that, for every N ∈ N and every finite
family {fj}Nj=1 satisfying max

1≤j≤N
|fj | ∈ Y ,∥∥∥∥ max

1≤j≤N
Mfj

∥∥∥∥
Y

≤ C

∥∥∥∥ max
1≤j≤N

|fj |
∥∥∥∥
Y

.

(iii) There is a constant C > 0 such that∥∥∥∥sup
j∈N

Mfj

∥∥∥∥
Y

≤ C

∥∥∥∥sup
j∈N

|fj |
∥∥∥∥
Y
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whenever sup
j∈N

|fj | ∈ Y .

Moreover, even when Y is a ball Banach function space, these equivalent conditions
need not imply that M is bounded on Y ′.

Proof. For any finite or countable sequence,

sup
j

Mfj ≤ M
(
sup
j

|fj |
)

pointwise in [0,∞]. Thus the scalar estimate in (i), with constant C, implies both
(ii) and (iii) with the same constant. Conversely, applying either (ii) or (iii) to a
family with one nonzero term gives (i), again with the same constant.

For the final assertion, take Y = L∞(Rn). Then M is bounded on Y , whereas
Y ′ = L1(Rn) and M is not bounded on L1(Rn); see, for example, [17, Chapter I].

□
2.3. Dyadic grids and sparse families. A half-open cube is a set of the form

Q =

n∏
i=1

[ai, ai + ℓ), ai ∈ R, ℓ > 0.

A collection D of half-open cubes is called a dyadic grid if it can be written as

D =
⋃
k∈Z

Dk

and satisfies the following properties.

(i) For every k ∈ Z, Dk is a partition of Rn into half-open cubes of side length
2−k.

(ii) Every Q ∈ Dk is contained in a unique cube Q(1) ∈ Dk−1 and is the disjoint
union of exactly 2n cubes in Dk+1.

(iii) If P,Q ∈ D , then P ∩Q = ∅, P ⊂ Q, or Q ⊂ P .

A collection S of cubes is called η-sparse, where 0 < η < 1, if there are measur-
able sets EQ ⊂ Q, Q ∈ S , such that

|EQ| ≥ η|Q| and EQ ∩ EP = ∅ (Q 6= P ). (2.15)

If S is contained in a dyadic grid, it is called a dyadic sparse collection. For every
finite collection S of cubes and every 0 < q < ∞, define

TS ,qf =

∑
Q∈S

〈|f |〉qQ 1Q

 1
q

, (2.16)

Every sparse collection of cubes in Rn is at most countable. For an arbitrary sparse
collection S , define

AS f(x) := sup
F⊂S

F finite

∑
Q∈F

〈|f |〉Q 1Q(x) ∈ [0,∞].

Since all the summands are nonnegative, this agrees with the pointwise sum

AS f(x) =
∑
Q∈S

〈|f |〉Q 1Q(x), (2.17)

independently of the enumeration of S . Note that the operator TS ,q will only be
used below when S is finite.
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For a dyadic grid D and a measurable function f , define the dyadic maximal
operator associated with D by

MDf(x) := sup
Q∈D

〈|f |〉Q 1Q(x) ∈ [0,∞].

If F ⊂ D is a nonempty finite subcollection, define the corresponding finite dyadic
maximal operator by

MFf(x) := max
Q∈F

〈|f |〉Q 1Q(x).

We use the convention M∅f = 0.
Lemma 2.11 gives a finite sparse domination of the dyadic maximal operator

associated with a finite family of cubes. Starting with the inclusion-maximal cubes
in F , which are pairwise disjoint, we recursively select proper subcubes whose
averages are more than twice the average of the previously selected cube.

At each stage, we retain only those candidate subcubes that are not properly
contained in another candidate. This standard recursive selection produces a finite
1/2-sparse collection and controls every average occurring in MFf ; compare [7].
We include the proof because Proposition 4.2 below requires precisely this finite
form inside one fixed dyadic grid.

Lemma 2.11. Let D be a dyadic grid and let F ⊂ D be a finite collection. For
every locally integrable f , there is a finite 1/2-sparse collection S ⊂ D such that

MFf ≤ 2AS f almost everywhere. (2.18)

Proof. If F = ∅, take S = ∅. Hence we may assume that F 6= ∅.
Let C ⊂ F be a subcollection. A cube Q ∈ C is called inclusion-maximal in C if

there is no cube R ∈ C such that Q ⊊ R.
We construct S recursively. First, select all cubes that are inclusion-maximal in

F . Suppose that Q has already been selected in the above procedure, and consider
the finite collection

B(Q) =
{
P ∈ F : P ⊊ Q, 〈|f |〉P > 2 〈|f |〉Q

}
.

Assume that B(Q) 6= ∅. Select all cubes that are inclusion-maximal in B(Q). We
call them the selected children of Q. Here “children” refers only to this recursive
selection: these cubes need not be the 2n immediate dyadic children of Q. Apply
the same rule to every newly selected cube. Each selected child is a proper subcube
of its parent, and F is finite. Hence the procedure stops after finitely many steps.
Let S be the collection of all selected cubes, and for Q ∈ S write chS (Q) for
the selected children of Q. Notice that a cube R belongs to S if and only if
either R is inclusion-maximal in F , or there exists a cube Q ∈ S such that R is
inclusion-maximal in B(Q).

We first prove that S is 1/2-sparse. The cubes in chS (Q) are pairwise disjoint
due to maximality. If 〈|f |〉Q > 0, the definition of the children and their pairwise
disjointness give

2 〈|f |〉Q
∑

P∈chS (Q)

|P | <
∑

P∈chS (Q)

∫
P

|f | ≤
∫
Q

|f | = 〈|f |〉Q |Q|.

Consequently, ∣∣∣∣∣∣
⋃

P∈chS (Q)

P

∣∣∣∣∣∣ ≤ |Q|
2

.
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If 〈|f |〉Q = 0, then |f | = 0 almost everywhere on Q. Hence every subcube P ⊂ Q

has 〈|f |〉P = 0, and no child of Q is selected. In either case, the set

EQ = Q \
⋃

P∈chS (Q)

P

satisfies |EQ| ≥ |Q|/2.
It remains to check that the sets EQ, Q ∈ S , are pairwise disjoint. Let Q,R ∈ S

and Q 6= R. If Q ∩ R = ∅, then clearly EQ ∩ ER = ∅. Otherwise, the dyadic-
grid property implies that one cube contains the other. Suppose that R ⊊ Q by
symmetry. By the recursive construction, there is a finite chain of selected cubes

Q = Q0 ⊋ Q1 ⊋ · · · ⊋ Qm = R,

where Qi+1 is a child of Qi for every i. In particular, Q1 ∈ chS (Q) and R ⊆ Q1.
Setting P = Q1, we obtain

ER ⊂ R ⊆ P, EQ ⊂ Q \ P,
so EQ ∩ ER = ∅. Thus S is 1/2-sparse.

We now prove the pointwise estimate (2.18). Fix R ∈ F . Since F is finite and
D is nesting, there is a unique inclusion-maximal cube Q0 of F that contains R,
and this cube was selected at the first stage.

Starting from Q0, proceed as follows. If R is contained in a child of the current
selected cube, replace the current cube by that child. Such a child is unique because
the children are pairwise disjoint. Each replacement gives a proper subcube, and
S is finite, so after finitely many steps we reach a selected cube Q such that

R ⊆ Q

and that
R 6⊆ P (2.19)

for every P ∈ chS (Q). We show that this terminal cube Q satisfies

〈|f |〉R ≤ 2 〈|f |〉Q .

If R = Q, this is immediate. Suppose that R ⊊ Q and that this inequality is false.
Then

G =
{
P ∈ F : R ⊆ P ⊊ Q, 〈|f |〉P > 2 〈|f |〉Q

}
is nonempty because R ∈ G. Choose an inclusion-maximal cube P in G. There are
two possibilities, and both lead to a contradiction.

• If P is not inclusion-maximal in B(Q), then there exists P ′ ∈ B(Q) such
that P ⊊ P ′. Since R ⊆ P ⊊ P ′ ⊊ Q, we have P ′ ∈ G, which contradicts
the inclusion-maximality of P in G.

• If P is inclusion-maximal in B(Q), then P is a selected child of Q. Since
R ⊆ P , this contradicts (2.19).

Therefore
〈|f |〉R ≤ 2 〈|f |〉Q .

For x ∈ R, the cube Q also contains x, and the term 〈|f |〉Q 1Q(x) occurs in

AS f(x). Hence

〈|f |〉R 1R(x) ≤ 2 〈|f |〉Q 1Q(x) ≤ 2AS f(x).

The same inequality is trivial when x /∈ R since the left-hand side is zero. Taking
the maximum over R ∈ F proves (2.18). □
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We next explain how finitely many dyadic maximal operators control the ordi-
nary maximal operator. A standard construction of adjacent dyadic grids provides
D1, . . . ,D3n with the following property: for every axis-parallel cube Q, there are
an index t ∈ {1, . . . , 3n} and a cube R ∈ D t such that

Q ⊂ R, |R| ≤ 6n|Q|. (2.20)

Thus an arbitrary cube can be enlarged to a dyadic cube from one of the fixed grids,
while its measure increases by at most the factor 6n. If x ∈ Q and R is chosen as
above, then

〈|f |〉Q ≤ |R|
|Q|

〈|f |〉R ≤ 6nMDtf(x).

Taking the supremum over all cubes Q containing x gives

Mf(x) ≤ 6n max
1≤t≤3n

MDtf(x) ≤ 6n
3n∑
t=1

MDtf(x), (2.21)

See [7] for this construction.

3. Sparse bounds obtained from the vector-valued estimate

3.1. A vector-valued sparse estimate. The proof of the next proposition uses
the sets EQ from the definition of sparseness in two ways. For a fixed nonnegative
function f and each Q ∈ S , consider the auxiliary function 〈f〉Q 1EQ

. Since the
sets EQ are pairwise disjoint, the ℓq-sum∑

Q∈S

| 〈f〉Q 1EQ
|q
 1

q

of these auxiliary functions is controlled by Mf . On the other hand, the estimate
|EQ| ≥ η|Q| gives

M
(
〈f〉Q 1EQ

)
(x) ≥ η 〈f〉Q (x ∈ Q).

These two observations give the estimate in the next proposition.

Proposition 3.1. Let X be a ball Banach function space, let 1 < q < ∞, and
assume that (2.6) holds on X with a constant C > 0 independent of N . If S is a
finite η-sparse collection, then

‖TS ,qf‖X ≤ η−1C2 ‖f‖X (f ∈ X). (3.1)

The constant is independent of S and of the measurable sets EQ used in (2.15).

Proof. It is enough to consider the case f ≥ 0. Choose measurable sets EQ ⊂ Q,
Q ∈ S , satisfying (2.15), and define

hQ = 〈f〉Q 1EQ
. (3.2)

Each hQ belongs to X by Lemma 2.4(i). Since the sets EQ are pairwise disjoint,∑
Q∈S

|hQ|q
 1

q

=
∑
Q∈S

〈f〉Q 1EQ
.
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If x ∈ EQ, then x ∈ Q, and hence 〈f〉Q ≤ Mf(x). Therefore∑
Q∈S

|hQ|q
 1

q

≤ Mf. (3.3)

For x ∈ Q,

MhQ(x) ≥ 〈hQ〉Q = 〈f〉Q
|EQ|
|Q|

≥ η 〈f〉Q .

Consequently,

ηTS ,qf = η

∑
Q∈S

〈|f |〉qQ 1Q

 1
q

≤

∑
Q∈S

(MhQ)
q

 1
q

. (3.4)

Recall that, by taking N = 1 in (2.6), we obtain

‖Mf‖X ≤ C ‖f‖X .

Therefore, by (3.4) and (3.3),

η ‖TS ,qf‖X ≤ C

∥∥∥∥∥∥∥
∑

Q∈S

|hQ|q
 1

q

∥∥∥∥∥∥∥
X

≤ C ‖Mf‖X ≤ C2 ‖f‖X .

This is the desired result. □

3.2. Binomial iteration. Let {aj}Nj=1 be a finite family of nonnegative numbers,
and let q > 1. Then  N∑

j=1

aqj

 1
q

≤
N∑
j=1

aj ,

but the reverse inequality requires a constant dependent on N . Thus a bound
for TS ,q does not immediately give a bound for AS . The next theorem shows
that repeated application of TS ,q produces binomial coefficients large enough to
control the sum defining AS . Since S is finite, if g ∈ L1

loc(Rn), then every average
occurring in TS ,qg is finite, and TS ,qg is a bounded measurable function supported
on

⋃
Q∈S

Q. Hence TS ,qg ∈ L1
loc(Rn), so every iteration below is well defined for

locally integrable functions.

Theorem 3.2. Let 1 < q < ∞, let m ∈ N satisfy m > q, and let S be a finite
subcollection of a dyadic grid. Put

Γq,m =

( ∞∑
ℓ=1

(
ℓ+m− 2

m− 1

)−1/(q−1)
)1/q′

. (3.5)

Then Γq,m < ∞, and

AS f(x) ≤ Γq,m T m
S ,qf(x) (3.6)

for every locally integrable f and almost every x. Here T m
S ,q denotes the m-fold

composition of TS ,q.



20 YOSHIHIRO SAWANO, MITSUO IZUKI, AND TAKAHIRO NOI

Proof. It is enough to consider f ≥ 0. Put

ΩS =
⋃

Q∈S

Q.

If x /∈ ΩS , then 1Q(x) = 0 for every Q ∈ S . Hence, by (2.16) and (2.17),

AS f(x) = 0 and TS ,qg(x) = 0

for every function g for which TS ,qg is defined. It follows that T m
S ,qf(x) = 0, so

(3.6) holds at x. Therefore, it remains to prove (3.6) for x ∈ ΩS .
Step 1. A lower bound for the iterations. For each x ∈ ΩS , the cubes of S

containing x form a nonempty finite chain, since S is a finite set. Write this chain
as

Q1 ⊋ Q2 ⊋ · · · ⊋ QN , aj = 〈f〉Qj
.

Thus N ≥ 1. We prove by induction on k ≥ 1 that, for every x ∈ ΩS ,

(
T k

S ,qf(x)
)q ≥

N∑
j=1

(
N − j + k − 1

k − 1

)
aqj , (3.7)

where N , Q1, . . . , QN , and a1, . . . , aN are determined by x as above.
For k = 1, only the cubes Q1, . . . , QN contribute to (2.16). Therefore,

(
TS ,qf(x)

)q
=

N∑
j=1

aqj .

Since
(
N−j
0

)
= 1 for 1 ≤ j ≤ N , this proves (3.7) when k = 1.

Assume that (3.7) holds for an integer k ≥ 1 at every point of ΩS . Let 1 ≤ s ≤ N
and y ∈ Qs. The cubes Q1, . . . , Qs all contain y. Write all cubes of S containing
y in decreasing order as

R1 ⊋ R2 ⊋ · · · ⊋ RL. (3.8)

We claim that

Rj = Qj (1 ≤ j ≤ s).

Indeed, let R ∈ S contain y and suppose that R is not strictly contained in Qs.
Since R and Qs are dyadic cubes in the same grid and intersect at y, one of them
must contain the other. By our assumption on R, we therefore have Qs ⊂ R.
Since x ∈ Qs, it follows that R also contains x. Hence R is one of the cubes
Q1, . . . , Qs. Conversely, each of the cubes Q1, . . . , Qs contains Qs and therefore
contains y. Thus, Q1, . . . , Qs are the only cubes in S that contain y and are not
strictly contained in Qs. Since (3.8) holds, we have Qj = Rj for all j = 1, 2, . . . , s.
This proves the claim. In particular, L ≥ s, and any further cubes Rs+1, . . . , RL,
if they occur, are strictly contained in Qs. Put bj = 〈f〉Rj

for 1 ≤ j ≤ L. By the

claim, bj = aj for 1 ≤ j ≤ s. Applying the induction hypothesis at the point y to
the chain R1, . . . , RL, and then keeping only its first s nonnegative terms, gives

(
T k

S ,qf(y)
)q ≥

L∑
j=1

(
L− j + k − 1

k − 1

)
bqj

≥
s∑

j=1

(
L− j + k − 1

k − 1

)
aqj
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≥
s∑

j=1

(
s− j + k − 1

k − 1

)
aqj .

For the last inequality, we used L ≥ s and the fact that u 7→
(

u
k−1

)
is nondecreasing

for integers u ≥ k − 1.
Set

Bs =

s∑
j=1

(
s− j + k − 1

k − 1

)
aqj .

The preceding estimate holds for every y ∈ Qs, and hence

T k
S ,qf(y) ≥ B

1
q
s (y ∈ Qs).

Taking the average over Qs gives〈
T k

S ,qf
〉
Qs

≥ B
1
q
s ,

(〈
T k

S ,qf
〉
Qs

)q
≥ Bs.

The cubes of S that contain x are exactly Q1, . . . , QN . Therefore, by the definition
of TS ,q, (

T k+1
S ,q f(x)

)q
=

N∑
s=1

(〈
T k

S ,qf
〉
Qs

)q
≥

N∑
s=1

Bs

=

N∑
s=1

s∑
j=1

(
s− j + k − 1

k − 1

)
aqj

=

N∑
j=1

 N∑
s=j

(
s− j + k − 1

k − 1

) aqj

=

N∑
j=1

(
N − j + k

k

)
aqj .

In the last equality, we set u = s− j and used the binomial identity

N∑
s=j

(
s− j + k − 1

k − 1

)
=

N−j∑
u=0

(
u+ k − 1

k − 1

)
=

(
N − j + k

k

)
.

The final expression is the right-hand side of (3.7) with k + 1 in place of k. This
proves (3.7) for k + 1.

Step 2. Comparison with AS . Apply (3.7) with k = m and set

wj =

(
N − j +m− 1

m− 1

)
.

Hölder’s inequality gives

N∑
j=1

aj ≤

 N∑
j=1

wja
q
j

 1
q
 N∑

j=1

w
−1/(q−1)
j

1/q′

≤ Γq,m T m
S ,qf(x).
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The left-hand side is AS f(x). To finish the proof, it remains to verify the conver-
gence in (3.5). Since m > q > 1, one has m ≥ 2. For every integer ℓ ≥ 1,(

ℓ+m− 2

m− 1

)
=

1

(m− 1)!

m−2∏
i=0

(ℓ+ i).

Each factor in the product is at least ℓ. Also, ℓ + i ≤ ℓ + m − 2 ≤ (m − 1)ℓ for
0 ≤ i ≤ m− 2. Therefore

ℓm−1

(m− 1)!
≤
(
ℓ+m− 2

m− 1

)
≤ (m− 1)m−1

(m− 1)!
ℓm−1 (ℓ ≥ 1). (3.9)

Thus the binomial coefficient in (3.9) is comparable to ℓm−1 for every ℓ ≥ 1, with
constants depending only on m. In particular, the summand in (3.5) is bounded
above by a constant depending only on m and q times

ℓ−(m−1)/(q−1).

Since m > q, one has (m − 1)/(q − 1) > 1. The corresponding p-series converges,
and hence Γq,m < ∞. □

Corollary 3.3. Let X be a ball Banach function space, let 1 < q < ∞, and assume
that (2.6) holds on X with a constant C > 0 independent of N . Let m ∈ N satisfy
m > q. If S is a finite η-sparse subcollection of a dyadic grid, then

‖AS f‖X ≤ Γq,m

(
η−1C2

)m ‖f‖X (f ∈ X). (3.10)

In particular, the constant is independent of the dyadic grid and of S .

Proof. By Proposition 3.1,

‖TS ,qf‖X ≤ K ‖f‖X , K = η−1C2.

Applying this estimate m times yields∥∥T m
S ,qf

∥∥
X

≤ Km ‖f‖X .

Now use (3.6). □

4. A finite dyadic sparse criterion and the proof of Theorem 1.1

4.1. The finite dyadic sparse criterion. Lorist and Nieraeth proved the follow-
ing observation [9, Lemma 3.4].

Lemma 4.1. For a Banach function space X, the two bounds

M : X → X and M : X ′ → X ′

are equivalent to the uniform estimate

sup
S is 1/2-sparse

‖AS ‖X→X < ∞.

The same equivalence is also stated in [13, Theorem 1.2, conditions (iii) and (iv)].
The spaces considered here satisfy the hypotheses of these results: the Fatou prop-
erty is part of Definition 2.1, and the saturation property follows from Lemma 2.4(iii).

Section 3 gives a uniform estimate only for finite 1/2-sparse subcollections of
dyadic grids. For the reader’s convenience, we explain why this restricted class
is sufficient. The implication from the two maximal-operator bounds to the finite
dyadic sparse estimate follows from [9, Lemma 3.4]. The converse follows directly
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from Lemma 2.11, the Fatou properties of X and X ′, and the finite family of
adjacent dyadic grids in (2.20)–(2.21). We record the precise form needed below.

Proposition 4.2. Let X be a ball Banach function space. The following statements
are equivalent.

(i) The operators M : X → X and M : X ′ → X ′ are bounded.
(ii) There is a constant CS such that

‖AS f‖X ≤ CS ‖f‖X (f ∈ X)

for every finite 1/2-sparse subcollection S of every dyadic grid.

Proof. Assume (i). By the sparse characterization in [9, Lemma 3.4], the operators
AS are uniformly bounded on X for all sparse collections. In particular, the
estimate in (ii) holds for every finite 1/2-sparse subcollection of every dyadic grid.

Conversely, assume (ii). We first show that the same sparse estimate holds on
X ′. Let S be a finite 1/2-sparse subcollection of a dyadic grid and let g ∈ X ′. For
every f ∈ X, the finiteness of S gives∫

Rn

|f | AS g =
∑
Q∈S

〈|g|〉Q
∫
Q

|f | =
∑
Q∈S

〈|f |〉Q
∫
Q

|g| =
∫
Rn

AS f |g|.

Hence, by (2.3) and (ii),∫
Rn

|f | AS g ≤ ‖AS f‖X ‖g‖X′ ≤ CS ‖f‖X ‖g‖X′ .

Taking the supremum over all f ∈ X with ‖f‖X ≤ 1 yields

‖AS g‖X′ ≤ CS ‖g‖X′ . (4.1)

Fix a dyadic grid D and a finite subcollection F ⊂ D . Let Z denote either
X or X ′, and let f ∈ Z. By Lemma 2.4(ii), the function f is locally integrable.
Lemma 2.11 gives a finite 1/2-sparse collection S ⊂ D such that

MFf ≤ 2AS f almost everywhere.

Using (ii) when Z = X and (4.1) when Z = X ′, we obtain

‖MFf‖Z ≤ 2CS ‖f‖Z . (4.2)

Each generation Dm is countable: its cubes have pairwise disjoint interiors, and
each such interior contains a rational point. Hence D =

⋃
m∈Z

Dm is countable.

Choose increasing finite subcollections Fk ⊂ D such that
∞⋃
k=1

Fk = D . Then

MFk
f ↑ MDf pointwise. The Fatou property of X and Lemma 2.3 forX ′ therefore

give, from (4.2),

‖MDf‖Z ≤ 2CS ‖f‖Z (Z = X or X ′).

Finally, let D1, . . . ,D3n be the adjacent dyadic grids in (2.20). By (2.21),

‖Mf‖Z ≤ 6n
3n∑
t=1

‖MDtf‖Z ≤ 2 · 18nCS ‖f‖Z (Z = X or X ′).

Thus M is bounded on both X and X ′, which proves (i). □
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4.2. Proof of Theorem 1.1. We first prove parts (ii), (iii), and (iv). Part (ii) is
Proposition 2.9. For part (iii), fix 1 < q < ∞. Lemma 2.8 shows that an estimate
valid for every N ∈ N extends, with the same constant, to every sequence {fj}∞j=1

for which
(∑∞

j=1 |fj |q
) 1

q belongs to X. The converse follows by adding zero terms.

This proves part (iii). Part (iv) is Proposition 2.10.
It remains to prove part (i).
Step 1. (b) =⇒ (a). Assume (b). Then there are q ∈ (1,∞) and a finite constant

C such that (1.4) holds for every N , with C independent of N . If we take N = 1,
then we see that M is bounded on X. By Corollary 3.3, the operators AS are
uniformly bounded on X over all finite 1/2-sparse subcollections of all dyadic grids.
Proposition 4.2 then shows M is bounded on X ′. Thus (a) holds.

Step 2. (a) =⇒ (c). Assume (a), and fix q ∈ (1,∞). Choose p0 ∈ (1,∞). For
every N ∈ N and every finite family {fj}Nj=1 of measurable functions, put

G =

 N∑
j=1

(Mfj)
q

 1
q

, F =

 N∑
j=1

|fj |q
 1

q

.

The weighted inequality in Theorem 2.6 verifies the hypothesis of Theorem 2.7,
with a bound independent of N . Applying that theorem to the collection of all
pairs (G,F ) gives (1.4) on X. Since q ∈ (1,∞) was arbitrary, (c) follows.

Step 3. (c) =⇒ (b). This implication is immediate.
This completes the proof of Theorem 1.1.

5. Proof of Theorem 1.3

Theorem 1.3 is proved by passing from the ball quasi-Banach function space Y
to the rescaled space X = Y r. We first recall the properties of this rescaling that
are needed in the proof.

5.1. Power rescaling. We recall the r-concavification of a ball quasi-Banach func-
tion space Y .

Definition 5.1. Let Y be a ball quasi-Banach function space and let r > 0. Define

Y r = {h : |h|1/r ∈ Y }, ‖h‖Y r =
∥∥∥|h|1/r∥∥∥r

Y
. (5.1)

The space Y r, equipped with the quasi-norm in (5.1), is called the r-concavification
of Y .

This is the power notation used in [12].
The next lemma records the elementary properties of the power space Y r that

are used below.

Lemma 5.2. Let Y be a ball quasi-Banach function space and let r > 0. Then Y r,
equipped with the quasi-norm in (5.1), is a ball quasi-Banach function space. For
every nonnegative H ∈ Y ,

‖H‖rY = ‖Hr‖Y r . (5.2)

Proof. By Definition 2.2(i),(iii), Y has the saturation property. Hence the standard
concavification result in [12, p. 12] applies and shows that Y r, equipped with the

quasi-norm in (5.1), is a quasi-Banach function space. Since 1
1/r
B = 1B for every



VECTOR-VALUED MAXIMAL INEQUALITIES ON BALL BANACH FUNCTION SPACES 25

ball B, the ball-indicator property is inherited from Y . Finally, (5.2) follows directly
from (5.1). □

We also recall the r-convexity of constant one.

Definition 5.3. Let Y be a ball quasi-Banach function space and let r > 0. Fol-
lowing [12, Definition 2.7], we say that Y is r-convex with constant one if∥∥∥(|f |r + |g|r

)1/r∥∥∥
Y
≤
(
‖f‖rY + ‖g‖rY

)1/r
(f, g ∈ Y ). (5.3)

By the standard concavification criterion, Y is r-convex with constant one if
and only if the quasi-norm in (5.1) is a norm on Y r; see [12, p. 12]. Combining
this criterion with Lemma 5.2, we obtain Lemma 5.4 below. At this stage, the
continuous embedding of Y r into L1

loc(Rn) has not yet been established. This will
follow from Lemma 5.5 below whenever the maximal operator is bounded on Y r.

Lemma 5.4. Let Y be an r-convex ball quasi-Banach function space with constant
one, and put X = Y r with the quasi-norm in (5.1). Then this quasi-norm is
actually a norm, and X is a Banach lattice of measurable functions with the Fatou
property and containing the indicator of every ball.

Proof. By the standard concavification criterion [12, p. 12], the quasi-norm in (5.1)
is a norm on Y r because Y is r-convex. The remaining assertions follow from
Lemma 5.2. □

5.2. Local integrability and powered operators. Comparing Definitions 2.1
and 2.2, we see that, for a ball quasi-Banach function space Z to be a ball Banach
function space, it is necessary, in addition to the triangle inequality for the norm,
that every element of Z belong to L1

loc. The following lemma provides a sufficient
condition for this property.

Lemma 5.5. Let Z be a ball quasi-Banach function space whose given quasi-norm
is a norm. If M is bounded on Z, then Z is continuously embedded into L1(B) for
every ball B. Consequently, Z is a ball Banach function space.

Remark that Z is a normed function space (see Definition 2.1). Therefore, its
Köthe dual is defined by (2.2).

Proof. By Definition 2.2(i),(iii), Z has the saturation property. We may therefore
apply [12, Lemma 2.26] to the basis of axis-parallel cubes. It follows that 1Q ∈ Z ′

for every axis-parallel cube Q. Let B be a ball and choose such a cube QB containing
B. Then the generalized Hölder inequality gives∫

B

|f(x)| dx ≤
∫
QB

|f(x)| dx ≤ ‖f‖Z ‖1QB
‖Z′ (f ∈ Z).

Thus Z is continuously embedded into L1(B). Since the given quasi-norm is a norm,
all the remaining axioms in Definition 2.1 are already part of the assumptions on
Z. □

It is useful to compare the preceding lemma with an earlier related result. In
[11, Lemma 2.4], we assumed that M is bounded on Z ′. In both cases, we use the
existence of a non-trivial element in Z ′.

Let r > 0, let S be a finite collection of cubes. We recall again that we defined
Mr and AS ,r in (1.8).
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The assumption f ∈ Lr
loc(Rn) means precisely that |f |r ∈ L1

loc(Rn), so every
cube average in (1.8) is finite. The function Mrf may nevertheless take the value
+∞, because the supremum defining M is taken over all cubes. In the proof below,
any one of the conditions in part (i) of Theorem 1.3 will imply Y ⊂ Lr

loc(Rn). For
conditions (b) and (d) in that part, this is proved by applying the assumed estimate
to bounded compactly supported truncations.

5.3. Proof of Theorem 1.3. Put X = Y r. By Lemma 5.4, X is a Banach lattice
with the Fatou property and contains the indicator of every ball.

Step 1. The case 0 < q < ∞. Let 0 < q < ∞, put a = q/r, and let fj ∈ Lr
loc(Rn).

Set hj = |fj |r. From (5.1) and (1.8),∥∥∥∥∥∥∥
 N∑

j=1

(Mrfj)
q

 1
q

∥∥∥∥∥∥∥
r

Y

=

∥∥∥∥∥∥∥
 N∑

j=1

(Mhj)
a

1/a
∥∥∥∥∥∥∥
X

, (5.4)

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
 1

q

∥∥∥∥∥∥∥
r

Y

=

∥∥∥∥∥∥∥
 N∑

j=1

|hj |a
1/a

∥∥∥∥∥∥∥
X

. (5.5)

Thus an estimate on X with exponent a and constant D gives (1.9) with constant
D1/r. Conversely, (1.9) with constant C gives the corresponding estimate on X
with constant Cr for finite families of nonnegative locally integrable functions for
which the quantity on the right is finite.

Assume that (1.9) holds with a constant C. We now remove the local-integrability
restriction. Let h1, . . . , hN be nonnegative measurable functions such that

H =

 N∑
j=1

ha
j

1/a

∈ X.

For k ∈ N, define

hj,k = min{hj , k}1B(0,k), fj,k = h
1/r
j,k .

Then fj,k ∈ Y ∩ Lr
loc(Rn) and

(∑N
j=1 h

a
j,k

)1/a ≤ H. Hence (1.9) and (5.4)–(5.5)
give ∥∥∥∥∥∥∥

 N∑
j=1

(Mhj,k)
a

1/a
∥∥∥∥∥∥∥
X

≤ Cr ‖H‖X .

As k → ∞, one has hj,k ↑ hj and Mhj,k ↑ Mhj . The Fatou property of X therefore
gives ∥∥∥∥∥∥∥

 N∑
j=1

(Mhj)
a

1/a
∥∥∥∥∥∥∥
X

≤ Cr

∥∥∥∥∥∥∥
 N∑

j=1

ha
j

1/a
∥∥∥∥∥∥∥
X

.

Taking N = 1 shows that M is bounded on X. By Lemma 5.5, X is a ball Banach
function space, and hence Y ⊂ Lr

loc(Rn). If q ≤ r, then a ≤ 1, and the last vector-
valued estimate contradicts Proposition 2.9. Thus q > r. Theorem 1.1 now gives
M is bounded on X ′, so condition (b) in part (i) implies condition (a). The same
argument proves part (ii).
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Conversely, assume condition (a) in part (i). Lemma 5.5 shows that X is a ball
Banach function space and therefore that Y ⊂ Lr

loc(Rn). For every q > r, one
has a = q/r > 1. Theorem 1.1 gives (1.4) on X with exponent a and some finite
constant D. The identities (5.4)–(5.5) then give (1.9) with constant D1/r. Hence,
within part (i), (a) implies (c), while (c) implies (b) immediately.

Under the hypothesis of part (iii), part (ii) gives Y ⊂ Lr
loc(Rn). Since q > r by

assumption, one has a = q/r > 1. For every sequence considered in part (iii),

|fj | ≤

( ∞∑
k=1

|fk|q
) 1

q

∈ Y,

so each fj belongs to Lr
loc(Rn) and Mrfj is well defined. The argument above gives

the finite vector-valued estimate on X with exponent a = q/r and constant Cr.
Theorem 1.1(iii), together with (5.4)–(5.5) and increasing partial sums, therefore
gives the estimate in part (iii) with constant C.

Step 2. The sparse condition. For every finite sparse collection S and every
f ∈ Y ∩ Lr

loc(Rn),

‖AS ,rf‖rY = ‖AS (|f |r)‖X . (5.6)

Assume condition (a) in part (i). Lemma 5.5 shows that X is a ball Banach func-
tion space, so Y ⊂ Lr

loc(Rn). Proposition 4.2 gives a constant D > 0, independent
of S , such that

‖AS h‖X ≤ D ‖h‖X (h ∈ X).

By (5.6),

‖AS ,rf‖Y ≤ D1/r ‖f‖Y (f ∈ Y ).

Hence (a) implies (d) in part (i).
Conversely, assume condition (d) in part (i), and let Csp be the constant in that

condition. We first verify local integrability of the elements of X. Let h ∈ X, and
for k ∈ N define

hk = min{|h|, k}1B(0,k), fk = h
1/r
k .

Then fk ∈ Y ∩Lr
loc(Rn). Let B be a ball, choose an axis-parallel cube Q0 containing

B, and use (2.20) to choose a dyadic cube Q such that Q0 ⊂ Q. The one-cube
collection {Q} is 1/2-sparse. By condition (d) and (5.6),

〈hk〉Q ‖1Q‖X =
∥∥A{Q}hk

∥∥
X

=
∥∥A{Q},rfk

∥∥r
Y
≤ Cr

sp ‖fk‖
r
Y ≤ Cr

sp ‖h‖X .

Letting k → ∞ and using the monotone convergence theorem gives∫
B

|h(x)| dx ≤
|Q|Cr

sp

‖1Q‖X
‖h‖X .

Thus X is a ball Banach function space and Y ⊂ Lr
loc(Rn). For h ∈ X, apply

condition (d) to f = |h|1/r. Equation (5.6) gives

‖AS h‖X ≤ Cr
sp ‖h‖X

for every finite 1/2-sparse subcollection S of every dyadic grid. Proposition 4.2
now gives M is bounded on both X and X ′. Hence (d) implies (a) in part (i).

Step 3. The supremum estimate. Assume that Y ⊂ Lr
loc(Rn), as in part (iv) of

the theorem. Let {fj} be a finite or countable family such that

F := sup
j

|fj | ∈ Y.
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For every j, one has |fj |r ≤ F r. Hence the monotonicity of M gives

Mrfj =
[
M(|fj |r)

]1/r ≤
[
M(F r)

]1/r
= MrF.

Therefore

sup
j

Mrfj ≤ MrF pointwise. (5.7)

If Mr : Y → Y is bounded and ‖Mrf‖Y ≤ C ‖f‖Y for every f ∈ Y , then (5.7)
and the lattice property give∥∥∥∥sup

j
Mrfj

∥∥∥∥
Y

≤ ‖MrF‖Y ≤ C ‖F‖Y = C

∥∥∥∥sup
j

|fj |
∥∥∥∥
Y

.

Conversely, if the supremum estimate holds with a constant C, then a family with
one nonzero term gives

‖Mrf‖Y ≤ C ‖f‖Y (f ∈ Y ).

Thus the same constant works in the scalar estimate and in the supremum estimate.
This proves part (iv).

Taking Y = L∞(Rn) shows that boundedness of Mr on Y need not imply
boundedness of M on X ′ = L1(Rn).

This completes the proof of Theorem 1.3.

6. Applications to local maximal operators

We consider the local version of Theorems 1.1 and 1.3. Let f be a measurable
function on Rn. For ρ ∈ (0,∞], define

Mloc
ρ f(x) = sup

Q∋x
ℓ(Q)≤ρ

〈|f |〉Q ,

where the supremum is taken over all axis-parallel cubes in Rn. We call ρ the
truncation parameter; the case ρ = ∞ corresponds to the untruncated operator.
When ρ = ∞, that is, when the restriction on ℓ(Q) is removed, we have

Mloc
∞ = M.

Furthermore, Mloc
1 is the usual normalized local maximal operator [15].

We organize Section 6 as follows. Section 6.1 states the main results of Section 6.
Section 6.2 compares various finite truncations with different parameters. Section
6.3 collects inequalities related to Mloc

a . Section 6.4 deals with the endpoint cases.
Section 6.5 establishes the sparse criterion for a finite truncation parameter. Sec-
tion 6.6 derives a sparse estimate from the vector-valued inequality, and Section 6.7
proves Theorem 6.1.

6.1. The characterization. Let X be a ball Banach function space and let X ′ be
its Köthe associate space. For 0 < q < ∞ and ρ ∈ (0,∞) consider∥∥∥∥∥∥∥

 N∑
j=1

(Mloc
ρ fj)

q

1/q
∥∥∥∥∥∥∥
X

≤ C

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
1/q

∥∥∥∥∥∥∥
X

, (6.1)

where C is independent of N ∈ N and of the finite sequence {fj}Nj=1.
We have the corresponding statement to Theorem 1.1.
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Theorem 6.1. Let ρ ∈ (0,∞). Let X be a ball Banach function space on Rn, and
let X ′ be its Köthe associate space.

(i) The following statements are equivalent.
(a) Mloc

ρ : X → X and Mloc
ρ : X ′ → X ′ are bounded.

(b) There exist q ∈ (1,∞) and a constant C > 0 such that, for every
N ∈ N and every finite family {fj}Nj=1 of measurable functions, the
finite vector-valued inequality∥∥∥∥∥∥∥

 N∑
j=1

(Mloc
ρ fj)

q

 1
q

∥∥∥∥∥∥∥
X

≤ C

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
 1

q

∥∥∥∥∥∥∥
X

(6.2)

holds whenever the quantity on the right is finite. The constant C is
independent of N and of the family {fj}Nj=1.

(c) For every q ∈ (1,∞), there is a constant C > 0 such that (6.2) holds
for every N ∈ N, with C independent of N and of the family {fj}Nj=1.

(ii) The parameter q ∈ (0,∞) must satisfy q > 1 if there exists a finite constant
C satisfying the inequality (6.2) for every N ∈ N and every finite family
{fj}Nj=1 of measurable functions. More precisely, for 0 < q ≤ 1 such an
estimate fails on every ball quasi-Banach function space on Rn.

(iii) Fix 1 < q < ∞. Suppose that the inequality (6.2), with this value of q
and constant C, holds for every N ∈ N. Then, for every sequence {fj}∞j=1

satisfying  ∞∑
j=1

|fj |q
 1

q

∈ X,

one has ∥∥∥∥∥∥∥
 ∞∑

j=1

(Mloc
ρ fj)

q

 1
q

∥∥∥∥∥∥∥
X

≤ C

∥∥∥∥∥∥∥
 ∞∑

j=1

|fj |q
 1

q

∥∥∥∥∥∥∥
X

. (6.3)

Conversely, this estimate for all sequences implies (6.2) by taking fj = 0
for j > N , with the same constant C.

(iv) The following statements are equivalent. The constant C may be chosen to
be the same in (a)–(c).
(a) There is a constant C > 0 such that

‖Mloc
ρ f‖X ≤ C‖f‖X (f ∈ X).

(b) There is a constant C > 0 such that, for every N ∈ N and every finite
family {fj}Nj=1 satisfying max

1≤j≤N
|fj | ∈ X,∥∥∥∥ max

1≤j≤N
Mloc

ρ fj

∥∥∥∥
X

≤ C

∥∥∥∥ max
1≤j≤N

|fj |
∥∥∥∥
X

.

(c) There is a constant C > 0 such that, for every sequence {fj}∞j=1 with
sup
j∈N

|fj | ∈ X,∥∥∥∥sup
j∈N

Mloc
ρ fj

∥∥∥∥
X

≤ C

∥∥∥∥sup
j∈N

|fj |
∥∥∥∥
X

.
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These equivalent conditions need not imply that Mloc
ρ is bounded on X ′.

We have the corresponding statement to Theorem 1.3. To formulate the powered
result, let Y be a ball quasi-Banach function space and let r > 0. Recall that Y r

is defined by (1.6) and that Y is r-convex with constant one if (5.3) holds. Under
this assumption, X = Y r is a Banach lattice with the Fatou property.

For ρ ∈ (0,∞], define

Mloc
ρ,rf =

[
Mloc

ρ (|f |r)
]1/r

. (6.4)

Theorem 6.2. Let ρ ∈ (0,∞). Let Y be an r-convex ball quasi-Banach function
space with convexity constant one for some r > 0, and put X = Y r with the norm
in (1.6).

(i) The following statements are equivalent.
(a) Mloc

ρ : X → X and Mloc
ρ : X ′ → X ′ are bounded.

(b) There exist q > r and a constant C > 0 such that, for every N ∈ N
and every finite family {fj}Nj=1 ⊂ Lr

loc(Rn),∥∥∥∥∥∥∥
 N∑

j=1

(Mloc
ρ,rfj)

q

 1
q

∥∥∥∥∥∥∥
Y

≤ C

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
 1

q

∥∥∥∥∥∥∥
Y

(6.5)

whenever the quantity on the right is finite. The constant C is inde-
pendent of N and of the family {fj}Nj=1.

(c) For every q > r, there is a constant C > 0 such that (6.5) holds for
every N ∈ N and every finite family {fj}Nj=1 ⊂ Lr

loc(Rn) for which
the quantity on the right is finite, with C independent of N and of the
family.

Each of these conditions implies Y ⊂ Lr
loc(Rn). Moreover, for q > r, a

constant C works in (6.5) if and only if Cr works in (6.2) on X with q/r
in place of q.

(ii) Let q > 0. Suppose that there is a finite constant C such that (6.5) holds
for every N ∈ N and every finite family {fj}Nj=1 ⊂ Lr

loc(Rn) for which the
quantity on the right is finite, with C independent of N and of the family.
Then necessarily q > r and Y ⊂ Lr

loc(Rn). In particular, no estimate in
(6.5) can hold for every N ∈ N when 0 < q ≤ r.

(iii) Fix q > r and suppose that (6.5), with constant C, holds for every N ∈ N.
Then, for every sequence {fj}∞j=1 satisfying

(∑∞
j=1 |fj |q

) 1
q ∈ Y , one has∥∥∥∥∥∥∥

 ∞∑
j=1

(Mloc
ρ,rfj)

q

 1
q

∥∥∥∥∥∥∥
Y

≤ C

∥∥∥∥∥∥∥
 ∞∑

j=1

|fj |q
 1

q

∥∥∥∥∥∥∥
Y

. (6.6)

Conversely, this estimate for all sequences implies (6.5) by taking fj = 0
for j > N , with the same constant C.

(iv) Suppose that Y ⊂ Lr
loc(Rn). The following statements are equivalent. The

constant C may be chosen to be the same in (a)–(c).
(a) There is a constant C > 0 such that

‖Mloc
ρ,rf‖Y ≤ C‖f‖Y (f ∈ Y ).
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(b) There is a constant C > 0 such that, for every N ∈ N and every finite
family {fj}Nj=1 satisfying max

1≤j≤N
|fj | ∈ Y ,∥∥∥∥ max

1≤j≤N
Mloc

ρ,rfj

∥∥∥∥
Y

≤ C

∥∥∥∥ max
1≤j≤N

|fj |
∥∥∥∥
Y

.

(c) There is a constant C > 0 such that, for every sequence {fj}∞j=1 with
sup
j∈N

|fj | ∈ Y ,∥∥∥∥sup
j∈N

Mloc
ρ,rfj

∥∥∥∥
Y

≤ C

∥∥∥∥sup
j∈N

|fj |
∥∥∥∥
Y

.

Remark 6.3. Let a, b ∈ (0,∞). Replacing the truncation parameter a by b does not
change any of the boundedness or vector-valued properties in Theorems 6.1 and 6.2.
More precisely, each statement involving Mloc

a holds if and only if the corresponding
statement involving Mloc

b holds; in the powered case, the same assertion holds
with Mloc

a,r and Mloc
b,r . The constants may depend on a and b. This equivalence

concerns only finite truncation parameters and does not compare these operators
with the global Hardy–Littlewood maximal operator M = Mloc

∞ . Consequently,
boundedness for one, and hence every, finite truncation parameter does not by
itself imply boundedness of M.

The power rescaling underlying Theorem 6.2 is particularly simple. If hj = |fj |r
and a = q/r, then∥∥∥∥∥∥∥

 N∑
j=1

(Mloc
ρ,rfj)

q

1/q
∥∥∥∥∥∥∥
r

Y

=

∥∥∥∥∥∥∥
 N∑

j=1

(Mloc
ρ hj)

a

1/a
∥∥∥∥∥∥∥
X

, (6.7)

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
1/q

∥∥∥∥∥∥∥
r

Y

=

∥∥∥∥∥∥∥
 N∑

j=1

ha
j

1/a
∥∥∥∥∥∥∥
X

. (6.8)

Thus the threshold q > r is exactly the threshold a > 1 in Theorem 6.1.

6.2. Comparison of finite truncation parameters.

Lemma 6.4 (Pointwise comparison of finite truncation parameters). Let 0 < a <
b < ∞. There exist m ∈ N and C = C(n, b/a) > 0 such that

Mloc
b f(x) ≤ C(Mloc

a )mf(x) (6.9)

for every measurable function f and every x ∈ Rn, with both sides understood as
extended nonnegative quantities.

Proof. Set R = b/a. In [14, proof of Proposition 3.3], the following pointwise
estimate is established: there exist m = m(R) ∈ N and Cn,R > 0 such that

Mloc
R h(z) ≤ Cn,R(Mloc

1 )mh(z)

for every measurable function h and every z ∈ Rn.
Let g(y) = f(ay). A change of variables in the defining averages gives

Mloc
R g(x/a) = Mloc

b f(x), Mloc
1 g(y) = Mloc

a f(ay).
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Iterating the second identity yields

(Mloc
1 )mg(x/a) = (Mloc

a )mf(x).

Therefore,

Mloc
b f(x) = Mloc

R g(x/a) ≤ Cn,R(Mloc
1 )mg(x/a) = Cn,R(Mloc

a )mf(x),

which proves (6.9). □

If we apply (6.9), we see that the value a in Mloc
a is not so important as long as

a > 0.

Corollary 6.5. Let Z be a ball quasi-Banach function space continuously embedded
into L1

loc(Rn), and let a, b ∈ (0,∞).

(i) The operator Mloc
a is bounded on Z if and only if Mloc

b is bounded on Z.
(ii) Fix 0 < q < ∞. The following statements are equivalent.

(a) There is Ca > 0 such that∥∥∥∥∥∥∥
 N∑

j=1

(Mloc
a fj)

q

1/q
∥∥∥∥∥∥∥
Z

≤ Ca

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
1/q

∥∥∥∥∥∥∥
Z

for every N ∈ N and every sequence {fj}Nj=1 for which the quantity on
the right is finite, with Ca independent of N and of the sequence.

(b) There is Cb > 0 such that∥∥∥∥∥∥∥
 N∑

j=1

(Mloc
b fj)

q

1/q
∥∥∥∥∥∥∥
Z

≤ Cb

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
1/q

∥∥∥∥∥∥∥
Z

for every N ∈ N and every sequence {fj}Nj=1 for which the quantity on
the right is finite, with Cb independent of N and of the sequence.

Proof. It is enough to consider a < b. If Mloc
a is bounded on Z, then (6.9) and itera-

tion give boundedness of Mloc
b . Likewise, repeated application of the corresponding

vector-valued estimate for Mloc
a gives∥∥∥∥∥∥∥

 N∑
j=1

[(Mloc
a )mfj ]

q

1/q
∥∥∥∥∥∥∥
Z

≤ Cm
a

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
1/q

∥∥∥∥∥∥∥
Z

.

Combining this with (6.9) proves the estimate for Mloc
b . The reverse implications

follow from Mloc
a f ≤ Mloc

b f . □

We slightly refine Lemma 5.5.

Lemma 6.6. Let Z be a ball quasi-Banach function space whose given quasi-norm
is a norm. If Mloc

ρ is bounded on Z for some ρ ∈ (0,∞), then Z is continuously

embedded into L1(B) for every ball B. Consequently, Z is a ball Banach function
space.

Proof. This follows by covering B with cubes of volume ρn and applying the argu-
ment in the proof of Lemma 5.5. □
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6.3. Weighted inequalities and extrapolation at a fixed truncation param-
eter. A weight is a locally integrable function w : Rn → (0,∞) that is positive and
finite almost everywhere. For ρ ∈ (0,∞] and 1 < p < ∞, define

[w]Ap(ρ) = sup
ℓ(Q)≤ρ

〈w〉Q

(〈
w−1/(p−1)

〉
Q

)p−1

. (6.10)

We write w ∈ Ap(ρ) when this quantity is finite. Thus Ap(1) = Aloc
p and Ap(∞) =

Ap. For p = 1, set

[w]A1(ρ) = ess sup
x∈Rn

Mloc
ρ w(x)

w(x)
. (6.11)

Proposition 6.7 (Weighted vector-valued inequality with truncation parameter
ρ). Let ρ ∈ (0,∞) and 1 < p, q < ∞. There is an increasing function Nn,p,q :
[1,∞) → (0,∞) such that, for every w ∈ Ap(ρ), every N ∈ N, and every finite
family for which the quantity on the right is finite,∥∥∥∥∥∥∥

 N∑
j=1

(Mloc
ρ fj)

q

1/q
∥∥∥∥∥∥∥
Lp(w)

≤ Nn,p,q([w]Ap(ρ))

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
1/q

∥∥∥∥∥∥∥
Lp(w)

. (6.12)

The function Nn,p,q is independent of N .

For ρ = ∞, (6.12) is the weighted vector-valued maximal inequality of Andersen
and John [1], with the same increasing-envelope convention; see Theorem 2.6.

Proof. We remark that, when ρ = 1, (6.12) is precisely [15, Lemma 2.11]. We now
explain how to extend this inequality to arbitrary values of ρ < ∞. For 0 < ρ < ∞,
set

f̃j(y) = fj(ρy), w̃(y) = w(ρy).

A change of variables gives

Mloc
1 f̃j(y) = Mloc

ρ fj(ρy), [w̃]Ap(1) = [w]Ap(ρ),

and, for every measurable H,

‖H(ρ ·)‖Lp(w̃) = ρ−n/p‖H‖Lp(w).

Hence Rychkov’s estimate for Mloc
1 [15, Lemma 2.11] yields (6.12) with truncation

parameter ρ. The same local result also appears in [14, Proposition 1.9]. The
constants in these arguments are uniform when the corresponding Ap characteristic
is bounded; taking the increasing envelope of this dependence gives Nn,p,q. □

We point out that the local counterpart to Theorem 2.7 is obtained in [2, The-
orem 3.1]. Proposition 6.8 is known as [2, Theorem 3.1]. To keep track of the
constant in (6.13), we supply the proof.

Proposition 6.8 (Extrapolation at a fixed truncation parameter). Let ρ ∈ (0,∞).
Let X be a ball Banach function space such that Mloc

ρ is bounded on both X and
X ′. Fix p0 ∈ (1,∞) and let N : [1,∞) → (0,∞) be increasing. Let F be a
family of pairs (F,G) of nonnegative measurable functions. Assume that, for every
w ∈ Ap0

(ρ) and every (F,G) ∈ F with G ∈ Lp0(w), one has F ∈ Lp0(w) and

‖F‖Lp0 (w) ≤ N ([w]Ap0
(ρ))‖G‖Lp0 (w). (6.13)
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Then there is C = C(X, ρ, p0,N ) > 0 such that

‖F‖X ≤ C‖G‖X (6.14)

for every (F,G) ∈ F with G ∈ X.

When ρ = ∞, the assertion follows from the extrapolation theorem of Nieraeth
[12, Theorem 4.7 and Remark 4.8]. See Theorem 2.7.

Proof. Assume 0 < ρ < ∞ and set

AX = max{1, ‖Mloc
ρ ‖X→X}, AX′ = max{1, ‖Mloc

ρ ‖X′→X′}.
The half-open unit cubes k + [0, 1)n, k ∈ Zn, are pairwise disjoint and their union
is Rn. Since this collection is countable, choose a sequence {Qν}∞ν=1 in which each
of these cubes occurs exactly once, and put

u0 =

∞∑
ν=1

2−ν

1 + ‖1Qν
‖X

1Qν , v0 =

∞∑
ν=1

2−ν

1 + ‖1Qν
‖X′

1Qν .

The lattice and Fatou properties imply u0 ∈ X, v0 ∈ X ′, u0, v0 > 0 almost every-
where, and ‖u0‖X , ‖v0‖X′ ≤ 1.

For Z ∈ {X,X ′}, let AZ denote AX or AX′ , respectively. For every nonnegative
h ∈ Z, define

RZh =

∞∑
k=0

(Mloc
ρ )kh

(2AZ)k
. (6.15)

The Fatou property and the boundedness of Mloc
ρ give

h ≤ RZh, ‖RZh‖Z ≤ 2‖h‖Z , Mloc
ρ (RZh) ≤ 2AZRZh. (6.16)

Consequently, if h > 0 almost everywhere, then RZh ∈ A1(ρ) and [RZh]A1(ρ) ≤
2AZ .

Fix (F,G) ∈ F with G ∈ X. Let 0 ≤ h ∈ X ′ satisfy ‖h‖X′ ≤ 1, and fix ε > 0.
Set

U = RX(G+ εu0), V = RX′(h+ εv0).

Then U, V are strictly positive A1(ρ) weights and

‖U‖X ≤ 2(‖G‖X + ε), ‖V ‖X′ ≤ 2(1 + ε). (6.17)

Write p = p0 and define W = U1−pV . For every cube Q with ℓ(Q) ≤ ρ, the A1(ρ)
inequalities yield

〈W 〉Q ≤ [U ]p−1
A1(ρ)

〈U〉1−p
Q 〈V 〉Q ,〈

W−1/(p−1)
〉
Q
≤ [V ]

1/(p−1)
A1(ρ)

〈V 〉−1/(p−1)
Q 〈U〉Q .

Thus
[W ]Ap(ρ) ≤ (2AX)p−1(2AX′) =: K. (6.18)

The same calculation shows the required local integrability of the two functions in
the Ap(ρ) condition.

Let I =
∫
Rn U(x)V (x) dx. By (2.3) and (6.17),

I ≤ 4(‖G‖X + ε)(1 + ε). (6.19)

Since G ≤ U and h ≤ V ,∫
Rn

GpW dx ≤ I,

∫
Rn

hp′
W−1/(p−1) dx ≤ I.
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Weighted Hölder’s inequality, (6.13), and (6.18) give∫
Rn

Fhdx ≤ N (K)I ≤ 4N (K)(‖G‖X + ε)(1 + ε).

Taking the supremum over all such h, using X ′′ = X from Lemma 2.5, and then
letting ε ↓ 0 proves (6.14). □
6.4. Infinite-sequence estimates and the cases 0 < q ≤ 1 and q = ∞. Cor-
responding to Lemma 2.8, we have the following result.

Proposition 6.9. Let ρ ∈ (0,∞), let X be a ball quasi-Banach function space, and
let 0 < q < ∞. Assume that (6.1) holds with constant C for every N ∈ N. Then
X ⊂ L1

loc(Rn), and∥∥∥∥∥∥∥
 ∞∑

j=1

(Mloc
ρ fj)

q

1/q
∥∥∥∥∥∥∥
X

≤ C

∥∥∥∥∥∥∥
 ∞∑

j=1

|fj |q
1/q

∥∥∥∥∥∥∥
X

(6.20)

for every sequence {fj}∞j=1 such that ∞∑
j=1

|fj |q
1/q

∈ X.

Proof. Taking N = 1 in (6.1), we obtain

‖Mloc
ρ f‖X ≤ C‖f‖X (f ∈ X).

Therefore, the argument in the proof of Lemma 2.8 works to show that X ⊂
L1
loc(Rn). For example, instead of (2.9) we can show that

Mloc
ρ f = ∞ (6.21)

on Q if ‖f‖L1(Q) = ∞ for some cube Q with ℓ(Q) ≤ ρ. Having established X ⊂
L1
loc(Rn), we define FN , GN , F , G exactly as in the proof of Lemma 2.8, with M

replaced by Mloc
ρ . Then

‖GN‖X ≤ C‖FN‖X ≤ C‖F‖X .

Since GN ↑ G, the Fatou property gives (6.20). □
Corresponding to Proposition 2.9, we have the following negative result.

Proposition 6.10. Let ρ ∈ (0,∞), let X be a ball quasi-Banach function space on
Rn, and let 0 < q ≤ 1. There is no constant C > 0 such that∥∥∥∥∥∥∥

 N∑
j=1

(Mloc
ρ fj)

q

1/q
∥∥∥∥∥∥∥
X

≤ C

∥∥∥∥∥∥∥
 N∑

j=1

|fj |q
1/q

∥∥∥∥∥∥∥
X

(6.22)

holds for every N ∈ N and every finite family of measurable functions for which the
quantity on the right is finite.

Proof. Since the proof of Proposition 2.9 used compactly supported functions, the
same argument as 2.9 works. In fact, choose τ > 0 such that 2τ ≤ ρ, and reexamine
the proof of Proposition 2.9 with [0, 1)n replaced by [0, τ)n. □

The next proposition is a counterpart to Theorem 1.1(iv).
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Proposition 6.11 (ℓ∞-valued estimates). Let ρ ∈ (0,∞) and let X be a ball
quasi-Banach function space continuously embedded into L1

loc(Rn). The following
statements are equivalent. The constant C may be chosen to be the same in (i)–
(iii).

(i) There is C > 0 such that

‖Mloc
ρ f‖X ≤ C‖f‖X (f ∈ X).

(ii) There is C > 0 such that, for every N ∈ N and every sequence {fj}Nj=1

satisfying max
1≤j≤N

|fj | ∈ X,∥∥∥∥ max
1≤j≤N

Mloc
ρ fj

∥∥∥∥
X

≤ C

∥∥∥∥ max
1≤j≤N

|fj |
∥∥∥∥
X

.

(iii) There is C > 0 such that, for every sequence {fj}∞j=1 satisfying sup
j∈N

|fj | ∈

X, ∥∥∥∥sup
j∈N

Mloc
ρ fj

∥∥∥∥
X

≤ C

∥∥∥∥sup
j∈N

|fj |
∥∥∥∥
X

.

Moreover, even when X is a ball Banach function space, these equivalent conditions
need not imply that Mloc

ρ is bounded on X ′.

Proof. Go through the same argument as Theorem 1.1 (iv) works.
For the final assertion, take X = L∞(Rn). Then Mloc

ρ is bounded on X, whereas

X ′ = L1(Rn) and Mloc
ρ is not bounded on L1(Rn). □

6.5. Dyadic grids and the sparse criterion at a fixed truncation parame-
ter. We use the same system D as Section 2.3. This adjacent-grid fact is standard;
see [7]. Consequently, for ρ ∈ (0,∞),

Mloc
ρ f ≤ 6n

3n∑
t=1

MDt,(6ρ)f, (6.23)

where

MD,(R)f(x) = sup
Q∈D(R)

1Q(x) 〈|f |〉Q .

Here, for a dyadic grid D and R ∈ (0,∞], write

D(R) = {Q ∈ D : ℓ(Q) ≤ R}, D(∞) = D . (6.24)

When S ⊂ D(R), we also write TS ,q,(R) := TS ,q and AS ,(R) := AS to make the
upper bound R on the side lengths of the cubes in S explicit.

Lemma 6.12 (Finite dyadic sparse domination). Let R ∈ (0,∞), let D be a dyadic
grid, and let F ⊂ D(R) be a finite collection. Set

MF ,(R)f(x) = max
Q∈F

〈|f |〉Q 1Q(x)

when F 6= ∅, and use the convention M∅,(R)f = 0. For every locally integrable f ,
there is a finite 1/2-sparse collection S ⊂ F such that

MF ,(R)f ≤ 2AS ,(R)f almost everywhere. (6.25)
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Proof. Apply the recursive selection in Lemma 2.11 to F . Since every selected
cube belongs to F , one has

S ⊂ F ⊂ D(R).

The pointwise estimate follows from (2.18). □
The proof of the next proposition follows the corresponding argument in Propo-

sition 4.2 with D replaced by D(6ρ) and the local maximal operators kept explicit
throughout.

Proposition 6.13 (Sparse criterion with truncation parameter ρ). Let ρ ∈ (0,∞)
and let X be a ball Banach function space. The following statements are equivalent.

(i) The operator Mloc
ρ is bounded on both X and X ′.

(ii) There is a constant Csp > 0 such that

‖AS ,(6ρ)f‖X ≤ Csp‖f‖X (6.26)

for every finite 1/2-sparse subcollection S of D(6ρ), where D is an arbi-
trary dyadic grid, and every f ∈ X, with a constant independent of D and
S .

Proof. The implication (i) ⇒ (ii) follows from Corollary 6.5 and the sparse sets EQ

by duality if we argue similarly to Lemma 4.1.
Conversely, assume (ii), namely, (6.26). Then the boundedness of Mloc on X

follows by repeating the corresponding part of Proposition 4.2 with D replaced by
D(6ρ), using Lemma 6.12, and the Fatou property of X, and (6.23). Since (6.26) is
symmetric with respect to X, that is, we can replace X with X ′ assuming (6.26),
we see that Mloc

ρ is bounded also on X ′. □
6.6. From a vector-valued bound to sparse averaging. For a finite trunca-
tion parameter, the proof of the next proposition follows the argument of Propo-
sition 3.1. It applies the vector-valued maximal inequality to the functions hQ =
〈|f |〉Q 1EQ

, where the pairwise disjoint sets EQ ⊂ Q witness sparseness. By Corol-

lary 6.5, the required vector-valued estimate is available for Mloc
6ρ .

Proposition 6.14 (A sparse ℓq estimate). Let ρ ∈ (0,∞), let X be a ball Banach
function space, and let 1 < q < ∞. Suppose that (6.1) holds with constant C. Then
there is K > 0 such that

‖TS ,q,(6ρ)f‖X ≤ K‖f‖X (6.27)

for every finite 1/2-sparse subcollection S of D(6ρ), where D is an arbitrary dyadic
grid, and every f ∈ X. The constant is independent of D and S .

Proof. We follow the idea of Proposition 3.1. We use Mloc instead of M. Assume
0 < ρ < ∞. By Corollary 6.5, the vector-valued estimate for Mloc

6ρ over finite
families holds with some constant C6ρ. Choose measurable sets EQ ⊂ Q, Q ∈ S ,
such that |EQ| ≥ |Q|/2 for every Q ∈ S and the sets EQ are pairwise disjoint, and
put

hQ = 〈|f |〉Q 1EQ
.

Since the sets EQ are disjoint and every Q ∈ S satisfies ℓ(Q) ≤ 6ρ,∑
Q∈S

|hQ|q
1/q

≤ Mloc
6ρ f.
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Moreover, for x ∈ Q,

Mloc
6ρ hQ(x) ≥ 〈hQ〉Q = 〈|f |〉Q

|EQ|
|Q|

≥ 1

2
〈|f |〉Q .

Therefore

1

2
‖TS ,q,(6ρ)f‖X ≤

∥∥∥∥∥∥∥
∑

Q∈S

(Mloc
6ρ hQ)

q

1/q
∥∥∥∥∥∥∥
X

≤ C6ρ

∥∥∥∥∥∥∥
∑

Q∈S

|hQ|q
1/q

∥∥∥∥∥∥∥
X

≤ C6ρ‖Mloc
6ρ f‖X

≤ C2
6ρ‖f‖X .

This proves (6.27). □

As we did in Theorem 1.1, if we assume that Mloc
ρ satisfies the vector-valued

inequality (6.1), we have uniform sparse averaging bound of the operators AS ,(6ρ)

are uniformly bounded onX over all dyadic grids and all finite 1/2-sparse collections
S ⊂ D(6ρ).

Corollary 6.15 (Uniform sparse averaging bound). Let 1 < q < ∞. Let ρ ∈
(0,∞). Suppose that (6.1) holds with constant C. The operators AS ,(6ρ) are uni-
formly bounded on X over all dyadic grids and all finite 1/2-sparse collections
S ⊂ D(6ρ).

Proof. Let m ∈ N satisfy m > q. We use Theorem 3.2 to have

AS ,(6ρ)f ≤ Γq,m(TS ,q)
mf = Γq,m(TS ,q,(6ρ))

mf almost everywhere. (6.28)

Let K be the uniform bound in (6.27). Pointwise estimate (6.28) gives

‖AS ,(6ρ)f‖X ≤ Γq,m‖(TS ,q,(6ρ))
mf‖X ≤ Γq,mKm‖f‖X .

Thus, the operators AS ,(6ρ) are uniformly bounded on X over all dyadic grids and
all finite 1/2-sparse collections S ⊂ D(6ρ). □

6.7. Proof of Theorem 6.1. We remark that the proof of Theorem 6.2 is similar
to that of Theorem 1.3. We concentrate on the proof of Theorem 6.1.

Proof of Theorem 6.1. Part (ii) is Proposition 6.10, part (iii) is Proposition 6.9,
and part (iv) is Proposition 6.11. It remains to prove part (i).

Assume (b). Proposition 6.14 and Corollary 6.15 give a uniform sparse bound.
Proposition 6.13 then yields (a). Thus (b) ⇒ (a).

Assume (a), and fix q ∈ (1,∞). Choose any p0 ∈ (1,∞). For a finite family
{fj}Nj=1, put

F =

 N∑
j=1

(Mloc
ρ fj)

q

1/q

, G =

 N∑
j=1

|fj |q
1/q

.

Proposition 6.7 verifies the weighted hypothesis of Proposition 6.8, with a bound
independent of N . Applying extrapolation at a fixed truncation parameter to the
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family of all such pairs (F,G) gives (6.1) on X. Since q was arbitrary, (c) holds. The
implication (c) ⇒ (b) is immediate. Hence all three conditions are equivalent. □
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