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Abstract: We consider the initial value problem for cubic derivative nonlinear Schrodinger
equations in one space dimension with small initial data of the form ep(x). If the nonlinear
term is weakly dissipative, it is known that the global solution decays like O(/?(logt)~/4)
in L? as t — +oo. In this paper, we show that this L?-decay rate is optimal if the Fourier
transform ¢ of ¢ does not vanish at the point &, where the dissipation is not effective; on
the other hand, the L*-decay is enhanced if ¢(&) = 0.
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1 Introduction and the results

This paper is a squel to the papers [3] and [4], which deal with the L2-decay preperties
of small solutions to one-dimensional cubic derivative nonlinear Schrodinger equations with
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weakly dissipative structure. We consider the initial value problem

iOu+ 20%2u = N(u,0,u), t>0, z€R, (1.1)
u(0,z) = ep(z), r €R, '

where i = /—1, u = u(t, z) is a C-valued unknown function on [0, 00) x R, ¢ is a prescribed
C-valued function on R which belongs to H> N H*!, and ¢ > 0 is a small parameter which is
responsible for the size of the initial data. Throughout this paper, for non-negative integers
s and ¢, H® denotes the standard L2-based Sobolev space of order s and the weighted
Sobolev space H** is defined by {¢ € L*|(-)'¢ € H*} equipped with the norm ||@||gsc =
(- Y0\ s, where (z) = (1 + 2?)'/2. For r € (0,1), C" stands for the space of r-Hélder
continuous functions on R. The nonlinear term N (u, d,u) is a cubic homogeneous polynomial
in (u, %, Opu, Oyu) with complex coefficients. As in [3] and [4], let us introduce the following
structural conditions on N.

Definition 1.1. We say that a cubic nonlinear term N is weakly dissipative if the following
two conditions are satisfied:

(i) N(e?,0) = e N(1,0) for 0 € R.
(ii) There exist ¢y > 0 and &, € R such that

Imv(€) = —co(€ — &)?, §eR,
where the function v : R — C is defined by

W)= — ¢ NeienD

—. 1.2
27 |z]=1 z ( )

First of all, let us briefly recall what have been done previously. It is well-known that cubic
nonlinearity brings us to a borderline between short-range and long-range situation for the
one-dimensional nonlinear Schrédinger equations. According to [9] (see also [2, 6, 7, 11, 12]
etc.), typical results on the large-time behavior of global solutions to (1.1) under the condition
(i) can be summarized in terms of v as follows:

1. Small data global existence holds in C([0,00); H* N H*!) under the condition

Imyr(€) <0, £e€R. (1.3)

2. The global solution has (at most) logarithmic phase correction in the asymptotic profile
if

Imv(€) =0, £eR. (1.4)

In particular, L?-decay does not occur under (1.4) for generic initial data of small
amplitude.



3. L2-decay of the global solution occurs under the condition

supImv (&) < 0. (1.5)
£eR

It has been pointed out in [3] that (1.4) and (1.5) do not cover all cases of (1.3). For
example, both (1.4) and (1.5) are violated by N = —i|0,u|*u since Imv(£) = —£ (< 0).
This observation leads us to the condition (ii). We also note that the condition (i) excludes
just the worst terms w3, |u|?u, w3, and it is known that these three terms make the situation
much more complicated. For more details of the backgrounds on Definition 1.1, we refer the
readers to [3], [4] and the survey article [5].

Now we turn our attentions to what we can say on the large time behavior of the L? norm
of solution u to (1.1) under the weak dissipativity condition. We denote by ¢ or F¢ the
Fourier transform of ¢, i.e.,

(€)= Fol€) = J% / oly)e v dy.

The following two results have been shown in [4].

Proposition 1.1 ([4]). Suppose that N is weakly dissipative. Then there ezists a positive
constant C, not depending on e, such that the global solution u to (1.1) satisfies

limsup((log t)"/*[|u(t)||r2) < C=2, (1.6)

t—+o0
provided that € is suitably small.

Proposition 1.2 ([4]). Suppose that N is weakly dissipative, and that $(&y) # 0, where &
comes from (ii) in Definition 1.1. Then the global solution u to (1.1) satisfies

lim inf ((log £)Y4][u()| 12) > 0, (1.7)
t——+o0 *

provided that € is suitably small.

From these two results, we see that the global solution to (1.1) decays like O((logt)~*/*) in
L? ast — +oo if N is weakly dissipative, and this rate is best possible in general. However,
when we compare these two results carefully, the following two questions arise:

Q1. There is still a gap with respect to the dependence of ¢ in the upper bound (1.6) and
the lower bound (1.7). Is it possible to fill this gap?

Q2. What can we say about the lower L?-decay bounds in the case of ¢(&) = 07

Our aim in the present paper is to address these questions. In what follows, &, stands for
the point appearing in (ii) in Definition 1.1. The main results are as follows.



Theorem 1.1. Assume that N is weakly dissipative, and that $(&) # 0. Then there exist
positive constants Cy and gy such that the global solution u to (1.1) satisfies

o » 2 y
lim inf((log t)"/*[u(#) | 2) > Coe

for e € (0,g0].

Theorem 1.2. Assume that N is weakly dissipative, and that (&) = O(|§ — &l|*) as & — &
with some k > 0. Then there exist positive constants Cy, Cy, €1 and M such that the global
solution u to (1.1) satisfies

t < Cie Coe®?
[u(®)| 12 < (€2 log t)(1+2r)/(4+4r) * (e2logt)l/4

for t > eM/e* | provided that € € (0,4].

Note that the case k = 0 in Theorem 1.2 implies Proposition 1.1. In other words, Theo-
rem 1.2 can be viewed as a refinement of Proposition 1.1.
As a simple consequence of Theorem 1.2, we have the following.

Corollary 1.1. Assume that N is weakly dissipative, and that p(§) = 0. If there exist
constants C, > 0 and e, > 0 such that the global solution u to (1.1) satisfies

lim inf ((log t)Y4]|u(t)||2) > C.e*/? (1.8)
t——+o0 ®

for e € (0,¢e,], then we have C, = 0.

Theorem 1.1 and Corollary 1.1 tell us that the vanishing or non-vanishing of ¢ at the only
one point & actually affects the L?-decay of the solution u(t) as ¢ — +o0. This should be
remarkable because L?-norm is not affected by information at a single point in general.

A next problem would be to specify the precise L?-decay rate in the case of ¢(&) = 0.
However, it turns out that this problem is much more delicate than it looks. To the best
of authors’ knowledge, there is no previous result on explicit lower L2-decay bounds in this
case. In view of the arguments in Section 3 below, it would be reasonable to expect that

5
>
Ju(®)llrz 2 (2 log ¢)(1+2k)/(4+4k)

holds for sufficiently large ¢ if $p*) (&) # 0 and $U) (&) = 0 for 0 < j < k. However, the
authors have been unable to prove it so far.

2 Preliminaries

In this section, we collect several lemmas which are needed in the proof of the main results.
Since these results are essentially not new, we shall be brief. In what follows, several positive
constants appearing in estimates will be denoted by the same letter C', which may vary from
one line to another.



2.1 Reduction to ODE analysis

According to the previous works [9, 3, 4], we have already known the following lemmas. We
set

aft, §) = Flu(=t)u(t,)](E) (2.1)

for the solution u(t, x) to (1.1), where U(t) = exp(i592) and F denotes the Fourier transfor-
mation. We call « given by (2.1) the profile function of w.

Lemma 2.1. Assume that the condition (i) in Definition 1.1 and the condition (1.3) are
fulfilled. If € is sufficiently small, the global solution u to (1.1) satisfies

lu() [l + | Tu(®)|[mz < Ce(L+1)7, >0,

where J = x + itd, and 0 < v < 1/12. Moreover, for the profile function a of u, we have

(Ol < G 120 ¢ER
and
Ce?
a(t,§) — B(t,&)] < R t>1, £E€R, (2.2)
with some B : [1,00) x R — C satisfying
. § Ce?
2,6(t.6) - 1500, 0509 < ez

where v is given by (1.2) and 0 < 6 < 1/4.
The proof can be found in Section 2 of [3] or Section 4 of [9].
Lemma 2.2. Let « be the profile function of the solution u to (1.1) with small e. We have
Ce?

(1, 8) —ep(§)] < 1GEs

¢ eR.

For the proof, see Lemma 3.2 in [4].

Remark 2.1. Roughly speaking, these lemmas tell us that the solution u to (1.1) can be
expressed as

u(t) =U)F Lalt) =U)FB(t) + - -
with the solution f(t, ) to the ordinary differential equation

i0,8(t, &) = @lﬁ(tfﬂzﬁ(t,ﬁ) T (2.3)

BL,E) =ep(&) + -,

where the terms “+-..” are expected to be harmless. The original idea of this reduction
goes back to Hayashi-Naumkin [1].
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2.2 A lemma on the reduced ODE

In view of Remark 2.1, it is natural to focus on an analysis of [ satisfying (2.3) in order to
study asymptotic behavior of the solution u to the initial problem (1.1). For this purpose,
the following lemma due to [4] (see also [10, 2]) is useful.

Lemma 2.3. Let by(§), p(&) be C-valued continuous functions on R satisfying
Ce
(€

where e > 0 is a small parameter. Let R(t,§) be a C-valued continuous function on [1,00) xR
satisfying

[bo(§)] < u(§)] < C(6)°, Imu() <0, (2.4)

Ce?
|R(t,€)] < pEran (2.5)
with some 6 > 0. If the function B : [1,00) x R — C solves
08(.6) = "B, OB + RO, BE =) (26)
and € 1s suitably small, then we have
Ce?
|B(t,§) — A(logt,¢)| < IGE

for (t,€) € [1,00) x R, where §' € (0,0) can be taken arbitrarily close to 6, and the function
A :]0,00) x R — C solves

i0;A(7,€) = WEIA(T, P A(T,€),  A(0,€) = bo(€) + bu(€)

with some by : R — C satisfying
() <
Y
For the proof, see Lemma 2.1 in [4].
Remark 2.2. It follows from Lemma 2.3 that
Ces
1B(t) — Allogt)llz < —5~

for t > 1, and that
A(0,6)?
AP = g AT
1 — 2Im p(§)[A(0, §) [>T
for 7 > 0. Therefore, it is natural to focus on the integral

/ 40,9 "
r 1= 2Im p(§)|A(0, §)[*log t
in order to investigate the large time behavior of the solution B(t,&) to (2.6) in L.
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3 Proof of the main results

This section is devoted to the proof of Theorems 1.1, 1.2 and Corollary 1.1. Before getting
into the detail, we make some preparation. Let u be the solution to (1.1), and let a, 5 be
as in Lemma 2.1. Taking B(t,&) = B(t, &), we see that (2.4), (2.5), (2.6) are satisfied with
bo(€) = B(1,€), p(&) = v(€) and § € (0,1/4). Therefore, by Lemma 2.3, (2.2) and (2.7), we
can take a function A(r, &) satisfying
3 3
a(1,8)| = Tz < A0, < [a(1O)]+ T3 (3)

and

A0, 9

2 _
10080 = | T e Aw P 82

for t > 1, where ¢y and &, are from (ii) of Definition 1.1. Moreover, since U(t) and F are
unitary in L?, we have |lu(t)| 2 = loe(£)][ 2. This leads to

lu(®)ll2 = [AQlog ) 12| <[le(t) — A(logt)]| 2
<lla(t) = 8@z + 16() — Allogt)|| 12

Ce3  (Cg3
_m tTa
whence
Ce? Ce3
[A(log £)[| 2 — w7 = [u()llzz < [[A(logt)]z + 5 (3.3)

for t > 1. Here ¢’ € (0,1/4) can be taken arbitrarily close to 1/4.

3.1 Proof of Theorem 1.1

We follow the approach of [8] (in which the wave equation case is treated) with minor
modifications to fit the present purpose. It follows from Lemma 2.2 that

; elp(§
a(1,&)| > el@(&o)| — Ce? > %,
if £ > 0 is suitably small and $(&y) # 0. By the continuity of £ — «(1,£), we can choose an

open interval I with I 3 &, such that

ele(6o)l
3

inf |a(1,€)| > .
infa(1,£)] >0



Then, it follows from (3.1) that
inf A > inf |a(1 —Ce?
inf|A(0,¢)] 2 inf|a(1,§)] — Ce
el (&)

> 5 Ce?
 eleol
- 4

Since the function [0,00) 3 X — X/(1 + KX) is strictly increasing if K > 0, we have

A0, S e@(60)]?/2
1+ 2¢o(§ — €0)?[A0, )P logt ™ 8+ co(§ — &o)?e?[(&o)|? log ¢

for £ € I. Now we take m > 0 so small that [§y —m, & + m| C I. Then, for t > el/e? (i.e.,
for (e2logt)~1/2 < 1), we deduce from (3.2) that

s 1 e*l@(&o)
||A(logt)||L§ 22 /1 8 + co(§ — &o)%e?[P(&o)]? log t

S A —
T2 Jeomme210gt)-12 8+ co(§ — &0)2e2|p(6o)|* log t
 Cge

~ (logt)1/?

with

(L el )W
Co= (2 /—m 8 + col¢(&o)|*n? o ’

where we have made the change of the variable n = (£ — &)(e*logt)
Therefore, by (3.3), we obtain

1/2 in the last line.

Cyel/? ce?

)z = —
Hu( )||Lz = (logt)1/4 0

for t > e'/*, whence

ligjglof((log t)1/4||u(t)||L%) > Coe'/?,

3.2 Proof of Theorem 1.2

By the assumption on ¢, we can take ¢; > 0 and §; > 0 such that

[P(8)] < crl€ — &ol”
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for |€ — &| < d1. Then, it follows from (3.1) and Lemma 2.2 that
A0, < (elp(©)] + Ce*)” < 2’6 — & + Ce'
and
A(0,6)P _ o ade- g cet
14 2co(€ — &)?A(0,9)2logt = 1+ 4decoc?|€ — &ol2H2re2logt 1+ 2¢0C(€ — &)2et logt

for |€ — &| < 01. Here we have used the fact that X — X/(1 4+ KX) is strictly increasing,
together with the inequality

X4y X ¥
1+ K(X+Y) " 1+KX  1+KY

for X > 0,Y >0, K > 0. Integrating the both sides in £ € (§y — d1,& + d1), we obtain

[ A0, p
|€—&o|<d1 1+ 200(5 - §0)2|A(07 5)‘2 log

2c2e2|€ — & |*F O
S/ 21 |£ §i|2n 2 ds +/ 2.4 df
e—¢ol<ar L+ 4eoctl€ — Lol e logt e—gol<ar L+ 209C(& — &o)2etlogt
=. Jl + JQ
for ¢+ > 1. By the change of the variable n = (¢ — &)(c?logt)/*2%) in J;, we have

1 Cie?
92 (2 log t)(1+2K)/ (2+2x)

( / At )”2
g 1+ 4dcocd|n|?+20 " '

As for J,, the change of the variable n = (& — &)(e*logt)'/? yields

Ji <

with
Cy

I < Ce? / dn
2= (og )2 Jo 1+ 2¢,Cn?”
On the other hand, it holds that

/ A0, P P / o dg
|€—E0]>1 14 2¢o(§ — 0)?[A(0,§)[Plogt ™ — 2cplogt |€—&0|>61 (£ —&)?
regardless of the structure of A(0,&). Piecing them together, we have

Cie? Ce? C

: + +

(e2logt)1+20)/(2+26) — (logt)1/2  logt

C2e? Ce? Ce?
(e2 log t)(1+20)/(2+2%) + (e2logt)/2 + M1/ @+2m) (2 Jog t)(1+28)/(2425)

C2e? N Ce?
(e2log t)(1+2m)/(2+2%) T (22]0g t)1/2

1
2
A <—

IN

VAN
=W N =




if e2logt is greater than a sufficiently large constant M. With the aid of (3.3), we arrive at

Ce3

lu@)lzz < Allogt)llzz + —5-

< \/g 015 053/2
>~ 7 (62 lOg t)(1+2n)/(4+4,€) + (52 1Og t>1/4
" - . Ce(3+2r)/(2+2r) (log t)(1+2)/(4+4r)
(2 log t)(12%)/(4+4r) 5
< Cie Ce3/2
>~ (52 log t)(1+2ﬁ)/(4+4ﬁ) + (52 10g t)1/4

for t > eM/¢* provided that e is small enough. O]

3.3 Proof of Corollary 1.1

We first note that ¢ € H' because ¢ € H*' — H%!. Then, by the Sobolev embedding
H' < CY? in R' and the assumption ¢(&,)=0, we have

[$(E) =16(8) — (&)l < Cls — &l 2.
Therefore we can apply Theorem 1.2 with x = 1/2. Since

142k 1

4 + 4k N:1/27 3’

we obtain
01 £ 0283/2

(e2logt)l/3 * (e2logt)l/4
for t > eM/#*. Connecting this to (1.8) yields

[u()]lzz <

C.e'/? < liminf((log t)Y4||u(t)||12) < limsup((log t)Y*||u(t)|2) < Cse.
t—+00 ‘ t—+00 ‘
Dividing the both sides by €'/ and letting ¢ — +0, we have C, = 0. This completes the
proof. O]
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