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Preface

The workshop Quandles and symmetric spaces has been held annually since 2018
in order to encourage the cross-pollination among topology (knot theory), differential
geometry (symmetric spaces), and other areas through quandles.

A quandle is an algebraic system, whose axioms are corresponding to the Rei-
demiseter moves of classical knots diagrams. The notion of quadles has been intro-
duced by Joyce and Matveev independently in 1982, and nowadays it plays important
roles in knot theory. For example, classical knots are classified in principle by their fun-
damental quandles. Quandle colorings, which means the numbers of homomorphisms
from the fundamental quandles to a fixed finite quandle, are important examples of
knot invariants, and have been widely studied.

The notion of quandle frequently appears in various fields other than knot theory.
As Joyce has already pointed out, symmetric spaces are typical examples of (involutory)
quandles. A symmetric space is a manifold that every point has a diffeomorphism called
a point symmetry, whose conditions are corresponding to the axioms of quandles.
Therefore, quandles can be considered as a generalization of symmetric spaces, and
from this point of view it would be interesting and significant to research both of them
interactively.

The series of workshops was organized by experts of knot theory (Kamada and
Oshiro) and symmetric spaces (Kubo, Okuda, Tamaru, Tanaka and Tasaki), and the
talks consisted of some instructive talks by experts and presentations by young re-
searchers in addition to usual talks. There have been many presenters and participants
from various fields, not only topology and differential geometry but also combinatorics,
algebraic geometry, etc. During or after the talks, they exchanged their ideas and in-
formation, and discussed possible perspectives actively. The organizers are convinced
that the workshops would be effective and successful to develop the theory of quandles.

May 2021

On behalf of the organizers:
Akira Kubo

Takayuki Okuda

Hiroshi Tamaru
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Quandle coloring quivers for links and quivers of
quandles

YutA TANIGUCHI

ABSTRACT. In 2018, K.Cho and S.Nelson introduced the quandle coloring
quiver which is an invariant for oriented links. In this paper, we will introduce
the quandle quiver of a quandle and observe a relation between the quandle
coloring quiver and the quandle quiver.

1 Quandle coloring quiver and quandle quiver

1.1 QUANDLE

A quandle is a non-empty set X with a binary operation x satisfying the following
conditions:

e For any z € X, we have z xx = .

e For any y € X, the map xy : X — X;x — x *xy is a bijection.

e For any z,y,x € X, we have (zxy) *x 2z = (v % 2) * (y * 2).

Let M be a left Z[t*']-module. We define a binary operation * on M by z *y =
tr + (1 —t)y. Then, M is a quandle. We call it an Alexander quandle.

Let X be a quandle. A map f : X — X is a quandle endomorphism of X if
flzxy) = f(x)* f(y) for any x,y € X. We denote the set of all quandle endomorphisms
of X by End(X).

A quandle X is an abelian quandle if (x xy) * (z x w) = (z * 2) % (y * w) for any
z,y,z,w € X. For example, an Alexander quandle is an abelian quandle. However,
the converse is not true.

1.2 QUANDLE COLORING

Let X be a finite quandle, D be a diagram of an oriented link L and Arc(D) be the
set of all arcs of D. A map ¢ : Arc(D) — X is an X -coloring of D if for each crossing

of D, ¢ satisfies the following condition:
e Let z;, 2,z be arcs around a crossing as shown below. Then, we have ¢(x;) *

c(zj) = c(xy).
Ly

T Lk

We denote the set of all X-colorings of D by Colx (D). Let D" be another diagram of
L. Tt is known that the cardinalities of Colx(D) and Colx(D’) are the same. Thus,
the cardinality of Colx (D) is an oriented link invariant, which is called the coloring
number of D.



6 OCAMI Reports Vol. 4 (2021)

1.3 QUANDLE COLORING QUIVER

In [1], Cho and Nelson introduced the quandle coloring quiver. Let X be a finite
quandle and D be a diagram of an oriented link L. For any subset S C End(X), the
quandle coloring quiver of D, which is denoted by Q% (D), the directed graph with a
vertex for each X-coloring ¢ € Colx (D) and an edge from v to w when w = f(v) for
an element f € S.

Let D' be another diagram of L. Cho and Nelson showed that Q3. (D) and Q% (D’)
are isomorphic as quivers for any subset S C End(X), which implies that the quandle
coloring quiver Q% (D) is an oriented link invariant.

Note that the coloring number of D using a finite quandle X is the number of
vertices of the quandle coloring quiver Q3 (D) for any S. Thus, the quandle coloring
quiver is in general a stronger invariant than the coloring number (see [1]).

1.4 (QUANDLE QUIVER

In this section, we introduce the quandle quiver.

Definition 1. Let X be a finite quandle and S be a subset of End(X). The quandle
quiver Q(X, S) is the directed graph with a vertex for each element x € X and an edge
from v to w when w = f(v) for an element f € S.

Lemma 1. Suppose that finite quandles X and X' are quandle isomorphic. For
any subset S C End(X), there ezists a subset S' C End(X') such that Q(X,S) and
Q(X',S") are isomorhic as quivers.

In particular, when S = End(X), we have S = End(X’). Thus, the quandle quiver
Q(X,End(X)) is an invariant of a quandle.

2 Main result

In this section, we study a relation between the quandle coloring quiver and the quandle
quiver.

Let X be a finite abelian quandle and D be an oriented link diagram. In [2], Crans
and Nelson showed that when X is abelian quandle, Colx (D) is a quandle with the
operation * defined by (¢ * )(x) = ¢(x) * /(x) for any z € X.

For any f € End(X), we define the map f : Colx (D) — Colx(D) by fx(c) = foc.
By the direct calculation, the map fy is a quandle endomorphism. Thus, we can define
the map ¢¥x p : End(X) — End(Colx (D)) by ¥x p(f) := fz. For any S C End(X),
we set SN'X,D = 1/JX7D(S).

Theorem 1. Let D be an oriented link diagram and X be a finite abelian quandle.
The quandle coloring quiver Q3-(D) and the quandle quiver Q(Colx (D), Sx.p) are iso-
morphic for any subset S C End(X).

By Theorem 1, we can interpret the quandle coloring quiver as the quandle quiver
when a quandle is an abelian quandle.
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Quandle coloring quivers for links and quivers of quandles

Yuta Taniguchi

Osaka City University.

December 11, 2019

Y. Taniguchi (Osaka City U) Quandle coloring quivers

Quandle

Definition (Joyce, 1982)
X: aset, *x: X x X — X: a binary operation.
X = (X, %): a quandle.

& x satisfies the following three conditions:

QO Vre X, zxx=u.
Q@ Vye X, xy: X - X; x— zx*xy: a bijection.
Q Vr,y,z€ X, (xxy)*xz=(x*x2)*(yx*z).

€X.

R, = (Zy,*): the dihedral quandle of order n.
(zxy=2y—z)

Y. Taniguchi (Osaka City U) Quandle coloring quivers 2/ 14
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Abelian quandle

Definition (Joyce, 1982)

X = (X, x): a quandle.
X: an abelian quandle.
©Vr,y,z,w € X, (zxy)*(zxw) = (z*2)* (y*w).

exl.

Let M = (M, *) be an Alexander quandle.

(M: left Z[tT™']-mod; x xy := tx + (1 — t)y(Vo,y € M).)
Then, M is an abelian quandle.

ex2.
Let X be (Z3)2. * is defined by

() ()= (0 ) e (7o) () ()

Then, (X, *) is not an abelian quandle.

Y. Taniguchi (Osaka City U) Quandle coloring quivers

M-quandle

M : a monoid, X : a quandle.
End(X):={f: X — X | f: a quandle homomorphism }.
p: M — End(X) : a map.

Definition

X : an (M, p)-quandle or M-quandle.

< p: a monoid homomorphism, i.e.
Q@ VYm,m' € M, p(m') o p(m) = p(m'm)
Q p(e) =idx

| A\

Definition

X, X': M-quandles, ¢ : X — X': a quandle homomorphism.
w: an M-quandle homomorphism

& Vm e M, Vz € X, o(p(m)(z)) = p'(m)(p(z)).

If ¢ is bijective, ¢ is called an M -quandle isomorphism.
Then, we write X = X’ as M-quandle.

Y. Taniguchi (Osaka City U) Quandle coloring quivers 4 /14
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Basics of knot theory

R3 R

Arc

TH>

Laink Diagram

Theorem (Reidemeister, 1926)

{ links }/ ~Ey { diagrams }/Reidemeister moves

Y. Taniguchi (Osaka City U) Quandle coloring quivers

Quandle coloring

X: a finite quandle, D: an oriented link diagram.
Arc(D) = {x1,...,z,}: the set of arcs of D.
Definition (Joyce, 1982)

¢: Arc(D) — X: an X-coloring of D.
& For any crossing, c(z;) * c(x;) = c(xy).

Colx (D) := {c: X-colorings of D}

Y. Taniguchi (Osaka City U) Quandle coloring quivers
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Property of coloring

Proposition (Joyce, 1982)

D, D’: diagrams of an oriented link.
= Colx (D) <L Colx (D).

Thus, |Colx (D)] is a link invariant.

skech. In the case of Reidemeister move 2,

<— Y
o~

Theorem (Crans-Nelson, 2014)

X: an abelian quandle.
= Colx(D): a quandle by ¢ ¢ (z) := ¢(x) * /(x)(Vx € Arc(D))

Y. Taniguchi (Osaka City U) Quandle coloring quivers

(Link) Quandle coloring quiver

Remark.

Vf € End(X).

c € Colx(D) = foce Colx(D)
Definition (Cho-Nelson, 2018)

X: a finite quandle, S CEnd(X)
Q% (D): a (link) quandle coloring quiver
& Q% (D) = (V, E): an oriented graph
Q@ V =Colx (D)
Q@ F={(v,w)|3f €S st. w= fou}

Proposition (Cho-Nelson, 2018)

D~ D
= VS C End(X), Q% (D) = Q3-(D").
Thus, Q3 (D) is a link invariant.

Y. Taniguchi (Osaka City U) Quandle coloring quivers
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Example of quandle coloring quiver (1)

f: Rs — R3 defined by f(z):=0; S={f}.

Y. Taniguchi (Osaka City U) Quandle coloring quivers

Example of quandle coloring quiver (2)

f: Ry — Ry defined by f(z):=2z; S ={f}

Q% (L6al) Q%, (L6a5)

R

Y. Taniguchi (Osaka City U) Quandle coloring quivers
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Quandle quiver

Definition
X: a finite quandle, S CEnd(X).
Q(X,S): a quandle quiver.
< Q(X,S5) = (V,E): an oriented graph.
QO V=X
Q@ E={(v,w)|3feS st w=f(v)}

Proposition

X=X
= VS C End(X), 35" € End(X’) s.t. Q(X,S) = Q(X',5").
In particular, Q(X,End(X)) = Q(X’, End(X")).

Y. Taniguchi (Osaka City U) Quandle coloring quivers

Property of quandle quiver

Remark.
X: a finite abelian quandle.

Vf e End(X), fs:Colx(D) — Colx(D): a quandle homomorphism
c — foc

Then, we can define ¢)x p : End(X) — End(Colx (D))

by ¢¥x,p(f) :== fg.
S CEnd(X), SX,D = ¢X,D(S)-

X: a finite abelian quandle. 5
= VS C End(X), Q% (D) = Q(Colx (D), Sx.p).

Y. Taniguchi (Osaka City U) Quandle coloring quivers 12 / 14
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Application

By the definition of ¥ x p, % x p is a monoid homomorphism.
Then, Colx (D) is an End(X)-quandle.

Colx (D) =Colx(D’) as End(X)-quandle.
= VS CEnd(X), Q%(D) = Q5(D).

o

Theorem

p: a prime number.

X: a connected quandle of order p.
|Colx (D)| = |Colx (D).

= VS CEnd(X), Q5 (D) = QS(D").

Y. Taniguchi (Osaka City U) Quandle coloring quivers 13 / 14

Thank you for your attention.

Y. Taniguchi (Osaka City U) Quandle coloring quivers 14 / 14
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Multiple conjugation quandle colorings for
handlebody-knots

TomMO MURAO

ABSTRACT. A handlebody-knot is a handlebody embedded in the 3-sphere.
The study of genus 1 handlebody-knots is exactly that of classical knots. In
this paper, we introduce a coloring invariant for handlebody-knots by using
a multiple conjugation quandles, where a multiple conjugation quandle is an
algebra whose axioms are motivated from Reidemeister moves for handlebody-
knots.

1 Multiple conjugation quandles
A quandle [3,4] is a non-empty set ) equipped with a binary operation <: Q) x Q — @
satisfying the following axioms:

e Foranya € @, a<a=a.
e For any a € @), the map <a : Q — @ defined by <a(x) = z < a is bijective.
e For any a,b,c € Q, (a<b)<c=(a<c)<(b<c).
We denote (<a)™ : @ — @ by <"a for n € Z. We define the type of a quandle @ by
type @ = min{n € Z¢ | <"y = z (for any x,y € Q)},

where we set min () := oo for the empty set (). Any finite quandle is of finite type.

Let G be a group. We define a binary operation < on G by a<b = b~tab. Then,
(G, <) is a quandle. We call it the conjugation quandle of G and denote it by ConjG.
For a positive integer n, we denote by Z,, the cyclic group Z/nZ of order n. We define
a binary operation < on Z, by a<b = 2b — a. Then, (Z,,<) is a quandle. We call it
the dihedral quandle of order n and denote it by R,.

Definition ([2]). A multiple conjugation quandle X is a disjoint union of groups G\ (A €
A) with a binary operation <: X x X — X satisfying the following axioms:

For any a,b € Gy, a<b=b"tab.

e For any z € X and a,b € G, x<ey =z and x < (ab) = (x <a) <b, where e, is
the identity of G.

e Forany z,y,2 € X, (z<qy)<z=(r<2)<(y<2).
e For any x € X and a,b € Gy, (ab) <z = (a<z)(bax), where a<z,b<x € G, for

some i € A.
Let (@, <) be a quandle. Then Q X Zypeq = | ,cqo({} X Ziypeq) is an multiple
conjugation quandle with
(z.0) 4 (y,b) = (2 <"y, a), (z,0)(2,8) = (z,a+b)

for any x,y € @ and a,b € Ziypeg, Where we put Z, := Z. We call it the associated
multiple conjugation quandle of Q.
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2 Coloring invariants for handlebody-knots

A handlebody-link [1] is a disjoint union of handlebodies embedded in the 3-sphere S3.
A handlebody-knot is a one component handlebody-link. In this paper, we assume that
every component of a handlebody-link is of genus at least 1. Two handlebody-links are
equivalent if there is an orientation-preserving self-homeomorphism of S® which sends
one to the other. A diagram of a handlebody-link is a diagram of a spatial trivalent
graph whose regular neighborhood is the handlebody-link, where a spatial trivalent
graph is a finite trivalent graph embedded in S®. In this paper, a trivalent graph may
contain circle components.

Let D be a diagram of a handlebody-link. A Y-orientation of D is a collection of
orientations of all edges of D without sources and sinks with respect to the orientation
as shown in Figure 1, where an edge of D is a piece of a curve each of whose endpoints
is a vertex. In this paper, a circle component of D is also regarded as an edge of D. It
is known that every diagram of a handlebody-link has a Y-orientation.

YA

Figure 1: Y-orientations.

Let X = | |,co Gx be a multiple conjugation quandle and let D be a Y-oriented
diagram of a handlebody-link. We denote by A(D) the set of arcs of D, where an arc
is a piece of a curve each of whose endpoints is an undercrossing or a vertex. In this
paper, we also regard a circle component of D as an arc of D. An X-coloring of D is
a map from A(D) to X satisfying the conditions depicted in Figure 2 at each crossing
and vertex of D. We denote by Colx (D) the set of all X-colorings of D. Then we have
the following theorem.

Y a b ab

R

ab a b
r,y € X, a,be Gy

Figure 2: The coloring condition.

Theorem ([2]). Let H be a handlebody-link represented by a Y-oriented diagram D.
Let X = | |,cp G be a multiple conjugation quandle. Then the cardinality #Colx (D)
1s an invariant of H.

For a handlebody-link H represented by a Y-oriented diagram D and a multiple con-
jugation quandle X, we define the X -coloring number of H by colx(H) = #Colx (D).
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Example. Let Hy and H be handlebody-knots illustrated in Figure 3, respectively. Let
X = |l er, ({7} X Z3) be the associated multiple conjugation quandle of the dihedral
quandle R3. Then we have colx(Hy) = 12 and colx(H) = 18. Therefore Hy and H are

200
‘ ‘ ", }

Hy
H

Figure 3: The handlebody-knots Hy and H.
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Polars and antipodal sets

HIrROYUKI TASAKI

The contents of this talk is based on a joint work [5] with Tanaka and Yasukura.
Polars and antipodal sets are notions of compact Riemannian symmetric spaces, which
are introduced by Chen-Nagano [1] and [2]. Their definitions are as follows. For a
compact Riemannian symmetric space M with the geodesic symmetry s, at each point
x in M, a connected component of the fixed point set of the geodesic symmetry s, is
called a polar of M with respect to x. It is known that a polar is a totally geodesic
submanifold. A subset A of M is called an antipodal set, if s,(y) = y for any points
x,y in A. Polars and antipodal sets are closely related. Since each polar is an orbit
of the isotropy group, we can describe it using canonical forms of the action of the
isotropy group. When the number of polars is small, we can find some relationship
between antipodal sets of M and those of polars. In the cases we treat in this talk a
compact Riemannian symmetric space G/K is imbedded in G as a polar. We show a
relationship between antipodal sets of G and those of G/K. We apply this method to
the compact Lie group G and the compact Riemannian symmetric space Go/SO(4)
and give explicit descriptions of their maximal antipodal sets.
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S[m,y]([wla y1]) = [®1, 1]

& Isg(x1) = 21 DD sy(y1) = yid
FlclE

[sz(x1) = —x1 DD sy(y1) = —y1

5

F (83, M)

= {[z, y]}U(S™~t x §™271) /{£1}

(S™(ry) X S™2(ry))/{£1} D MAS
{1, Y1)y - o5 [Trs TYk] }
TiseeeyTp,y1 : RUTTODEREE
Yls ooy Ynot1 : RZTTDOEREER
k = min{ni,n.} + 1

FOMAS FEEZERVT—E/R

6
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OVID ~Lie
Al RZ Riemann £
— /37 ~ Riemann ™FRNZER
RN s.(y) = zy 'z
RN NBICRIETE S
1/35 + Lie % Riemann XHRZER
EHELT CEICKD, ZOREBBEE=E
BOZHE RN OTARDCEMNTES

7

G : JVI/D kLie#

A B SUBANTEES

Vee Ax=s.(z)=x!, x> =¢

Vy € Ay =s,(y) =zy 'z,

Ty = yx

ADTTOREIEAE Vze A

s:(zy) = z(zy) 'z = 2y~
= s:(y)s:(x) = xy

ADBRMELD zy € A  A(FBEDEE

8
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A DR TTENDFRTTOMES 2
B Abel HOEARATELD
A =79 X v+ X Lo

F(se,G)—{w€G|aj —e}
= {e} U U{oz}u UM+

= {gzjg~"' | g € Go} : ’f"ﬁﬂi’»
CC‘C Gy |& G DENDEER

9

A: GOMAS £33¢&
Se = So, CNLEKD {e,01,...,0,} C A
ADBRELD Ij AN M #0
AEHBZEEDICHDBEZ S

r; € ANM; AC Z,(G)
Ald Z,,(G) DMAS
%Z ,(G) DMAS : GDOMAS @flif@

—REERMN S FT < UL H
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H: Mo#is O:=HxH
O : \;t#¥l BOER
(m,a)(n,b) = (mn — ba, an + bm)
((m, a), (n,b) € O)
Aut(O) := {a € GLg(O) |
a(zry) = (ox)(ay) (z,y € 0)}
Aut(0) : G, BEBfFIV /D ~ Lie s
G2 = Aut(0O) T%KYT

11

BERy : Sp(1) x Sp(1) —» G &
Y (p, q)(m, a) := (¢gmqg, paq)
(p;q € Sp(1), (m,a) € O)
EEND. ¥ IELie BFNERIBIEMR
kervy = {£(1,1)}

PY(Sp(1)*) = Zya,-1)(G2)
~ SO(4)

12
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G2 D ¥(Sp(1)?) = SO(4)

EEIChER2

T = {¢(e, ") | 5,t € R}

(Y (Sp(1)?) & G, DIBKRK~—3X
Gy = U ng_l

geGa

F(S€7G2) — U gF(SevT)g_l
geGa

F(se,T) = {2p(1, £1), (4, xi) }

13

Y(1,—1),9(1, i) : BUL(CHE
F(se, G2)\{e}

= {gv¥(1,-1)g7" | g € G2}

e LA DRI (& (1, —1) DEE D H
A: GoDOMAS HEGLEDICEBDEX
P(l,—1) € AETES

A C Zya,-1)(G2) = ¥(Sp(1)?)
AlGY = {¢(p,£p) | p= 1,4, 35, k}
(CHE G, DMASIZ T DH

14
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Zy,—1)(G2) DMAS T T OFH
U ={y(,+p) |p=1,4,73,k}

> Tio X Ty X 7o : FEEL3
#2.Goy = |P| = 23
FEEDEE > 2 : G, DB
IENE. GoDOMAS ¥ (3 G, DK
~—35 XCUNFE S57K0)

15

F(sey G2) = {e} U Mf“,
M ={g¥(1,-1)g "' | g € G}
~ G,/SO(4)
M, ODBEANIFES (MAS)
\Ill — {'(,b(l, _1)}
#H2M" = || =7
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G : EBEEM Grassmann ZEE{K
Goss C G3(R)) EHEES
ERRIER D ZRRAR(CTE D

G2 (3 Goss (CHERSI (CVEFT

Gass = Ga/Stmrx {0y (G2)
Stmax{0}(G2) = Zy1,—-1)(G2)
M = G2/Zy(1,-1)(G2)

¥, C M — ¥, C Gass C G3(R")
U, (I G (R DNPEES. |4 =7

17

Gr(R™) D MAS
n] = {1,2,3,...,n}
Wb[ﬂﬁ@%ﬁk@%ﬁ%@@%
Ac (U wEsEs

& Vo, € A |a\[] : B
(" oMASHEEEE
Gr(R") D MAS O&RE%E

s X —XIG
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€l,...,e,: RPOIEREREE

a € ([Z]) (LU CTa={a,...,ar}

Ac (" wpEEs

A(A) = {£(eays---s€q,) | x € A}

: GR(R™) DNFEES

UKD

(" DMAS « GiL(R™) DMAS
A+ A(A)
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(") DMAS : Fano i (7 &£ E)

U, C M = Gas C G3(R")

{££] € €W} : G3(R)) DMAS
U, [ Fano FEIDTTDHEEGEICL DT
O DEDEERETENHSD
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Quandle homology theory and quandle cocycle
invariants of links

KANAKO OSHIRO

ABSTRACT. A quandle is an algebraic system independently introduced
by D. Joyce [9] and S. Matveev [4] in 1992. There are several studies using
quandles in knot theory. In this paper, we review quandle homology theory
and quandle cocycle invariants of oriented links (refer to [1, 2]).

1 Quandles

Definition 1. A quandle is a set ) equipped with a binary operation % : QQ X Q) — @
satisfying the following conditions.

(Ql) For any a € Q, a*a = a.
(Q2) For any a,b € @, there exists a unique ¢ € @ such that cx b = a.
(Q3) For any a,b,c€ Q, (axb)*xc= (axc)*(bx*c).

We write a quandle (@, x) simply @ when no confusion can arise.

Example 1. For an integer n > 3, we set a map * : Z,, X Z,, — Z, by a xb = 2b — a.
Then (Z,, *) is a quandle. We call it the dihedral quandle of order n and we denote it
by R,.

2 Quandle colorings

Let (@, %) be a quandle. Let D be a diagram of an oriented link.

Definition 2. A Q-coloring of D is an assignment of an element of () to each arc of
D satisfying the following crossing condition.

e For a crossing x of D, let a, c and b denote the assigned elements to the under-arcs
and the over-arc of x as depicted in the left of Figure 4. Then a * b = ¢ holds.

A shadow @Q-coloring of D is a (Q-coloring of D with an assignment of an element of
each region of D satisfying the following condition.

e For two regions of D adjacent by an arc, let z,y and a denote the assigned
elements to the regions and the arc as depicted in the right of Figure 4. Then
x % a =y holds.

We call the assigned element of an arc (or a region) the color of the arc (or the
region). We denote by Colg(D) the set of shadow Q-colorings of D.
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Figure 4: The crossing conditions

3 Quandle (co)homology groups

Let (@, *) be a quandle. Let C,,(Q) be the free abelian group generated by n-tuples
(x1,...,2,) € Q" when n is a positive integer, and let C,,(Q) = 0 otherwise. The
boundary homomorphism 9, : C,,(Q) — C,_1(Q) is defined by

8n(.f171, ce ,an) = Z(—1)1{<5L‘1, ce 71?727 c. ,.Tn)
i=1
—(,ZEl *Ljyoooy Lj1 X IEZ',ZEAi,ZCZ'_,_l, Ce ,ﬂfn)}
for n > 1 and 0,, = 0 otherwise, where Z; represents that z; is removed. Then C,(Q) =
{Ch(Q), O }nez is a chain complex.
Let D, (Q) be the subgroup of C,(Q) generated by the elements of

{(x1,...,2,) € Q" | &; = w441 for some i € {1,...,n —1}}.

Then D.(Q) = {Dn(Q),0n}nez is a subchain complex of C.(Q). Let C(Q) =
Co(Q)/D,(Q), and we denote by 99 the induced boundary homomorphism 93 :
CAQ) — C2 (Q). The quotient chain complex CQ(Q) = {CUQ), I} ez leads
to the quandle homology group of Q by HR(Q) = Ker@S/Im@SH.

For an abelian group A, we define the cochain group Cg(Q; A) and the coboundary
homomorphism 6 : C{(Q; A) — C’g“(@; A) by C3(Q; A) = Hom(CR(Q),A) and
05(0) =00 8,?“, respectively. The quandle cohomology group with coefficients in A is
defined by H{(Q; A) = Keré&/lm(Sg_l.

4 Quandle cocycle invariants

Let (@, *) be a quandle, A an abelian group, and 6 : C’g(Q) — A a 3-cocycle. Let D
be a diagram, and C a shadow ()-coloring of D.

For a crossing x of D with C, the weigh of x is defined by Wy(x) := ¢,0(x,a,b),
where ¢, = +1 (or —1) if x is the positive (or negative) crossing, and x,a and b are
the colors of the region, the under-arc and the over-arc, respectively, in the position
depicted in Figure 5.

We define ®y(D) by the multiset

(I)Q(D) = {Wg(D,C) | C e COIQ(D)},

where Wy(D, (') = er{crossings} Wo(x)-
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a positive crossing a negative crossing

Figure 5: Crossings

Theorem 1. The multiset ®y(D) is an invariant for oriented links.

By Theorem 1, we may denote the invariant by ®4(L), where L is the oriented link
which D represents.

Example 2. Let @) be the dihedral quandle R3. Set 6 : C??(Q) — Z3 by
0(x,a,b) = (x —a)(a — b)?b.

We note that the homomorphism 6 is a 3-cocycle.
Let K and K* be the left- and right-handed trefoil knots, respectively (see Figure 6
for a diagram D of K'). Then we have

®y(K)=1{0,...,0,1,...,1} and ®y(K*) ={0,...,0,—1,...,—1}.
9 18 9 18
Thus we can distinguish the left- and right-handed trefoil knots by using the quandle
cocycle invariants.

6(0,0,1)+6(0,1,2+6(0,2,0)
=0+1+0=1
D

Figure 6: A diagram of the left-handed trefoil knot
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Connectedness and homogeneity of antipodal sets

YUUKI SASAKI

1 Introduction

Let M be a compact Riemannian symmetric space and denote the geodesic symmetry
at © € M by s,. In this paper, we assume that M is connected. If s,(y) = y for
two points z,y € M, we say that x,y are antipodal. A subset S of M is an antipodal
set, if any two points of S are antipodal. The 2-number #,M of M is the maximum
of the cardinalities of antipodal sets of M. We call an antipodal set S in M great
if #S = #5M. An antipodal set S is called maximal if there are no anitipodal sets
including S properly. These notions were introduced by Chen-Nagano [1]. In general,
any antipodal set of any Riemannian symmetric space of noncompact type is a one-
point set, so we consider only compact symmetric spaces in this paper. We say that
an antipodal set A C M is homogeneous if there is a subgroup of the isometry group
of M acting on A transitively.

It is known that any compact Lie group G is a Riemannian symmetric space with
respect to a biinvariant metric and any maximal antipodal set including the unit el-
ement of G becomes a subgroup of G. Therefore, any maximal antipodal set of G is
homogeneous. Moreover, Tanaka and Tasaki proved that any great antipodal set of
any symmetric R-space is homogeneous [5]. Thus, we consider the following problem:

Problem 1. Is any maximal antipodal set of any compact Riemannian symmetric
space homogeneous ?

We consider this problem introducing a concept of connectedness of antipodal sets.

2 connectedness of antipodal sets

Let M be a connected compact symmetric space. Then, there is a closed geodesic
through any antipodal two points. Moreover, there is shortest closed geodesics in M.
By using these properties, we introduce a concept of connectedness of antipodal sets
as follows.

Definition 1. Let p,q € M(p # ¢) be antipodal two points. If there is a shortest
closed geodesic through p and ¢, we say that p, ¢ are connected.

Definition 2. Let S be an antipodal set.

(1) If a point series {p;}!_, of S satisfies that p; is connected to p;;1, then we say
this point series is a connected point series.

(2) If S satisfies the following condition, we say that S is connected: for any p,q € S,
there is a connected point series {p;}!_, of S containing p and q.
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(3) Let S be connected. If there are no connected anitpodal sets containing S prop-
erly, then we say that S is a maximally connected antipodal set.

(4) Let S be not necessarily connected and 7" be a connectd subset of S. If there are
no connected antipodal subsets of S containing T" properly, we say that T is a
connected component of S.

For connected antipodal sets, we obtain the following proposition.

Proposition 1. Let A be an antipodal set of M containing connected two points.
Suppose that p,q € A are conncted points. Then, there is a shortest closed geodesic
through p and q invariant under every s,(r € A). Moreover, there is a totally geodesic
sphere M, , through p and q including any shortest closed geodesic through p and q.

By using this property, we define the following sets. Let A be an antipodal set and
p € A.
Set A, = {q € A;q is connected to p.} and q € A,,.

e L(p,q,A) : The set of all shortest closed geodesics through p and ¢ invariant
under every s,.(r € A).

CL(p,q,A) : The set of all middle points of all geodesics of L(p,q, A) between p
and q.

L(A) == U, 4ea L(p, ¢, A), where p, q are connected.
CL(A) =

eA CL(p, q, A), where p, q are connected.

e (4 : the group generated by {z;z € CL(A)}.

Remark that G4 is not trivial if and only if A has connected two points.

3 Main results

By using connectedness of antipodal sets, we obtain the following propositions.

Proposition 2. If A is an antipodal set containing connected two points, then AUg(A)
1s an antipodal set for any g € G 4.

Corollary 1. G4(A) is an antipodal set.

Proof. 1t is sufficient to show that g(A) U h(A) is an antipodal set for any g,h € Gy .
We see that AU g 'h(A) is an antipodal set by Proposition 2.
]

By the definition of maximal antipodal sets, we obtain the following corollary im-
mediately.

Corollary 2. If A is a maximal antipodal set containing connected two points, then
Ga(A) C A. In other words, G4 acts on A.
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Next, we study how G4 acts on A in the case G4(A) C A.

Proposition 3. Let A be a connected antipodal set and o € A. Then G4(0) = A. In
other words, G 4 acts on A transitively.

Summarizing these results we obtain the follwing theorem.

Theorem 1. Let A be a mazimal antipodal set. If A is connected, then A is homoge-
neous. In particular, G4 acts on A transitively.
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]
Connectedness and homogeneity of antipodal
sets
Yuuki Sasaki
University of Tsukuba
2019/12/12 Quandles and Symmetric Spaces 2019
Abstract
We introduce a concept of "connectedness” of antipodal sets.
@ We construct a method to make a bigger antipodal set from a
given antipodal set.
@ We construct a method to decide whether a given maximal
antipodal set is homogeneous.
12.Dec.2019, 2/ 48
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Introduction

Symmetric space

Let M be a Riemannian manifold.
Definition 1.1

M is a symmetric space.
f : : L
&L For any x € M, there is an isomerty s, satisfying that

1. x is an isolated fixed point of s,, and
2. s, is involutive (s? = idy).

We call s,(x € M) the symmetry at x.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 4 /48
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Antipodal set

Definition 1.2
o x,y € M are antipodal . <= s (y) = y(< sy(x) = x).
@ A subset A of M is an antipodal set .

JELN p, g are antipodal for any p, g € A,.
@ An antipodal set A is maximal .
&L There are no antipodal sets including A properly.

@ The 2-number #,M of M is the maximum cardinality of
maximal antipodal sets.

@ An antipodal set A is great .
PNy T ]

These notions were introduced by Chen-Nagano in 1988.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 5/ 48

Introduction

Example : S?

o Let p € S? and L(p) be a line through o, p.
@ The symmetry at p € 52 is the 180 degree rotation around L(p) .
@ The fixed point set F(s,, S?) of s, is {p, —p}.

Therefore, {p, —p} is a great antipodal set of S% and #,5% = 2.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 6 /48
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Introduction

Remark 1.3
@ In a connected symmetric space, for any antipodal two points
there is a closed geodesic through these points.

@ If M is a symmetric space of non-compact type, any antipodal
set of M is trivial.
— suppose that M is compact.

@ Any antipodal set is a finite set.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 7 /48

Introduction

Property of antipodal sets

Let M be a symmetric R space.
For example, the followings are symmetric R spaces

@ spheres S”
@ real,complex,quaternion Grassmannians
e classical groups SO(n), U(n), Sp(n)

Theorem 1.4 (Takeuchi, 89)
#2M = ¥, dim(H/(M, Z,))

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 8 /48
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Motivation

Considering great antipodal sets and maximal antipodal sets is
significant to study symmetric spaces.

We consider the following problem:

How every point of a maximal antipodal set is
arranged in a symmetric spaces ?

— Consider following two examples.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 9 /48

Introduction

Ex1 : Compact Lie group

Let G be a compact Lie group.

@ There is a biinvariant Riemannian metric on G and G becomes a
compact symmetric space.

@ The symmetry s;(g € G)iss; : G — G; h+> gh™'g.

@ It is known that a maximal antipodal set including the unit
element of G is a subgroup.

In a compact Lie group G, for any maximal antipodal set A
there exists a subgroup of the isometry group of G
acting on A transitively.

This is a result of Chen-Nagano in 1988.
12,Dec,2019, 10 / 48
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Ex2 : Symmetric R space

@ Maximal antipodal sets in symmetric R spaces are studied well
by Tanaka-Tasaki.

From their results, we see the following fact.

In a symmetric R space M, for any maximal antipodal set A
there exists a subgroup of the isometry group of M
acting on A transitively.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 11 / 48

Introduction

Introduction

Definition 1.5
An antipodal set A of M is homogeneous.

def . : :
<= there is a subgroup of the isometry group of M acting on A
transitively.

Problem

Are maximal antipodal sets of a symmetric space homogeneous 7

@ the method to decide whether a given maximal antipodal set is
homogeneous.

@ the method to construct a bigger antipodal set from a given
antipodal set.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 12 / 48
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Preparations I

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 13 / 48

Preparations

Connectedness of antipodal two points

Let M be a connected compact symmetric space and /(M) be the
isometry group of M.
Remark 2.1

@ The set of all lengths of closed geodesics of M is a discrete set
in R.
— There is a shortest closed geodesic on M.

@ For any antipodal two points, there is a closed geodesic through
these points.

Definition 2.2 (5)

Let p, g € M(p # q) be antipodal two points.
p, q are connected .

&% There is a shortest closed geodesic through p and g.

v

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 14 / 48
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Preparations

Example 1 (5?)
@ p € 5% is antipodal to —p.

@ Any geodesic on S% is a
great circle on S2.

@ Therefore, p and —p are
connected.

Example 2 (compact rank 1 symmetric space M)

@ Any geodesic on M is a closed geodesic and they have the
common length.

@ Therefore, any antipodal two points of M are connected.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 15 / 48

Preparations

Connectedness of antipodal sets

Definition 2.3 (5)
Let A be an antipodal set of M.
@ Ais connected
AL for any p,q € A, there is a point series {p;}*_; C As.t.
(1) p.ge{pi}is;
(2) pi = pi+1 or p; is connected to piy1(1 < i< k—1)
@ A connected subset B C A is a connected component of A.

def : .
&= There are no connected subsets of A including B properly.
@ A conncetd antipodal set A is maximally connected .

def : : :
&= There are no connected antipodal sets including A properly.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 16 / 48
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Remark 2.4
Let A be an antipodal set.

1 Prot each point of A as a
vertex.

2 Connect two connected . .
points with a edge. .

A is connected.
<= This graph is connected.

Example 3 (compact rank 1 symmetric space M)

Any antipodal two points are connected in M.

Hence, any antipodal set of M is connected.

v

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 17 / 48

Preparations

Proposition 2.5 (S)

Let A be an antipodal set of M containing connected two points.
Suppose that p, g € A are conncted points. It follows that:

(1) there is a shortest closed geodesic through p and g invariant
under every s,(r € A), and

there Is a tota eodesic sphere through p ana g includin
2) there | lly geodesic sphere M, , through d g including
any shortest closed geodesic through p and g.

v

~ L(P.aA)

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 18 / 48
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Some definitions
Let A be an antipodal set and p € A.
Set A, = {q € A; g is connected to p.} and g € A,.

e L(p,q,A) <% The set of all shortest closed geodesics through
p and q invariant under every s,(r € A).

o CL(p,q,A) <% The set of all middle points of all geodesics of
L(p,q,A) between p and g.

L(p,q,A)

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 19 / 48

Preparations

o L(p, A) = Uyen, L(p: 0. A), CL(P. A) i= Uyen, CLp. 0 A)
For example, let A= {p, g1, g2, q3}. In this case, A, = {q1, ¢2, g3}

a3

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 20 / 48
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o L(A):=U,4ecaL(p, g, A), where p, g are connected.
CL(A) == U, 4ea CL(P, g, A), where p, q are connected.

For example, let A= {p1,p2,p3--- }.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 21 /48

Preparations

Let W be a subset of CL(A).

o Gy 2L the group generated by {s,; x € W}.
o If W = CL(A), denote Gy, by Ga.
If W = CL(p,A), denote Gy by G, a.
G, is a subgroup of the isometry group of M.
Remark that Gy, is a subgroup of Ga.

Remark 2.6
Ga # ¢ <= A has connected two points. J

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 22 /48
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Lemma 2.7 (S)

If Ais an antipodal set containing connected two points, then it
follows that:

(1) Forany p€ Aand x € CL(q,A)(q € A)
Sp(x) =x or sp(x) = s4(x).
In particular,
SpSx = SxSp  OF  SpSy = S45xS4Sp-

(2) If m € M be antipodal to every point of A and x € CL(q, A),
then

SqSxSq(m) = s.(m)

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 23 /48

Main results

Main results I

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 24 / 48
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Main results 1/3
Theorem 3.1 (5)
If Ais an antipodal set containing connected two points, then
AU g(A) is an antipodal set for any g € Ga.
(Proof)
e It is sufficient to show that p and g(q) are antipodal for any
p,q € A
@ We can denote g € Ga by g = s, - - - 5., (x; € CL(A)), so we
prove it by induction with respect to m.
Let x; € CL(pi, gi, A)(pi, gi € A).
@ Inm=1,
. SXISP(q) = le(q)
Sp(s(q)) = _ _
Sp15x.Sp15p(q) = Sp15x1 51 (q) = 5x,(q)
Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 25 / 48
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@ Assume that it is true until m — 1. Then,

Sp (Sxm e le(Q)) emsxm6m> (em—lsxmflem—l) e (Elsxlel)sp(q)
Emsxm6m> <€m—15xm,1€m—1) U (615X1€1) (q)

Em5xm€m> (SXm—l T SXl(q))

mXm—1 le(Q),

I
—

I
N4

where €¢; =5, or id|u.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 26 / 48
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Corollary 3.2
For any subset W C CL(A), Gw/(A) is an antipodal set. J

(Proof)

o Guwl(A) = Usea, 8(A)
It is sufficient to show that g(A) U h(A) is an antipodal set for
any g, h € Gy.

o We see that AU g 1h(A) is an antipodal set.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 27 / 48
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We obtain a bigger antipodal set Gy, (A)
from an antipodal set A and Gyy.

—— This is the method to construct a bigger antipodal set.

Corollary 3.3

If Ais a maximal antipodal set containing connected two points, then
Gy acts on A.

Secondly, we study orbits of Gy in Gy (A).

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 28 / 48
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Main results 2/3
Theorem 3.4 (S)
If A'is an antipodal set containing connected two points, then Gy (p)
is a connected antipodal set for any p € A.
— I
\ A/ \ WP A/
Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 29 / 48
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Corollary 3.5

If Ais a connected antipodal set, then Gy (A) is a connected
antipodal set for any W C CL(A).

(Proof)

o Let A={p1,p2,- }.
Gw(A) = Gw(p1) U Gw(p2) U+ - = Upea Gw(p).
@ Since A, Gw/(p1),- - are connected, Gy/(A) is connected.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 30/ 48
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By the definition, we have the following corollary.

Corollary 3.6

If Ais a connected maximal antipodal set, then Gy, acts on A.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019,

(VEILWESTIII  Main results 3/3

Main results 3/3

Theorem 3.7 (S)

Let A be a connected antipodal set and o € A.
If Ais invariant under G, 4, then G, a(0) = A.

31/ 48

(Proof)

o We see A, U{o} C G, a(0). We assume that A — G, a(0) # ¢.

@ By the connectedness of A, G o
0,A
there is p € G, a(0) and ’
g € A— G, a(0) which are
connected.
e Since p € G, a(0), we
denote p by S
p =g(0)(g € Gon).

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019,

32 /48
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@ The connectedness is invariant under isometries.
Hence, we have g71(q) € A,.

@ Thus, we have g € G, a(0) because A, C G, a(0).
However, this is a contradiction.
We conclude that A = G, a(0).

¥
.
s,
s
3
.

G, 0

e N
=
rfte) \ .
o]
11
[0)¢]
~~
o
p—a

.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 33 /48
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>
o

If A be a connected antipodal set and G, a(A) C A,
then A is G, a-homogeneous.

For example, following antipodal sets satisfy the above condition.

@ connected maximal antipodal sets.

@ maximally connected antipodal sets

Is a maximal antipodal set A homogeneous ?

—— A is connected : Yes |
—— A is not connected : 7

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 34 /48
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Let B be a not connected maximal antipodal set and
B=AU---UA,

be the decomposition of B by connected components A;(1 < i < n).

@ Let H be a subgroup of isometry group of M.
We assume that B is H-homogeneous.

@ Each element of H permutates connected components of B.

B is homogeneous.

= For any i # j, A; is "isomorphic” to A; with respect to the
structure of the connectedness.

<= The graph of A; is graph isomorphic to the graph of A;.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 35 /48
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The method to decide the homogeneity.

Let A be a maximal antipodal set.

Is A connected?

NO

Is each connected component of A

YES 1somorphic to each other?

homogeneous

YES NO

Discuss individually Not homogeneous

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 36 / 48
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Examples

Examples I

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 37 /48

Examples

Ex1 : real oriented Grassmannian

Maximal antipodal sets of real oriented Grassmannians
G(R™) =2 50(n)/S(O(k) x O(n — k)) are investigated by some
mathematicians.

@ In k = 3,4, maximal antipodal sets are classified.

@ In k > 5, the classification is not complete.
However, many maximal antipodal sets are known.

We decide the homogeneity of these maximal antipodal sets.

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 38 /48
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Examples

G3(R")
n 3,4 5 6 7,8 9<n
A(3,3) A(3,5) B(3,6) B(3,7) A(3,21+1) (I = ["51]) B(3,7)
connectedness O O O O O O
homogeneity O O O O O O
G4(R")
n 4,5 6 7 8,9 10
A(4,4) A(4,6) B(4,7) B(4,8) | A(4,10) | B(4,8)
connectedness O O O O O O
homogeneity O O O O @) @)
n 11<n
A(4.21) (I=[3]) | B(4,7)U---UB(4,7) | B(4,8)U---U B(4,8) | otherwise
connectedness O X X X
homogeneity O O O X

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 39 / 48
Examples
Gam(R")
n 8m | 8m+1 |8m+2|8m+3 | 8m+4|8m+5|8m+6 | 8m+7
- ET ET ET
V8m V8m Vem V8m
connectedness X X X X
homogeneity X X X X
Gam+1(R")
n 8m | 8m+1 | 8m+2 | 8m+3 | 8m+4 | 8m+5 | 8m+6 | 8m+7
EV8m+2 EV8m+2 EV8m+2 \jg_m+2
connectedness O O O X
homogeneity O O O X
Gamya(R")
n 8m | 8m+1|8m+2 | 8m+3 | 8m+4 | 8m+5|8m+6 | 8m+7
EV8m+4 EV8m+4 E\:g,n+4
connectedness O O X
homogeneity O O X
Gam+3(R")
n 8m | 8m+1 | 8m+2 | 8m+3 | 8m+4 | 8m+5 | 8m+6 | 8m+7
k=3 EV8m+6 E\jgmia
connectedness O X
homogeneity O X

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 40 / 48
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Examples

Gok(R?), ok (R2H1), Gopey 1 (R2H1), Goppr (R2H2)

Gok (R?), Goy (RZH1)(1 > 3k — 1)

Go1 (R, o1 (R?MH2)(k > 2)

A(2k, 21) Ak +1,2/+1)
connectedness O O
homogeneity O O

In 2k, 2k +1 > 5 and n >> k, these maximal antipodal sets are great.

Pay attention to great antipodal sets already known......

!

Great antipodal sets are connected.

Yuuki Sasaki (University of Tsukuba)

Examples

12,Dec,2019,

Ex2 : Symmetric spaces having only one polar.

Definition 4.1

Let o € M. Each connected component of the fixed point set
F(s,, M) of s, except for {o} is called a polar.

41 / 48

@ Let M be a symmetric space having only one polar.

@ Then, it is known that for any antipodal two points of M there
is a shortest closed geodesic through these points.

— Any antipodal two points of M are connected.

Yuuki Sasaki (University of Tsukuba)

12,Dec,2019,

42 / 48
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Examples

Proposition 4.2

If M is a symmetric space having only one polar, then any antipodal
set of M is connected.
In particular, any maximal antipodal set of M is homogeneous.

For example, following symmetric spaces have only one polar.

Example 4

(Es/Fa), (Es/Fa)*, Fa/Spin(9), G»/SO(4) J
In particular,

[ Great antipodal sets are connected. ]
Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 43 / 48

Examples

Future works

@ In some symmetric spaces, great antipodal sets are connected.

@ Moreover, great antipodal sets of symmetric R spaces are
connected.

Problem
In any compact symmetric space, is any great antipodal set
connected?

Yuuki Sasaki (University of Tsukuba) 12,Dec,2019, 44 / 48
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Homogeneous quandles arising from symmetric
groups

AKIHIRO HIGASHITANI

This report is based on the joint work [1] with Hirotake Kurihara.

Let X be a set equipping a map s, for each z € X. We say that the pair (X s) is
a quandle if the following three conditions are satisfied:

(Q1) sy(x) =z for any x € X;
(Q2) for any x € X, the map s, is bijective;
(Q3) 5505y = 85,(y) © 5, for any z,y € X.

(We simply denote it by X.) For two quandles (X, s) and (X', s"), we say that a map
f: X — X'is a quandle homomorphism if it satisfies fos, = s’f(x) os!, for any x € X.
In particular, s, : X — X is a quandle homomorphism for each x € X. We call a
bijective quandle homomorphism a quandle automorphism. We say that two quandles
are isomorphic if there is a quandle automorphism between them. A quandle X is
said to be homogeneous if for any x,y € X, there is a quantle automorphism f such
that y = f(z). Homogeneous quandles can be regarded as a kind of discrete version of
symmetric spaces.

For a group G, let Aut(G) denote the automorphism group of G. Given a group G
and o € Aut(G), we can construct a homogeneous quandle as follows: Let Q(G, o) be
G as a set equipping a map s, : G — G for each g € G defined by

sq(h) :== go(g~"h).

This is also known as the generalized Alexander quandle of G. Note that Q(G, o) is
called an Alexander quandle if GG is abelian.
What we would like to do is to determine the structure of

Q(G) :={Q(G,0) : 0 € Aut(G)}/ =
for a given group GG, where = denotes “up to quandle isomorphism”.

Let &,, denote the symmetric group on {1,...,n}. We discuss Q(&,,) for small n’s.
The main reuslt of this report is the following:

Theorem 1. We have a one-to-one correspondence between Q(S,,) and the conjugacy
classes of Aut(&,,) for anyn € {3,4,...,30}\{15}. In particular, we have a one-to-one
correspondence between Q(S,,) and the conjugacy classes of &, forn € {3,4,...,30}\
{6,15}.
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Combinatorics and Fourier analysis on compact
symmetric spaces

HIROTAKE KURIHARA, TAKAYUKI OKUDA*

1 Introduction

Codes and designs on association schemes are important research themes in combina-
torics. Delsarte [7, Philips Res. Rep. Suppl. (1973)] gave linear programming bounds
for cardinalities of codes and designs on commutative association schemes in terms
of eigen-matrices. On spheres, by Delsarte-Goethals—Seidel [8, Geometriae Dedicata
(1977)], definitions of codes and designs, and Delsarte’s bounds for them were es-
tablished in terms of spherical Fourier transforms. See Bannai-Bannai [3, European
J. Combin. (2009)] for a survey on studies of codes and designs on spheres.

For other compact symmetric spaces, codes, designs and Delsarte’s bounds have
been studied by many resarchers. For example, by Bannai-Hoggar [4, Proc. Japan
Acad. Ser. A Math. Sci. (1985)] on rank one compact symmetric spaces, by Bachoc—
Coulangeon-Nebe [2, J. Algebraic Combin. (2002)] and Bachoc-Bannai-Couangeon
[1, Discrete Math. (2004)] on real Grassmannians, by Roy [12, J. Algebraic Com-
bin. (2010)] on complex Grassmannians, and by Roy—Scott [13, Des. Codes Cryp-
togr. (2009)] on Unitary groups. However, general definitions of codes and designs,
and general formulations of Delsarte’s bounds could not be found in existence litera-
tures.

In this paper, we give a general definition of codes and designs, and a general formu-
lation of Delsare’s bounds for them on compact symmetric spaces. As an application
of it, we also introduce a result in Kurihara—Okuda [10, J. Algebra (2020)] for design
theoretic properties of great antipodal sets on complex Grassnanianns.

The paper is organized as follows: In Sections 2 and 3, we fix our terminologies
for compact symmetric spaces and spherical Fourier transforms on them. Codes and
designs on compact symmetric spaces are defined in Section 4. We give a general
formulation of Delsarte’s linear programming bounds for codes and designs on compact
symmetric spaces in Section 5. Finally, as an application of our Delsarte’s linear
programming bounds, we introduce results in [10] for design theoretic properties of
great antipodal sets on complex Grassmannians.

2 Compact symmetric spaces

In this section, we fix our terminologies for compact symmetric spaces as follows:
A compact connected C*°-manifold M equipped with a family of diffeomorphisms
{sp : M — M},en indexed by M satisfying the following four conditions is said
to be a compact symmetric space [11]:

*the presenter
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1. The map M x M — M, (p,q) — s,(q) is C*°.

2. For each p € M, the point p is an isolated fixed point of s, : M — M.
3. s2 = idyy for each p € M.

4. 5,058, = 5,058,y for each p,q € M.

We call s, : M — M the point symmetry on M at the point p € M. Note that
(M, {sp}pem) is an involutive quandle (see Joyce [9]).

Any compact symmetric space can be obtained as a homogeneous space of a sym-
metric pair of compact Lie groups as follows: Let G be a compact connected Lie group
and ¢ : G — G is an involutive (i.e. 02 = idg) Lie group automorphism on G. We
take an open and closed subgroup K of G° := {g € G | 0(g9) = g}. Then the coset
manifold M = G/K can be considered as a compact symmetric space by defining the

point symmetries s,k : G/K — G/K for each gK € G/K by
sgrc t G/K — G/K, hK v+ go(g 'h)K.
Conversely, let (M, {s;}zenr) be a compact symmetric space. Then
Aut(M) :={g: M — M | g is a diffeomorphism preserving point symmetries}
can be considered as a compact Lie group. We denote by G the identity component of
the Lie group Aut(M), and then the G-action on M is known to be transitive. Let us
fix a point xy € M, and define

0:G—= G, g 535000 Sg.

Then o : G — G is well-defined and involutive Lie group automorphism on G. Let us
denote by the isotropy group

K :=G"={geG|gry=x}.
Then M can be considered as a coset manifolds G/K. It is known that K is an open
and closed subgroup of G7, i.e. (G, K) is a compact symmetric pair with respect to o.
3 Spherical Fourier transforms on compact symmetric spaces
Let M be a compact symmetric space and fix an open and closed subgroup G of the

compact Lie group Aut(M). Then the G-action on M is transitive. In this section, we
define spherical Fourier transform on M with respect to the transitive G-action.
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3.1 INVARIANT BINARY RELATIONS

Throughout this paper, we define the subgroup diag G of the direct product group
G x G by
diagG :={(9,9) |9 € G} C G x G.

Then diag G acts on M x M in the natural sense. We denote by Z := Z,,; the quotient
space of M x M for the (diag G)-action. Let us also put

R:MxM-—=1

the quotient map. With respect to the quotient topology, the space Z is compact
Hausdorff topological space (but not necessary to be a manifold), and the map R is
open and surjective. The (diag G)-orbit {(p,p) | p € M} is denoted by oy € Z.

We say that a binary relation A C M x M on M is G-invariant if A is stable by the
action of diag G on M x M. One can easily observe that each subset of Z corresponds
to each G-invariant binary relations on M in the following sense:

Observation 1. For each G-invariant binary relation A on M, the image R(A) of A by
R is a subset of Z. Conversely, for each subset S of Z, the inverse image R~'(S) of S
by R is a G-invariant binary relation on M. Furthermore, the correspondences above
gives a bijection between the family of all subsets in Z and the family of all G-invariant
binary relations on M. Note that a G-invariant binary relation on M is reflexive if and
only if ag := {(p,p) | p € M} belongs to the corresponding subset of Z.

3.2 HARMONIC ANALYSIS

Throughout this paper, we denote by p the probability G-invariant Radon measure on
M. Tt is well-known that such p exists uniquely. We write C'(M) for the vector space
of all C-valued continuous functions on M. The L2-innerproduct with respect to p on
C(M) is denoted by (-, -),, that is, for each fi, fo € C(M),

(hotahei= [ (h-T)duec.
For each g € G and f € C(M), we put g- f € C(M) by

g-fM—=C,p— flg~'p).

This defines a linear G-representation on C'(M) which preserves the L2-innerproduct.
The completion of the G-representation on C'(M) with respect to the L?-innerproduct
(-, ), is written as L*(M). Then L*(M) can be considered as a unitary G-representation,
and called the regular G-representation on M.

Throughout this paper, we define J = J); by the family of all irreducible unitary
G-subrepresentations of L?(M). We consider J as a topological space equipped with
the discrete topology. We also put

Vo := { constants on M} C C(M).
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Then Vj is one-dimensional irreducible G-subrepresentation and hence V5 € 7.
For the irreducible decomposition of the regular G-representation, the theorem
below is well-known as a kind of the Peter—Weyl theorem (see [14]).

Theorem 1 (A Peter-Weyl type theorem for compact symmetric spaces). In the set-
ting above, the following holds:

1. For anyV € J, V is finite-dimensional and V C C(M).
2. Let VW € J with' V- # W. Then V and W are not equivalent as unitary G-

representations and V. L W with respect to the L?-innerproduct. In particular,
the regular G-representation L*(M) on M is multiplicity-free.

DV
VeJg
is dense in C(M) with respect to the supremum norm.

3. The orthogonal direct sum

3.3 REPRODUCING KERNELS AND SPHERICAL FUNCTIONS

Recall that J = Jjs denotes the family of all irreducible unitary G-subrepresentations
of L?(M) (see Section 3.2). Fix V € J. In this subsection, we recall definition and
some properties of reproducing kernel and spherical function of V.

Since V is finite-dimensional, V itself is a Hilbert space with respect to the L*-
innerproduct (-,-), defined in the previous subsection. Let us define the reproducing
kernel of the finite-dimensional Hilbert space V' as follows: For each p € M,

V—=C, fr f(p)

is a linear functional on V. In particular, by the Riesz representation theorem, there
uniquely exists
N ev
satisfying that
(f.0v) = f(p)-
Let us define the reproducing kernel £ of V by
Ky :MxM—C, (p,q)— (0),6%),
Then the following proposition holds:

Proposition 1. 1. Weput N :=dim V. Let {ey,...,en} be any orthonormal basis
of V.. Then for each p € M,

Furthermore, for each (p,q) € M x M,
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2. The reproducing kernel Ky is a continuous function on M x M, and diagonal
G-invariant, that is, the equality
Kv(g-p,9-a)=Kv(p,q)
holds for any g € G and any p,q € M.

Recall that Z = Z,, is defined as a quotient space of the diagonal G-action on
M x M, and R : M x M — Z denotes the quotient map (see Section 3.1). Let us
denote by C(Z) the vector space of all continuous C-valued functions on Z. Since
Ky : M x M — C is diagonal G-invariant continuous function, there uniquely exists
Qv € C(Z) satisfying that

QvoR=Ky.

In this paper, we call )y the spherical function for V € J.

3.4 SPHERICAL FOURIER TRANSFORMS AND ITS DUAL

In this subsection, we define one of the variation of the spherical Fourier transforms
and its dual on M in which we need.
Let us define the vector space C.(J) by

Co(T) :={n:TJ — C|n(V) =0 without finitely many V € J}.
For each n € C.(J), we define n € C(Z) by
= Z n(V)-Qv.
Veg

We call 7 € C(Z) the spherical Fourier transform of n € C.(J). Let us also put
SF:C(T)—=CZ), n—1.
Then SF : C.(J) — C(Z) is a linear map.

Remark 1. Note that the map SF : C.(J) — C(Z) is known to be injective but not
surjective. It is well-known as a kind of a Parseval’s theorem that for suitable measures
on Z and J, by taking the completion, the linear map SF induces an isometry between
L*(J) and L*(Z) (see [14]).

Let us denote by CV(Z) the vector space of all bounded linear functionals on C'(Z)
with respect to the supremum norm, and by CY(J) the vector space of all linear
functionals on C.(J). For each a € CV(Z), we define the linear functional @ on C.(7)
by

a:C.(J)—C, n—a(n).

We also call @ € CY(J) the spherical Fourier transform of a € C¥(Z). Let us put
SF':CY(I) = CY(T), a—a.
Then SFY : CV(Z) — CY(J) is a linear map.



66 OCAMI Reports Vol. 4 (2021)

Remark 2. It can be proved that the linear map
SF':CY(I) = CHT), a—~a

is injective but not necessary to be surjective. We tried but not succeeded to determine
the image of the map SF.

4 Codes and designs on compact symmetric spaces

Let us consider the setting in Section 3. In this section, for each non-empty finte subset
X of M, we give definitions of the Z-distribution a® of X and the J-distribution 6% of
X. Furthermore, we also give definitions of codes and designs on M, and characterize
them in terms of distributions aX and bX of X.

4.1 Z-DISTRIBUTIONS

As in Section 3.1, we denote by Z the quotient space of M x M with respect to the
natural (diag G)-action on M x M, and by R : M x M — 7 the quotient map. The
(diag G)-orbit {(p,p) | p € M} is denoted by g € Z.

Recall that C(Z) denotes the vector space of all C-valued continuous functions
on the compact Hausdorff space Z, and CV(Z) the vector space of all bounded (or
equivalently continuous) linear functionals on C(Z) with respect to the supremum
norm. Note that for each o € Z,

0% :C(I)—C, £ &(a)

defines an element of CV(Z), and {6% | « € Z} is linearly independent in CV(Z).
Let us define the Z-distribution a® of each non-empty finite subset X of M as an
element of CV(Z) below:

Definition 1. For each non-empty finite subset X of M, we define the Z-distribution

a’ = Za§5% e CY(T)

ael

of X by putting
x._ #Hzy) e XX X | R(z,y) = a}
“ (#X)?

a

for each o € 7.

Note that for each non-empty finite subset X of M, aX = 0 without finitely many
« € Z, and hence a* € CY(Z) is well-defined.

One can easily observe that the concept of Z-distribution is G-invariant, that is,
aX = a%% in CV(Z) for any non-empty subset X of M and any g € G.
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4.2 CODES

Let A C M x M be a G-invariant reflexive binary relation on M. Let us give definitions
of A-codes on M as follows:

Definition 2 (A-codes). Let X be a non-empty finite subset of M. We say that X is
an A-code on M if
(z,y) € A for any z,y € X.

One can easily observe that the concept of A-codes on M is G-invariant, that is, X
is a A-code if and only if ¢ X is an A-code on M for any non-empty finite subset X of
M and g € G.

The following easy observation gives a characterization of A-codes in terms of Z-
distribution a® of X defined in the previous subsection:

Observation 2. Let X be a non-empty finite subset of M. Then X is an A-code if and
only if
aX =0 for any a ¢ R(A).

4.3 J-DISTRIBUTIONS

As in Section 3.2, we denote by J the discrete space of all irreducible unitary G-
subrepresentations in L?(M). The purpose of this subsection is to give a definition of
the J-distribution bX of each non-empty finite subset X of M. Recall that we denote
by

C(T):={n:TJ — C|n(V) =0 without finitely many V € J},
and by CY(J) the vector space of all linear functionals on C.(J). Note that for each

Ved,
5§:Cc(j)—>C, n—nV)

defines an element of CY(J). Furthermore, for any function ¢ : J — C, the map

> (V) (J) = C, n= > o(V)-n(V)

veJg VeJg

is well-defined and
Y o(V)sy € ClT).
VeJg

Note that for functions ¢1, ¢ : J — C, the equality

Z ¢1(V)5§ = Z Ga(V 5y

VeJg VeJg

imples ¢; = ¢s.

In order to define J-distributions, we introduce the following notations: For each
V € J and each non-empty finite subset X of M, we define the linear functional avgy
on V by

avgy : V — C, f|—>—2f

zeX
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We denote by || avek ||lop € R>o the operator norm of the linear functional avgy on V
with respect to the L2-innerproduct, that is,

sup |ave (f)] ‘
revioy vV (f, fu

| anY( Hop =

Let us define the J-distribution b* of each non-empty finite subset X of M as an
element of CY(J) below:

Definition 3. For each non-empty finite subset X of M, we define the J-distribution

b =) by ay € CY(T)

VeJg

of X by putting

by = |lavgk |13,

for each V € 7.

One can easily observe that the concept of J-distribution is G-invariant, that is,
bX = 9% in CY(J) for any non-empty subset X of M and any g € G.

4.4 DESIGNS

Let us fix a finite-dimensional G-stable subspace H of C(M). In this subsection, we give
the definition of H-design on M and their characerization in terms of 7-distributions.

Definition 4 (#-designs). We say that a non-empty finite subset X of M is an H-
design if the equality below holds:

/ f(@)dp(x #XZf for any f € H.

rzeX

One can easily observe that the concept of H-design is G-invariant, that is, X is an
‘H-design if and only if g X is an H-design on M for any non-empty finite subset X of
M and any g € G.

Recall that Vg := { constants on M} € J. We also give a characterization of
H-designs on M in terms of J-enumerator bX of X as follows:

Theorem 2. Let X be a non-empty finite subset of M and H a G-stable finite-
dimensional subspace of C(M). Then X is an H-design if and only if

=0 for any Ve J\{Vo} with V C H.
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5 Delsarte theory on compact symmetric spaces

Let us consider the setting in Section 3 and fix a non-empty finite subset X of M. In
this section, as in Theorem 3, we give a relationship between the Z-distribution a*
and the J-distribution b% in terms spherical Fourier transforms, and furthermore, as
an application of such the relationship, Delsarte’s bounds for the cardinalities of codes
and designs are given as in Theorem 4.

First, we give a relationship between aX and bX as follows:

Theorem 3. The equality below holds:

where aX € CY(J) denotes the spherical Fourier transform of a* € CV(Z) defined in
Section 3.4.

Fix a G-invariant reflexive binary relation A on M and a finite-dimensional G-stable
subspace H in C(M). In the rest of this section, we study estimations of cardinality
of a non-empty finite subset X satisfying that X is an A-code and an H-design on M
simultaneously.

Let us define a subset Cone(A,H) in CV(Z) by

Cone(A, H) :=

a€l

{a = Z 14,03 € CY(Z)| a € CY(Z) satisfies the following five conditions} :

Condition (1): a, € Rs¢ for any o € Z, and a, = 0 without finitely many a € Z.
Condition (2): a,, > 0.
Condition (3): a®* =0 for any a ¢ R(A).
Condition (4): (a)y € Ry for any V € J.
Condition (5): For any V € 7\ {V,} with V C H,
@y =0.

Then one can easily see that Cone(.A, #H) is a convex cone in the vector space CV(Z),
that is, Cone(.A, H) is closed under the addition and positive scalar multiplications in
CV(Z).

For each a = )~ .7 a0, € Cone(A,H), we define

=(a) = 2oz
aio

€ R>07

and put
E(AH) :={=Z(a) | a € Cone(A,H)} C Ry,.

The subset Z(A, H) of Rs gives an estimate of cardinalities of A-codes and #-
designs as below:
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Theorem 4 (Delsarte’s bounds for codes and designs). Let X be a non-empty finite
subset of M which is an A-code and an H-design on M simultenuously. Then the
Z-enumerator a™ of X is an element of Cone(A, H), and

#X € Z(AH).
Theorem 4 follows from Theorem 3.

Remark 3. If A = M x M, then any non-empty finite set in M is an A-code. Therefore,
by Theorem 4,

#X € E(M x M, H).
holds for any H-design X on M. Simalarly, if H = 0, then any non-empty finite set in

M is an H-design, and hence
#X € 2(A,0)

holds for any A-codes on M.

Remark 4. Studying the supremum and the infimum of Z(A, H) C R.q is considered
as a linear programming problem (with infinitely constraints). Therefore, one can
evaluate them by studying the dual problem. We omit the details here.

6 Applications for antipodal sets on compact symmetric spaces

Let us consider the setting in Section 3. In this section, we see that antipodal sets on
compact symmetric space M can be considered as codes on M. Furthermore, as an
application of Delsarte’s bounds in Section 5, we introduce a result in Kurihara—Okuda
[10] for design theory on great antipodal sets on complex Grassmannians.

6.1 ANTIPODAL SETS AS CODES

Let us recall the definition of antipodal sets on compact symmetric space M below:

Definition 5 (Antipodal sets (Chen—Nagano [6])). A subset X of M is called antipodal
if s,(y) =y for any z,y € X.

It is well-known that any antipodal set should be of finite, and furthermore, there
exists #oM € Z>( such that

#oM = max{#X | X is an antipodal subset of M}.

Such the number #5M is called the two-number of the compact symmetric space M.

An antipodal set X on M is said to be great if #X = #5M. See Chen [5] for a survey

on studies of two-numbers and great antipodal sets on compact symmetric spaces.
Let us put

Aantipodal = {(p, Q) eMx M ‘ Sp(Q) = Q} C M x M

Then Aantipodar 18 @ G-invariant (furthermore, Aut(M )-invariant) reflexive and symmet-
ric binary relation on M. For a non-empty finite set X of M, one can easily observe
that X is antipodal if and only if X is an Aantipoda-code on M.
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6.2 A DESIGN THEORITIC CHARACTERIZATION OF GREAT ANTIPODAL SETS ON
COMPLEX GRASSMANNIAN MANIFOLDS

In this subsection, let us fix n, k € Z>; with £ < n/2, and denotes
M := Grg(C") := {k-dimensional linear subspaces in C"}

the rank & complex Grassmannian for C". For each p € Gri(C"), take a orthogonal
complement p* in C", define the linear involutive isomorphism

rp : C" = C", v+w—v—w
for v € p and w € pt, and put
sp : Gr(C") — Gri(C"), g+ ry(q).

Then M = Grg(C") can be considered as a compact symmetric space with respect to
the point symmetries {s,}pcar,cn). We also consider G := U(n) the unitary group
U(n) of size n, then (M, G) is in the setting in Section 3.

In the setting above, in terms of principal angles on complex Grassmannians, one
can identified Z with

Range(Cry(C")) := {(ay,...,ax) ER* |1 >a; > - > oy, > 0}

and then
R(Aantipodal) ~ {(1,...,1,0,...,0) ‘ l:O,7l€}
l k—I

(see [10, Section 4] for the details).
For the great antipodal sets (that is, Aantipodai-codes with the largest cardinality)
on Grg(C"), the following theorem is well-known:

Theorem 5 ((see Chen—Nagano [6])). The two-number of Gry(C") is given by

#,Gr,(C") = (Z)

Furthermore, for any great antipodal set X of Gri(C™), there ezists an orthonormal
basis {e1,...,en,} of C" such that

Y {C_Span {eirs o vei} ‘ {in,... iy} € ({1kn})}

where ({1",'6"”}) denotes the k-points subset of {1,...,n}.In particular, great antipodal
sets on Gri(C") are unique up to U(n)-congruent.

For J of Grg(C"), in terms of “the left half part” of the highest weights, one can
identified J with

Pr:={(vi,...,vn) €EZF |y > - > 1 > 0}
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(see [10, Section 3.1] for the details). For each v € Py, we denote by V, € J the
corresponding irreducible representation in L?(Gry(C")).

As an application of Theorem 4, we obtain the following characterization of great

antipodal sets on Gry(C"):

Theorem 6 (Kurihara-Okuda [10]). Let us define the subsets € and F of Py by

We

£:={(11,...,1,0,0,...,0) [I=0,1,...,k},

F::{(271717"'7117970,-”,0)|l:2,...,k‘}.

put the finite-dimensional U(n)-stable subspaces He and Hx in C(Grg(C")) by

He =PV,

Vel

H]-‘ = @VV

veF

Then the following holds:

1. Any great antipodal set on Gry(C"™) is an He-design on Gry(C") with the smallest

cardinality.

2. For a non-empty finite subset X of Gri(C"™), the following two conditions are

equivalent:

(a) X is a great antipodal set on Gri(C"), i.e. an Aantipodai-code on Gry(C")
with the largest cardinality.

(b) X is an He @ Hr-design on Gri(C™) with the smallest cardinality.

Remark 5. There exists an example of an H¢-design with the smallest cardinality but

not

1]

a great antipodal set on Grg(C™) (see [10, Appendix B]).
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Morse functions and maximal antipodal sets of

Gy/SO(4)

YUUKI SASAKI

1 Introduction

Let M be a compact Riemannian symmetric space and denote the geodesic symmetry
at x € M by s,. In this paper, we assume that M is connected. If s,(y) = y for
two points z,y € M, we say that z,y are antipodal. A subset S of M is an antipodal
set, if any two points of S are antipodal. The 2-number #5;M of M is the maximum
of the cardinalities of antipodal sets of M. We call an antipodal set S in M great
if #S = #5sM. An antipodal set S is called maximal if there are no anitipodal sets
including S properly. These notions were introduced by Chen-Nagano [1]. In general,
any antipodal set of any Riemannian symmetric space of noncompact type is a one-
point set, so we consider only compact symmetric spaces in this paper.

It is known that there is some relation between great antipodal sets and the topology
of compact symmetric spaces. For example, the following theorem is known.

Theorem 1 ([4]). Let M be a symmetric R-space. Then,

oM =Y " dimg, H;(M; Zs).

As the background of this theorem, there are Zo-perfect Morse functions of symmet-
ric R spaces whose set of all critical points is a great antipodal set In non symmetric R
spaces, it is known that there are some symmetric spaces which have Zy-perfect Morse
functions whose set of all critical points is a great antipodal set. The special unitary
group SU(n) is one of the examples [2]. Moreover, the exceptional compact Lie group
G5 is one of the examples.

In G5/SO(4), it is known that #49(G2/SO(4)) = dimy, H.(G2/SO(4); Zs). Hence,
it is expected that there is a Zs-perfect Morse function of G5/SO(4) whose set of all
critical points is a great antipodal set. In this paper, we construct Morse functions of
G2/S0O(4) satisfying such properties.

2 Preparation

For any z = *(zg, -+ ,27) and y = Y(yo,- - ,y7) € R7 satisfying x L y, we set 2y € R”
as follows.

(woy1 + z1yo) + (z2ys — 3y2) + (Tays — w5y4) + (Teyr — T7Y6)
(woy2 + w2y0) + (T3y1 — T1Y3) + (Teya — Tays) + (T5y7 — T7Y5)
(oys + x3y0) + (T1y2 — 2y1) + (Tay7 — T7Y4) + (T5Y6 — T6Y5)
2y = | (woya +zayo) + (z591 — 21y5) + (T2y6 — Tey2) + (T7y3 — T3Y7)
(oys + x5Y0) + (T1ya — Tay1) + (T7y2 — 22y7) + (T6Y3 — T3Y6)
(woys + x6yo) + (z7y1 — z1y7) + (Tay2 — x2y4) + (v3ys — x5Y3)
(zoyr + x7y0) + (16 — z6y1) + (T2y5 — T5Y2) + (T3Y4 — T4Y3)
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We denote the set of all 7 x 7 real matrices by M (R, 7). For any matrix g, we denote
the i-th law by ¢;. It is known that G is given by followings.

Proposition 1 ([2]). Let SO(7) ={A € M(7,R) ; A= A"',det A =1}. Then,

= a10a2 a5 — Q104
Gy = ,ooear) € SO(7) ’ )
2 {(a1 ar) () a6 = Q4G2, Q7 = Q106 = al(a4a2)}
Denote the unit element of GGy by 1;. Set M C G5 as follows.
M={acGy;a'l=a}-{1;} ={acGy; 'a=a} —{1;}.

Then, it is known that G acts on M transitively and M = G5/SO(4). In particular,
M is a realization of G5/SO(4). We denote

by d<xlax27 e 7x67x7)‘

Proposition 2 ([5]). Set p1,--- ,pr € M as follows.

p=d( 1, 1, 1,-1,—-1,— 17 —1),pe=d( 1,—-1,-1, 1, 1,—-1,-1),
b3 :d(_L L-1, 1,-1, 1, 1)ap4:d( L-1, 1,-1, 1, 1a_1)7
p5:d( 17_17_17 ]-7_]-7 17 ]-)7p6: ( ]-7 17_17_17 ]-7_]-7 ]-)7
p7:d(_17_17 17 17 17_17 1)

Then, S = {p1, -+ ,pr} is a mazximal antipodal set of M and any mazimal antipodal

set of M s congruent to S.

3 Main result

Set a inner product (X,Y) = tr(*XY) for any X,Y € M(7,R). For each A € M(7,R),
we set the function hy : M — R; B — (A, B). We call hy the height function of M
with respect to A. We consider the following lemma which is proved in [2].

Lemma 1. ([2/) There are positive number 0 < ¢; < ¢ < ¢4 satisfying the following
conditions:

(1) 2c1 < C9,209 < ¢y

(2) For any 01,0-,03 € R,

. . . = 0,=60,=03=0 mod
c18inf; = cysinfy = c48in O3 ! 2 3

{ 6,460,406, =0 mod 2
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Let X = d(cq1,¢2,0,¢4,0,0,0).

Theorem 2. The function hx is a Morse function of M = G5/SO(4) and the set of
all critical points is the great antipodal set {py,--- ,p7}. The index n(p;) of hx at each
p; s as follows:

np:) |56 8]0 2|34

Therefore, hx is a Zo-perfect Morse function of M.
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e AR B (KRKE) Gy /SO(4) D Morse BHI & BANEES A1 RIL & FFRZER 2020 10 / 29
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ECI=8

o GEIOV/SH MHFRER G,/SO(4) IKDWT,

TH3. LEED>T, G/SO4) ICBVWTEHERARAEAN AN
EEATH D & D74 Zy-perfect Morse B DEFEENHFINS.

o KFEETIX, FDLD7 Morse BBHZEHRMICERT DI &N
TEH, ThERBNT 5.

Eaxk B (BFEKZ) Go/50(4) @ Morse B & BASTHES A R & fHZER 2020 11/ 29

2, %

0=1 Re ZEATHET . BLRDLD ICEESNS.
0 o IFFEDEAITTE TS, HIZ1 &EL.
0 B1< i, j<TIZDWT, e =—1,ee = —¢e;.
o MIFNBELERZHELLTWS.
o UTOHICLVEEZEDD. (fl: e = e3,e184 = €5)

O DREICEVWTIE, BEEZFERDHRYIL> TULARL,
Gy/S0(4) @ Morse B3 & BARBES AV RILERFRZERT 2020 12 /29
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° %%ﬁ?ﬁﬂn 0 - R8 ; Z/Y o Xi€i — t(Xo,"' ,X7) =EZ, R

ICBITDBEERDELDICED S :
xy :=n( 7 (x)n7 (y) )

—g-fd:b-g; X = t(X07 '7X7)7ty = (y07 e ,}/7) IKDWT

xo¥0 — (x1y1 + xoy2 + x3y3 + Xaya + Xsy5 + X6Y6 + X7¥7)

(xoy1 + x1y0) + (x2y3 — x3y2) + (xays — xsya) + (X6y7 — X7¥6)

(x0y2 + x2y0) + (x3y1 — x1y3) + (X6ya — xaye) + (x5y7 — x7Y5)
Xy — (xoy3 + x3y0) + (x1y2 — xoy1) + (xay7 — x7ya) + (X5¥6 — X6Ys) e R8
Y (xoya + xayo) + (xsy1 — x1y5) + (x2¥6 — X6¥2) + (x7¥3 — x3y7) )

(xoys + x5y0) + (x1ya — xay1) + (x7y2 — x2y7) + (X6¥3 — x3Y6)

(xoy6 + X6y0) + (x7y1 — x1y7) + (xay2 — xaya) + (x3y5 — x53)

(xoy7 + x7y0) + (x1¥6 — X6¥1) + (x2¥5 — Xx5¥2) + (X3y4 — xay3)

o x,y eV :={0,x;, - ,x7) ER}ICDWVT, x Ly &

xy €V &8 5.
GRIICEVWTHE X Ly BRI x,y e RIIZDVWTIEETED .
ek B (RRAZ) G2/SO(4) ® Morse B & IBA MRS By KL EHTRRI 2020 13 /20

@ ac M(7,R) DMNRT ML % ay,--- a7 £EEE,
a=(a, - ,a7) &Y.

e 2.1
SO(T)={AeM(T,R); A=Al detA=1} £93. TDEE,

., d3 = didz, ds = dids
' 3¢ = asap, a; = a1ae = ai(asar)

G, = {(al, -+, a7) € SO(7)

v

0 GLIFONECAMEE LTEEINSD, ODEE e, -, €&
ICEAL TITAIRTRT D&, G IFEDELDICEREINS.

teek B (FORAZ) G>/S0(4) D Morse B & B AN BEAES Ay KL E AR 2020 14 / 29



84 OCAMI Reports Vol. 4 (2021)

G>/SO(4) IZEEL T

o MC G “=RTEDHS :
M={acG; al=a}—-{l;}={ac G ; 'ta=a} — {1;}.
IDEE, MIZEFTHY, dimM =8.

0 GLIFMAHEBIZIVIERALTWS., §4bb, ge G,ae M
ICDWT,

g(a) =gag™'.
CDERIIHBMICAZZE’LNhTEY, FEZEBEMELT
M= G,/SO(4) &% 5.

@ X, ,x7 €E RZEMARDICKONAITIE d(x, - ,x7) &
<.

Eaxk B (BFEKZ) Go/50(4) @ Morse B & BASTHES A R & fHZER 2020 15 /29
i

X2 2.2 (Tanaka-Tasaki-Yasukura)

pi, -, pr EMELTTEDS.

pr=d( 1, 1, 1,—1,—1,—1,-1),

pp—d( 1,-1,—1, 1, 1,—1,-1),
ps—d(=1, 1,-1, 1,—1, 1,1
po—d(=1,—1, 1,1, 1, 1,-1

ps—d( 1,-1,—-1,—-1,—1, 1, 1),
pe—d(—1, 1,—1,—1, 1,—1, 1),
pr=d(=1,-1, 1, 1,—1,—1, 1).
ZDEE, S:={p, - ,pr} lF MOKRKIEES. £/, M DEXR
DIBAEHEESIE S & G ERICKURYED.

v

IBHAH G,/SO(4) =M C G, C M(7,R) ICBALT, mERE#T, S
DNEERRES LD L DR Zs-perfect Morse A8l E 2 HEDAIRT.
G2/50(4) D Morse B3 £ WA BEEES AV RILEXFZER 2020 16 / 29
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3. FHER

e M(7,R) LOWIE (,) ZRTEDHS. X,Y € M(7,R) IZDWT
(X,Y) = tr(*XY).
EF 3.1
£ XeMTR)ICOWT, BE# hy: M(7,R) = R; A (X,A) %
M ~HIR L T 5N 2EH

hx|MZM—>R

EMICEITE X-FRADESETHEWND.

Go/S0(4) ® Morse BI%I & IBAIEES AV RILE ST/ 2020 17 / 29

A 3.2
IE%& O<cag<o<ag TRD (1),(2) %5%7:T%®b€§1£¢%

(1) 2C1 < G, 2C2 < C4.
(2) (91,(92,93 eRICDWVWT

:>9150259350(m0d7r)

{(91 +60,+60;=0 (m0d27r)

c1sinf; = csinf, = ¢4 sin B3

e AR B (KRKE) Gy /SO(4) D Morse BHI & BANEES A1 RIL & FFRZER 2020 18 / 29
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o F#¥ a,0,q 2@ aHLTEDEL, X e M(T,R) ZRD &
DICEDS.
C1
(o \
0
X = G
0
EIHE 3.3 (9)

MIZHB T2 X-FEDE S EE hx|ym &, Zy-perfect Morse B & 7
Y, TOBRARESIES &15.

Eaxk B (BEKRZ) Gy /50(4) @ Morse B# & BASTHES ¥ R & fFZER 2020 19 /29

DR Y v F LEEREESDRE)
f:= thI\/I tj_é if f @Eﬁﬁz#\%é C(f) %ikféj_é

e g G DLielgEd%. TDEZE, dimg, = 14.
V1,°",V147&92 @EE’C%%&T%

e ACMZLTTED?.

d
A= {A eM; Ef(exp(tX)AeXp(—tX))\t:O =0 for any X € 92}

— {A eM ;%f(exp(t\/,-)AeXp(—t\/i))|t:0 —0(1<i< 14)}

IDEE, G D MADERBHEBHRDT C(f) = A.
0o EXICARDEIICAS.

A={AcM;(X,[ViA)=0(1<i<14)}

teek B (FORAZ) G>/S0(4) D Morse B & i AN BEAES Ay KL E AR 2020 20 / 29
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E—T
o E; T (i,j) i 1, ZOMDESH 0D 7T REAFTHET 3.
Gj = Ej — Eji (i #J)-
o Vi,V ZUTODELDICEDS.
Vi=Gis —G37, Vo=Gxp+ Gsr, V3= Gua+ G, Vi= Gor— Gsg,
Vs = Gi7 + G3s, Vb= Goa+ G3s, V7= Gig— Gaa, Vg= Gos— Gag,

Vo = Go3 — Gg7, V1o = Gss — Gg7, Vi1 = Gi3 + Gs7, Vi = G + Gsy,
Vi3 = Gi2 — Gsg, Vi = Ga7 — Gse.

0o ZDEE, ACH{py, - ,p=S&R3%. &<IT, C(f)CS.

o —5T, SOBRRICHIS f DHEAY MNIBESHETNIE, S
DEED f OBERELEEDHD. £<I5, S C C(f).

fHEE 3.4
f DERRSES C(f)IES &R B, }

Eaxk B (BEKRZ) Gy /50(4) @ Morse B# & BASTHES AV RILERHRZER 2020 21 /29

SEEAD R 7y F 2(ERSRRICH T D1EE)
f DEERFES p BT % Hessian DEBEEFARS.

£9, p1 € SICHIF B Hessian 251ET 3.

(*] Kpl x P1 BT 5 G2 DAY |\IZII:°—E¥2: l./, Epl s KPl dD Lie
BREL, pp, =18, &5, ZDEE,

8 14
P :ZRVH EPl :ZRVI-
i=1 i=9
@ ZDEE, RD ¢ IFB |t|(1 <k <8) BHTRITINTWVWEE, p
DEEDRERESZ 5.

¢ :R®> (ty,--- ,tg)
— exp(ty Vi) - - -exp(tg Vg)prexp(—tgVg) - - -exp(—t1 V1) € M

teek B (FORAZ) G>/S0(4) D Morse B & i AN BEAES Ay KL E AR 2020 22 / 29
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o ZDRFFTEIZICEET % f @ Hess T7IDOEHEI,
- 4C17 _4C17 _4C27 _4C27 4(C4 - Cl)a 4(C4 - C2)7

2(cs — @) + (& — @) £ /4G + (@2 — @ )?).

LI, 0 DEEEIEEL, ER (A0EEEOH) 5.

o C(f)DZEDMDE pICDWVWT, HBgec G Tgng t=p&
B, ZDEZE,

N1
gqbg_l:]RS ¢ >Mg()g s M

& p DIEBICEERZSZ 5.

kxR & (RRAZ)

Go/SO(4) @ Morse BII & IBANIEES AV RILE TR 2020 23/ 29

FIH 3.5 (S)

f DEERRDERICEWVWT, ZOAY YTV IEBEELTO &K
FeieWw, LEed'>T, FIE M D Morse BETH 2. f DRERFARIC
BIFHEHUIRDEL .

PL | P2 | P3| Ps|Ps| Ps | Pr
B |56 8|02 ]3]|4

ELIS, FIERRREEADARTEES TH % &£ 5 74 Z,-perfect Morse
B TH 5.

v

teek B (FORAZ) G>/S0(4) D Morse B & B AN BEAES Ay KL E AR 2020 24 / 29
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SR
S1E DEEE
]
WHR R ZZETRWI YV /ANY MEFRZER M ICDWT,
#oM = dim H,(M; Z,)
THHR5, BAREENANEES TH S & D71 Z,-perfect Morse
BRI EET B0 7?

o HHEI=4 UBE SU(n), BINBEIVRYNY—BEG, GEIY
INY NFRZERE Gy/SO(4) I ED & S 72 Morse B#lzH5> T
W7z,

o ZHEZH, #HM=dimH.(M;Zs) 53 M IZICEARED
NHBDM?

ek @B (FEA%) G/SO(4) ® Morse Bi#h & A BRES BV RILENRR 2020 25 /29

SiE0RE

Bl 4.1 (538588 PU(n) = SU(n)/Z,(n =2 £7=1F n IZFE))

4 (n=2)

#2PU(n) = dim H.(PU(n) ; Z>) = {2"1(n:%?¥50

5 4.2 (SR HEEE PO(n) = SO(n)/Zy (n = 2,4))

2 (n="2

#,PO(n) = dim H.(PO(n) ; Z,) = {16 'Zn B 21)

Bl 4.3 (FREEEE PSp(n) = Sp(n)/Zs (n = 2,4 E7cid n 13FH))
16 (n = 2)
#2PSp(n) = dim H.(PSp(n) ; Z;) = { 64 (n=4)
2" (n: &)

e AR B (KRKE) Gy /SO(4) D Morse BHI & BANEES A1 RIL & FFRZER 2020 26 / 29
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Bl 4.4 (BIBET >80 b1 —BE F,)
HoFy = dim Ho(Fy ; Zp) = 32

—AT, #.M #AdimH,(M;Z,) THZIZNMZEFBEFET 5.
LTF, 2% n&8|YZ2HRKD 2 DRNEFRET 3.

Bl 4.5 (5 B8 PU(n) = SU(n)/Z,(n 13 2 IS DIEH))
#,PU(n) = 2" or 2"t < dim H,(PU(n) ; Zy) =21

Bl 4.6 (HEEEE PO(n) = SO(n)/Z, (n 13 6 ELLDIBL))
#,PO(n) = 21-2 ~ dim H.(PO(n) ; Z,) = k=2

Go/S0(4) ® Morse BI%I & IBAIEES AV RILERTZER 2020 27 / 29
SEDRE

Bl 4.7 (§1 888 PSp(n) = Sp(n)/Zs (n 1& 6 U EDIBH))
#,PSp(n) = 2" < dim H,(PSp(n) ; Z,) = 2"tk+1

Bl 4.8 (BISE D80 K Y —B By, Es)

#2E6 = 26 < dim H*(Ee; Z2) = 27
#2E7 = 27 < dim H*(E7; Zz) = 210
#,Eg = 2° < dim H,(Eg; Zy) = 2%

o

o INLDBITIE, #.M < dimH,(M;Z,) THBH, Zhid—mk
Rz & 7?
SFR 4.9 (Chen-Nagano.88)

M®DAAZ—8% x(M) EThiE, x(M) <#M &2 EHHL
. TW2% (Chen-Nagano,88).

teek B (FORAZ) G,/S0(4) D Morse B & AN BEES Ay KL E AR 2020 28 / 29
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X&H

o R R RIS SU(n), G, THt

DERYILD. ZOERICIE, BAREENAWEES LD L
3 73 Zo-perfect Morse D EELH 5.
o GBIV /Y MXFZEM G,/SO(4) TH, (x) BKYILD. 2D
BETH, BRAREENKEEES &5 K D71 Zs-perfect
Morse BE =M T D I &N TE .
o TDMICEH, (%) ZATT AV/NY MNRUEBIIEFEET 5.
o TDHE, SHEBFARI L D% Morse BHIIFET DN ?
o #oM < dimH,(M;Zy) "% < D> /XY MHFRERB TR YLD
B, Thid—MRERZ & ?
G2/50(4) @ Morse B3 £ BAN BEEES AV RV EXFZER 2020 29 / 29
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Quandle coloring quivers for spatial graphs

Hirokr1 ITo

ABSTRACT. A quandle coloring quiver is a link invariant defined by S. Nelson
and K. Cho. In this paper, we define a quandle coloring for spatial graphs.
Using this quandle coloring, we extend quandle coloring quivers to spatial
graphs. And we show that the quandle coloring quiver is a stronger invariant
than the quandle coloring number.

1 Quandle coloring quiver

1.1 QUANDLE

Definition 1.1. A quandle is a set X with a binary operation * : X x X — X satis-
fying the following three axioms:

(1) Ve e X,z xx ==

(2) Vz € X, amap S, : X = X;a+— axx is bijective.

(B) Va,y,z € X, (wxy)*z = (zx2)* (y*2).

These three axioms correspond to Reidemeister moves. Here, we give some exam-
ples of quandles.

Example 1.2. Let n be a natural number and X := Z,, = Z/nZ. Then, X is a
quandle if % : X x X — X is a binary operation defined by z xy := 2y — 2z (z,y € X).
We call this quandle a dihedral quandle.

Example 1.3. Let n be a natural number and X,, := Z, U{w}. Then, X,, is a quandle
if x: X,, x X,, — X,, is a binary operation defined by

{Qy—w (z,y € Zy)
T kY =

x (otherwise)

We call this quandle a semi dihedral quandle.

1.2 QUANDLE COLORING

First, we introduce a proper map 6 : N — Z>, and #-admissibility to define a
quandle coloring for spatial graphs.

Definition 1.4. A map 6 : N — Z~ is a proper map if the following two conditions
are satisfied.
(1) Vm € N,8(m) < m.
(2) Ym € N,0(m) = m (mod 2).
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Definition 1.5. Let X,, be a semi dihedral quandle, § : N — Z>, be a proper map.
Then, (ai,...,a,) € X, is 0-admissible if the following two conditions are satisfied.
(1) Sg,, 0---085, =1idx,.
(2) #{i | a; = w} = 0(m).

Next, we define a quandle coloring for a spatial graph diagram.

Definition 1.6. Let g be a spatial graph diagram, X,, be a semi dihedral quandle,
0 : N — Z>( be a proper map and A(g) := { arcs of g }. Then, a map C': A(g) - X,
is a (X, 0)-coloring of g if the values assigned arcs around each crossing 7 and vertex
v of g satisfy the conditions in the figure.

V
T
Z X
N Xm XZXI
C(x)* C(y) = C(2) (C(x1),...,C(zy)) : f-admissible

We denote by Colx, ¢)(g) the set of (X, 8)-colorings of g, and by col(x, ¢ (g) the
cardinal number of Colx, g)(g). We call col(x, ¢)(g) a quandle coloring number of g.

Proposition 1.7. If g and ¢’ are diagrams of a spatial graph, then col(x, ¢)(g) =
col(x,.0)(9")-

By Proposition 1.7, the quandle coloring number col(x, ¢)(g) is an invariant of
spatial graphs.

1.3 QUANDLE COLORING QUIVER

Let X be a quandle. We denote by End(X) the set of quandle endomorphisms of
X

Let X,, be a semi dihedral quandle, and let § : N — Z>( be a proper map. Then,
we consider a subset End(X,,,#) of End(X,,) defined by

Y(ay,...,ay) : 0-admissible, !

End(X, 0) == A{f € End(Xa) |10} fla,) : 0-admissible.

The following definition gives an extention of quandle coloring quivers defined by
S. Nelson and K. Cho to spatial graphs.

Definition 1.8. Let g be a spatial graph diagram, X,, be a semi dihedral quandle,
0 : N — Z>( be a proper map. Then, for any subset S C End(X,, 0), a quandle coloring
quiver Qf}g,@) (9) = (V, E) is defined as the following.
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[ J V = CO](Xmg)(g).

o E={(v,w,f) eV XV xS|w= fouv},
where an edge (v, w, f) is directed from v to w.

2 Main result

We have the following theorem.

Theorem 2.1. If g and ¢’ are diagrams of a spatial graph, then for any subset S C
End(Xn, 0), the quandle coloring quivers Q(Sxmg) (9) and Q&anﬁ) (¢') are isomorphic as
a quiver.

By Theorem 2.1, for any subset S C End(X,,0), the quandle coloring quiver
Q‘(nga) (g) is an invariant of spatial graphs. Moreover, we obtain the following propo-
sition.

Proposition 2.2. There exists spatial graph diagrams ¢, ¢, a proper map 6 : N — Z
and a subset S C End(X,, #) such that the following two conditions are satisfied.

(1) col(x, 0)(9) = col(x,.0)(g').
(2) Q&SX”,H) (g) and Q?XR,O) (¢') are not isomorphic as a quiver.

By Proposition 2.2, the quandle coloring quiver Qan,é’) (g) is a stronger invariant
than the quandle coloring number col(x,, g)(g)-
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Quandle coloring quivers for spatial graphs

PREERE
RIRASA S BRIRF IR

December 17, 2020

RERE (KIRAZKRFFRIEFHER) Y BILEXFRZER December 17, 2020

BR

O EHI>7
@® Quandle coloring
©® Quandle coloring quiver

0O KR

PHAE (KRAFAFREFHER) 71> FILE AR December 17, 2020
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FREAE (KIRAFAZREFHER) 7> FILEHHRZER

December 17, 2020 3/25

EMI>7
Z[I 57
EH

WRIST G = (V(G),EQ) &, RRABDAALELDZE G DEMI ST W, G LR
95.

Ffc, ZEY 57 GG ICRHLT, BEEROAEESK ¢ R® - RPHBEELT, ¢(G) =G,
d(V(GQ) =V(G) e%3E GG RBTYEIVE - AV REYITHBLWS.

O—O — 77/

1BHA P
G = (V(G), E(G)) G

FBAE (KRAFEAZRELHER)

71> FILE AR

December 17, 2020 4/25
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Z=MI 57

ERE

GREMISILTS. - R? —» R*? ZFEANDHHETH > T, n(G )G)%E"—"H:EFE1EIUJ2

EHDHTHBLTS. ZOB, 7(C) D2 ERSLO L TFOEHREMZ =5 D%, G DER
KX WS,

@ — —
pory ADETD
N w ~ Rz B ~
G 7(G) G DIERIRE

FREAE (KIRAFAZREFHER) 7> FILEHHRZER

EMI>7

December 17, 2020 5/25

ERY 57 B

g9, ZENTNEMI Z7 G, DIEAIRKE T 3.

E&E

g~ g < g, g DEREID R-1H'5 R-5 DEFRERTEDHS.

o= | = pIGA! \7\\

|
ATA XXX

G.GBTPYEIVE AV IEYITHB g~ g

FBAE (KRAFEAZRELHER)

71> FILE AR

December 17, 2020 6/25
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Quandle coloring

BR

® Quandle coloring

FEAE (KIRAZKFFIEFHER) A RILERTRZER December 17, 2020 7/25

Quandle coloring

Quandle

XZERLT3 OB X L2IHEH «: X x X — X O (X, %) D’ quandle TH 3.
& UTD3 DD HE®RT.

(I)Vze X, zxz=ux

2)Vye X, BIR S, : X — X;z— zxy BNE B

(B) Vz,y,2 € X, (z*xy)xz=(z*2) * (y*2)

g, (X, ) ZBIC X t&L<.

BERE (KRAZAZREFHAER) A > BRI EHFRZER December 17, 2020 8/25
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Quandle
neN, X :=Z,, zxy:=2y—z (r,y € X) LEDBD L, X IF quandle 1252 3B. D quandle
% 2 EfK quandle &5,

neN, X, =Z,U{w}, *: X, x X, > X;, ZUATDELIICEDH DB &, X, I& quandle IC%H 3.
C @D quandle & % 2 E{& quandle & W 5.

20 —x
TRy =

T

(z,y € Zn)
(otherwise)

N — o8

FHERE (KRRFAFREFHEN)

X3
Y RILEXFRZER

Quandle coloring
Quandle coloring

December 17, 2020 9/25
=
R

g ZZEMISTDEAERETS. EDE, g\ V(g) DBEREHAE g D arc £ LI,
A(g) = {g D arc} EEDHD.
B

¢ Z TRIDEFARKE TR L, gD arc I3BZFIFT- 5 DDEPSH

FBAE (KRAFEAZRELHER)

71> FILE AR

December 17, 2020 10/25
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Quandle coloring

Quandle coloring

BR0:N— Z> BRVEKTHS. © UTD 2 OOERHGZHT.
(1) Ym e N,O(m) <m
(2) Ym € N,6(m) = m (mod 2)

Xn %ﬁ 2 ﬁﬁs quandle, 0:N— Zzo %EL\E”%(\:.?%

(a1,...,am) € X, h' 0-admissible THB. « UTD 2 DDEHZEHRT.

(1) Sg,, 008y, =idx,

(2) #{i | a; = w} = 6(m)

a€ X, I LT, B S, &, 5,: X, > Xz = z2xa THB.

FREAE (KIRAFAZREFHER) 7> FILEHHRZER

December 17, 2020 11/25

Quandle coloring

Quandle coloring

g ZZMI 7 7DEAE, X, ZE 2 E{K quandle, 0: N — Z>) ZRVWERE T5.
&

C:A(g) = X, B g D (X,,,0)-coloring THB.

S gDEXRBTERER v DORADD arc IS LT, UTOBERIAHEDIID.
(deg(v) =m &93.)

V
T
Z X
N Xm X2X1
C(z)*C(y) = C(z) (C(z1),...,C(xym)) : B-admissible
FRAR (KARAFATRELHER) n> KL EHE

December 17, 2020 12/25
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Quandle coloring

Quandle coloring

Bl ¢ZETHROEREREL, X3 =73 {w} ZAWE g® coloring ZE X 3.
1 (m=3)

0:N—>ZsgZO(m): =40 (m=4) LESHD. OB, A TRD coloring &
m  (otherwise)

SooSp0 S, =1idx,, S105108, =1idx,, So051 0508 =1idx,

ZER/RETDT, (w,0,0), (w,1,1),(0,2,1,2) I f-admissible

#IZ, HTFE®D coloring I& g M (X3, 60)-coloring T#H 3.

m

O =

FREAE (KIRAFAZREFHER) 7> FILEHHRZER

December 17, 2020 13/25
Quandle coloring

Quandle coloring

9,0 ZEMI S TDEARRE T3,

col(x, 0)(9) IFERI ZTDFEETHS. A5,
g~ g = colix, 6(g) = col(x, 6 (g")

PHAE (KRAFAFREFHER) 71> FILE AR

December 17, 2020 14 /25
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Quandle coloring

Quandle coloring

col(x, 0)(9) 1%, 0 DEXD FITEKS.

1 (m=3)
1 =3
O1(m) =< 2 =4) O2(m) = { (m =3)

(m m  (otherwise)
m (otherwzse)
9

%OJH%, CO|(X3 01 ( ) = ].2 CO|(X3 92)( ) =3 2:79:%

FREAE (KIRAFAZREFHER) 712 RV ERTRZER

Quandle coloring quiver

December 17, 2020 15/25

BR

©® Quandle coloring quiver

PHAE (KRAFAFREFHER) 71> FILE AR

December 17, 2020 16 /25
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Quandle coloring quiver

Quandle coloring quiver

X %Z quandle £ 93. DB, f: X - X D X @ quandle B2 #RFE!
& Vr,y € X, f(z*xy) = f(z) * fy)

F7-, End(X) :={f: X @D quandle EES#ERZ }
EEDB.

X, ZZ 2 H{E quandle, 0 : N — Z>o ZRVWERE T 3.

. V(ai,...,an) : -admissible,
End(Xn,0) :={f € End(Xn) | (f(al)l,...,f(am)):9—admissible }
LEDHDB.

FREAE (KIRAFAZREFHER) 7> FILEHHRZER

Quandle coloring quiver

December 17, 2020 17 /25

Quandle coloring quiver

X, ZZ 2 E{E quandle, 6 : N — Z>o ZRVWERE T 3.

S C End(X,,,0) ZEEDBRER LT S. €D,

g M Quandle coloring quiver Q(SXn,e) (9) =(V,E)ZRTEERT 3.
(1) V = Col(x, 0)(9)

(2) E={(v,w,f) eVXxVxS|w=fouv}

BL,BI3E 1S ZHER, F2HRAERRE LTRAIZEEDS.

FBAE (KRAFEAZRELHER)

71> FILE AR

December 17, 2020 18 /25
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Quandle coloring quiver

Quandle coloring quiver

Bl ¢EETEOEMEREL, 0:N - Zog % 0(m) = {1 m=3)" rEmzr,
m  (otherwise)

Col(x, 0)(9) IFETERED 48D £33,

0 0 0 1
@ @
(o w

RERE (KIRAZKRFFRIEFHER) Y BILEXFRZER December 17, 2020 19/25

Quandle coloring quiver

Quandle coloring quiver
0 (z=0,1)

w (r=w)
0) 0 0 1
«
0 0 01 ( :
w @ w
1 0 1 1
Qfxz79)(g)
10 11
W ()

BERE (KRAZAZRIEFHAER) A > BRI EHFRZER December 17, 2020 20/25

f(z) = { EL, S={f} ETBE, Q}y, 4 (0) BUTDESIEHB.
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EPN

O R

FEAE (KIRAZKFFIEFHER) A RILERTRZER December 17, 2020 21/25

FHER

FHER

9,0 ZEMI S T7DEARRNE T3,

EIE A

EED S C End(X,,0) IEHLT, Q7 5 (9) REMISTOREETHS. H5,
9~9 = Q. 0)(9) = Qfx, 5(d) BEDILD.

FIE B
UFD 2 20&M4Z®BLTEIRK g, ¢/, BRWERO: N — Z>o, S C End(X,,,0) D FET S.

(1) col(x,, g)(g) = col(x, ) (g")
(2) Q‘(vame) (9) e Q‘(nge)(g/)

AR

FEB&D, Q(SXMQ) (9) W& colix, 0)(9) FDEICBVWAEETHS.

BERE (KRAZAZREFHAER) A > BRI EHFRZER December 17, 2020 22/25
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FRER

EFhER

EIE B DA
1 (m=3)

g, ZTFTROEMERLL, 6: N ZsgZO(m) =<2 (m=4) LEDBL,
m  (otherwise)

col(x,,0)(9) = col(x, 0)(9) = 36 E%&B.

FHERE (KRRFAFREFHER)

A RILERFRZER
FRER

December 17, 2020 23 /25

EER

CCT, f(x):= (2=0,1,2)

0
o oo  ELSS{NETEE
Q% 0)(9), @y, ) (0) RENENUATOELSICH B,

261E 81 81

8@ 8@
Qfx&g) (9) Qfx&e) (gl)

BIC, Qfx3,9) (9) & Q?X&a)(g/)

FBAE (KRAEAZRELHER)

7 RILERTRZER December 17, 2020 24/25
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Thank you for your attention.

RERE (KIRAZKRFFRIEFHER) A RILERTRZER December 17, 2020 25/25
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Quandle coloring quivers for vitrual links using a
quandle endowed with an automorphism

RyoTArRO UEDA

ABSTRACT. S.Nelson and K.Cho introduced the notion of a quandle coloring
quiver, which is a quiver-valued classical link invariant. In this talk, we extend
Nelson-Cho’s invariant to virtual links using virtual quandle colorings.

1 Virtual quandle colorings

Definition 1. A wvirtual quandle is a pair (X, f) of a quandle X and f € Aut(X).

Definition 2. Let (X, f) and (X, g) be virtual quandles. (X, f) and (X, g) are equiv-
alent if there exists an automorphism ¢ € Aut(X) which satisfies f = ¢~ 1ge.

Let D be a virtual link diagram. A wirtual arc of D is an oriented interval in D
divided by under and virtual crossings. We denote the set of the virtual arcs of D by
VA(D).

Definition 3. Let (X, f) be a virtual quandle and D be a virtual link diagram. A
map ¢ : VA(D) — X is an (X, f)-coloring if ¢ satisfies the condition at every crossing
of D shown in Figure 7.

y X y

X XxY

f(y) f(x)

Figure 7: The coloring condition.

We denote by Col(x, (D) the set of (X, f)-colorings of D.

2 Virtual quandle coloring quivers

K. Cho and S. Nelson [2] introduced the notion of a quandle coloring quiver. We extend
Nelson-Cho’s invariant to virtual links using virtual quandle colorings.

Definition 4. Let (X, f) be a virtual quandle and D be a virtual link diagram. For
any subset S C Comy(X) :={g € End(X) | fog = go f}, the virtual quandle coloring
quiver of D, which is denoted by VQ*EXJ)(D), is the quiver with a vertex for each
(X, f)-coloring ¢ € Col(x s (D) and an edge directed from v to w when w = g o v for
an element g € S. When S = Com(X), we denote the quandle coloring quiver by
VQx,n (D), which we call the full virtual quandle coloring quiver.
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Example 5. Let D be a virtual Hopf link diagram in Figure 8. Let (R3, f) be a virtual
quandle defined by the dihedral quandle R3 and f € Aut(R3) defined by f(z) = 2z.
We put g € Comy(R3) defined by g(x) = 0. Let S be a subset of Com(R3) consisting
of the element g. Then a virtual quandle coloring quiver VQ?R;;, f)(D) is the oriented
graph shown in Figure 8.

b 4% R3,f)( )

Figure 8: An example of virtual quandle coloring quiver.

3 Main results

Theorem 6. If two virtual link diagrams D and D' are related by generalized Reide-
meister moves, then virtual quandle coloring quivers VQ(SX’f)(D) and VQ(Xf (D) are
isomorphic for any finite virtual quandle (X, f) and S C Coms(X).

By Theorem 6, the virtual quandle coloring quiver is a virtual link invariant.

Theorem 7. Let D be a virtual link diagram. Let (X, f) and (X,g) be finite vir-
tual quandles. If (X, f) and (X, g) are equivalent, there exists an automorphism ¢ €
Aut(X) which satisfies f = ¢ g¢. we define a map P4 : Comy(X) — Comy(X); h —
oho~t. Then, virtual quandle coloring quivers VQfXjf)(D) and VQ% S)( D) are iso-

morphic for any S C Comy(X). In particular, the full virtual qucmdle colormg quivers
VQux,pn(D) and VQx,qg (D) are isomorphic.

By Theorem 7, when we fix a virtual link diagram, the full virtual quandle coloring
quiver is an invariant of equivalence classes of virtual quandles.
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Quandle coloring quivers for vitrual links
using a quandle endowed with an automorphism

Ryotaro Ueda

Osaka University
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Virtual links and virtual quandle colorings

Today's contents

@ Virtual links and virtual quandle colorings

R.Ueda (Osaka Univ) Virtual quandle coloring quivers

Virtual links and virtual quandle colorings

Virtual link diagrams

Definition (Kauffman, 1999)

Virtual link diagram < FEANEOHAEFNZWL DhOEEFIFonZHATHY, 2D%
ERIFARBOEEIICR DS 2ERDAH T, £ IITIE classical crossing £7=1d
virtual crossing DEBHNEZH5NTWVWSEEHD.

00> 400/

Figure: Virtual link diagram.

R.Ueda (Osaka Univ) Virtual quandle coloring quivers 4/21
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Virtual links and virtual quandle colorings

Virtual links
Definition (Kauffman, 1999)

D, D' : virtual link diagrams.
D~ D' < BREI®D Generalized Reidemeister moves THBYUED.
virtual link < virtual link diagram DRE{E$E.

of-o (-3 XX
%H%%YAV

Figure: Generalized Reidemeister moves.

R.Ueda (Osaka Univ) Virtual quandle coloring quivers

Virtual links and virtual quandle colorings

Quandles

Definition (Joyce, 1982)
RDIFHEBLITEE X & 2IHEE « D (X %) & quandle E\W D,
®"'recX, zxz =z
®"rycX, Y2eXst zxy=n2x.
© "r,y 22X, (xxy)xz=(x*2)*(y*2).
LAf% quandle (X, x) & X &¢&EZ, BRADBDET 3.

X %BRBEZ, =7/n7, BE« oy =2y —2 &N quandle I3,
Z D quandle ZHI# n D dihedral quandle &M, R, &E<.

R.Ueda (Osaka Univ) Virtual quandle coloring quivers 6/21
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Virtual links and virtual quandle colorings

Quandle automorphisms and endomorphisms

X : quandle
End(X):={f: X —> X | fli& X D endomorphism }.
Aut(X):={f: X - X | f & X @D automorphism }.

neN, Vf: R, — R, ; endomorphism , Ya,b € Z, s.t. f(z) = ax+b.
FIC f B automorphism DBFIE (a,n) = 1.

R.Ueda (Osaka Univ) Virtual quandle coloring quivers

Virtual links and virtual quandle colorings

Virtual quandles

Definition (Manturov, 2002)

X :quandle, f € Aut(X). 2D &E # (X, f) & virtual quandle EW .
FRELT (X, f) & quandle TIEAWAY, Manturov IZE> TZ DK D ICHER.
Definition (Ceniceros-Nelson, 2009)

(X, f), (X, g) : virtual quandles.
(X, f)~(X,9) sIpe Aut(X) st. f= ¢plogog.

R.Ueda (Osaka Univ) Virtual quandle coloring quivers 8/21
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Virtual links and virtual quandle colorings

Example of virtual quandles

Example

R3 : i1%% 3 ® dihedral quandle ,

frg € Aut(Rs) , f(x)=z+1, glx)=x+2.
ZDEE (Rs, f) ~(Rs3,9) TH5.

ER, d(z) =20 &£ T D& f=¢logop&ad.

Fact

Aut(R3) = S3 : symmetric group T 5.
ZDEE S3 OHEEIL (1), (12), (123) BD T, Rz £ virtual quandle DEMEFRIL 3 7&5E
H.

R.Ueda (Osaka Univ) Virtual quandle coloring quivers

Virtual links and virtual quandle colorings

Virtual quandle colorings

Definition

D : virtual link diagram.

D @ virtual arc < D % classical under & virtual crossing TOE| L7 & Z DR ERLHRD .
VA(D) :={ D @ virtual arc } .

Definition

(X, f) : virtual quandle, D : virtual link diagram.
c: VAD) = X B (X, f)-coloring & D DERRTUTORDEH%HET.
Col(x,p)(D) :={ D @ (X, f)-coloring }.

X y

y in X
X XxY >8<
-1

f(y) f(x)

R.Ueda (Osaka Univ) Virtual quandle coloring quivers 10/21
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Virtual links and virtual quandle colorings

Example of virtual quandle colorings

D : virtual Hopf link diagram, (Rs, f) : virtual quandle, f(z) = 2z.
Z M & & virtual quandle coloring IFR®D 3 @Y TH 3.

2 0

Figure: Virtual Hopf link diagram @ virtual quandle coloring.

R.Ueda (Osaka Univ) Virtual quandle coloring quivers

Virtual links and virtual quandle colorings

Property of virtual quandle colorings

Proposition (Manturov, 2002)

(X, f) : virtual quandle.

D~ D = |CO|(X7f)(D)| = ’COl(X,f)(D/) .

D&EY |Colix py(D)| I virtual link DFEETH 3.

Proposition (U.)

D : virtual link diagram.
(X, f) ~ (X,9) = [Col(x,5)(D)| = [Col x4 (D)] -
DFY |Colix s (D)| I virtual quandle DEERDFEETH 5.

R.Ueda (Osaka Univ) Virtual quandle coloring quivers 12 /21
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Definition of virtual quandle coloring quivers

Today's contents

@ Definition of virtual quandle coloring quivers

R.Ueda (Osaka Univ) Virtual quandle coloring quivers

Definition of virtual quandle coloring quivers

Virtual quandle coloring quivers

Definiton (U.) (cf. Cho-Nelson, 2018)

D : virtual link diagram , (X, f) : virtual quandle.
S C Comy(X):={geEndX)|fog=gof}
VQ“(gX7f)(D) : virtual quandle coloring quiver
= VQ?XJ) (D) = (V,E) : an oriented graph.
0 V= CO|(X’f)(D).
®@FE={(v,w,g) eVxVxS|w=gouv}
IITURA FICEE I NDEBR, FB2MD2RRELTRASZANS.

R.Ueda (Osaka Univ) Virtual quandle coloring quivers 14 /21
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Definition of virtual quandle coloring quivers

Example of virtual quandle coloring quivers (1)

D : virtual Hopf link diagram,
(R3, f) : virtual quandle, f(z) =2z, g(x) =0, S = {g} C Comy(R3)

C@

g

(R3 f)

R.Ueda (Osaka Univ) Virtual quandle coloring quivers

Main results

Today's contents

© Main results

R.Ueda (Osaka Univ) Virtual quandle coloring quivers 16 /21
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Main results

Main results

Main theorem (1) (U.)
D ~D' =78 Comy(X), VQix (D) 2 VQlx (D).
DEY VQix (D) I virtual link DAEETH 3.

Remark

VQPx (D) 1& [Colix ) (D)| & WEISHLN virtual link OFREETH 2.

R.Ueda (Osaka Univ) Virtual quandle coloring quivers 17 /21

Main results

Example of virtual quandle coloring quivers (2)

(Ryg, f) : virtual quandle, f( ) =2z, g(x) =3z, S = {9} C Comy(Ry),
|Col(ry,f) (D) = |Col(ry, ) (D) = 9.

D @

ngf
DFY DD

R.Ueda (Osaka Univ) Virtual quandle coloring quivers
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Main results

Main results
Main theorem (2) (U.)

D : virtual link diagram,

(X, f)~(X,9), 2F¥ Fpc Aut(X)st. f=¢ logog.
ZDEE &y Comy(X) — Comy(X); hs ghe ! &FT B &,
¥S € Comy(X), VQPy (D) = VQe (D).

Remark

- 3 N < Com ¢ (X) ~ Comyg (X
BIC 0, REBRHBOT, VQ (D) 2V (D).
2540 VQE ™ (D) 1 virtual quandle DRIBROFERTH .

Remark
VR YD) 1 |Colix, ) (D)] & WEICHRL virtual quandie DRIEEOFERTH 3.

R.Ueda (Osaka Univ) Virtual quandle coloring quivers 19/21

Main results

Example of virtual quandle coloring quivers (3)
D : virtual trefoil diagram.

(R4, f1), (R4, f2) : virutual quandles, fi(x) = 3z + 2, fo(x) =z + 2,
|CO](R4,f1)(D)| = |C01(R4,f2)(D)| =4,

D

2FEY (R4, fr) = (Ra, f2) .

R.Ueda (Osaka Univ) Virtual quandle coloring quivers
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Main results

Thank you for your attention.

R.Ueda (Osaka Univ) Virtual quandle coloring quivers 21/21



Quandles and Symmetric Spaces 121

Modules over geometric quandles and
representations of Lie-Yamaguti algebras

NoOBUYOSHI TAKAHASHI

ABSTRACT. We study quandle modules over geometric quandles @, i.e.
quandles endowed with geometric structures. In the case () is a regular s-
manifold, we exhibit how modules over () are related with representations of
Lie-Yamaguti algebras.

As an application, we classify rank 1 linear modules over a general conjugacy
class in SL(2,C).

1 Introduction

We consider quandles endowed with a geometric structure and call them geometric
quandles. More specifically, topological quandles, smooth quandles and quandle vari-
eties are defined as quandles with the structure of a topological space, smooth manifold,
and algebraic variety, respectively. We will mainly be concerned with an especially nice
class of smooth quandles, called reqular s-manifolds, which has been studied as a gen-
eralization of the notion of a symmetric space ([K80], [F77]).

From the algebraic point of view, it is expected that the notion of a module over a
quandle plays an important role, as in the group and ring theory. It would also provide
a natural framework for the cohomology theory. The definition of a general quandle
module was given by Jackson ([Ja05]; see also [AGO03]). For a topological quandle @,
the notion of a module over @) was defined in [EM16], and it readily generalizes to
other geometric quandles.

In this note, we explain how a quandle module over a regular s-manifold can be
described by using infinitesimal data.

2 Definitions

Definition 1. A smooth quandle is a smooth manifold ) equipped with a quandle
operation > such that Q@ x Q — @ x Q; (q,7) — (¢,q>r) is a diffeomorphism.

A regular s-manifold is a smooth quandle for which 1—d, s, € End(7,Q) is invertible
for any x € Q.

Among the fundamental results on a regular s-manifold () is the fact that () can be
described as a homogeneous space G/H. Furthermore, we can endow 7' = T,() with
the structure of an “infinitesimal s-manifold,” which determines () locally, just as in
the correspondence of Lie groups and Lie algebras.

Definition 2. ([Y69, §1], [K80, Definition I11.20]) (1) A Lie- Yamaguti algebra over a
field k is a triplet (T, %, []), where T is a finite dimensional k-vector space, * : T'xT — T
is a bilinear operation, and [ | : T'x T x T'— T is a trilinear operation, such that the
following hold:
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(LY1)

(LY2)

(LY3)

(LY4) [z %y, z,w] + [y * 2, 2,w] + [z % 2,y,0] = 0.
(LY5) [2,y,2 % w] = [2,y, 2] % w + 2 * [z, y, w].
(LY6)

2.y, [z, 0, 0] = [[2,y, 2], 0, 0] + [2, [, y, 0], w] + [z, 0, [2, y, w]].

(2) An infinitesimal s-manifold is a pair (T, 0) of a Lie-Yamaguti algebra 7" and a
linear map o : T' — T satisfying the following.

ISMO

Both ¢ and idr — o are invertible.

(ISMO)
(ISM1) o(z*y) = o(x) * a(y).

(ISM2) o([z,y, 2]) = [o(2),0(y), 0(2)].
(ISM3) o([z,y,2]) = [z,y,0(2)].

As for quandle modules, we give the definition of a linear quandle module over a
smooth quandle @, for simplicity. Let m; : Q*> — @ and p; : Q> — Q denote the i-th
projection maps, p;; = (pi,p;) : @ = Q% p: Q* — Q the quandle operation and
pij = popy: Q° — Q.

Definition 3. (1) A linear quandle module over @ is a triplet (A, n,7), where A is a

vector bundle, 1 : 154 — p*A is an isomorphism over @) x @ and 7: 1j A — p*Ais a
homomorphism over ) x (), satisfying the following conditions:

(a) (1, p23)*n o Pasn = (pa2, 13)™n © Pism,

(b) (p1, p2s)™n 0 P3sT = (12, 13)™T © Pian,

() (p1sp23)™T = (b2, p13)™n © PisT + (p12, p13)"T © PioT,

(d) A*n+ A*r =idy, where A : Q — @ x @ is the diagonal map.

(2) Let @ be a connected regular s-manifold and (A, n,7) a linear quandle module
over Q. We say A is reqular if ida, — 1gq = 749 1 Aq — Ay is invertible for any (or,
equivalently, some) ¢ € Q.

On the infinitesimal side, we can consider representations of an infinitesimal s-
manifold.

Definition 4 ([Y69]). A representation of a Lie-Yamaguti algebra T is a quadruplet
(V,p,9,0), where V is a vector space, p : T — End(V) is a linear map and 4,6 :
T x T — End(V) are bilinear maps, such that the following hold for any x,y, z,w € T.
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(RLY1) 6(z,y) + 0(z,y) — 0y, ) = [p(x), p(y)] — p(z *y).

(RLY2) O(z,y*z2) — p(y)0(x, 2) + p(2)0(z,y) = 0.

(RLY3) 6(z xy,2) — 0(z,2)p(y) + 0(y, z)p(z) = 0.

(RLY4) 0(z,w)0(z,y) — 0(y, w)0(z, 2) — 0(z, [y, z,w]) + §(y, 2)0(x, w) = 0.
(RLY5) [0(z,y), p(2)] = p([z,y, 2]).

(RLY6) [0(x,y),0(z,w)] = 0([z,y, 2], w) + 6(2, [z, y, w]).

Definition 5. A representation of an infinitesimal s-manifold (T, o) is given by data
(V. p,9,0,1) where (V, p,,8) is a representation of 7" and ¢ € End(V) is an invertible
linear transformation satisfying the following for any z,y € T.

(RISM1) p(o(z)) = o p(z) o
(RISM2) 0(z,0(y)) = ¢ o 0(z,y), 0(c(z),y) = 0(z,y) o~
(RISM3) §(x,y) = od(x,y)op~t.

3 Main theorem

Let us state our main theorem. Similar statements hold also in the complex analytic
case.

Theorem 1 ([Ta2l]). Let Q be a connected reqular s-manifold and q € Q a point.
Given a reqular quandle module A over Q, there is a natural structure of a reqular
representation of (T,Q,d,s,) on A,.
This gives a faithful functor between the following categories:

e The category Modg(Q) of reqular quandle modules (A, n, T) over (Q,1>).

e The category Rep”(T,Q),d,s,) of regular representations (V, p,d,6,1) of the in-
finitesimal s-manifold (T,Q, *, [ ],d,s,)-

If Q) is simply-connected, it is an equivalence.
For the proof, we look at the following correspondences:
e Regular quandle modules over () and “vector bundle objects over Q)”.
e Regular representations of 7, and split extensions by abelian ideals.

Then we use the fact that the assignment 7 : Q — T,Q extends to a functor, i.e.
a quandle homomorphism induces a homomorphism of infinitesimal s-manifolds, al-
though the proof is not so straightforward.

As an application, we can give a classification of regular quandle modules of rank
1 over a general conjugacy class @) in SL(2,C).
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HhY RIVERBEDOMEEE
Lie- lL O DFRIR

iy
[

&

2020.12.17

G ERE v RVER EQNEEE  Lie- Il IARBORE 2020.12.17 1/31

Overview

Q@ Y RIL EDhEE
o MEEE LA, MITERER &
Q@ 771 FILZER
o 71V NIVHEBELAT & DOAFHZER]. AT 2 B,
HRELERIR, RIS RRIE. .
o [FH| s ZFRA & Lie- 1L [IRE
Q@ v NIVZE[E] ED ikt
o (FHI s ZRRIK EDEHIZZMIEE & Lie- (L HARER DRI

o 0 (o) oIt Lom 1 oM

7L 7)) ¥ b arXiv:2010.05564

S ERE v RVER EQNIREE  Lie- Il IARBORE 2020.12.17 2/31
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by

AR, TEPSEHT 5] BlikTEL

Definition

71> RV (quandle) &1, PAF Z2fiG7-d —HERE >
EZo07-8£E Q.

(1) q>qg=¢q

(2) g> (—) IFEHSH

(3) g>(r>s)=(¢>r) > (¢> s)

| O

il

(m

(i3 Y RVER MBS Lie-tl FED KB 2020.12.17  3/31

Examples: Conjugation quandle, o-space
G & &R

g>h = ghg!

XDV RNVEREZS D% Conj(G) &EL,
HEEFHDOMEGRES TV N,

G %ZfE. pe Aut(G), H % G¥ :={g9€ G| ¢(9) = g}
DIEAHEE T D,

= G/H 3 xH>,yH = xp(x ly) HIZLXD AV R
G W Lie BT H D (G¥)y (G¥ @ e TOHEEND)
D& E G/H % ¢ ZEHE PR,

e ERE v RVER EQNIREE  Lie- Il IARBORE 2020.12.17 4/31
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Transitive quandles

o HCOMARE Aut. (Q)

o W HCIFIIAE Inn(Q) := (s,)

o Q MHERI(H B\ T TMRBEIZERE] ) &1
Inn(Q) ® Q ~DIEHP BN THEZ &

Proposition
Q PHEBZZSIX, ge Q ITXH LT

Q = (Inn(Q)/Inn(Q)q, >y),
e ¥ Inn(Q) DEHCFE g — s,0go0 Sq_l.

(T>,7=zo(xty) = w82 lys; 1)

il

| \

v

(m

(i3 Y RVER MBS Lie-tl FED KB 20201217  5/31

Quandle modules

Definition (Andruskiewitsch-Grafia, Jackson)
Q EDOH Y FUNRES I, BFD & > 728:

((Az)eeq, e y)eyeq: (Toy)oyea):

F o eQITHU A, 1T INiERE
Ney o Ay = Agey EFEE (V2,y € Q),
Tay ' Ag = Agny FHERIEY (Vz,y € Q), 272U

Nz ys2My,z = Nasy,a>2Tz,2
Ney>zTy,z = Tesy,xs>zTxy,
Tey>z = MNesy,a>zTr,z + Tesy,z>zTxy

Nz, + Tex = ZdAm

v

Fil

(m

(i3 Y ROVER EONBEE Lie-ll IO XE 20201217  6/31
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Quandle modules(cont.)
Ney P Ay = Ay Taoy t A = Azpy

1) Ne,y>2Ty,z = Ne>y,a>zlz, 2,

(2) 77x,yl>zTy,z = TID%UCDZT]%?J'
(3) 7-:13,y|>z = 77:D>y,x[>z7-:r,z + T:rl>y,r[>z7-r,yy

(4) Na,x + Ty,x = idAx-
7z & ZAE (1) 1FEAUF O ATk

TNy, =z
Az Ay|>z
jnw,z lnfc,ybz
Nz>y, x>z o
Awbz Aac|>(y|>z) - A(mby)b(xbz)

(2), (3) @IE\:E) Ay — AxD(yDZ), Ax — Aacl>(yl>z) e L/VC%%. YA
LDERLTED, ZNRDIZHARL S,

e ERE 71 v ROVER EONIEEE  Lie-tl DARBD KRB 2020.12.17 7/31

Quandle modules: Example 1

FINTIZIRDE D REDNREZH5ND:

o ERE A BLO

o IMEMI Da:QxA— A Q DLIT LIZEHY
T, MEEEA N 27295 D:
r>a(y>aa) = (@>y)>a(r>a0)  z,y€Qac A
gb\ﬁgié C\:.\ AS(Q) = <gx (CC c Q) | 9ey = gxgyg;1>

DN,
(v tei=a>a (=) EUT bty = tupyle, I7RDB by, = tutyt )

v

ik, LOEEDORNGRIGEEEZDZLNTEZS:
Ney(a) =zx>a0a, Toy(a):=a—(z>y)>aa

e ERE B Y RVZER EOIIREE  Lie- IR D KB 2020.12.17 8/31
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Quandle modules: Example 1(cont.)

r>a(y>aa)=(x>y)>a(x>aa) x,y € Q,a € A,
Neyla) =x>aa, Tya)=a—(r>y)>aa.
=& ZIE. & (2):
Neys:Tyz(a) = x> (a—(y>2)>aa)
= xDga—xD>ys((y>2)>aa)
= zDaga— (x> (y>2)) >4 (v >4a),
way,xbznx,y(a) — Tsz,sz(x >a CL)
= zbsa— ((z>y)> (x> 2))>a(x>aa)
—iiz, G Lo A &Y FVERR f . Q — Conj(G)
(& BRI As(Q) — G) 12D\ T
Ney = f(x), Toy:=1—flz>y)

T Q EDOMBEASEE S, (B G = As(Q) DEA)

e ERE 71 v ROVER EONIEEE  Lie-tl DARBD KRB 2020.12.17 9/31

Quandle modules(cont. 2)

@ (HAHMD)RE T LOMEE (T DRB) X, TV LEDORE
EUTOMET, T 28l V 2177 0el,
V ETHEHEDN 0 THDHDEET R E (Eilenberg)

@ RER T EOMBEIT E TIIERNSR] &G TRE
(Beck )

Wl WS R OB M izl R:==R® M ET
(11, m1)(r2, ma) = (1172, 1Mo + 12My)

LED D E RILATHES,
RIZ RDEHHEB. MIZTRDODATT I,

ot
=
fm
b

71> ROVZER EOIIEEE  Lie- 1L FHREL DB 2020.12.17 10/31
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Quandle modules(cont. 3)

G oM MIzHL, G:=Gx M kT
(Ql,ml)(927m2) = (9192,7711 + lez)

LED D E G IR
I G — G REERT: G % (G LORE (G ~DHERTIH
B ZoNT-8F))] &H5,

[ 77 A N—HHOHE] A:GxeG — G HEHERR, 770,

G xe G ={(g1,9) € G x G |1(g1) = T1(ga)}.

THEGx Mx M E—HTE, BEEEX

(91,7711, m’1)(927m2, mlg) = (9192,m1 + gims, m’1 + g1m'2),

E72 A(g,m,m’) = (g,m+m') LEFEIND,
(Bt Z:G— G, 1774 N—HDWm%I5 54
[:GoG%®bET, (GIL,Z, A1) IE
(G EOHDOEIZE T B IITEREN S

Y RVER MBS Lie-tl FED KB 2020.12.17  11/31

ot
=
ull
anp

Quandle modules(cont. 4)

) €Q (nx y>$ yeR>» (T:L‘,y)x,yEQ) c:j‘;‘l‘b\
EA % (v,a) LE,
(x>

Y, Ny (D) + Ty (a)).

71V RV Q EOhnEE ((A,
A=TlegA: EHEE. a
(z,0) > (y,0) =

LEDDE AFHY RV, Q ~NDHFITH v RIVHERB,
£727 7 AN—HBOM (%) b7 FIVEEFTL,

Z DXl

@ AR Q LomitoE) &

@ [Q LAY RIVOBIZET B INEREN SR DM |
DFEfEZE 52 5,

WZHZ7- TBEEEOMEE — Y RV EOMEE 2D kS %
MNinz@ELTHELNEE D,

e ERE B Y RVZER EOIIREE  Lie- IR D KB 2020.12.17 12/31




Quandles and Symmetric Spaces 131

Quandle spaces

Definition

NidE A > RV (resp. smooth quandle, quandle variety) & I,

AIAEZERE] (resp. O Zkkik, REZHE) Q &

HHED>:QxQ—Q DT, UT2Hzdbo,

(1) gg=gq,

(2) Q% Q—@QxQ:(0,r) > (g,qt>r) VR (resp.
W FIFE. WERLD),

(3) g (r>s)=(g>71)> (g> s).

o fiAHAE/Lie B/ G 12X L. Conj(G).
o G, H, p ZhifHEE etc. & LT, (G/H,>y).

FifE Ehe 1 ROVZAER EOMREE  Lie- Il AR DR

Regular s-manifolds

2020.12.17 13 /31

IEH s ZRRIR & 1%

o (C™ k., HEMMTH., REN) ZRIK Q

o Q LD C™®HhD (resp. ERAMNTHY, ERI) EHE >
DT, WY LD EUUT 2295 D:

Vge @, 1—-d;s, € End(TqQ) AT (s, (y) = 2 y).

o XIFRZEMIZIER] s ZRRIK
o EHI s ZRRIKI THEHFEE 22 -] ]

e ERE v RVER EQNIREE  Lie- Il IARBORE 2020.12.17 14 /31
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Example
GL(2,C) 128\ T, 175 A OILBEIE Q4 &, HALHE
XY :=XyXx!

Ki@ﬁyFw%ﬁ%o%K\m%wﬁy<gg)
XU Qdiag(a,ﬁ) — Qa,ﬂ rECE 7&6 DL E

ERI s ZRRA: diag(a, f) TOEZEROHEEL LT
0 1 0 0) .
£ (8 0).r= (0 0) sen,

dass(E) = AEA™ = aB'E, dpsa(F) = pa 'F

Qa,ﬁ = Q)\a)\ﬁ;X = AX Dbhhrb
~ Qa = Qa,oz_l %%Zéo

e ERE 1V RVER EQEEE  Lie- Il IARBORE 2020.12.17 15/31

Regular s-manifolds are homogeneous

Theorem (Fedenko, Kowalski (1970's))

Q PEFEIRER] s ZRRAED & &,
Q@ Q FHEBHWTH S,
Q@ QIFpZEHTHD, Thbb, H5D Lieht G,
p€Aw(G), HC G IZXLTQ = (G/H,>,).
Q rcQITNURER T =T,Q (ILie-ILILTRELD
MExRb, A 0 =d,s,(T. 5
S AT HD) Db B,
O LIS (T.0) TR E 5.
&0 — %Iz, HELE THEFSHY 7R smooth quandle X quandle variety
(BEH0) 1ZIFIF o ZE2[#] (smooth: Katsumi Ishikawa, algebraic: T.)

e ERE v RVER EQNIREE  Lie- Il IARBORE 2020.12.17 16 /31
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Lie-Yamaguti algebra

Definition

Lie- [ I & 1d, X7 DIVER] T L XGRE - =&
Y AR

(z,y) = z*y, (z,y,2) = 7,9, 2]
DT, AT Z2iE7-3H D,

@ xxx =0, [z,z,y] =0,

@ C([z,y, 2] + (z xy) * 2) = 0 (1st Bianchi identity),
ClE z,y, 2 \IZDWTDK[E[F,

@ Clz xy,z,w] =0 (2nd Bianchi identity).
@ 2 [z,y,2] 1% %, [] IZEET 5 derivation.

e ERE 1V RVER EQEEE  Lie- Il IARBORE 2020.12.17 17 /31

Lie-Yamaguti algebra

Definition

HEFR/IN s &ﬁﬁkc‘: (. Lie-lH RS (T, *,[]) &2 D
HA R o

° [0(@,0@)72] = |z,y, 2]

@ 1 —o lFmk
Zi72 36 D,

(BIOEHD [H55M] LIZIh, )

e ERE v RVER EQNIREE  Lie- Il IARBORE 2020.12.17 18/31
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Example
Qu(= (diag(a, o™t DILEAH)) 1T/ 2 MR/ s SRR T 13
o dimcT =2 T=(E,F)
@ ExE=E+«F=F+«E=F«F=0
® [E,E,e] =[F,F, e =0.
o [E,F,E|=2E, [E,F F|=—2F, |[F E e =—[E,F,el.
® o(E)=0a%E, o(F)=a"2F.

ZHIE. Qu=SL(2,C)/{det = 1 DXfF7H ) LEIFBZ &
M5, sl(2,C)=Tah T =(EF) §=(H 5@,
X,Y,ZeT 2% LT

XY =[X,Y]r, [X,Y,Z]=][X,Y]y,Z]

mEEUH D,

e ERE 1V RVER EQEEE  Lie- Il IARBORE 2020.12.17 19/31

Modules on a quandle space

Q: fiM 71 > RV /smooth quandle/quandle variety

Definition
Q ED (I8) 5> FVIIBEE 1. RO & 5 78 (A, 7, 7):
A Q EDORT MVEDHEEE
nopA— A QxQ EOR
T:piA— A QxQ EOMERB 727Z UL N Z 729

1) (p1, p23)*n © Psn = (a2, p13)™n © Pisn

(1)
(2) (pr, pas)™n © P33T = (fi12, p13)™T © Pion)

(3) (p1, p23)*T = (a2, p13)™n © PisT + (pa2, 13)*T © PloT
(4)

8) A+ AT =idy (A SHEER)

(hifH77 > RV E: Elhamdadi-Moutuou, 27 € H ¥ —: Elhamdadi-Saito-Zappala)

e ERE v RVER EQNIREE  Lie- Il IARBORE 2020.12.17 20/31
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Example

GL(2,C) OREHERRIL C? 25 Q := Conj(GL(2,C)) LDt
V=(QxC%n1) N

T]X)/(’U) = X’U, Txy(’v) = (1 — XYX_I)(’U)
TEFD, TN EES Q xC? EDH Y RIVEFEI
{<)5 1{)} E®D conjugation &AL

X o\ (Y w) /X o' (X v\ (Y w)/X ! —X"ly

o 1)\o 1)\o 1 = (o 1)lo 1 0 1
X v\ (YX! w-YXlv
0 1 0 1

XYX ! v+ X(w-— YX_lfv)>

0 1
_ (XYXTU onpxy(w) 4 7xy(v)
= 0 1 .
e ERE 1V RVER EQEEE  Lie- Il IARBORE 2020.12.17 21/31
Example(cont.)

0. — ((O‘ 0 ) 03,\’%2;’@) DML S, A

0 ot
Qa = Q)\oz,)\oz—l g COHJ(GL<27 C))
THERITZLIZLDESNS:

(S))x = C?
an(v) = )\X'U, TXy(’U) = (]. — /\XYX_I)(’U>

S ERE B Y RVZER EOIREE  Lie- Il IR D KB 2020.12.17 22/31
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TZETOELED:
B KL EDIEE (A2), (), (7). A= 11 A, T

(Ia CL) > (ZJ, b) = (CL‘ >y, Ta:y(a) + ny(b))

*LUT. Y RLDdBFEDILEKIZN G
BRI s R Bz EE D R\ > KLZeRd]
o IFHI s ZRRARIZ THERR/N s Z2hRIK] & X
(Lie- 1L IAREL + 8 2 & %2729 3 A )

BRI s ZRRAR D INEEIE?

e ERE 1V RVER EQEEE  Lie- Il IARBORE 2020.12.17 23/31

Representations of Lie-Yamaguti algebra

Definition (1L, 1969)

Lie- L ORE T DRBL&1E, N2 bIVERV L8 BRI B4
p:T—End(V),0:TxT — End(V) DM TUT 25723 HD

272U 6(x,y) = [p(2), p(y)] = plz xy) — (0(z,y) — 0y, 7).

O(z,y * z) = p(y)0(z, z) — p(2)0(x,y),
O(z xy,z) = 0(x, 2)p(y) — 0(y, 2)p(),

@ 0(z,w)0(x,y) — 0(y, w)0(x, 2) — 0(z, [y, z, w]) +
0(y, 2)0(x, w) =0,

@ [o(x,y), p(2)] = p([z,y,2]).
® [6(x,y),0(z,w)] = 0([z, y, 2], w) + 0(z, [z,y, w]).
T OFRBIEL, T D abelian ideal 1Z & % split extension Z X it

kG Ak Y ROVER EONBEE Lie-ll IO XE 2020.12.17  24/31
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Quandle modules on regular s-manifolds

Definition
TEFR/N s ZRRIR (T, %,[],0) DEREL X, TORIHV &
¥ € GL(V) D#L(V, )T

o p(a(z)) =1 op(x)oy™

° O(z,0(y)) =vob(x,y), 0(c(z),y)=0(z,y)oy™
27236 D (0 &D TH#HME] +a),
(HBRYGED) FBASEL]: 1 — ¢ A

Definition

BRI s 2R EOIIRE (A, n,7) DAER] &I,
ida — o Av = Ay DAHECHD Z &

e ERE 1V RVER EQEEE  Lie- Il IARBORE 2020.12.17 25/31

Quandle modules on regular s-manifolds(2)

Theorem

Q Z1EHI s 2RIk, e Q &9 5 & &,

Q EDOIERIZL T Y FIOVINEE (A,n,7) D26
(T,Q,dys,) DIERIZRERIL (Ay, 1) PEE B,

Z DXl SR B T,

Q DAEFED D HEFE TR (smooth & 72 13 E R MAATHY)
BRI s 2K 70 51X, FEMERI T,

aiEHH:

o LHIZMEEE TQ EDIER] s ZHEAKDEIZEIFH T ML
IR DX

@ [FHIZRBIE Tabelian ideal (Z & % split extension] DX )i
BLOCMROMIE (+ 6 54 Uidiam) 2 AW 5,

e ERE v RVER EQNIREE  Lie- Il IARBORE 2020.12.17 26 /31
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Quandle modules on regular s-mfds(4)

Proposition (Fedenko?)
Q, Q' #EHI s ZRAK, Q IFHERE, z€Q, 2 €@ &
TH5L2E, LFOEGIZ—X—XIudd5:

o (MM f:Q—Q T flx)=2 %B2LD}

o { MERR/N s ZARIR DHER] Y
(T:Q, dysz) — (Tw@Q', dpsyr) }

Q — Q' PEHFZSIEIn(Q) — Inn(Q') BH 21, —MITiX

5 A UM,

e ERE 1V RVER EQEEE  Lie- Il IARBORE 2020.12.17 27 /31
Examples

Q.(= (diag(a, a™1) DIARZHH)) LOFIEZ rank 1 NIBEZZE Z 5,
EEL ot 21 2T B,
XfIG9 B MR/ s BRI (T, 0) D 1 IRTERBL (C, p, 0,7) &

@ (C,p,0) 13 T ODEH, ¢:C — C IFHEHEM
@ p(o(x)) =vop(x)oyp™!
@ O(zx,0(y)) =vob(x,y), O(o(x),y) =0(z,y)o~!

E= 0 O 1 0
0, p(B) BEEAN T — L EZENBHE
p(o(E)) =vop(E)op™" = p(E),

1301 o2p(E) 255 p(E) = 0. REIZE X T p=0.
FRRIZ LT, 0(E,E)=0(F,F)=0.

e ERE v RVER EQNIREE  Lie- Il IARBORE 2020.12.17 28 /31

(0 1) F:<0 0) YUTT=(EF), o(E) = a®E,o(F) = a~2F
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Examples

at #£1, (C,p,0) & T ORI, ¢:C — C ITHEFHL,
@ p(o(z)) =vop(x)oyp™!
@ O(z,0(y) = ob(z,y), 0(o(x),y)=0(z,y) oy

jo (8 é)F: (? 8) ¥ U< T =(E,F), o(E) = a®E,o(F) = a—2E

O(E,F)=0(c(E),F)oy =a*) 0(E,F)
FoTOHE F)=0FkEv=a"
FBEIC O(F,E) =0 £721% ¢ = 2.

ot
=
ull
anp

71 v ROVER EONIEEE  Lie-tl DARBD KRB 2020.12.17 29/31

Examples

Lie- IR DFRIHE WIS fioTHL &, IROWWT NNIZ
EEAE

Q@ =00=0vecC\{0}.
Q =0, 0(E,E)=0(F,F)=0(E, F)=0,0(F,E)=1,

P = a2
Q rp=0,0FEFE)=0FF)=0F,FE)=0,0FEF)=-1,
Y =a"2

(M) IZQuxC ETn=y,7=1—19 &L7=HDITHE,
(Qo — Conj(GL(1,C)); z — o I8, [Alexander fIEES )

e ERE B Y RVZER EOIIREE  Lie- IR D KB 2020.12.17 30/31
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Examples

(2) p=0,0(E,E)=0(F,F)=0(E,F)=0,0(F,FE)=1, ¢ =a?
XTS5 Q, EONEE A ZER TS ((3) IZFEIER),
BiiZ5 272 S, CA=a &L7ZHD

Sa - (Qa X (C277797_)7
T]XY:OéX, Txyzl—OéXYX_l
FER B (SNIRERARIBETA W),

A:={(X,v) €S, | Xv=av} F S, DIHIMEE

— Z0H (2) ORBUZI G,
FEix S, 135 TRL, 72 B:=8,/A TR/ s ZH4ED
KIUZH I U (p =1 TH BRI trivial 722 B & trivial T
f'dzl,\)

720 A, B & As(Q,) OERIFUHIE LA (As(Qa) DEBUZ (1)
DH D)
G ERE

1 ROVZAER EOMREE  Lie- Il AR DR 2020.12.17 31/31
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Polars of disconnected compact Lie groups

MAKIKO SuUMI TANAKA

This presentation is based on the author’s collaboration with Hiroyuki Tasaki.

A Riemannian symmetric space M is an Riemannian manifold equipped with the
point symmetry s, at each point x in M, that is, s, is an involutive isometry of M and
x is an isolated fixed point of s,. A polar of a Riemannian symmetric space M with
respect to x is a connected component of the fixed point set of s,. A subset A of M is
called an antipodal set if it holds that s,(y) = y for any points z,y in A. An antipodal
set is finite. A compact Lie group G is a Riemannian symmetric space with respect to
a biinvariant Riemannian metric. The point symmetry s, at a point ¢ in G is given by
sg(h) = gh~tg (h € G). A maximal antipodal set of G containing the identity element
is an abelian subgroup isomorphic to a product of some copies of Zy. A polar of G
with respect to the identity element is simply called a polar of G.

Tasaki and the author classified maximal antipodal sets of some classical com-
pact symmetric spaces and their quotient spaces in [4] by using their embeddings into
compact connected Lie groups as polars. They also used their former results on the
classification of maximal antipodal subgroups of classical compact Lie groups and their
quotient groups in [3]. In order to proceed with the classification of maximal antipodal
sets of other compact Riemannian symmetric spaces M, we need (i) to realize M as a
polar of a disconnected compact Lie group G, and (ii) to classify maximal antipodal
subgroups of G. Relating to (i), Tasaki and the author gave explicit descriptions of
polars of disconnected compact Lie groups in [5]. Polars of connected compact Lie
groups are well-understood by the detailed studies of Chen-Nagano [1] and Nagano [2].
In this presentation some results in [5] are explained.
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1. FRDER

M : Riemann % #k{&
M : Ruemannﬁ%’rx”‘?ﬁaﬁ@ Ve € M,3sy : MDER
T st. (i) sposy = Id (i) zlE sy DIMIIAEIR
Syt il BT D 2 XTFR
Bl :a1—20)y REBE", BRES™ SRZEME P
MM ERE = sz ld—E/.

8208y = 84 (,) 0 Sz (T, y € M) DAL
EiG Riemann 3 #RZE@Eid 7> KL
F(sg, M) = {y € M|sz(y) = y} DEMEKD = x ICFE
¢ SR (polar) & WD
{z} : EBAAAEH

F(ss, B") = {2}, F(sz, S") = {@, ~z},
F(sz, P™) = {z}u pPnr—1
MDAV N = F(sg, M) = {z}
LUFRTIRMAIVIRI NDBEEEEZ S
A: MOEBRES

A : W& A (antipodal set)

& VY €4 se(y) =y
SIEESITBRES

M @ 2-number

#-M = max{|A| | A: REEE)}
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Bl : {x, —x}E ST DIBRIGITEEEREES TH#HLS" =2
{{e1), ..., (ent1)} 2 PP DBABRHEES T
#-P" =n+ 1

Chen-Nagano (1988) 2-number O£ 55

N C M : RIS ZixE FEHEICEATLIND
B bR M DBIHEER)

M DR sy idxZthm e BRMER~y () I LT
sz(v(t)) = ~v(=1)
TENDEZSLUINZRENDRATFEED S

= NIFFEFEICE L TRiemann X #i2efE]

IERTT DR i (3 4580 #th B9 2R 9 % Ak A
EXRFTOfBHIE > /827 M Riemann S FRZE G
A: MOWEEES xr € A

ACF(so,M)= U M fBA~AOHR
j=1

AN M3 M OREES

#oM < jél #o M

M : WFRZE[E = FSMIL (Takeuchi 1989)
Oy Y MEHermite W MZR M D2DDEF L, Ly
DR XITBEBR 7 S (TR S

L1, Lo M ODEREMTERGLRERXITANERS
(T.-Tasaki 2012)
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HHEES AIZ|A| = #-M D& ZERAWHEES (great
antipodal set)

Bl : CPl = 52133/ FHermite WFRZER TK
ARP! = SLizZ0EH (HENRENEREHROFR
EmESR)
2DODEARDZAASIEREEN AR 2 {z, -z} TR,
INIESTORXBEES

AMEEE S IIBARAGHERES, FIE—HRICIEIL L 7L
SR REB DB AR EES T AN EES CERER AR
WT—EM (T.-Tasaki 2013)

BH#Y: O /87 b Riemann{#ZEE OB K EEE S D
BEDEME, LA

ZFD7=HICa /87~ Riemann i #iZe B i K i B
B0 (REETH)

HHEA OV /XY NLief & £ OREEFE OB AN IRER D BED
2% (Griess 1991, Yu 2013, T.-Tasaki 2017)
BIABI OV /ND NLieBE Go, F4 Il DWTIEEEH]

WS DOHhDHARB I /Y fRiemann 3 FRZEE DB X
EES DD (T.-Tasaki 2020)
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AV /X7 hLieFEGICIIBAITERIiemannst 20 F 1T
L T Riemann&#ZE[EIC74 5

Go : BAIEREN D

Go L TENMN s2(y) = zy lzlc LV —EBMICEE S
GDEEELITTEE > TVWADTERICGRIANICHLE
TZE5

Bl : U(n),SU(n),0(n),SO(n), Sp(n)
A:GOXWHEES, ec A

=Ve,y € A, a2 =y? =e,xy = yz

e € ADBANEESBRSITAIFEDEETZox - X Zo
& FEY

#-G = 2", rldGD2-rank

Bl : U(n) OBAXBEEBDEFIE {diag(£l, - ,£1)}IC
Hi&. #-U(n) =2"

U(4)/{£14} ICIETOEBA 25 & 24 DIR A BEER 9 BE
hNHo. #.U(4)/{£14} =25
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2. BRWEEES DD RICH T 2 ERRE

Ov/87 M LieBDB AR IEIR 2RO S%EA=FBEL T3
v /X7 MRiemann @ FZEE OB K HEES %= 9%Ed 5
BROBEAREIBICOWTHRRS

G:2v/XJ MLieBt Gp: BALERHRD e: BT
elCBE T 21 Z B2 G DM & K3

g€ G Iy(x) =grg H(x €G) IIEGDEREHR
M: GOl  age M

M = {I,(z0)lg € Go)

Iso(M) = {Iglas | g € Go}

(Isog(M) : M DEREIEF DB EREK D)
AC M : NEEES
AUA{e} : GOXEEES
JA  BAREEE DR Aufe}Cc A
ANMTEBK = A=MnA
Bi,..., B : GOBANEEIRIEHO GoHEFDORKRT
Jg € Gg,1 <3Is < k s.t. A= 14(Bs)
A=MNA=MnIyBs)=I4(MnN Bs)
AlEZ M N BsilIsog(M) & HE
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M DB RFEEE DIsog(M) EREDORKRTTIL
MNBq,...,MNB,OWFNnhH

[T.-Tasaki 2017] cHE B OV /N7 M Lieff& 2D
PARF DB A BEER D AF D H G 2K, KFRTDEFKR
Kr&E5Z7, [T.-Tasaki 2020] CLEDOEAKRRIE
EEo>THHAR OV /XY MLiedt (DR OiEthe L
TRIEIN3 /37 fRiemann I F#RZER M DK
NEEE R DIsog (M) BREZ KD, KRTDODEFNKRT
=5 Z 71, EEO /N MLieBDiRh & L TIXEIRS
nAaWI /N7 fRiemann®RZEE A H 5,

3. FEFE /T b LieEF Dtk

BN 1 R {x} DEZEBE WD
G:2av/J hLieBt Go: BALERHRD
€ F(se,G) GT(2):228TiEH
GT(z) = {I4(x) | g € Go}
BOEE  Zo(Go) N F(se, G)
(Za(Go) R GIZHB 1 2 GoDHMEE)
F(se, @) = (Za(Go) N F(se, G)) U 6 GT(z;)

=1

dimGT(z;) >0, Gt (z;)) NGT(x;) =0 (i # j)



Quandles and Symmetric Spaces 149

G=GoU U G, G 3N D

Go N F(se,)\é/)\tl’) WTI& Chen-Nagano hff %%

Gy\NF(se,G) ZFAXB

x) € G\NF(se,G) #= 0 G = Gox)

I, IEGo DR ENECREE&K

Ty : F(Iz,, Go) DBEALEREM D DEBK h—F R

GoDGo~NDIRNI=EBIEAg.h = ghly, (9) 1 OHE
(Hermann{EEDOHE) »oR%=1F5

BBl Gy= U gz g !
g€Go

GANF(se,G) = U g{w € x\Ty|2° =elg™*
9€Go
{z € o\Ty|2? = e} ZRE L. GoHEHEDEMAFH

RTZE5A1%

B2 G)NF(se,G) D2 5IE

(1) GoU G\ 138> B¥

(2) 7\ € GANF(86, ) ICH LT, GoUG)IE¥ER
Go % (Iz,) ICREE

Go x (Izy) = {(g,id) | g € Go} U{(g,Iz,) | g € Go}
EHERDN DR
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2 DEEAR 1 G\G )\ = Gox)\Gor)\ = GoGo = Gg

¢ Gox(lzy) — GoUG & ¢(g,id) = g,0(g, Iz)) =
gr)\ CEHET D& pldLieBFORABER

G :EEIV /Y NLie® e: GDEAMTT
o: GONEMNBECHEEEBR
M={geGlo(g) =g 1}

e = (e,id) : G x (o) DEITT

B3 F(sz,G x (0)) = (F(se,G),id) U (M, 0)
B, (M, 0) DREERDIEG x (o) DB

8 3 DEEAR :

F(sz G x (o)) = F(sz (G,id)) U F(sz (G,0))
F(sz (G,id)) = (F(se, G),id)

F(sz (G,0)) = (M,0c) R EDHMNS

g €G, sg(g,0) =(g,0) &

(g,0) =(g,0) "t =(c(g71),0) &

o(g) =gt



Quandles and Symmetric Spaces 151

4. iR

U(n) :1=4% 1y, : B4t
F(s1,,U(n)) = {z € U(n) |22 = 1,}

= U {92197 |9 € UM))
z; = diag(—1,...,—-1,1,...,1)

7 n—1

U(n) D&

{171}7 {_ln},

Un)/(U@E) xUm—1i)) (1<i<n-—1)
#3% Grassmann Z#k4E

7(g) =g Uln) ODNEHNECRERERK
G=U(m)x(r) (r)={erT}
G={(g,e)|geUM)}U{(g,7)[g€U(n)}

EAEH R DN DD i

GDREE

(g9,e)(h,e) = (gh,e)  (g,e)(h,7) = (gh,T)
(9,7)(h,e) = (gr(h),7) (g,7)(h,7) = (g97(h),€)

(g,e)%g, (9,7) 2gr&EHEL
G=Um)uU(n)r
Tg — (17177_)(976) — (T(g)aT) — (ga T) — .67_
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&:G = U(n) x (1) DELIT
F(s5,G) = (F(s5,G)NU(N))U(F(ss G)NU(n)T)

F(ssG)NU(n) = F(s1,,U(n))
= Qo{g zig g € Un)} (BHADHER)
Y é_@?r% Grassmann Z x4k

F(sz;,G)YNUM)TICD2WTHELZFAL THRARS
T:F(r,U(n)) =0(n)DBRKr—72R

Un)r= U gGT)g™ !
geU(n)
F(sg,G)NUMn)T= U glzerT| 2 = 1n}g_1
geU(n)

{x €T |2° =1, &HARS

R(61)
T = 01,....0, € R
R(ek) ’ 15 ) kE
_ (1))
__|cosf —sind _n
R(6) = sinf coséf |’ k=12

teT rt=tr=tr (1t)%2=r1%2=12
{zerT|z? =1y =7{t e T|t? = 1,}
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€1lo

=T €1,...,€, = *£1
6k12
(1)

teT,geUm)ICHLTyg(rt)g t =gtlyr
c(115)(—15)(i10) = 1M Bt € T,t2 = 1,icxwt L
T3g € U(n) s.t. gtlg =1,

c_TLbOJc_tb‘b‘v’tETtQ 1nL_$(TL/’C/9K7§‘ﬁE_L
{9(rt)g g e U)} = {gtlg|g e U(n)}r
={g9lnlglg e U(n)}r

L7=A>T

F(ss,G)NU(n)r = U g{zerT |z =1p}g"?
geU(n)

= {g(rt)g [t € T,t? = 1n,9 € U(n)}

={glnlglg e U(n)}r
INARBEIDREDE ETD (M, o)

Un)D1, B33 4Y hOE—EoE
glnlg=1l,olg=g1=lo gc0(n)
F(sz,G)N U(n)T = U(n)/O(n). FFICER
U(n)/O(n)IFEHEI>V /NI N LieBFDEHt & L TIEE
W@
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On regular polytopes quandles

AyuMU INOUE

Recall that polyhedral quandles are defined relating to rotational symmetries of
regular polyhedra. In a similar way, we have quandles related to rotational symmetries
of some regular polytopes as follows. Consider the following three sets consisting of
points in R* whose convex hulls are respectively known as 16-, 24-, and 600-cells:

‘/16 - {j:el) j:627 :l:e37 :l:eél};
Vou = {:I:ei:I:ej |1§Z<]§4},

1
Veoo = {*ei,tes, tes +es} U {§(i e +te+est 84)}

U€A4}.

Here, e; € R* denotes the column vector whose j-th entry is d;;, ¢ the golden ratio
(1 + \/5) /2, and A, the alternating group on {1,2,3,4}. Associated with v € V¢
(C € {16, 24, 600}), define the 4 x 4 matrix R, as follows:

1 .
U { 5 (€0 £ €0 £ 67" €n(y))

» C'=16
1000 00 -1 0
000 1 01 0 0
Rie, = 010 0  Ple, = 00 0 -1}
0010 100 0
0 0 0 —1 0 -1 0 0
1 0 0 0 0 0 —-10
Bees={o g 1 ol B==|{1 0 0o o
0 -1 0 0 00 0 1
» C =24
100 0
010 0
Rtertes) = frer—e) = | 0 o ¢ _1|°
001 0
0 -1 0 0
1 0 00
R:I:(eg+e4) = R:I:(e3—e4) = O 0 1 01
0 0 01
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1 -1 1 1
11 1 -1 1
Ritertes) = Ba(esren =5 1 1 1 _1|°
11 1 1
1 -1 -1 -1
11 1 1 -1
Riter-es) = Rieen =5 | 1 _1 1 _1|>
1 -1 1 1
1 -1 -1 1
11 1 -1 41
Rierren = Bies—e =5 |1 1 1 _1|°
11 1 1
1 -1 1 -1
11 1 1 1
Ri(ertes) = Hier—en =5 | 1 1 1 _1
1 11 1

» C' =600
Rie = Ri%(¢e1+e2+¢r1e3
= Ri%(¢*1e1+¢ez+eg
Rie; = Ryt rpertoten) =
= R:I:%((j)el+¢*1ez+e4
Riey = Ryteirores—ges) =
= Ri%@rlelwes —eyq)

R:te4 = R:ﬁ:%(eg—¢e3+¢7le4)

= Ri%(¢*1ez—es+¢e4

R:I: ¢e1 eg— d) 183

2 0 0
110 1 ¢
Betoresee =5 |0 ¢ —g-!
0 ¢! -1
Rj: (e1—deat+op—les)
1 0 ¢t
0 2 0
Ri (per—p—leates) — _¢_1 0 —o¢
10} 0 -1
Ri (e1—¢p~les—deq)
—qﬁfl 1 0
-1 —¢ 0
Ri (p~le1—ges—es) — 0 0 2
—¢ ¢ 0
= Riterses—o-ten
-1 —¢!
Ri (p~les—es—ges) — _¢_1 —¢
0 0

—_
o O OO

0
—op!
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Ril(

5 ej+ex—eszteq)

¢~ ler+pex—es)

el—ex—e3—ey)

Ri%(€2+¢63+¢_164)

ej—extez—ey)

- Ri%(€1*¢‘163+¢€4)

- Ri%(€1+¢_162+¢83)

= Ri 1 (81 ¢_162+¢83

= Ri%(¢_181762+¢84) -

- Ri%(¢61+63—¢_1€4) -

= Ry

_(b—
- R:t —lei+pestes) R:I: (qb lei—ea—ges) —

Ril(

3 ej—ex—e3tey)

= Ri%(€1+¢62—¢_1€4)

1|ot
= Ri%(¢e1+ez—¢‘le3) - Ri%(¢e2+¢‘1€3—€4) “9 | =

R:l:l(

ej+ex—ez—ey)

= R:I: 1 (€1+¢_162 (,2563

)= Ry

_¢ 1
= Bilgteiter—ges) = Pal(g-tei—gestes) = (

R:l:l(

5(e1teatestes)

1
- Ri%(¢62+¢7183+e4) - Ri%(¢€1—62+¢*163) - 5 ( 1 0

Ry

5(e1—eatestes)

= Ri%(¢*1el+62+¢e4)

R:I:l(

5(e1teztesz—es)

= Rﬂ:%(82+¢e3—¢7164) =

= Ri%(e1—¢e2—¢_1e4)

- Ri%(e1+¢*163+¢€4)

- Ri%(¢’le1—¢62+e3) -

Ri%(¢61—63—¢*164) =

- Ri%(¢82*¢_163764)

- Ri%(aselw—lere@

- Ri%(¢81—83+¢‘164)

- Ri%(¢e1+eg+¢‘1e4)

- Ri%(¢€2—¢*163+64)

= R:I:%(el—¢7162—¢63) = R:I:%((bel-i—qﬁ*leg—e;;)

-t 1 0 ¢
1 0 1 —¢ —¢!
21 —¢ -1 —¢p* 0

1 -1 -1 1

1 0 ¢ —¢
1f-1 -7t ¢ 0
2 1 1 1 1

-1 ¢ 0 —¢
o~ leatestopeq)

0 ¢ -1
7t 0 1
—1 1 1
¢ ¢t 1
—1 1
0 —¢
1 —¢ ' 0
-1 - —¢!
o~ leates—deq)
6 -1 0
-t -1 —¢
0 1 —¢!
-1 -1 1
ot @ 0
1 1
-t ¢
¢ 0 —¢!

-7t 0 10} 1
1 —1 1 -1 1
21 0 -9 —¢ ' 1|

R |

1 1 -1 -1
1 0o —¢' 1 —¢
21—t o 1 0

—¢ 0 -1 —¢!

Y
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For each v € Vg, let r, : R* — R* be the linear transformation sending = to R,x.
We note that r, is respectively a (27/3)-, (7/2)-, or (27/5)-rotation about a plane in
which v and the origin of R? lie, if C' is 16, 24 or 600. Then the set {(v,7,) | v € V&}
equipped with the binary operation * given by (v,r,) * (w,7ry) = (ry(v), 7, (v)) forms
a quandle. We call this quandle the 16-, 24-, or 600-cell quandle respectively if C' is
16, 24 or 600. We have the following claims related to 16-, 24-, and 600-cells quandles
(see [1] for more details):

Theorem 1. The 16-, 24-, or 600-cell quandle is respectively isomorphic to the knot
quandle of the 3-, 4-, or 5-twist-spun trefoil.

Theorem 2. Fach of 16-, 24-, and 600-cells quandles is isomorphic to no conjugation
quandle.

REFERENCES

[1] A. Inoue, The knot quandle of the twist-spun trefoil is a central extension of a Schlifli quandle,
preprint, available at https://arxiv.org/abs/2104.13065.
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72 RILIEIFRE CARED R LY ¢
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Schlafli Dics
» {p}: IE p BAF

> {p,qt: FIERIC {p} B ¢ BT OEF > EZEGE

{3,3} : IE4AEE GEME) {4,3}: E6MEIE

{3,4} : IE8MEK {53} : IE12M@Kx {3,5} : IE 20 @A
> {p,gr}: BL &) IZ {p,q} B r BT OEF > IEZHIRK

{3,3,3} : IESBAE (4 BK)

{4,3,3} : IE8fafE (BiLAHK)

{3,3,4} : IE16 Baf& {3,4,3} : 1IE 24 RIf&

{5,3,3} : IE120fafR {3,3,5} : 1E 600 f2f&
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N4

IF 4 ER

HE S (BREBKT) ESREDEDZ N KILICOWT

EZER, EZEE, ESREE,
Ehehn, S', %, S DRAIILED ERAE S !

IE 8 E{R

HE S (BREBKT) ESREDEDZ N> RILICOWT



164 OCAMI Reports Vol. 4 (2021)

EZER, [EZEE, EZREE,
Ehehn, ', $%, S DRAILEED ERAES !
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({488 : http://www.math.cmu.edu/~fho/jenn/polytopes/16-cell.png)

HE S (BREBKT) ESREDEDZ N> RILICOWT



Quandles and Symmetric Spaces 165
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ZEEHY RILEIF,
S? = R2U {oo} DEAILEEDIZXT
ERZzROE T3 0 BEEReE (0 $EE)
KBETHYRILTHS.
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SHEEN > RIL
LB (REEAS) T T
ZEAEHY RILEIF,
S? = R2U {oo} DZAILEED KT
EBERZzROE T3 0 BEEHReE (0 $EE)
KBTHYRILTHS.

HE S (BREBKT) ESREDEDZ N RILICOWT
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ZEAEHRILEIG,
S2 =R?2U {0} DEAILEED I T B
Bz 95 0 OEREeR (0 ISEE)
RETHYRILTHS.
<>
2EEAVRIL
HE S (ZHRKE) EZREHDEDH B DY FILICDWT
ZEAEHRILEIG,
S2 =R?2U {0} DEAILEED I T B
Bz 95 0 OEREseR (0 ISEE)
RETHYRILTHS.
<
2EEDVRIL

ZRENDFIILBERICERTES !

HE S (BREBKT) ESREDEDZ N RILICOWT
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IR

V, CS*CR*: [En REDIEREEDES
R, € SOM4) - HERveV, ZHDE T BIE n KD 6 ElEFEH
(0 IXEE)

v w = Ryv (v,w €V,)
~ (Viyx) - n RBEA > RIL

HE S (BREBKT) ESREDEDZ N KILICOWT

16 RRIFEHA > FIL

HE S (BREBKT) ESREDEDZ N> RILICOWT




170 OCAMI Reports Vol. 4 (2021)
16 8FZAH>KIL
Vie = {te1, teq, tes, +ey}
100 0 00 —1 0
000 1 01 0 0
R el - bl R ez bl
. 0100 . 00 0 -1
001 0 10 0 0
0 0 0 —1 0 -1 0 0
1 0 0 0 0 0 —1 0
R €3 = 9 R eyq
* 0 0 1 0 a7l 0 0 0
0 =1 0 0 0 0 0 1

ESREDEDZ N KILICOWT

HE & (RHBXEF)

16 RRIFEHA > FIL

HE & (REBKTF)

ESREDEDZ N> RILICOWT
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24Rafxh > R

HE S (ZHRKE) EZREHDEDHZ D> FILICDOVWT
24 fafkHh>V RIL
Vos={te; +e;|1<i<j<4}
1 0 0
0 1 0
R ei+es) — R e;j—es) —
*(e1+tez) +( 2) 0 0 0
0 0 1
0 -1 0
1 0 O
R:i:(eg+e4) = Ri(eg—&;) = O O
0O 0 O
1 -1
1 1
Ri(el+ea) = Ri(ez+e4) 9 1 1
-1 1

0

0

ol’

1
1 1
-1 1
1 -1
1 1

HE S (BREBKT) ESREDEDZ N> RILICOWT




172 OCAMI Reports Vol. 4 (2021)

24Rafxh > R

111 1 1 -1
R:l:(el—63) = R:l:(62—64) =5

1 -1 -1 1
1|1 1 -1 -1
Rieites) = Bi(es—es) = 201 -1 1 1|’
1 1 1 1
1 -1 1 -1
1 1 1 1 1
R:l:(62+63) = Ri(el—&i) = 5 -1 1 1 =1
-1 -1 1 1

HE S (BREBKT) ESREDEDZ N KILICOWT

24Rafxh > R

HE S (BREBKT) ESREDEDZ N> RILICOWT



Quandles and Symmetric Spaces 173

600 fafxh >~ Rl

HE H (BHBKE) EZREHDEDHZ D> FILICDOVWT
600 fAxh> FIL
Veoo = {te1,tes, tes, +es} U {%(:I: el ey ezt 64)}
u{l(x + + ¢! A = Y5 . @mety
{3 (Fdecn) T es@) £ es(s) [ o € Aa} ¢="57 &
Re, = Ri%(¢€1+62+¢*163) - Ri%(fbel*ez*fb*l%)
2 0 0 0
_ R _ R 110 1 ¢ -1
T il ler+dentes) T Tt (s7ler—de2—es) — 9 | b —¢1 1 )
0 o1 -1 —¢
Rie, = Ri%(e2—¢e3+¢_164) = Ri%(62—¢63—¢_164)
—¢ 1 o=t 0
_ R _ R 1 -1 ¢t = 0
T Mt l(olea—eztdes) T L (¢lez—es—des) ~ o —¢p~1 —¢ 1 ol’
2
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600 fafxh >~ Rl

Veoo = {te1,tes, ez, tes} U {%(:I: e; texteszt 64)}

U{L (£dern) T eqa) 2o eym) | o€ A} (0= 155 H@al)

Rtey = Ri%(€1+¢*163*¢e4) = Ri%(61*¢*1e3*¢64)

-1 1 0 -9
_ R _ R 1 -1 -9 0 —o¢ !
Tt ler+pes—es) T k(¢ ler—dez—es) ~ o 0 0 2 0 ’
-9 o' 0 1
Rie, = Ri%(€1+¢82+¢>—1e4) - Ri%(61—¢€2+¢_164)
1 0 ¢! ¢
_nr _nr 1 0 2 0 0
T 't l(gertolextes) T Vki(ser—dleates) — 2 -6~ 0 —¢ 1 )
é 0 -1 —¢!

HE S (BREBKT) ESREDEDZ N KILICOWT

600 fafxh >~ Rl

Veoo = {te1,tes, tes, +es} U {%(:I: el ey ezt 64)}

U {% (i¢ea(1) tes2) = ¢_1€g(3)) ‘ o€ A} (¢> = 1+2\/5 : ,\ﬁﬂi)

Ri%(€1+62763+64) = Ri%(€1*¢*1€3+¢64) = Ri%(¢€2*¢*163*€4)
-t 1 0 ¢
1 0 1 —¢  —¢!
t3(¢ lei—eatdes) — 9 —é —1 —¢1 0
1 —1 —1 1

= Ri%(¢_161+¢62—63) =R

R

+i(per—¢plea—eq)

1 0 ot ¢
_ R _ R 11 =t 9 0
T tl(eatdestoles) T N i(gertes—9les) — 5 | q 1 1 1
-1 é 0 —¢!

Ri%(e1—62—63—64) = Ri%(el+¢_1e2+¢es) -

HE S (BREBKT) ESREDEDZ N> RILICOWT
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600 BAIEH >V FIL
Veoo = {:|:61,:|262,:|:63,:l:64} U {%(:I: e1 ey ezt 64)}
U {% (:I:d)ea(l) + €5(2) + (15_160(3)) ‘ g E A4} (¢ = 1+2\/§ : ,\ﬁtt)
Ri%(€1*€2+63*€4) = Ri%(61*¢*1€2+¢63) = Ri%(¢*1€2+63+¢64)
-1 0 ¢ -1
_ R _ R 1| —¢ -t 0 1
T i lert+destes) T Tt (sTler—ea—des) T 9 1 -1 1 ’

0 1) ot 1

Ri%(€1—62—63+e4) = Ri%(61+¢62—¢_164) = Ri%(¢el—e3+¢’_164)

1 1 -1 1
=R - R 21 1 1 0 —¢
T tl(derter—odles) T Thi(¢estolez—es) ~ 5 —¢ 1 —¢ ! 0

0 1 -6 o

HE S (BREBKT) ESREDEDZ N KILICOWT

600 fafxh >~ Rl

Veoo = {te1,tes, tes, +es} U {%(:I: el ey ezt 64)}

U{3 (£des) Teor) ¢ o)) | 0 € Ad} (6= 157% : mett)

Ri%(€1+62763*e4) - Ri%(€1+¢*162*¢63) - Ri%(¢*162+63*¢e4)
—¢1 ¢ -1 0
_ R _ R 1 0 -1 -1 -9
T il lerter—des) T (¢ lei—deztes) T o —é 0 1 —¢ !
~1 1 -1 1

Ri%(e1+ez+63+64) - Ri%(61—¢ez—¢_164) - Ri%(¢e1+es+¢_164)

1 —¢t ® 0
g g IR S 1 1
T tl(seatolestes) T ti(ger—eatdles) — 5 | q 0 —¢p~1 é ’

1 ¢ 0 ¢t

HE S (BREBKT) ESREDEDZ N> RILICOWT
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600 faxh> FIL
Veoo = {*e1, tes, tes, es} U{i(Ler textestes)}
U {% (id)ea(l) + €5(2) + ¢_1€g(3)) ‘ AS A4} (¢ = 1+2\/§ : ,\ﬁtt)
Ri%(€1*€2+63+e4) = Ri%(€1+¢*163+¢64) = Ri%(¢€2*¢*163+64)
=1 0 é 1
- R - R . 1 —1 1 —1 1
T i lertertdes) T Eg(47ler—deates) T o 0 —¢ —¢ 1 1|’
¢ o7t 0 1
Ri%(€1+ez+e3—e4) = Ri%(61—¢_152—¢33) = Ri%(¢el+¢—1e2—e4)
1 1 -1 —1
- R _nr 1 0 -1 1 —é
- i%(62+¢63—¢_1e4) - i%(¢e1—e3—¢—1e4) = 5 _¢_1 P 1 0

¢ 0 -1 —¢ !
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600 fafxh >~ Rl
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Z281
16, 24, 600 f@{EH > RILIZHE D> RILTIEA L.

HE S (BREBKT) ESREDEDZ N KILICOWT

281
16, 24, 600 fa{&AH > RILIZHE A Y RILTIZAR L.

Theorem (Clark—Saito—Vendramin 2016)
(X, %) : ERERAY RIL
G = (g (* € X) | 9, 909y9zny (x,y € X), 57" (z € X))
(ny == min{n € N | (x2)" =1id})
(X,%) BEBHVEIL & p: X = G (p() = g,) IE85

HE S (BREBKT) ESREDEDZ N RILICOWT
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Z281
16, 24, 600 f@{EH > RILIZHE D> RILTIEA L.

() 16 BEA > RILIZDOWT,

e xes3=ey, -

erxe; =e3, -2

esxey=—e; -3
£D,

JesYGe; 2 Je1Yes = JesJe, = JesJ—e:
TH3h5,
Jer = J—es

153 O

HE S (BREBKT) ESREDEDZ N KILICOWT

281
16, 24, 600 fa{&AH > RILIZHE A Y RILTIZAR L.

() 24 RaED > RILIZDWT,

(e1 + e3) x(ex —e3) = ey + ey,

(e2+e4) x (€1 + e2) = ey — €3,

(62 — 83) * (62 + 64) = —e| + e
&b,
Jei+es = J—ei+es
z15%. O

HE S (BREBKT) ESREDEDZ N> RILICOWT
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Z281
16, 24, 600 f@{EH > RILIZHE D> RILTIEA L.

() 600 faf& > FILICDWT,

€1 * (—%((?_161 + pey — 63)) = —%(¢_1€1 + pes — ey),
(—3(0 'e1 + ges —es)) xe1 = —1(¢ 'er + des — e3),
(_%<¢_161 + pes — 83)) * (_%(¢_1€1 + pes — 64))

_ _%(@—161 — ey — e3)

KD,
Yer = "(]*%(957161*@62*63)

z1353. ]

HE S (BREBKT) ESREDEDZ N KILICOWT

Z282

16, 24, 600 fa{AH > RILICIRN D LEEHRLEIE
BEOHEKICEALTEHLELTWS.

X, :n BBEHY RILISRNZLEEReEOES
X16 - {Re17 R627 R637 Re4}
Xog = {R61+€27 Re3+€47 Re1+e3: R61—€37 Re1+647 R62+e3}

Re,, Rey, Reg, Rey,
R R 'R R ,
X600 = L(ertep—egtes)’ TL(er—ea—ez—ey)’ Td(e1—eates—ey)’ VL(e1—ez—eztey)

R , R R
%(814-82—&3—64) %(e1+82+€3+e4) %(81—62+E3+e4) %(e1+62+e3—e4)

HE S (BREBKT) ESREDEDZ N RILICOWT
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Z82

16, 24, 600 fa{AH > RILICIRN D LEEHRLEIE
BEOHZICEAL TEHLTWS.

X, o n BEAY RIVICSENSRERREEOES

X16 - {R€17R627R637Re4} (4 Eﬁsjj\/ F)l/)

X24 — {Rel+627 R63—|—e47 Rel—l—ey,: R61—637 Re1—|—647 R62+63}
(BEEH > L)
Rey, Rey, Reg, Rey,
X600 - { r

R R » R )
L(e1tep—egtes)’ Td(er—ea—ez—ey)’ Td(e1—eates—ey)’ VL(e1—eg—e3tey) }
R

R R R
%(81+€2—83—e4)’ %<E1+€2+€3+84)’ %(e1—62+63+e4)’ %(e1+62+e3—e4)

(20 EfEA > RIL)

HE & (RHBXEF)

ESREDEDZ N RILICOWT

Theorem (Clark—Saito 2016)

16, 24 (, 600) BAfEL > RILIE, ENEN,
4,8 (,20) EAAYRILDT—RIILKTH S -

2:1 4:1 10:1
Vie — Xi6, Vou — Xou, (V600 — XGOO)

X V16 = SmallQuandle(8, 1), Vo4 = SmallQuandle(24, 2)

HE & (REBXEF)

ESREDEDZ N RILICOWT
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Theorem (Clark—Saito 2016)
16, 24 (, 600) BAfEH > RILIE, ENEN,
4,8 (,20) @AAYRILDT—RIILKTH D -

2:1 4:1 10:1
Vie — X6, Vou — Xou, (V600 — X600)

X Vig = SmallQuandle(8, 1), Vo4 = SmallQuandle(24, 2)

€1 * €3 = €9,
€o *x €1 = eg3,

> €3 x €y = —€7
R61 * Reg — Rega

/.\ Reg * Rel — Rega
> R€3 * R62 - Rel (: R*el)

HE S (BREBKT) ESREDEDZ N RILICOWT

££3
16, 24, 600 faf&H > RILIE, ENEH, 3-, 4-, 5-twist-spun trefoil
(731, m = 3,4,5) DFUBEAV FILLEETHS.

Q(T™31) = (a,c| (a*xc)xa=c, cx™a=c)g

HE S (BREBKT) ESREDEDZ N> RILICOWT
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EE3

16, 24, 600 faf&A > RILIK, £NEMN, 3-, 4-, 5-twist-spun trefoil
(731, m = 3,4,5) DEVBEAY RILEARTHS.

Q(1™31) = (a,c| (a*xc)xa=c, cx™a=c)g

OBRe:Q(r3) - V. =

el (m = 3), €2 (m = 3),
pla) =qer+e (m=4), p(c)=1Qe+es (m=4),
e (m =5); —3(¢ter + pes —eq) (m=5)
EEDHDE, ¢ IIABEBERICKES. ]

HE S (BREBKT) ESREDEDZ N KILICOWT

Schlafli A~ FIL

Schlafli DEE=IE, E, H* OXAILEED HEERTES -

{3,3} {3,6} {3,8}

HE S (BREBKT) ESREDEDZ N RILICOWT
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Schlafli A~ FIL
Schlafli DEE=EIE, E*, H* DX A IJLEED HEEARTES -

> <
d L > <
{3,3} {3,6} {3,8}
V. 24D OESLAOES

R,: TERveV ZHOEIBRAILEED D 0 BERE#: (0 13EE)
vk w = Ryv (v,w € V)
s (V%) : Schlafli 73> RJL

HE S (BREBKT) ESREDEDZ N RILICOWT

Wy Z1ILEED {3, m} DIEREEDES
0=2 Y gBY, Schisfli AV RIL (W, «) BEXS

N -
<r /3 .

Wy, W5, Wy, Wi 1, ENEN, I3 D 2EAEHVRIL,
AEEAVERIL, SEEAVRIL, 20@EE A RILICHAE S AL,

HE S (BREBKT) ESREDEDZ N> RILICOWT
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Z84

Q(T™31) = (a,c| (a*xc)xa=c, cxa=c)g

BR ¢o:Q(1™31) - W,, (m>2) %&

ola) = v, plc) =

EEDDE, ¢ FNERFETHS.

I v

w

o i

Q(T™31) I& W,, DT —RIILKTH S (m > 2). J

HE S (BREBKT) ESREDEDZ N RILICOWT
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On a quandle derivative

ATsusHI IsHII

ABSTRACT. We introduce the notion of a derivative for quandles. The deriva-
tive is defined with an Alexander pair, which corresponds to an extension of
a quandle. By using the derivative, we obtain a knot invariant such as the
twisted Alexander polynomial. This is a joint work with Kanako Oshiro.

1 Alexander pairs and derivatives

Let (@, <) be a quandle. Let R be a ring. The pair (fi, f2) of f1, fo: @ x Q@ — R is an
Alexander pair if f; and fy satisfy the following conditions:

e For any a € Q, fi(a,a) + fa(a,a) = 1.
e For any a,b € Q, fi(a,b) is invertible.
e For any a,b,c € Q,

fila<b,c)fi(a,b) = fila<c,b<c)fi(a,c),
fi(a<b,c)fa(a,b) = fa(a<c,b<ac)fi(b,c), and
fala<b,c) = fila<ce,b<c)fa(a,c) + fala<c,bac)fo(b, ).

We note that f; and f correspond to n and 7 in [1], respectively.

Let S = {z1,...,z,} be afinite set, and let X = (z1,...,2,|71,...,7n) be afinitely
presented quandle. Let Fqu,q(S) be the free quandle on S, and pr : Fu(S) — X the
canonical projection. We often omit “pr” to represent pr(a) as a. Let (fi, f2) be an
Alexander pair of maps fi, fo : X x X — R. Put f = (f1, f2).

Definition 1. The f-derivative with respect to x; for j € {1,...,n} is the map aanj :
Fand(S) — R satisfying
Oy

0 9 0
8—gjj<a ab) = fi(a, b)a—;jm) + fola, b)a—;j(b), o, ) = %

for any a,b € Fond(S) and i € {1,...,n}, where §;; is the Kronecker delta.

2 Alexander matrices and invariants

Let @ be a quandle. Let R be a ring. Let (fi, f2) be an Alexander pair of maps
fi,fo: Q@ xQ — R. Let X = (x1,...,2,|71,...,7m) be a finitely presented quandle,
and p: X — @ a quandle representation. We define

0 2 0,2
() - ()
A(X, p; f1, fa) = : : )

o 0
—g;’f (I 5222 (1)
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where

9 _ 9y 9

fOPQ = (fl © (p X p)?fQ © (p X p))7 81:]- (Tfl = Tb) - 8xj (TCL> - axj <Tb)'

Suppose that R is a GCD domain. The dth Alexander invariant Ayz(A) of A is the
greatest common divisor of all (n — d)-minors of m X n matrix A if n—m < d < n, and

0 ifd<n—m,
1 ifn<d.

Aq(A) = {

Theorem 1. Let X = (x|r) and X' = (x'|7') be finitely presented quandles, and let
p: X = Q and p : X' — Q be quandle representations. If (X, p) = (X', p), then we
have

Ag(A(X, p; f1, f2)) = Ad(A(X/7 o' fr, f2)),

where the symbol = indicates equality up to a unit factor.
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