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Keller-Segel DELIEET IV

E. F. Keller & L. A. Segel (1970)

9@ u = u(x,t): the cell density of the slime molds;
@ v = v(x, t): the concentration of the chemical substance;

@ Vy(v): the velocity of u due to chemotaxis.

I «
s T

Vo)

| Creation of field |

Keller-Segel system:

uy = -V-j=V-(D,Vu—-uVe(v))
kv, = DVAv+g(U7V)
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Q@ BOEMBEHPEROREL TXILE—OREMEBE — NS ?

O ERMAEMT (BEM - ICHIRIF, [BHREETME) S ENED?

R
@ E. Nakaguchi and Y. Yagi (Hokkaido Math. J. 2002), A. Chertock and A.
Kurganov (Numer. Math. 2008), Y. Epshteyn and A. Izmirlioglu (J. Sci. Comput.
2009), (SIAM J. Numer. Anal. 2008/09)

@ J. Hagkovec and C. Schmeiser (J. Stat. Phys. 2009).
@ F. Filbet (Numer. Math. 2006) finite volume

@ S (IMA J. Numer. Anal. 2007), (RIMS Bessatsu 2009), (CPAA 2012)
conservative finite element
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[[lustration of the issue

Model problem: u(x,t), b(x,t) > 0: 1-periodic functions in x

ur = Uy — (b(x, t)u)x (xe€[0,1),0<t<T)

Positivity u(x,0) > 0,20 = u(x,t) >0 (t>0)

Finite difference method:

o x;i=ih(h=1/N), tpo=m1+72+ -+ 7, Grid points;
@ b = b(x;, tn);

o u = u(x;, ty): finite difference approximation.

forward Euler = central difference + central difference

n n—1 n—1 _ n—1 n—1 n—1,n—1 _ yn—1 n—1
uf —u T Uy 207 A uly biguity — by u

Tn h? 2h
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Numerical example

b(x, t) = 4(1 + cos2mx)(1 + t)2, h=275% 77 =04 h?
J
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Numerical example

b(x, t) = 4(1 + cos2mx)(1 + t)2, h=275% 77 =04 h?
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Numerical example

4(14cos2mx)(1+t)?, h=275 7,=04-h

1437




Numerical example

b(x,t) = 4(1 +cos2mx)(L +t)% h=275 71,=04
j

50

4 | ]

30 |\ 1

u-axis

50 L L L L
0 0.2 0.4 0.6 0.8 1

x-axis

4.37 < t, < 4.4 (another view-point)




Finite difference scheme ()\,, = Tn/h2) =

= (1 - 2>\n)u,{171 + <)‘ hbln 11> 11 + ()‘” 2h bln+11> ’f7+11

Non-negativity (*) u?'>0 (Vi) = uf >0 (Vi)

A sufficient condition:
0 (-)>0 (---)>0, (---)>0= (¥

1
o h< *). "= n
251~ ) (ﬂ 2% bl)
Before computation, we have to choose h satisfying:

1

h< — = n
_257_7 BT 02,,2(7—6
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Upwind finite difference scheme

forward Euler = central difference + upwind difference

1T/ ol A Ty T
Th h2 h
=4
uf = (1=20n = 26 ™ (A + 267 ) T A
h2
A sufficient condition ! 7, < m = (*).

@ In each time step, we re-choose 7, to satisfy the above condition.
@ Extension to d > 2 and arbitrary Q

o FEM; Tabata (1977), Heinrich et al. (1977) — flow problems.
@ In general, the upwind FEM destroys the conservation of mass.

@ Conservative numerical schemes;
o FEM; Baba-Tabata upwinding (1981), Finite volume method (FVM), ....
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Upwind finite difference scheme

forward Euler = central difference + upwind difference

n n—1 n—1 n—1 n—1 n—-1 __ ;n—1 n—1
up —u; i =20 Uiy by b=y Uiy

Th h2 h

ur = (1 2A, —Tb" 1) ()\ +7b," 11) D Wi

h2

A sufficient condition : < ——— = (*).
TS TR, )

In each time step, we re-choose 7, to satisfy the above condition.
Extension to d > 2 and arbitrary Q

o FEM; Tabata (1977), Heinrich et al. (1977) — flow problems.
@ In general, the upwind FEM destroys the conservation of mass.

¢ ©

@ Conservative numerical schemes;
o FEM; Baba-Tabata upwinding (1981), Finite volume method (FVM), ....

o TF—T (D—D) : I PDE I T BREM R+ — L DBIF & A
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Boundary conditions for the NS equations

In a domain Q c RY, we consider

%"‘(U'V)U:VAU_VP""’(-’ V-u=0.

On the boundary 012, we usually pose:
@ Dirichlet condition (adhesive condition) u = § with [, 3 ds = 0;
@ Slip condition (Navier's condition) u, =0 and o,(u) =0;
@ Penetration condition u, =0 and o,(u, p) = 0.

Notation.

@ n: the outer unit normal to the boundary;

@ For vector field u, set u, = u-nand v, = v — nup;

1 /0u; Oy .
9 ¢ (u)= 5 (a—i' + a—ij) the rate-of-strain tensor for u;
i i
o T;j(u,p) =—pdj+ 2ve; j(u): Cauchy stress tensor;

[

o(u, p) = (Tij(u, p))n = nop(u, p) + o-(u): the stress (traction) vector.
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Slip boundary condition of friction type

For given a modulus function of friction g = g(s) (s € 0R2), on OQ:

lo-(u)| <g = u =0,

ur =0oru; #0,
ur #0=o,(u) = —gu,/|u:|
& (i) [o-(v) < g, or(u) ur +glur| =0;

DN Jorw) =g

< (i) up =0, —o.(u) € gd|u,|.

@ It was proposed by H. Fujita (1994) in order to model some flow phenomena
in applications (flow through a drain with its bottom covered by sherbet, and
so on....). He studied weak solutions of the stationary Stokes and NS
equations.

@ A similar condition is well studied in contact problems of the elasticity theory.

Notation (subdifferential). For z € R™,

N e (= #0)
{weR"||w| <1} (z=0).
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Leak boundary condition of friction type

For given a modulus function of friction g = g(s) (s € 0R2), on OQ:

lon(u,p)l <& = un=0,

|O-n(u7p)|:g = { UnIOOr Un#oa
up, 70 = Jn(U,P) = _gu”/|u”|

(i)

A (”) |J,,(u,p)| S & Un(u,p)u,, +g|un| = 0;

< (iii) ur =0, —on(u,p) € go|uy|.

@ It was also proposed by H. Fujita (1994) in order to model some flow
phenomena in applications (flow through a certain filter with semi-permeable
membrane, and so on....).

@ The motivation of introducing those BC comes from practical intention to
model mathematically certain flow phenomena in applications.

@ On the other hand, the study of those BC deserves theoretical interests for its
own sake because of the coherent use of celebrated methods in applied
analysis. Also, they bring us some new methods and tools (from both
analytical and numerical viewpoints) to attack some flow phenomena.
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Applications

Some successful applications by Prof. Suito’s group:
© Wave motion breaking on the shore (environmental problem)
@ Pollution due to spilled oil into the sea (environmental problem)

Q Cerebrospinal fluid flow problem (medical problem)

BUBREAT



The Stokes problem with the leak BC of friction type

Find u= (u1,...,uq): Q2 —R%and p: Q — R s.t.

—vAu+Vp=f, V-u=0 inQQ,
u=0 on [g,
ur =0, —o, € go|uy on Iy

@ Q C R b'dd domain (d=2,3), 00=TouUTly;
o fel?(Q)9 0<gel>(); v>0.
Remark. BC on I'; may be replaced by either

() lonl <&, onun+glun| =0 or

lonl <g = u,=0,
(i)

ool =g —> u, =0or u, #0,
" up # 0= 0 = —gun/|un|

BUBRRAT DIRIR & 315
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Variational formulation: variational inequality

Forany ve K, = {ve HY(Q) | v=0o0nTo, v, =0o0n T}, we have:

/ OnVp dS = 21// ejji(u)ej(v) dx—/ p(V-v) dx—/ fv dx,
r Q Q Q

=a(u,v) =b(v,p) =(f,v)

/g|v,,| dS—/ &lu| dSz—/ (v — un) dS.

:j(VN)

Find (u, p) € K; x L2(Q) s.t.

a(u,v—u)+ b(v—u,p)+j(va) —j(us) > (f,v—u) (Vv eK;),
b(u,q) =0 (Vq € L2(Q))

BUBRRAT DR 3 2012.01.26 19 / 58



A issue on non-uniqueness of p

9 Let (u, p*) be a solution of (W-S-LF) and set
ki = sup [on(u,p”) — gl, ko = inf [on(u, P*) + gl
r 1

Then, p = p* + k, with k € [ki, k2], is also an associating pressure of u.
@ u,#0o0nT; CTli = pis uniquely determined.
@ Example. We consider
Q={(r,0)| 1<r<2}, To={r=1}, Ti1={r=2}
Then, the functions u(r,0) = w(r)eg and p(r) = kr solve
—Au+Vp=—6er >+re, V-u=0 ing, ulr, =0,
urlry =0, tnlr, =0, on(u,p) = —p(r), |on(u,p)| = 2,

where w(r) = 4r~' +2r — 6 and k > 0 is a constant.
Set g = 2k + 1. (u, p) above is a solution of (W-S-LF). Moreover,

k € [ki, ko] = [-1—4k,1] = (u,p+ k) solves (W-S-LF);
k & [k, ko] = (u,p+ k) does not solve (W-S-LF).

(Notice that k & [ki, ko] = |on(u, pc)| > &)

BUBRRAT DIRIR & 315



Triangulation

@ Below Q is assumed to be a polygon and I'; is a side of 9Q and 'y = 89\?1.
o {4}n family of regular triangulations of Q.

@ Nodes on 'y are numbered as My, Myjo, Mo, ..., My, and set
Fin = {Mi, My, Moo, Myi1/0, M},
My = {Mya, M. M1}

@ Similarly, [p , denotes the set of all nodes locating on T.

@ The P2/P1 finite element spaces:
vV, = {V S C(§)2 | V|T e P, (VT S %)},

Vie = {vEVy|v(M)=0(VMETos), vv(M)=0 (VM €T,)}
Qn = {q € C(ﬁ) | q|T € P (VT S %)}

BUBRRAT DIRIR & 315 2012.01.26 21 /58



Finite element approximation (W-S-LFh)

(W-S-LFh)
Find (uh,ph) € Vihr X Qp s.t.

a(un, vh — up) + b(vh — un, pa)
+ jn(Ven) — jn(unn) = (f, v — up) (Vv € Vir),

b(uh, qh) =0 (VQh € Qh)

Here, the barrier term of friction j(n) is approximated by

. 1
Jn(n) = 6 Z |e&i (gi|77i| +4giv1/20Mit1 2] + gi+1|77i+1|) ;
i=1

where 8i+s = g(Mi+s)v Ni+s = n(MH-s) and € = dist (Miv Mi+1)'

BUBRRAT DIRIR & 315 2012.01.26



Error estimates under regularity assumptions

For g € L%(Q), we write p = p — |Q|"1(p, 1) 2.

Theorem 1 (Kashiwabara, 2009)

e ge CY(T);
o (u,p) € H'*5(Q)? x H%(Q), for some ¢ € (0,2), solution of (W-S-LF).
(i) We have:

lu = upllen + P — Pull2 < CAmnte/21/4}

(i) Further, if p— pn € L3(Q), we have

|u— unllpn + [P — pall2 < ChmintE/4

Remark. If ¢ = 2 is possible, we have only O(h/#), which is not the optimal
rate of convergence of the P2 element.
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Error estimates under regularity and sign conditions

Theorem 2 (Kashiwabara, 2009)

@ gc C(T); (u,p) € H*5(Q)? x HY(Q) for some ¢ € (0,2).
@ p—phE L%(Q); The sign condition is satisfied.
(i) We have:

||U — uh||H1 —+ ||p — ph||L2 < Chmin{e,l}
(ii) Further, if g is a polynomial of the degree < 1, we have

lu— unlli + [lp — pall2 < Ch°.

The sign condition

Solutions u and wujy of (W-S-LF) and (W-S-LFh) satisfy:
Q (Mpu), and up, have zeros only at nodes My, Ma, ..., Mpq on Iq;
Q sign (un) = sign ((Myu),) on I.

My : C(ﬁ) — V), denotes the Lagrange interpolation operator.
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Numerical examples

@ Geometry: Q=(0,1)2, T1={(x,1)]|0< x < 1}(Green), To=Q\T;
@ Data: v =1 and
Alxy) = 0
h(x.y) = 120(2x—1)y*(1 —y)?
+80x(1 — x)(1 — 2x)(6y* — 6y + 1) + 8(6x° — 15x* + 10x°)
@ If we pose u =0 on Iy, then (u, p) is given as
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Nonstationary NS with leak BC of friction type

(ENS-LF)
Find u:[0,T]xQ—RYand p: [0, T] x Q — R:

u—vAu+(u-Viu+Vp=f V.-u=0 in(0,T)xQ,

u:o on (077-)><r07
ur =0, —0, € g0|up) on (0, T) x Iy,
ult—o = up.

@ Q C RY b'dd domain (d =2,3), 9Q=ToUl;

BUBRRAT DR 3 2012.01.26
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Nonstationary NS with leak BC of friction type

(W-ENS-LF)
Find, for a.e. t € (0, T), (u(t), p(t)) € V; x L3(Q) s.t.

(v,v—u)+a(u,v—u)+ai(u,uv—u)

+b(v—u,p) +j(va) —jun) = (f,v —u) (Vve Vi),
b(u,q) =0 (Vq € L3(Q)),
u(0) = up.

Here, as usual,
a(u,v,w) = /[(u -V)v] - w dx.
Q
Difficulty.

1
al(u,v,u)zz/ un|v|? dS (if V-u=0inQ, u, =0o0n ).
M
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Nonstationary NS with leak BC of friction type

T. Kashiwabara has recently proved:

Theorem 3 (Kashiwabara, 2010)

Suppose that
Q Ty class of C? and I'1: class of C*,
@ £ L0, T 2(Q)) and £ € L2((0, T) x Q),
Q g € HY(0, T; L3(T1)) and g(0) € HY(Ty),
Q up € H3(Q)? NV, satisfies the leak BC of friction type (with g(0)), and
up,n =0o0n .

Then, for a suitably small 0 < T’ < T, there exists

we L=(0,T;V,), u €L®(0, T 2(Q)7) N L20, T'; V),
pe L0, T'; L2(Q)Y)

satisfying (W-ENS-LF) in [0, T'].
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RAKEE [ & 1 SBUERNTBERDER

Q FIEHCR I(HERIFE, BEFH, £E2R)
Q FEBUERE (BFR3F EFH EIR)

Q FIEHIE I - MUBHEITZ (BMFEH 4 F - K28, EFH, KNE2R)

FHEERIR (R, —BARZHERR)
o BREREDHERIERD/\A AT (infsup &M, BEELO /W R, L)
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BABHRAT AP (1/2)

STEIE | (BFER 3 &)
Q IHIHAK

Q Ei—XkARERH
9 BEEEE (Gauss DIHEE, LU DF), WIEREE (Jacobi 7%, Gauss-Seidel 3%, SOR %)
o /LA, TN/ VL, EE, REMEET

Q mEEES
@ Lagrange EZEX L BEBAAR (PRA, AFAIKRE)
o BERFERE Gauss BEAAR

Q I ARER
@ Newton J&, %RJT Newton i, #E/INEBRORE & REEDIER

Q@ EMHARROYHRERE
9 —EEDEEMNT, Runge-Kutta JEDHEH, BHAHUAR, HENTERR

Q HRAEE (A EEMEHN)
@ TRER J(x) = Ix - Ax — b x DRIMELRE
9 Kryrov BB 2E/ KC,(A, b) = span {b, Ab, A%b, ..., A"~ 1b} DEE|




BABRRAT A (2/2)

AEBERE (BER3HF)
Q FTEHE | TR IERICHT 3HERE
Q BEDTOUZLTEE, ®RELKR—b (BTEX— pdf) TRE
@ 7SIV OBEBTIREV. SEOERISER.

Q NDERFIC, ATV (BEER), ¥V 7 TOV 5L (CS8E) 2BAHLT, LEHE (1-A/H) &
BiFTW\W3,

g/l\\
Q@ BEFROBNETOTSIVINERTIRRW,

O HMRWALHFERN, BANLEEDORE - BRICEDLSTFEI 20N ZBRELTH55CZHR
9 “FUHTORAEE"
o [BRME # BRRHFOERDET.
o EAMEDEVWEEEZRD EFECE55H5.




BlRE 1 : U Z 7 H#H @Fﬂﬁh(?)

BREN Z/N\TX—5 T 2K

N
— —rm<x<
Z:2m—1 sin(2m — 1)x (—m<x<m)

m 1

ICDWT, N=1,520,50 DD Z 7 =H#lT,
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PIRE1 : 75 7B DOMRE (7)

BABN Z/\TA—5 T2

XN: sm (2m —1)x (—m<x<m)

1 2m—

ICDWT, N=1,520,50DKDTZ 7 =H#lT,

((x), 5(x); foo(x), fs0(x)) (foo(x) DI+)
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BlRE 1 : U Z 7 H#H @Fﬂﬁh(?)

BRI N 2T A—5 &9 2K

N
2 -1 —rm < x<
z:lzm_ sin(2m — 1)x (=7 <x<m)

ICDWT, N=1,520,50DKDTZ 7 =H#lT,
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o Flm)
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gnuplot(Z2—70AY ~) TY S 7 ZHET 5.

Q@ ZULT, Hr7IL7O73LEHERELH, ETFHT
WFh$s n=100 &ELTLE-T.

@ LAL, WEDIBAE fig(x) ERKIZDIT, n=100 T
ERE (n > 200 HRE).

9 ThiE WBWBRLREKT, BLHII
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BIRE2 | EEDDETE

ROEEN =, ERBEARRx; =ih (i=0,...,m), h=1/mZBWT, E&F
=B Ry (), BEBREA Th(f), BEIYTYVEIS,(f) THELT, #ERER
NEL FIC, MNXBEORSE h=1/m EBREOBFRZFHU CARL.

1 T
Q) _/ ™ sin(mx) dx = & 2: L F(x) = ™ sin(x),
0
1
Q(f):/ \/1—X2dX:%, f(x) =vV1-—x?
0
EIE.

1
feC0,1] = |Q(f)—Ru(f) < ﬂhQIIf"IILw,
1
feC0,1] = |Q(f)— Tu(f) < Eh2||f"||Lw,
4 _ Lo
FeClI = 1QU) - S| < s 1O~
InsE, FIZIE |Q(f) — Sh(f)| = O(h*) EEL DIRB AL,

BUBRRAT DIRIR & 315



BB DR

o EM(f) = Q(f) — Ra(f) BE EBWT,
|Eh| = Ch* & p = log|Ex(f)|/ log(Ch) ZIREL T, FHEICLD p EHE.

(1) (2) (3) (2) (3)

| ol oy oh h | o) ) Py
2-7 | 1.803 1.894 4.121 2721 1.476 1.489 1.507
2=% 1 1.990 1.994 4.010 274 | 1.494 1.497 1.502
2761 1.999 2.000 4.001 276 1 1.408 1.499 1.500
278 | 2.000 2.000 4.000 27% | 1.500 1.500 1.500
f(x) = e™ sin(mx) f(x) = V1—x2

o F(x) = VI_ X2 IEDWTH, fe C2(0,1) THBN, ¢ C20,1] TRAL,
7] = +00 ER>TWST, ERIGERTEAW (22 % ClEE)

o LU, |EV(g) =GR nFETES

o ERRIT, ||[f]2 < o BEDIZDDT, ZDREDTT,
IRn(g) — Q(g)| < Ch*7/?||g" |, PDFEDREFAEEL ZENTES.

0 Lo EEBWRED T TOIEETHE
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PIFE3 . B AR DOYIEAERE

ROMIEE, —BUHIE h DRA VK, HEOILVY - 7y 55K (= 505D
VB Oy E), SUNILNE (4 B3 RAR) THELT, RED hAKE

HZFANK.
i t) = L t O<t<l1 0)=2
dtu()_ m“() (0<t<1), u(0)=2

div(t) B —w(t)] (0<t<1), v(0)=2

2012.01.26 38 /58
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W2 - 7y I EDEER

o BHASER Lu()= F(tu(t) (0<t<T) w0)=a

o BERNZEH t, = nh, h=T/N, ELUR U, ~ u(t,)

A VE QEBB2REEDILYYT - 7 v FiK)

h
Upy1=Ur+ E(kl + k2)

ki = 7((tna Un)
ko = f (tn + h, Up + hky) .
SR 2= ST

ve C0,T] = max_|u(t,) — U,| < Ch%.
0<t,<T
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W2 - 7y I EDEER

o BHMAARER %u(t) =f(t,u(t)) (0<t<T), u(0)=a

o BERIES t, =nh, h=T/N, ELE U, ~ u(t,)

HEWILVT - TR (ABRBAREBEDIL T - 7y 5 IE)

Upi1 = Uy + g(k1 + 2k + 2ks + ka)
ki = f(tn, Up)

ko = f (tn+ 3h, Up + 2 hki)

ks =f (tn+ 3h, Uy + 3 hk2)

ks = f (tn + h, U + hks)

ATVE:

ue C[0, T] =  max_|u(t,) — Us| < Ch*.
0<t,<T
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W2 - 7y I EDEER

o HHMAFER Lu(t) = f(Lu(t) O<t<T), u(0)=a

o BEEER t, — nh, h— T/N, SELUE U, ~ u(ty)

TN RE (4 BB RBEDILYT - 7w FK)

Ups1 = Un + g(kl + 4ko + ka)

ke = f(tn, Up)

ko = f (tn+ 3h, Uy + 3hky)

ks =f (to+ 3h, Us + 3 hky — 3hky)
ko = f (ta+ h, Uy + 5hky — 5 hk3)

ATVE:

ue C0,T] = max_|u(t,) — U, < Ch.
0<t,<T

BUBRRAT DR



BRI DIRES

woosEeEBI, EY = max |u(t)) - U, EdWT, EY) = che 2REL

0<t,<T
T, p DIEZEHRE.
R a0 R W pD R
005000 | 2.053 —4.0aa 5248 005000 | 2082 4038 4973
0.02500 | 2.028 4.025 3.126 0.02500 | 2.048 4.023 4.023
0.01250 | 2.014 4.014 3.063 0.01250 | 2.024 4.014 4.012
0.00625 | 2.007 4.007 3.031 0.00625 | 2.012 4.007 4.007

o TUNRILNEIR, BEMRICHLTIE4RBELRD GEEMRICHTLTIE3
RIEE).

BUBERRAT D



BRI DIRES

BoHOEE eI, EV = (max_|u(ty) = Un| EBNT, EY) = che Z{REL
T, p DIEZHTE. -

hl ol o o hl ol o o
0.05000 | 2.053 4.044 3.248 0.05000 | 2.082 4.028 4.023
0.02500 | 2.028 4.025 3.126 0.02500 | 2.048 4.023 4.023
0.01250 | 2.014 4.014 3.063 0.01250 | 2.024 4.014 4.012
0.00625 | 2.007 4.007 3.031 0.00625 | 2.012 4.007 4.007
o TUNRILNEIR, BEMRICHLTIE4RBELRD GEEMRICHTLTIE3
RIEE).
e b5—FE ABAZRTHS:
9 ) L_u) (0<t<1), w(0)=2
—u(t)=—=——u u(0) =
dt 2ef —1 ’ ’
d

Zv(e) = v —v()] (0<t<1), v(0)=2

BUBRRAT DIRIR & 315



BRI DIRES

BoHOEE eI, EV = (max_|u(ty) = Un| EBNT, EY) = che Z{REL
T, p DIEZHTE. -

hl ol o o hl ol o o
0.05000 | 2.053 4.044 3.248 0.05000 | 2.082 4.028 4.023
0.02500 | 2.028 4.025 3.126 0.02500 | 2.048 4.023 4.023
0.01250 | 2.014 4.014 3.063 0.01250 | 2.024 4.014 4.012
0.00625 | 2.007 4.007 3.031 0.00625 | 2.012 4.007 4.007

o TUNRILNEIR, BEMRICHLTIE4RBELRD GEEMRICHTLTIE3
RIBE).
o b5—FE, AERXZRTH5 !
d t) = 1 t) (0<t<1 0)=2
EU()——EU() (0<t<1), u(0)=2,

9o = vl —v(t)] (0<t<1), v(0)=2

BUBRRAT DIRIR & 315



PIE 4 - BiREIDHIET

2
o BIRBOAR : — (1) = x(1)

o —fi%f# : x(t) = Acost + Bsint (A, B: EH)
o MIHAZME x(0) =1, x'(0) = B~ —0.023127 O T THIEFHE.

HRIEITIE .

S =t w= (2 )= () =)

— Runge-Kutta J=ZR E(« t, = nh, U" =~ u(t,),

max_|[u(t,) — U"||oc < Crh*.
0<to<T

BUBRRAT DIRIR & 315 2012.01.26 41 /58



Runge-Kutta /&IC & 5T E A

1 1
05 K 05 /
5 s
0 ; 0
0.5 0.5
1 1
[) 2 4 6 8 10 [) 2 4 6 8 10

x(t) = cost+ Bsint

05
0 : H 0
' i
05 i 05
Y 1
0 5 10 15 20 25 30 0 20 40 60 80 100

0<t<30 0<t<100




BlDEEE « Z00E

o MAAERDEMEEZ S LT, ENERFROERN,

o HIEED ax(t)  x(t+h) = X(t), RS dx(t)  x(t) = x(t = h)
dt h dt h
— g d?x(t)  x(t —h) —2x(t) + x(t + t)
o ZREFRDESD a2 ~ e
—x"(t) = x(t), x(0)=0, x'(0)=BIF KDEAI
— 1_ yO
_anl 2Xn + Xn+1 _ Xn (n 2 1)’ XO _ 0’ X h X _ B

h2
EEBITES. 2L, X" = x(t,), ta=nhTHD,

max |x(t) = X"| < Crh  (O(W) TR&W )

0<t,<
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=55 E Runge-Kutta 7B D HLER

1 ;
05 05
0 0
05| ""'-..E Y s )
1 1
0 2 . 6 8 0 0 2 . 6 8 10
x(t) = cost + Bsint x(t) = cost + Bsin't

(Wghb, h=1)
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=55 E Runge-Kutta 7B D HLER

1 b 1k
05 | o0s |
ol ol
0.5 [ -05
al al
0 2 s 6 s 10 0 2 s 6 s 10
EME (0SSt £10) Runge-Kutta 7% (0 < t < 10)

(Wghs, h=1)

BUBRRAT DIRIR & 315
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=55 E Runge-Kutta 7B D HLER

0 5 10 15 20 25 30 0 5 10 15 20 25 30

EME (0=t <30) Runge-Kutta /& (0 < t < 30)

(Wghs, h=1)
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=55 E Runge-Kutta 7B D HLER

0 20 40 60 80 100 0 20 40 60 80 100

E=,E (0t 100) Runge-Kutta /& (0 < t < 100)

(Wghs, h=1)
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IXILF—DRE

o BIRENDAIEHX DR x = x(t)

E=(— ) +x = Const.
dt

o EMEDME X"

<Xn+1 —_Xn

2
; ) + X" X" = Const.

o Runge-Kutta JZDf& U"

o ZIHS5DHE ... BRY, BFENLBIRE - ARZEHI D ENEE
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R D TR DBUERET

STEECE N (BER4F, EFH)
Q BAHER (1D) ICHT 2EMEBL
Q RIGHERR (1D) e T B E MM
© Poisson A2 (2D) ICHT 2 ERERE

@ Lax-Milgram O

g/ﬁ
o EXDBNADERTIEAL,
o BAEURIT (BFIC, YRL 7ZEH) O—EDEEEBRWT, self-contained IC

71°3.
o FABMER EBOKEMNGW, RICH->ELTH, BREREDNTO
75 LBBENS.

— freefem++cs OFIABFHERN
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FreeFem-++

o J. L. Lions BUEREMTHIZCAT (Univ. Pierre et Marie Curie)
FreeFem++ team (O. Pironneau, F. Hecht, A. Le Hyaric, J. Morice)
http://wuw.freefem.org/ff++/

o BRI FreeFem++cs
http://www.ann. jussieu.fr/~lehyaric/ffcs/index.htm

Chn) " Frsrem s +-cs oo sin

BUBERRAT D 2012.01.26 47 / 58


http://www.freefem.org/ff++/
http://www.ann.jussieu.fr/~lehyaric/ffcs/index.htm

BlIRE © —Au(x, y) = f(x,y) in Q with ulsq =0

Poisson HIEXDFHR: Find u € V = Hy(Q) satisfying

J(u,v) = //Q Vu(x,y) - Vv(x,y) dxdy — //Q f(x,y)v(x,y) dxdy =0 (Vv € V)

func g
func £
int n = 4

03

1 - y*x72;

0;

border G1(t = 0, 2%pi) { x = 2%cos(t); y = sin(t); }
mesh Th = buildmesh(G1(n));

fespace Vh(Th,P1);
Vh u,v;

solve poisson (u,v) =
int2d(Th) (dx (w)*dx(v) + dy(u)*dy(v)) - int2d(Th) (f*v) + on(Gl, u = g);

plot(u, ps="examplel.eps");

BUBRRAT DR
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oA - IR AR RMD AR DR

BREQ CR? T, FREEARAER
—Au=uvP, u>0inQ, u=00n0Q, p>1.
Nehari Df#

ueV=HQ), J(u) = inf J(v).

fefe L,

1 2 1 +1
J(v) = SV = —— V[P dxdy,
(v) /L(QIVI p+1W| ) Ixdy

N—{VE % ‘/ |Vv|? dxdy—//|v|p+1dxdy>0}
Q Q

BUBRRAT DIRIR & 315
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cf. Chen, Zhou and Ni: Internat. J. Bifur. Chaos Appl. Sci. Engrg. (2000).




o MBMTAF (BHEE— AL 2011 FHRTE)
o FHEHUE | LRIBEHIEEBROARICEDLC

@ http://www.infsup.jp/saito/ — EXK./— b
o 1R - IERHE AR DEDIRE RO AR
o BIRERZECEREABAEAEXNOBRDOAIHRL

BUBRRAT DIRIR & 315

2012.01.26

52 / 58


http://www.infsup.jp/saito/

§4. 24 - BRERNRZIRDES
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EME (45F5%)

o EBHIR  BHEERELE 4F BL24F FL25F)
o 4FEDRDEFEMFEISENRIEL
= —ARICRRR, ZFEMALA-—bELTREDS.

Q ROEEZEDNETHEWNT, BOPNIRORKEEICOVWTHRENKL,
ou 0 Ou
a—avwa
u(0,t) =u(l,t) =0, u(x,0)=a(x).

] (0<x<1, t>0),

Q@ ROMBEEENETHRNT, t — oo TOME u(x, t) DIBERBERANL,

du  d%u
Efﬁ—i—u(u—ﬂ (0<x<1, t>0),

u(0,t) =0, —X(l, t)=0, u(x,0)=a(x).
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R DIEE

ROMBEENETRNT, ROMBIHROBEELILCOVTENS,
du a{H)@

- X(‘?x

ot ox
u(0,t) =u(l,t) =0, u(x,0)=a(x).

] (0<x<1, t>0),

o BEMDFIRITASTEXDEDIEMIZERRD.

@ M. Tabata: A finite difference approximation to the number of peaks of
solutions for semilinear patabolic problems, 1980.  (ZE2& — BRE1T)

@ H. Matano: Nonincrease of the lap-number of a solution for a one-dimensional
semilinear parabolic equation, 1982. (RX{ERIE)

o RAMERIE, ZEMEDUYRERMN, 1TIERNTRE ZRER

BUBREAT DR 3 2012.01.26 55 / 58




BRDIEF

ROMBEEZNETHRNT, t — oo TOR u(x, t) DIEEBE RN L,

ou  0%u

E—ﬁ—i—u(u—@ (0<X<1, t>0),
ou

u(0,t) =0, 5(17 t) =0, u(x,0)=a(x).

] ﬁgo)ijg%ﬁ:ﬁ% IithT Hu(t, )”[_oo = Q.
@ A. Friedman and B. MclLeod: Blow-up of positive solutions of semilinear heat
equations, 1985.
o Y.G. Chen: Asymptotic behaviours of blowing-up solutions for finite difference
analogue of u; = e + u™™*, 1986.

o DR - ERMAREZEUT, FFRERIT DAL Z HER.
o BETIE, ZDIFXF[MEALEXDBROBERZMR, Fic, FFRTIRERSE

rzfm ULHL, REICEKROWRA, AEXNL D BBUENRITEZDE
DICT Tk = BLERX, BLRXE S ICHERT FERDENR)
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o BUEMRM £ AV 11— &FE>cF

HMERITIEE £ AV Ea1—5YDFEA (K72K)

o RHNHERDBERTDIZH S
ERRTEBRRITAGE (BEEL)
|ENTEZBARITCEM (AvE21—%)
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o BUEMRM £ AV 11— &FE>cF
MIEBITES # AV E1—9DEAN (H1K)

o RHNHERDBERTDIZH S
EmEXTZBRRITANE (BEUL)
|ENTEZBARITCEM (AvE21—%)

INSDERTOBUBRITORBZ R > LBEROFERE - BTENEX
CEZEHARYELTWET.

BUBRRAT DIRIR & 315 2012.01.26




SEBHOMES ST VWE U,

EHRE—
RRRFZARZRECER 2R
http://www.infsup.jp/saito/
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