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Abstract

In previous work, we listed the prime links and the prime link exteriors with
lengths up to 10. In this paper, we make a table of 3-manifolds with lengths
up to 10 by using the list of the prime link groups.

Keywords: Lattice point, Length 10, Link, Link group, 3-manifold
2000 MSC: 57TM27, 57M25, 57TM05, 57M50

1. Introduction

In [14] a method of enumerating all of the links, the link groups and the
closed connected orientable 3-manifolds is proposed. The idea is to introduce
a well-order on the set of links by embedding it into a well-ordered set of
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lattice points. This well-order also naturally induces a well-order on the set
of prime link groups and eventually induces a well-order on the set of closed
connected orientable 3-manifolds. By using this method, the first 28, 26 and
26 lattice points of lengths up to 7 corresponding to the prime links, the prime
link groups and the closed connected orientable 3-manifolds are respectively
tabulated without any computer aid in [14]. We enlarged the table of the
first 28 lattice points of lengths up to 7 corresponding to the prime links into
that of the first 443 lattice points of lengths up to 10 in [17] and made the list
of the first 399 lattice points of lengths up to 10 corresponding to the prime
link exteriors in [19]. We, however find an omission in the tables of [17] and
[19]. In this paper, we enumerate the first 444 lattice points of lengths up to
10 corresponding to the prime links and the first 400 lattice points of lengths
up to 10 corresponding to the prime link exteriors, which are the correct
versions, and we make the table of the first 346 lattice points of lengths up
to 10 corresponding to the 3-manifolds together with the manifold data due
to the third author using computations with all of Regina [4], Snappy [7],
and Matveev’s Recogniser [22]. *

In Section 2, we introduce a well-order on the set of links as follows. Since
any link is represented as a closed braid, we can assign a lattice point to a
closed braid and have an injection from the set of links to the set of lattice
points after introducing a well-order on the set of lattice points. By using
the well-order and the injection, we give a well-order on the set of links.

In Section 3, we explain a method of a tabulation of prime links, with
respect to this order. First, we introduce a “normalized”subset of lattice
points which represents, as a set of closed braids, a set of links including
all the prime links. We enumerate the lattice points of lengths up to 10 in
this set with respect to the given well-order. Omitting non-prime links and
prime links which have already appeared in this well-order, we have a table
of prime links. For this purpose, we introduce elementary transformations
on the set of lattice points to have the following property. Namely, if one
lattice point is transformed into the other by an elementary transformation,
then the two corresponding closed braids are of the same link type. By this
procedure, we can easily pick up most of the links which should be omitted.

In Section 4, we describe a method of a tabulation of the fundamental

iThe third author is supported by the Australian Research Council (project
DP1094516).



groups of prime links. First, we enumerate the exteriors of prime links with
lengths up to 10. Omitting the link exteriors which have already appeared in
the given well-order, we have a table of prime link exteriors with lengths up
to 10. Next, we show that for two arbitrary prime link exteriors with lengths
up to 10, their fundamental groups are not isomorphic to each other. This
implies that our table of prime link exteriors with lengths up to 10 coincides
the table of prime link groups with lengths up to 10.

In Section 5, we explain a method of a tabulation of 3-manifolds. First,
we enumerate the 3-manifolds obtained by the O-surgery along the links in
the table of prime link groups with lengths up to 10. Omitting the manifolds
which have already appeared in the given well-order, we have the table of
3-manifolds with lengths up to 10. To confirm that two manifolds are not
homeomorphic to each other, we use Kirby-Melvin’s version ([21]) of Wit-
ten’s and Reshetikhin-Turaev’s 3-manifold invariant as well as the Alexander
invariants.

In the final section (Section 6), we make the list of lattice points corre-
sponding to the 3-manifolds with lengths up to 10 together with the data on
the prime links and prime link groups. Since we describe the link obtained by
each lattice point as Conway’s notation, in Appendix (added by the second
author) we show pictures of two or more component links with 10 crossings
in [5].

2. Definition of a well-order on the set of links

Let Z be the set of integers, and Z" the product of n copies of Z. We put
X = HZ”: {(z1, 29, ..., ) |z €Z, n=1,2,...}.
n=1

We call elements of X lattice points. For a lattice point x = (z1,x2,...,x,) €
X, we put £(x) = n and call it the length of x. Let |x| and |x|y be the lattice
points determined from x by the following formulas:
|X| = (’l’1|, ’x2|7 R |In|> and |X‘N = (|xj1|= |‘Tj2‘7 R ‘xjn’)7
where |z;,| < |zj,| £ -+ < |z, | and {j1, 2, ..., Jn} = {1,2,...,n}.

We define a well-order (called a canonical order [14]) on X as follows:
Definition 2.1. We define a well-orderon Z by 0 < 1 < -1 <2 < -2 <

3 < —3---,and for x,y € X we define x < y if we have one of the following
conditions (1)-(4):



(1) £(x) < ((y).

(2) (x) = (y) and |x|x < |y|n by the lexicographic order on the natural
number order.

(3) |x|y = |y|lv and |x| < |y| by the lexicographic order on the natural
number order.

(4) |x| = |y| and x < y by the lexicographic order on the well-order of Z
defined above.

For x = (21, x9,...,2,) € X, we put
min|x| = min;<;<,|2;| and  max|x| = maxj<;<p |2l

Let (x) be the (max|x| 4+ 1)-string braid determined from x by the
identity B(x) = a‘s;glr‘l(zl)af;ir‘l(”) e a‘s;ir‘l(zn), where we define afé‘gn(o) =1. We
note that max|x| + 1 is the minimum string number of the braid indicated
by the right-hand side of the identity. Let cl3(x) be the closure of the braid
B(x). Let L be the set of all links modulo equivalence, where two links
are equivalent if there is a (possibly orientation-reversing) homeomorphism
sending one to the other. Then we have a map clf : X — L sending x to
clf(x). By Alexander’s braiding theorem, the map clf is surjective. For
L € L, we define a map 0 : L — X by (L) = min{x € X|clg(x) = L}.
Then o is a right inverse of clf and hence is injective. Now we have a well-
order on L by the following definition:

Definition 2.2. For L, L’ € L, we define L < L if o(L) < o(L’).
For a link L € L, we call ¢(c(L)) the length of L.

3. A method of a tabulation of prime links

Let LP be the subset of L consisting of the prime links, where we consider
that the 2-component trivial link is not prime. We use the injection o for
our method of a tabulation of LP. For k € Z, let k™ and —k™ be the lattice
points determined by k" = (k, k,..., k) and — k™ = (—k)", respectively.

—

n

For x = (71,29, ..., Zn), ¥ = (Y1, Y2, - - -, Ym) € X, let x|, —x, (x, y) and



d(x) be the lattice points determined by the following formulas:

x! = (Tn,...,T9,11),
—X = (—x1,—T9,...,—Ty),
(%, ¥) = (T4, s Tny Y1y -, Ym),
d(x) = (2f,2},...,2)),

sign(z;)(max|x| + 1 — |z;|) (z; #0)

/ —
where z; = { 0 (21 = 0).

A point of our argument on a tabulation of prime links is to define some
transformations between lattice points. We make this definition as follows:

Definition 3.1. Let x, y, z, w € X, k, [, n € Z withn > 0 and ¢ =
+1. An elementary transformation on lattice points is one of the following
operations (1)-(12) and their inverses (1)~—(12)".

El) (X7 k7 _ka Y) — (Xv Y)

2) (x, k, y) = (%, ¥), where |k| > max|x|, max|y]|.

(3) (x, k, I, y) = (x, I, k, y), where |k| > |l| + 1 or || > |k| + 1.

(4) (x, ek™, k+1, k, y) — (x, k+1, k, e(k+1)", y), where k(k+ 1) # 0.
5) (x, k, e(k+1)", =k, y) = (x, —(k+1), ek™, k+1, y), where k(k+1) #
0.

(6) (x, y) = (v, x)

(7) x = xT

(8) x - —x

(9) x — §(x)

(10) (1", x, €, y) — (1", y, &, x), where min|x| 2 2 and min|y| = 2.

(11) (K%, x, y, —k2 z, w) — (=K% x, wl, k?, z, yT), where max|x| <
k < min|y|, max|z| < k < min|w| and x,y,z or w may be empty.

(12) (x, k, (k+1)% k, y) = (x, =k, —(k+1)%, —k, y), where max|x| <
k < min|y| and x or y may be empty.

A meaning of the transformations of Definition 3.1 is given by the follow-
ing lemma (See [14, 17]):

Lemma 3.2. If a lattice point x is transformed into a lattice point y by
an elementary transformation, then we have clg(x) = cl5(y) (modulo a split
union of a trivial link for (1), (2), (9)).

The outline of a tabulation of prime links is the following (See [14, 17]
for the details): Let A be the subset of X consisting of 0, 1™ for m = 2
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and (21,22,...,2,), where n 2 4, 3 = 1, 1 < |z] £ 5, |z,] 2 2 and
{lz1], |2al, - s |zal} = {1,2, ..., max|x]|}. Then we have f{y € Ay <x} <
oo for every x € A and have o(LP) C A. 5 First, we enumerate the lattice
points of A under the canonical order and then we omit x € A from the
sequence if cl3(x) is a non-prime link or a link which has already appeared in
the table of prime links. By using Lemma 3.2, we see that if x is transformed
into a smaller one, then x must be removed from the sequence. We can find
most of the omittable lattice points in this way. We show a table of 444

prime links with lengths up to 10 in Table 1:

O <23 <31 <42 <41 <5, <57 <67 <hy<6y<63<6) <63<63<63<T;
63 <TP<TE<TE<TI<TE<TE<LTR<6 <Teg<Tr <T3 <8 <T3<8 <8
83 < 8% < 819 < 830 < 85 < T5 < 87 < 81 < 819 < 83 < 83 < 8156 < 8 < 8 < 817
83 < 83, < 8% < 815 < T3 < 82 < 8%; < 8%, < 82 < 82 < 8%, < 83 < 8 < 8 < 8
83 < 83 < 81 <82, <812 <91 <8 <97 <97y <97, <93y <97y <92, <93y <92,
82 <93 <92, <93, <92, <93 <92, <92, <87 <93, <92 <93 <93, <92 <9,
93, < 92, < 92, < 9%; < 935 < 935 < 92 < 9% < 9%, < 8 < 911 < a3 < 9ug < 936
9y0 < T2 < 814 < 996 < 84 < 83 < 93 < 933 < 93, <93 <935 < 935 < 93 < 945 < 950
93, < 83 < 920 < 93 < Ty < 811 < 927 < 813 < 815 < 924 < 930 < 93, < 935 < 935 < 93
93, < 935 < 935 < 93, < 933 < 946 < 934 < 947 < 931 < 928 < 940 < 9%, < 917 < 990
92 < 93 < 999 < 92, < 82 < 93, < 102 < 93 < 102 < 103, < 1035 < 103 < 10194 < 10126
1046 < 10125 < 103, < 103, < 102 < 95 < 105 < 10127 < 1047 < 1035 < 103, < 10139
10145 < 99 < 1062 < 10141 < 10145 < 10g5 < 103 < 103, < 103, < 10155 < 10300 < 10g
103 < 103 < 10149 < 10s2 < 1035 < 1035 < 103, < 103 < 1039 < 916 < 1064 < 103,
1033 < 1094 < 10161 < 10159 < 10106 < 10112 < 103, < 103; < 1033 < 103; < 10116
1035 < 93 < 10% < 10255 < 1025, < 1035 < 10253, < 102,; < 102,5 < 1025 < 1017 < 1048
103, < 1091 < 1035 < 10155 < 1079 < 10157 < 10104 < 1099 < 103, < 10135 < 10109
10123 < 92 < 102, < 92 < 92, < 1035 < 10255 < 10359 < 102, < 10255 < 10359 < 10245
1025 < 1035, < 10755 < 10755 < 10%5 < 975 < 10%,5 < 925 < 97, < 1034, < 10%5, < 103,
1035, < 1025, < 1035 < 1034 < 924 < 107, < 103, < 9% < 103, < 103, < 1035 < 92
92, < 974 < 10255 < 103, < 103, < 934 < 103, < 92 < 10}, < 10}, < 103, < 91 < 103
93, < 935 < 103, < 93¢ < 10%,9 < 1035 < 935 < 10% < 104 < 104 < 10, < 103 < 1034,
92, < 93, < 103, < 10Z; < 10%;, < 102,, < 102,; < 103, < 10355 < 10%,; < 102,
1025 < 1035 < 10%2g5 < 1025 < 934 < 10%,, < 10355 < 10%,, < 103, < 1015 < 101,
1015 < 103 < 103, < 10345 < 102, < 97, < 1074 < 107, < 101, < 107 < 103, < 1034,
1035, < 1035 < 1035, < 1035, < 103, < 93¢ < 103, < 93; < 103, < 103,, < 1035,

/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\

°In [14], A is defined as a further restricted subset of lattice points.
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103; < 10355 < 1036, < 10%; < 10} < 103 < 103, < 1034 < 103, < 103, < 10%, < 103
915 < 1099 < 1035 < 1035 < 103 < 1034 < 975 < 1035 < 103, < 1033 < 1025 < 10%,9
103, < 103,53 < 1035, < 10345 < 103, < 1035 < 103, < 93, < 103, < 10% < 103,
10356 < 103,35 < 102, < 1034 < 107,5 < 103,45 < 10359 < 103, < 1035 < 102, < 93,
1035 < 1035, < 103,54 < 103, < 1035, < 103, < 1025 < 1034 < 10§ < 103, < 1035, < 8
921 < 1042 < 98 < 925 < 1071 < 1035 < 103, < 914 < 83 < 912 < 1044 < 103, < 1043
1035 < 103, < 103, < 10%; < 103 < 107 < 103,45 < 102, < 103y, < 10%y3 < 10%,
1047 < 919 < 10137 < 1059 < 10136 < 10138 < 1054 < 1079 < 108 < 93 < 103, < 103,
103, < 103, < 1034 < 1045 < 1035 < 103, < 105 < 103, < 103,

Table 1

Here the links are indicated by using the order of the links Conway enu-
merated at the end of [5]. We find 7 omissions and 1 overlap 103, = 103,
and we write the omissions as 104, 10%, 10%, 10%, 10%, 104 and 10%,. We
also find an omission o(10s4) = (1,-2,1,3,2% —4,3,—4) in [17]. For the
above 444 links L, we show the corresponding lattice points o(L) at the end
of this paper.

NN AN NN AN ANA

4. A method of a tabulation of prime link groups

Since a knot is determined by its exterior by the Gordon-Luecke Theo-
rem [10] and a prime knot exterior is determined by its group by Whitten’s
Theorem [27], we classify the link groups of two or more component links.
In [19] we have a table of prime link exteriors. First we review it. Next we
show that the exterior table coincides with the group table.

Definition 4.1. For r-component links L and L’ in S3, their Alexander poly-
nomials Ap(ty,...,t,) and A (t1,...,t,) are equivalent if there is an isomor-
phism @ : (t1, ...t |tit; = t;ti(i,5 =1,...,1)) = (t1, ..., t|tit; = t;ti(i,j =
1,...,7r))satisfying Az (ty, ..., t,) = £t -t Ap(p(ty), . . ., @(t,)) for some
integers \;, 1 =1,...,7.

For a link L in S3 let E(L) = cl(S® — N(L)) be its exterior, where N (L)
is a regular neighborhood of L. Since an isomorphism between link groups
induces the automorphism of the group ring sending the Alexander ideal of
the former onto that of the latter (see p. 104 of [6]), we have the following
lemma.

Lemma 4.2. For links L and L’ in S, if there is an isomorphism 7, (F(L)) —

m1(E(L')), then their Alexander polynomials are equivalent in the sense of
Definition 4.1.



By using the above lemma, we divide the prime links into several groups,
each of which consists of the links with the equivalent Alexander polynomials.
For two or more component prime links with lengths up to 10, there are 42
groups consisting of two or more elememts. We show them in Table 2.

(1) 8 <72 <9, < 9, (2) 6% < 92,

(3) 5; < 7% < 8% <92 <103, <1035 (4) 6?5 < 8% 2< 92, < 10355

(5) 73 < 94216 ) (6) 9550 < %0132 )

(7) 73 < 94218 < 10%30 ) (8) 73 2< 954 <210140

29))742< 94 2< 1016y < 10794 Elog 19176 j 10172 , )
11) 95, < 1074, 12) 75 < 955 < 956 < 10740 < 10761
(13) 925 < 107s (14) 815 < 8% < 1035 < 1059 < 10§75 < 1075
(15) 815 < 10754 (16) 81y < 10755

(17) 937 < 9% (18) 915 < 935 < 10745

(19) 935 < 93, (20) 973 < 10743

21) 92, < 102 22) 1024 < 103

(29) 105 < 1% 20 105 < 1ok < 1,

(25) 102, < 1025 < 102, (26) 10257 < 1025 < 102, < 10255
(27) 103, < 1035 (28) 1035 < 1034

(29) 63 < 82 < 103, (30) 63 < 83 < 93, < 9%,

(31) 63 < 83 < 935 < 935 < 103, (32) 73 < 93, < 1034

(33) 83 < 103, (34) 83 < 103,

(35) 103, < 103, (36) 82 < 103,

(37) 82 < 103, (38) 84 < 104

(39) 83 < 104, < 104 < 104 (40) 104, < 104,

(41) 81 < 10%, (42) 1015 < 1015 < 1034

Table 2

We divide each group into several subgroups with the homeomorphic
exteriors. We have the following results, shown later. For (2), (4), (5), (6),
(7), (11), (13), (16), (29), (30), (32), (33), (34), (35), (38), (39), (40), (41)
and (42), their exteriors are homeomorphic to each others. For the rest of
the groups, we have the homeomorphism types in Table 3.

(1) E(41) = E(72) = E(9%3), E(93)

(3) E(51) = E(7§) = E(8%;) = E(%3;), E(1017,), E(1077)

(8) E(73), E(93,), E(103,)

(9) E(73) = E(91,) = B(107y,), E(10%;)

(10) E(10375), E(10%7)

(12) E(7§) = E(1034) = E(10%5,), E(925) = E(93,)

(14) E(8%5) = E(10%5,), E(8%) = E(10y), E(1033), £(1075)
(15) E(81;), E(10%5,) (17) E(93;) E(9%5)
(18) E(9is), E(93), E(103,5) (19) E(935), E(93,)
(20) E(9%5), E(10743) (21) E(931), E(10%)



(22) E(10%5), E£(103,) (23) E(10%5), E(10%)
(24) E(103,), E(1035), E(102)) (25) E(103,), E(1033), E(1030,)
(26) B(1037), E(1033), E(103,), E(10356) (27) E(10§4)7 E(107y5)
(28) E(1035), E(103) (31) B(63) = E(95), E(83) = E(9%,) = E(10;)
(36) E(82), E(103) (37) E(8%), E(103,)
Table 3

We show these results. For each group, we have E(L) = FE(L') by a
composition of twist homeomorphisms along trivial components. Next we
show that for each group, the classified exteriors are not homeomorphic to
each others.

For (1), E(4%), E(72) and E(9%,) are Seifert manifolds since 47 is a torus
link. On the other hand, 9%, is decomposed into two nontrivial tangles and
so F(9%,) is not a Seifert manifold. We conclude that E(43) = E(72) =
E(9%) 3 B(%,).

For (3), let 52 = K1 UK, and 10%,, = K] UK}, where K1 = Ky = K| = O
and K} = 6. Suppose that there is a homeomorphism h : E(5%) — E(10%,,).
We may assume h(ON (K;)) = ON(K7). Let Kj, be a knot obtaind by twist-
ing K7 along K| n times. Since lk(K, K5) —lk(K{, K}) =0, E(K>) should be
homeomorphic to E(Kj,,) for some integer n and then Ky = K3 . However
this is impossible. So we have E(5%) % E(107.,). The same argument implies
that E(57) % E(102.;) and E(10%,,) % E(10%,;) . We conclude that there
are 3 homeomorphism types of exteriors: E(5%) = E(73) = F(8%;) = E(93,),
E(10%74) and E(10i5).

For (9), (12), (14), (15), (17), (18), (19), (20), (21), (22), (23), (24), (25),
(26) and (27), we have the result in the same way as in (3).

For (8), suppose that there is a homeomorphism h : E(73) — E(9%,).
From their Alexander polynomials Az (t1,2), Agz (t1,12), we see h(t1) = 7
and h,(t) = t;" where h, : Hi(E(73)) — H1(E(92,)) is an isomorphism
induced by h, t; and t, are meridians of the homology groups, and {i,j} =
{1,2}. Since the linking numbers for 75 and 9%, are both non-zero, the
homeomorphism % preserves the meridians of E(73) and F(9%,) and extends
to a homeomorphism from S? to S® sending 73 to 92,, which is impossible.
So we have E(72) % E(9%,). By the same methods, we also have E(73) %
E(101y) and E(93,) % E(10%,).

For (10), we compute the first homology groups of the double covering
spaces. Those of E(10%.4) are Z3 & Zy, Z3, Z3, and those of E(10%.) are
73 © 7y, 73, 73, where we write A" = A® --- @ A for an abelian group A.

—_—



For (28), as in (10), we have the first homology groups of the double
covering spaces of E(10%) are Z? @ Zsg, Z3, Z3 and those of E(10%;) are
72075 D71, 73, 73

For (31), the absolute values of the linking numbers of all pairs of the
components for 63 are 0,0,0 and those for 8} are 0,0, 2 and we have E(63) %

For (36), the absolute values of the linking numbers of all pairs of the
components for 82 are 0, 0, 1 and those for 103, are 0, 0, 3 and we have E(83) %
E(102).

For (37), we compute the first homology groups of the double covering
spaces. Those of F(8}) are Z> & (Z3)?, Z* ® Z3, 73, 73, 73, Z*, Z* and
those of E(10%,) are Z3 @® Zy, Z* & Zs3, 73, 73, 73, 7*, 7",

Next we show that in each group, E(L) 2 E(L') induces m (E(L)) %
m(E(L")). In the following arguments, we refer to Jaco’s book [11] as a
general reference of 3-manifold topology (see also Appendix C of [13]).

For a prime link L, the exterior F(L) is simple if there is no essential torus
in £(L). Then we also call the link L a simple link. By the torus theorem
and by a classification result of a Seifert link by G. Burde-K. Murasugi [3],
we have the following well-known lemma.

Lemma 4.3. Every simple link exterior £E(L) is a hyperbolic 3-manifold or
a special Seifert manifold with the orbit space a punctured sphere.

Assume that E(L) is a special Seifert manifold. Then the Seifert structure
of F(L) comes from a Seifert structure on S* by a classification result of
G. Burde-K. Murasugi [3]. By [11], the orbit surface of the special Seifert
manifold F(L) is in one of the following cases.

(i) the disk with at most two exceptional fibers,
(ii) the annulus with at most one exceptional fiber, and
(iii) the disk with two holes and no exceptional fibers.

We denote the torus link of type (p, q) by K, for non-negative integers
p,q. In the case (i), the link L is a torus knot K, , for coprime positive
integers p,q. In the case (ii), the type of the exceptional fiber of E(L) is
given by a pair (p, q) for coprime positive integers p,q. Then we can take L
as the union L,, = S* U K,,, for the torus knot K, , and an axis S* of the
Seifert fiberation of S® with two exceptional fibers of types (p,q) and (g, p),
where the notation L, , is taken to have the linking degree |lk(S*, K, )| = p.
The link L; 4 is a Hopf link and L, ; is the torus link K5 ,. For any coprime
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integers p, ¢ greater than 1, the link L, , is not a torus link since it contains
two distinct knot components. In the case (iii), F(L) is homeomorphic to
St x D(2) for the disk D(2) with two holes and L is taken as Log. We note
that the exterior E(Ls,) of the link L, , for an even positive integer ¢ is also
a special Seifert manifold, but it is homeomorphic to E(Lsy). We have the
following lemma, which is a corrected version of Proposition 4.6 in [14] which
was incorrectly stated although the error did not have any influence on the
overall result of [14].

Lemma 4.4. Assume that L is a prime link and Lg is a simple link. The
fundamental group 71 (E(L)) is isomorphic to 71 (E(Lg)) if and only if E(L) is
homeomorphic to E(Lg) or the pair (Lg, L) is equivalent to a pair (L, 4, Ly )
for some positive integers p, ¢, ¢ with (p,q) = (p,¢') = 1. Further, E(L,,)
is homeomorphic to E(L, ,) if and only if ¢ = £¢ (mod p). Thus, if L and
Ly have crossing numbers smaller than 15, then 7y (F(L)) is isomorphic to
m1(E(Lp)) if and only if E(L) is homeomorphic to E(Lg).

Proof. By Thurston’s hyperbolization theorem, the exterior FE(Lg) is hy-
perbolic if and only if every subgroup Z @ Z of m(E(Ly)) is peripheral and
E(Ly) is not homeomorphic to the twisted line bundle over the Klein bottle.
Since E(Ly) is a link exterior, E(Lg) is not homeomorphic to the twisted
line bundle over the Klein bottle. Thus, E(Lg) is a hyperbolic manifold if
and only if every subgroup Z @ Z of m(E(Lg)) is peripheral. Assume that
E(Ly) is hyperbolic and there is an isomorphism ¢ : w1 (E(L)) — w1 (E(Lg)).
Since every peripheral subgroup Z @ Z of m(E(L)) is sent to a peripheral
subgroup of 7 (E(Lg)) by ¢, namely ¢ preserves a peripheral structure, we
see that F(L) is homeomorphic to E(Ly).

Next, assume that E(Lg) is a special Seifert manifold and there is an
isomorphism ¢ : m(E(L)) — m(E(Ly)). By [3], E(L) is also a special
Seifert fibered manifold with the same orbit data as E(Lg). Thus, if E(Ly)
is in the case (i), then L is the same torus knot as Lj since the fundamental
group determines the torus knot type. If E(Ly) is in the case (iii), then we
have E(L) = E(Lg) = S' x D(2).

Assume that E(Lg) is in the case (ii). Let (p',¢") and (p, q) be the types
of the exceptional fibers of F (L) and E(Ly), respectively. The fundamental
groups have the following presentations:

7 (E(L)) = (t,a,blta = at,tb = bt, 19 = a?) and
m(E(Lo)) = (t,a,blta = at,tb = bt, 17 = aP).
These presentations of F(L) and E(Lg) are respectively obtained from
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S1x D(2) by adjoining a fibered solid torus around the exceptional fiber. Let
¢ :m(E(L)) — m(E(Lp)) be an isomorphism. Considering the central group
C which is the infinite cyclic group generated by ¢, we see that ¢(t) = t*!. In
the quotient groups by C, ¢ induces an isomorphism @, : (a|a? = 1) (b|—) =
(ala? = 1) * (b|—). Hence we have p’ = p. Thus, there are homeomorphisms
E(L) = E(L,,) and E(Lg) = E(L,,) for some positive integeres p, ¢, ¢ with
(p,q) = (p,q¢') = 1. We show that there is an isomorphism m(E(L,,)) —
m(E(Lpg)). Since ¢ and ¢’ are units in the cyclic group Z/pZ, we can
find integers r and s such that ¢ = ¢r + ps and (r,p) = 1. We define a
homomorphism 7 : (¢,a,b|—) — m(E(L,,)) for the free group (¢,a,b|—)
with generators ¢, a and b by n(t) = t, n(a) = a"t* and n(b) = b. Then we
have

n(ta) = ta"t® = a"t°t = n(at), n(tb) = tb = bt = n(bt),

n(t?aP) =t (a"t*)P = (t9a7P)" = 1.

This means that 7 induces a homomorphism ¢ = 1y : m(E(L,y)) —
m(E(Lpg)). To see that ¢ is injective, let ¢(x) = 1 for an element z in
m(E(Lpy)). Because (p,r) = 1, the homomorphism ¢ induces an isomor-
phism ¢, : (ala? = 1) % (b|—) = (ala? = 1) % (b|—) in the quotient groups
by the central subgroup C generated by ¢t. Thus, x is the identity element
in 7 (E(Lyy))/C and hence x = t* for an integer k. Then ¢(x) = t" = 1
means k = 0. Thus, ¢ is injective. Next, we show that ¢ is onto, let y be an
element in m;(E(L,,)). Using the isomorphism ¢., we have an element x in
m(E(Lpy)) such that ¢(z) = yt™ for an integer m. Then ¢(xt™™) = y and
hence ¢ is onto. Thus, we showed that ¢ is an isomorphism. If there is a
homeomorphism E(L, ,) = E(L,,), then there is a fiber-preserving homeo-
morphism E(L, ,) — E(L,,) by Orlik, Vogt and Zieschang [25] (cf. [3]) and
hence ¢’ = +¢q (mod p).

To see the last assertion of the lemma, it suffices to observe that the
smallest crossing number example is given by E(Ls;) and E(Ls2) where the
link L5 has crossing number 10 because it is a torus link Kj 19 and the link
Ls 5 has crossing number 15 because |lk(S*, K52)] = 5 and the torus knot
K55 has 5 crossings. ([l

We note that L, is a 2-bridge link and L, 5 is a 3-bridge link. By taking
p as any odd integer greater than or equal to 5, we obtain the following
corollary from Lemma 4.4.

Corollary 4.5. There are infinitely many distinct link pairs consisting of a
prime 2-bridge link and a prime 3-bridge link whose fundamental groups are

12



isomorphic.

The following lemma presents some examples of simple links which are
useful for our study, where we use the prime links L] and L illustrated in
Fig. 1.

X
o Yy /%
, N S 4(}2\
Ln @ m half-twists K’m @@ m half-twists
N

¢

Fig. 1

Lemma 4.6. Every prime link L belonging to the following classes (1)-(5)
is simple.

(1) The prime 2-bridge links or more generally the prime links whose double
branched covering spaces are simple 3-manifolds.

(2) The prime pretzel links P(dy,ds,...,d,) (d; € Z, i = 1,2,...,n) or
more generally the prime Montesinos links M(rq,7,...,7r,) (1; € Q, i =
1,2,...,n) except for the following prime non-simple links.

Ly=P(2,2,-2,-2) = M(}, 1,5 50,
L", =P(1,-3,-3,-3) = M(%, ?1, ?1),
L'y = P(2,—4,-4) = M(}, =L, =2
L'y =P(2,-3,—6) = M(5, 5. %)
(3) The prime alternating links.
(4) The prime 3-bridge knots.

(5) The prime links with a trivial component such that infinitely many Dehn
twists along it make the remaining sublinks simple links.

Proof. Let L be in (1). Let T be a torus in E(L), whose lifting T' to
the double branched covering space S(L)s is homeomorphic to one torus or
two tori. We note that if L is a prime 2-bridge link, then S(L), is a lens
space except S3 and S x S2. Since T is compressible in S(L)y, we find an
equivariant disk for T in S(L), by the equivariant Dehn’s lemma. Since L is
prime, we see that T is compressible or boundary-parallel in E(L), showing
that F(L) is simple. Since every prime 2-bridge link is an alternating link,
the conclusion for 2-bridge links will be also obtained from (3).

13



(2) is shown by Oertel [24], where we note that the exterior of a prime
Montesinos link is a Seifert fiber space if and only if it is a special Seifert
manifold because such Montesinos links are classified as L, 1 = K9, (n 2 1),
Ly, (n22), Lyo, K34 or K35 (see Bonahon-Seibenmann [2]).

(3) is shown by Menasco [23], where we note that every prime alternating
link is a hyperbolic link or a torus link K, for an integer ¢ = 2.

To see (4), let L be a 3-bridge knot. If there is an essential torus 7" in
E(L), then we take a solid torus V bounded by T in S?®, whose core knot
is denoted by K. Since T is essential, K is a non-trivial knot and L is a
satellite of K with winding number, say w. Then we have the inequality
3 =b(L) 2 whb(K) for the bridge numbers b(L) and b(K) by H. Schubert
[26]. Since b(K) = 2, we have w = 1 and L must be a non-trivial connected
sum, contradicting that L is a prime knot. This shows (4).

To see (5), let L be in (5) and suppose that F(L) is not simple. Then
we consider a torus decomposition of E(L). Let Ty be a torus component of
OFE(L) around the trivial knot component K, of L. Let E’ be a Seifert or
hyperbolic piece containing Ty. Let E’ be a Seifert piece. Twistings of the
sublink L\ K, along K, induce Dehn fillings E” of E’ along Ty. Thus, except
a finite number of twists along Ky, any twist of L\ K, along K, makes E”
a Seifert or hyperbolic manifold by a well-known argument of Dehn surgery.
The exterior of the link L* obtained from L\Kj by this twist along K; has
an essential torus, a contradiction. O

By Jaco’s result in [11, p. 212], if the exterior E(Lj) of a prime link
Ly has no essential annulus, then we see that the exterior E(L) of a prime
link L is homeomorphic to E(Lg) if and only if there is an isomorphism
m(E(L)) — m(E(Lp)). We have further examples.

Theorem 4.7. Let a prime link Ly be a 2-bridge link, an alternating link,
a pretzel link or a Montesinos link except the torus link K, = L, for any
integer p 2 5. Then the exterior F(L) of a prime link L is homeomorphic to
E(Ly) if and only if there is an isomorphism m (E(L)) — m1(E(Ly)).

Proof. Assume that Lo # Ly, L",,L”,,L" ;. Then L, is a simple link by
Lemma 4.6. Further, if Ly # L,1 (p = 5), then we have Ly # L, , for any
coprime positive integers p,q with p = 5 by the argument of Lemma 4.6,
so that E(Lg) # E(L,,) by Lemma 4.4. Thus, in this case, we see from
Lemma 4.4 that the exterior E(L) of a prime link L is homeomorphic to
E(Ly) if and only if m (E(L)) is isomorphic to 71 (E(Ly)).
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Let Lo be one of L, L",,L",,L",. By Fig. 1, E(Ly) is a torus sum of
two simple pieces, namely two copies of E(Lyy) for Ly = L{,, E(Lsy) and
E(Ly,) for Ly = L",, or two copies of E(Lg,) for Ly = L”,, L"”,. Let L be
a prime link such that there is an isomorphism ¢ : m (FE(L)) — m(E(Lo)).
Then by Johannson’s theorem (see Jaco [11, p. 212])), E(L) is also a torus
sum of the same pieces as the pieces of the torus decomposition of F(Ly)
because the heomeomorphism types of these pieces are determined by the
fundamental groups. If the 3-sphere S® is obtained as a union of two solid
tori V; (j = 1,2) with unoriented meridian-longitude systems given, then the
meridian loop of V; must be attached to a longitude of V5 obtained from the
given longitude of V5 by twisting several times along the meridian disk of V5.
This means that the link L is equivalent to the link L/ or L” for an integer
m illustrated in Fig. 1 where m denotes the m half-twists.

Let Ly = L. Then we have L = L/ for an even integer m and we can
see that E(L) = E(L;,) is homeomorphic to E(Ly) = E(Lg) by the —%
full-twists along a component of L] .

Let Lo = L”,. Then L = L for an odd integer m. The Alexander
polynomial of L is calculated as A(L”) = (1 + 2%y)(z™ + y?) by using y
and z represented by x1 and x5 in Fig. 1. Since m (F/(L”,)) is isomorphic to
m(E(L",)), we have

(1+2%y) (@™ +y?) = £ty (L +9(2)*P(y)) (¥ (2) ! + ¥ (y)?)
for integers \, u and a transformation 1 on z, y such that (z) = 2%® and
P(y) = x°y? for integers a, b, c,d with ad — bc = +1 (see Lemma 4.2). Then
we have m = —1,—7. Since we see that E(L”;) is (orientation-reversingly)
homeomorphic to E(L",) by considering the mirror image of L” ., it follows
that E(L) is homeomorphic to E(L"” ;) = E(Lg) (see Fig. 2).

Let Ly = L”,. Then we have L = L' for an even integer m. Let m = 2m/.

The Alexander polynomial of L is calculated as

A(Ly) = (1 + z1z2y) (2122)™ — )

by using 1, x5 and y in Fig. 1. By Johannson’s theorem in [11], any
homotopy equivalence E(L!) — E(L”,) preseves the characteristic torus of
the torus decompositions of E(L” ) and E(L"”,). Since z1, x2 and y represent
a basis of the first homology of the characteristic torus in F(Ly) and E(L),
we have

(L a1z0y) ((1120)™ —y%) = Fa 252y (L (2122)(y)) ((2122) = (y)?)
for integers A1, A2, p and a transformation ¢ on x1, zo, y such that ¢ (zy25) =
(129)%° and ¥ (y) = (z122)°y? for integers a,b,c,d with ad — bc = 1.
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Then we have m’ = —1, -3 and m = —2,—6. Since we see that E(L") is
(orientation-reversingly) homeomorphic to E(L”,) by considering the mirror
image of L”, it follows that F(L) is homeomorphic to E(L”,) = E(Lg) (see
Fig. 2).

Let Ly = L”;. Then L = L” for an odd integer m and the Alexander
polynomial of L” is A(L”) = (1+z*y)(x™+y?*) by using y and z represented
by z; and x5 in Fig. 1. Since m;(E(L!))) is isomorphic to m (E(L";)), we
have (1 +2%y)(a™ +y°) = 2y (1 + ¥(2)* () (Y(2) 7> + ¢ (y)?)
for integers A, u and a transformation ¢ such that ¥ (x) = 2% and (y) =
x¢y? for integers a, b, ¢, d with ad—bc = +1. Then we have m = —3, —5. Since
we see that F(L” ;) is (orientation-reversingly) homeomorphic to E(L” ;) by
considering the mirror image of L”;, it follows that E(L) is homeomorphic
to E(L” ) = E(Loy) (see Fig. 2). O

/f— C A\/ (Hmt O{fff/f—_ @ //‘ffff‘ @ SLILLLL=

\\ on the loop

Fig. 2

Now we have prepared to show that in each group of Table 3, E(L) 2
E(L’) induces m(E(L)) 2 m (E(L")).

For (1), since 42 is a prime alternating link, 42 is a simple link by Lemma 4.6
and E(42) % E(92y) induces 7(F(43)) % m(E(9%,)) by Lemma 4.4. The
same method works for (9),(12),(15),(17),(18),(19),(20),(21),(22),(23),(24),
(25),(26),(27),(31),(36),(37) and we see that in each group, F(L) % E(L’)
induces 7 (E (L)) % m(E(L)).

For (3), since 5% is a prime alternating link and 10%,, has a trivial compo-
nent such that infinitely many Dehn twists along it make the other component
a prime 3-bridge knot, 57 and 10%,, are simple links and we have any two of
m(E(5%)), m(E(10%,,)) and 7(F(102.,)) are not isomorphic to each other.
For (14), we have the result in the same way as in (3).

For (8), since 73 is a prime alternating link, 73 is a simple link and we
have 71 (F(72)) % m(E(92,)) and m(E(73)) % m(E(10%,)). To show that
m(E(9%,)) % m(F(102,,)), we compute the first homology groups of the
double covering spaces. Those of F(92,) are Z* ® (Z3)?, Z*, Z?, and those
of F(103,,) are Z* ® Zg, Z?, Z>. So we have m(E(9%,)) # 7 (E(10140))

For (10) and (28), as we mentioned, by computing the first homology
groups of the double covering spaces, we have m(E(10%,5)) % m (E(10%))
and m(E(103)) % m(E(103)).
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We obtain a table of the lattice points of lengths up to 10 corresponding
to prime link groups, by omitting the lattice points corresponding to

72 72 83 8 8167 8157 942137 9447 9497 9137 9147 9197 9187 9177 10447 10457 101327
9457 101287 9567 9477 101607 101247 9487 101257 10127 9467 101297 10 10 1002;
10 101677 10137 10177 101307 10131’ 101687 101617 10187 10497 10487 10617 1059

from Table 1 because their link groups have already appeared. Thus, we have
the table of 400 prime link groups listed in Table 4:

O <23 <31 <42 <41 <5 <57 <67 <hy <6y<63<6 <63<63<63<T;
63 <TI<TI<TE<TE<TE <6, <Te<Tr<T3 <8 <T3<8 <8 <89 <8
85 < T5 < 87 < 891 < 819 < 83 < 83 < 815 < 8 < 83 < 817 < 83 < 83, < 87 < 815
T2 <82 <82 <8 <82, <8, <82 <8 <8 <8 <8 <8 <8 <8< Y
83 < 97 < 9%, <92, < 9%y < 92, <82 <93 <92, <93, < 9% <93, <9% < 9% < 8%
935 < 937 < 935 < 9% < 93 < 914 < 931 < 93, < 937 < 935 < 93 < 93y < 9% < 9%
97, < 86 < 911 < 943 < 9uq < 936 < Y42 < T2 < 814 < 926 < 84 < 83 < 9% < 95 < 93
945 < 932 < 93, < 85 < 990 < 93 < Ty < 811 < 927 < 813 < 815 < 924 < 930 < 94
93, < 97 < 93, < 93, < 935 < 93, < 933 < 946 < 934 < 947 < 931 < 928 < 940 < 9%,
917 < 920 < 92 < 93 < 999 < 9%, < 82 < 935 < 107 < 95 < 102 < 103 < 10124 < 10196
1046 < 10125 < 103, < 103, < 102 < 96 < 105 < 10127 < 1047 < 1034 < 103, < 10139
10145 < 99 < 1062 < 1014 < 10145 < 10g5 < 103, < 103, < 103, < 10155 < 10100 < 109
105 < 103 < 10149 < 1032 < 1035 < 1035 < 103, < 105 < 1035 < 916 < 1064 < 103,
103 < 1094 < 10161 < 10159 < 10106 < 10112 < 103, < 103, < 1035 < 103, < 10116
1035 < 92 < 102 < 10255 < 1025, < 103¢ < 102,; < 107, < 1035 < 1017 < 1045 < 103,
1097 < 1033 < 10150 < 1079 < 10157 < 10704 < 1099 < 1035 < 10718 < 10109 < 10723
92 < 103, < 937 < 93; < 1035 < 10335 < 10739 < 107, < 10355 < 10359 < 10355 < 1024
1025, < 1025, < 102, < 10% < 102, < 102, < 1035, < 102, < 102, < 92, < 102
103, < 92 < 102, < 103, < 10%g < 92 < 935 < 102, < 103, < 93, < 103, < 92 < 10},
103, < 97 < 103 < 92, < 93, < 103, < 102, < 925 < 10¢ < 93, < 9%, < 102, < 10%
103,5 < 102,5 < 103, < 103, < 1024 < 1025, < 102, < 102, < 103,54 < 10245 < 103,
924 < 10345 < 1035 < 10%,, < 103, < 1075 < 107y < 108 < 103, < 10245 < 102, < 93,

1035 < 101, < 107 < 10%2,, < 1035y < 1035, < 103,54 < 102, < 1035, < 1035 < 934
102, < 92, < 103, < 102, < 102, < 10% < 102, < 10%,, < 102, < 102, < 102, < 10%
915 < 1029 < 103 < 1035 < 9%, < 1034 < 102, < 1035 < 103, < 10749 < 103, < 1074
1035, < 1035 < 102, < 103 < 1033 < 93, < 103y, < 10% < 103, < 10355 < 10%,5
102, < 103, < 1025 < 1034 < 10359 < 103, < 1035 < 103, < 93, < 103 < 103,
103,45 < 102, < 1035, < 102, < 103)5 < 1035 < 10§ < 103; < 1025, < 81 < 921 < 1042
9s < 995 < 1071 < 103, < 914 < 83 < 910 < 1044 < 103, < 1043 < 102, < 102, < 102,
1025 < 103 < 101 < 103,45 < 10%, < 1034y < 10353 < 1031, < 1041 < 919 < 10137 < 1059

/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\
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10136 < 10135 < 1054 < 1079 < 102 < 9:% < 10%3 < 10?0 < 10?4 < 10%7 < 1045 < 10%3 <
103, < 10ss < 103, < 1034

Table 4

5. A method of a tabulation of 3-manifolds

We make a list of closed connected orientable 3-manifolds by constructing
a sequence of 3-manifolds obtained by the O-surgery of the links in Table 4
and removing the manifolds which have already appeared. Thus, we have
the table of 3-manifolds of lengths up to 10 which will be listed in Section
6. If we continue this procedure, then all closed connected orientable 3-
manifolds are tabulated (see [14]). Let x(L,0) denote the manifold obtained
by the O-surgery of a link L. We classify x(L,0) for L in Table 4 accord-
ing to the first homology group H;(x(L,0)). There are 16 types of groups
0,2, 2072, 2GLZBZL, ZBSLPLZBL, 281y, 2PZs DLy, ZD 713D Zs,
2y, 1y, L¢, 1y, LoD Zy, ZsPZs, 2,571y, 75575 and we have respectively
50, 141, 69, 6, 1, 4, 6, 1, 12, 7, 5, 7, 60, 21, 9, 1 links with these types
of groups.

Case 1. Hi(x(L,0)) = 0.

We enumerate the manifolds x(L,0) with H;(x(L,0)) = 0. The links
with this condition in our group table are the following:
22 <TT<T3 <8 <8 <93, <92, <923, <9%, <93, <93, <93, <93 <95, <93 <
92, < 92 < 10%,, < 102, < 10255 < 10355 < 107, < 10235 < 1035 < 1025, < 1033 < 103, <
103, < 92 < 103 < 1035 < 1035, < 1035 < 10355 < 10%,, < 103, < 1035, < 103, < 1035 <
10319 < 103, < 1035 < 103; < 1035 < 1039 < 1075 < 1035, < 1034 < 10 < 103,.

We see that X(9§4’0) = X(10%3470)7 X(9§O70) = X(10%4070)7 X(7%70) =
x(103,0), x(72,0) = x(107,0) and remove 10%,,, 10%,,, 103, 10 from our
sequence. The first two homeomorphisms can be obtained as follows: they are
Mazur manifolds of types x(9%,,0) = W+(0,—1), x(10%3,,0) = WT(-1,0),
x(9%,,0) = WH(1,0), x(10%4,0) = WT(0,1) and we have W+ (0,—1) =
W*(—=1,0) and W*(1,0) = W*(0,1) by Proposition 1 in [1]. The last two
homeomorphisms are obtained by using handle slides in Fig. 3.

X (103, 0) X750 ¥ (104,0) 7720
A SR (2D e (e
=) a handle &) remove the )| 9 o hande remove the _(—
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Fig. 3

For the rest of the links L, we calculate 75(x(L, 0)), Kirby-Melvin’s version
([21]) of Witten’s and Reshetikhin-Turaev’s 3-manifold invariant.

We introduce the invariant quickly. If r is a fixed integer greater than 1
and M is described by surgery on an oriented framed link L, then 7,.(M) is
defined by the following formula:

r—1

TT(M) = Z [k]JLJ{,

k=1

—3(r—2)mi .
where v = b"¢?, b= \/j sin®, c=e~ & , nisthe number of components

of L, o is the 81gnature of the linking matrix of L, k = (kl, ooy ky) is a
coloring of L = K U---U K, assigning an integer k; to K, Zk 1 is the sum

k; Sk ™

over all k with 1 < k; § r—1, K] =], [k], [ki] ===, s = ev,

S§—S

Sk —1—1 P,
Tok= 2 —1>J( j J>tm PR (@)

Cie =

I ol

o =
Yy

k-1
2

2o 1s the sum over all j = (ji, ..., jn) with 0 < j; < %,

. [k e i 1
=11 (J) =11 <;> t=e¥, L*=K'U--UK,
j= i=1

K is k; parallel pushoffs using the framing, K¢ =0, L-L =" | >y Ki

1

K;, K, - K; is the framing of K and K;- K =lk(K;, K;) for i # j, Vi (x) is
the Jones polynomial of L, ¢ = e’ and q2 is chosen to be —s.

They show that if two manifolds M and M’ are homeomorphic to each
other by an orientation preserving [resp. reversing] homeomorphism, 7,.(M) =
7. (M') [resp. 7.(M) = 7.(M")].

We apply the fact to our situation and have the following lemma.

Lemma 5.1. Let L = K; U K5 be an oriented 2-component link with
the linking number [, then 75(x(L,0)) and 77(x(L,0)) are computed by the
following formulas:

7s(X(L, 0)) = 5 (sin*§) (3 + (=1)")(1 + [2°f1),
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fr = Vi (@) +Vie, (@) +[21 ¢7 V() [2) = s 45, s =€F, g=¢F, g2 = —s.
)=

m7(x(L,0)) = 2 (sin®Z) (3+ (—1)")(1 — 23] + [3]* + [2] /1),
S = 1210 = 3]) (Vi (@) + Vi, (@) + (—1)'[2]*s*VL(q)
+[3](1 = [3]) (Viz (@) + Viz(@)) + [2][3]5" (Vikaui, (@) + Vie,urz (@)

+[3]%s1#V2(q),
[2]:8_1—1—8, [3]23_2—|—1—|—$27 s—=e 7(7 qg=-ce ;ri7 q% = —3.

In Case 1, we have 75(x (L, 0)) = C(14(s~?42+4s?)- f1,), where C' = 2sin*Z
and s = €5 . We show the values of f;, for the rest of the links L in Table 5.

L fr L IL

22 1 72 2+ 3s—2s% + 83

73 2s + 252 — &3 82 1+ 5s? —5s?

82 1+ 5s —5s? 92, 3 —4ds+ 5?4253

92, 25 — 352 — 53 92, —3+3s—2s2+ 53

92, —3s5+2s% -5 9. 7s — 8s% + 453

92, — 2+ 65— 4s% + 253 92, — 3+ 35+ 352 — 453

92, —3+8s—T7s%+ s 92, — 4+ 55+ 5s% — 5s?

92, —3+8s5—T7s2+ 53 9%, — 35+ 7s% — 653

92 — 2+ 6s — 4s% + 253 1026 2—2s+3s2+s°

1029 —4+5s 103, —4+10s — 10s® + 553

103,525 — 352 + 453 103 — 3+ 135 — 1252 + 653

1035, 1 —5s+5s? 1024 — 3+ 135 — 125 + 653

103, 6 — 55 + 5s> 10%, — 4+ 5s? — 583

92 —1+4s—s?—2s3 103, —4+10s? — 10s3

1020, —5+2s+7s>—6s° 1034 — 9+ 15s — 10s?

10333 1 —5s+ 552 —5s3 10%,, — 4+ 10s% — 10s®

103,, —5+2s+12s% — 1153 10359 1+ 5s—5s%+5s°

102, — 4+ 10s — 10s? + 5s° 102, — 4+ 155 — 1552 + 553

1039  —3+18s—175* +6s° 102, 1 —5s+ 10s? — 5s?

10%, — 8s + 125% — 653 102, 2-—7s+13s% —9s3

1035 1—10s+ 15s% — 10s* 10359 1 —10s + 15s% — 10s3

103, — 8+ 13s — 7s? + &3 1025, — 4+ 15s% — 1583

103, 6 —5s+5s> 103, 7—7s—2s%+6s3
Table 5

We conclude that the manifolds are different from each other except the
following 11 cases:

75(X (950a ))—TS(X(10136» 0), 75(x (527 0)) = 75(x (547 0)),
( (9215 ))E 5<X(937 ))7 (X(934a ))—TS(X( %27 ))7
75(X (939, 0) =7 (X(911a 0)), T (X(10139a 0)) = 75(x (101837 0))
75(x(1034,0)) = 75(x (10647 0)), 75(x (1088,0))57'( (109870))
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75(x (1035, 0)) = 75(x(103,,0)), 75(x(1035,0)) = 75(x(10%,7,0)),

75(x(10%15,0)) = 75(x(10309, 0)), _
where @ =  means o = [ or a = [ for complex values «, § and we
say « is equivalent to 5. For these manifolds, we compute 77(x(L,0)) in
[21], which is described as 77(x(L,0)) = C(1 — 2[3] + [3]* + [2] - f1), where
C = %sin%, 2] =5 45, [3] =52+ 1+s% s=e7, and f; is a complex
number determined by L. We show the values of f; for these undetermined
manifolds in Table 6.

L Ir L IL

92, —2—s+s*+4s3+5° 10356 4+ s+5s2+s3 4251 =755

92, —3+5—252 4534254 92, 5—s+8s% —3s% —6s°

92, 25 — 7s? + 353 — 45 + 3s° 92 7+ 25+ 3s% + 35t — 455

92, —3+8s+5s% — 65 +9sT — 145> 93, —2—8s+ 1552 — 1753 + 7s* — 65°
92, —3+8s— 1652 4 1553 — 12s* + 7s° 92, 4+ 8s — 9s? + 15s% — bs?

10259 1+ 3s% —8s3 + 8s* — 10s° 10253 1 —7s+ 10s% —8s3 + st — 355

102, 8 —4s?+13s% —13s* +11s° 102, 1-—11s>+13s® —20s* +11s°

103, 11 —6s — 9s% + 2253 — 265 + 145> 1033 18 — 65 — 252 + 1553 — 26s* + 1455
103, — 6+ 10s% — 1553 + 155 — 17s° 103, 1+ 14s —11s? +13s% + s* — 10s°
10, — 13 + 245? — 4353 + 43s* — 315° 103, 1+ 38s2 — 505> + 50s* — 3855

1035 22 —42s+ 59s% — 4353 + 155 — 35> 103,y 15 — 49s + 52s% — 5053 + 15s5% — 3s°
Table 6

Since these values of f; are not equivalent to each other, we have the
enumeration of 3-manifolds in Case 1.

Case 2. H(x(L,0)) = Z.

We enumerate the manifolds x(L,0) with Hy(x(L,0)) = Z. The links in
our group table with this condition are the following:

O<31<41<51<52<62<63<71<61<76<77<73<82<819<820<85<
75<87<821<810<8§<816<89<817<8§<818<812<91<86<911<943<
944<936<942<72<814<926<84<9§<945<932<88<920<9§<74<811<
997 < 813 < 815 < 924 < 930 < 9%0 < 933 <946 <934 <947 <931 <928 < 9Yy0 <917 <
999 < 999 < 93 < 105 < 10724 < 10196 < 1046 < 10125 < 96 < 105 < 10197 < 1047 <

10139 < 10743 < 99 < 1062 < 10141 < 10148 < 10g5 < 10134 < 10%1 < 10155 < 10199 < 109 <
10149 < 10g2 < 10%2 < 1031’3 < 10‘%9 < 916 < 104 < 10%0 < 10%8 < 1094 < 10161 < 10159 <
10106 < 10112 < 107116 < 1023 <1017 < 1048 < 10%0 < 1091 < 10152 < 1079 < 10157 <
10104 < 1099 < 1022 < 107118 < 107099 < 107123 < 915 < 1029 < 81 < 991 < 1042 < 98 <

995 < 1071 < 10%9 <914 <83 <912 < 10yy < 10:152 < 1043 < 10417 < 919 < 10137 < 1059 <

10136 < 10138 < 1054 < 1079 < 10%7 <1045 < 10?3 < 10gg < 10§4.
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The 3-manifolds obtained by the 0-surgery of the above three component
links are homeomorphic to those of some knots as in Table 7, where 37 is the
mirror image of 3; and we show the pictures of Ky, K», ..., K7 in Fig. 4.

X(82,0) 2= x(946,0),  x(83,0) = x(31£37,0), x(93,0) = x(63,0),

(9‘;’,0) §X(6270)7 X(Q?O’O) (KI’O)a (10?4’ ) X(82070)’
x(103;,0) = x(K2,0), x(103,,0) = x(0,0), x(10%,0) = x(10140,0),
X(IO?Q’O) gX(K?nO)a X(IOgOvO) X(617 ) (1()%87 ) X(1015370)’
x(1033,0) = x(K4,0), x(103,,0) = x(K5,0), x(103;,0) = x(Ks,0),
X(1035,0) = x(K7,0), x(10%5,0) = x(76,0), x(1037,0) = x(3152,0),
X(]‘O?Zivo) = X(7770)7 (10§470) = X(41u4170)

Table 7

So, we omit 93, 93, 946, 103, 103,, 103,, 103,, 103, from the sequence.

Q')@ CD QC/ @Q

Ki

\\’\\

Fig. 4

For the rest of the links, we can see, by calculating the Alexander poly-
nomials, that the manifolds are different from each other except the cases
shown in Table 8.

A(x(L,0)) L A(x(L,0)) L
1 O < 93, < 103, 3+0-1 103, < 103,
3—-2+1 850 < 83 < 10% < 103, 5—2 61 < 83 < 103, < 103,
5—4+1 891 < 10136 5—4+3-1 85 < 10141
7T—54+3—-1 89 < 10155 7T—6+4+3—1 810 < 10143
11-6+1 10137<10§4 11-8+4+2 814 < 95
11-9+5-1 990 < 107149 13—10+5—-1 818 < 994
15—-12+5—-1 928 < 999 23 —-184+7-1 940 < 1059

Table 8

In Table 8, the Alexander polynomial A(x(L,0)) = ag + ai(t +t71) +
-4 a,(t" +t~™) is abbreviated by ag + a; + - - - + a,. For the above links,
we replace the O-framed three component links with the O-framed knots, as
we described before, and we substitute the fifth root of unity ¢ = e for the
Jones polynomials of the knots, and we have Table 9.
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L—>K Vi (q) L—>K Vi (q)
@) 1 93, — K 3¢ -3¢+ ¢
1034 — K3 2+ 2q — 2¢% + 4¢> 103, — Ko —~3—q—q¢*>—4¢
103, = K5 5+ 3¢% + 3¢° 820 2+4q+3¢°
88 — 3137 4+¢+¢° 105 = 10140 2¢ — ¢?
10353 — K4 14 4q — 3¢ + 4¢° 61 4+2q+2¢% + 3¢°
82 — 946 1+q—2¢*+¢ 103, — Kg 8+ 4q® + 4¢3
1039 — K7 —343¢—4¢° 891 2-3¢+3¢> ¢
10136 —5—2¢—3¢° — 4¢° 85 —5+q—4¢* —¢*
10141 3+ 6q2 + 2q3 89 8+ 4q2 + 4q3
10155 5+ 4(] + 7(]3 810 -5 — 6q — 8q3
].0143 3— 5(] + 4q2 — q3 10137 5+ 4q + 7(]3
103, — 4184, 8 +4q¢® + 4¢° 814 1 —5q+5¢°> — 5¢°
9s —6—4g —¢*> —8¢° 920 — 10+ 2q — 6¢% — 5¢>
10149 — 13 —4q —5¢% — 1243 815 15 + 8¢ + 8¢°
994 13+q+ 7q2 + 10q3 99g —5—10q + 3q2 — 12q3
999 —349q — 6¢% +6¢° 940 —7—13q+5¢> — 19¢3
1059 14 13q — 6¢2 + 13¢>

Table 9

If x(K,0) = x(K',0), then we have Vi (q) = Vi/(q) or Vk(q) by Kirby
and Melvin’s theorem [21], p. 530. So the above calculations show that all
the manifolds are different from each other.

Case 3. Hi(x(L,0) =Za Z.

We enumerate the manifolds with Hy(x(L,0)) = Z & Z. The links with
this condition in our group table are the following:
52 < T2 < T2 <73 <82, <82, <8, <8 <8 <92, <92, <92 <92<9% <9% <
92, < 92 < 92. < 102, < 1024y < 10255 < 102, < 1024, < 102, < 102, < 102, < 92 <
924 < 103, < 102;, < 103, < 102;, < 1035 < 935 < 102, < 102, < 925 < 103, < 102 <
103, < 1035 < 935 < 1035 < 1025 < 103,53 < 1035, < 1075 < 103, < 1035 < 1033 < 93, <
103, < 10%4 < 1035 < 103,35 < 1034 < 10%,4 < 103; < 102, < 1034 < 103,54 < 1035, <
1035 < 105 < 1035 < 103, < 10%g < 103,45 < 1035.

The following homeomorphisms
¥(52,0) = x(81,0), (72,0) = x(102,0), x(8%,0) = x(108, 0)(= x(03,0)
are obtained by using handle slides. The homeomorphisms in Table 10 are
obtained by using the following method: for L = 82, or 8%,, we have S? x S*
as the O-surgery space of one component of L and we can move the other
0-framed component of 8%, to that of 8%, within S? x S!, so we have the
homeomorphism, and we can apply it for the other cases.
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(812» 0) = (810,0), (81370)2X(10%5470)7 X(10163a 0) = (10%70,0),
x(5%,0) 2 x(107,4,0) = x(107,3,0), X(9277 0) = x(9%5,0),
x(10 31, 0) = (103670) (1050,0), X( 13,0) = (10143,0)7
( ) (10100’0)( )) (918> ) (1014o7 )’ (933’ ) (932a0)a
x(10 83’ ) (10104,0)7 X(931v 0) = (10 ,0), X(10107v 0) = (10106a0)7
X (1034, 0) = x(107y5,0), x(1036,0) = x(1034,0), x(10%,0) = x(10%,0)

Table 10

So we omit

8%, 81, 10754, 10170: 1034, 107, 935, 1035, 10743, 105, 1074,

102, 935, 1074, 10%, 10355, 10375, 1055, 10, 103, 10%
from the sequence. For the rest of the links, we compute the two-variable
Alexander polynomials, which are shown in Table 11.

L AX(L,0) L A(x(L,0)

5 1 92, 2—2t +2t2

77 144 103, 1—2t; +3t3 —2t3 + 1

21—t + 13 1020; 1 -3ty + 413 — 383 + t1

2 103, 1—3t; +4t7 -3t +t]

82, 1—2t; +13 9%,  2—2t +2t3

82,  1—3t +1t3 103,54 1+2to+13

8 0 10350 1—2t; — 2ty + 12 + 3tyto +t3 — 243ty — 2t113 + 1343
92, 1+t3+tf 92, 2—3t; +2t3

92, 1—-t;+13 103, 1-3t;+3t3 -3 + 17

92, 1-ti+t3—t3+t] 103, 1 —3t; +4t3 —3t3 + 1

92 13+ 2ty + 3 1035 1 —t1 —to + 2t1ts — t3ty — 113 + 313
92,  1—t;+2t7 —t3+1t] 1029 1 — 2t + 4¢3 —2t3 + ¢

92, 1 —ty + 3tita — t1t3 + 133 1035 1 —ty —to + 3tity — 3ty — t1t3 + 1313
92, 1—dt, +¢2 103, 1 -3ty +3t3 —3t3 +t3

92ty it +titg + 3ty +tth 103, 3

93, 2—t;+2t2 10316 1 —t1 — 2ty + 13 + 3t1tg + t3 — 23t — 113 + 1343
102, 1—2t; +13 — 263 + t] 103, 1 —t3 —to + 4tits — t3ty — t113 + 1313
10269 14t} 102, 1— 3ty +5¢t7 — 3t + 1

10355 1—2t +12 1035 1 —ty —to + 3tity — t3ty — t112 + 1242
103 1 —2t; +2t3 — 263 + 17 103,54 t1 +to — 2t1to + t3ty + 113

1035, 1+13 1035, t1 —to — t3ty + 1113

102, 1—3t;+2t2 =363 +t7 1035 1 —t; —to —t3ty — t113 + 1313

102, 1+ 2ty + t3 1023, 1412 —tity +t3 + 1343

92ty +to—titg 3t + 112 10203 1 —ty —to + 12 + ity + 13 — t3ty — t113 + 1312
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Table 11

Thus we conclude that the manifolds are different from each other except
the cases in Table 12 by using Lemma 5.2 [14, 18], where we write f(t1,19) =

g(t1,t2) for f(t1,ta), g(t1,ta) € Z[t7
the free abelian group (1, to | t1ty = toty) such that f(t1,t2) =

for some integers si, $s.
A(x (742170)) = A(x (10%627

(X(812,0)) = A(x (10763,
A(x(93,0)) = A(x (10146,
A(x(103,0)) = A(x(1033,0
A(96(104557 ))EA(X(logﬁa

0)
0
0)

(x(78,0)) = A(x(935,0)),

(x(915,0)) = A(x(936, 0)),
(X(101077 0)) =

Table 12

t$1] if there is an automorphism 1 of

7579 ( (), ¥ (t2))

» Al =
), A(x(92,0)) = A(x(10776,0)) = A(x (10375, 0)),
» o Ax( =

A(x (109370)) = A(X(loglvo))u

Lemma 5.2. Let M, M’ be closed connected orientable 3-manifolds with

H{(M) = H(M') =
polynomials.

titi(i,j=1,...,

Ault,..

)

Z" and Ay (ty, ..

=t -t A (Y (), .
7).

For the above 20 manifolds, we compute

75(X (L, 0))
where C' = —sm 5 and s = %
L Iz
74 — 25+ 4s?

72 6 —4s + 252 + s3
82, 4—D5s+s%+4s°
92 6 —4s +2s% + 53
102, 1+s+2s2+s°

1035 —2+2s —2s? + 3s°

92, 3 —8s+3s%+3s3

10233 —3+14s —15s% + 753

103; 14 —10s + s? + 483

1033 —4+11s—13s% + 653

=C(1+(s7?

L fi

1035, 3 — 35+ 3s% — 2s°
92,  2—6s+5s%—3s3
10355 4 — 4s% + 453

102,46 1+s—3s%+s3

93 5—Ts+4s?

92, 5—12s+9s? — 553
103, 2—11s+ 15s% — 8s?

102,; 14 — 155 + 652 + 453
103, 4—15s+ 16s* — 11s®

102, 7— 65+ 7s3

25

), At ..

) such that

,(tr)

+2—|—82) 'fL),

t.) their Alexander
If there is a homeomorphism h : M — M’ then there is an
automorphism ¢ of the multiplicative free abelian group (¢, ..
r)) with basis t; (i =1,...,

t)

for some integers s; (i = 1,..

Lttty =

. We show these values of f; in Table 13.



Table 13

Since these values are not equivalent to each other, we have the enumer-
ation of 3-manifolds in Case 3. We note here that some double covering
spaces of x(72,0) and x(92,0) associated with the monodromy homomor-
phisms sending the meridians of trivial components of 72 and 92; to 1 € Z,
and the meridians of the other components of 72 and 9% to 0 € Z, are
homeomorphic.

Case 4. H,(x(L,0)) =2ZDZ d Z.
The links with this condition in our group table are the following;:
63 < 93, < 93, <93 < 103; < 103,.
Their three-variable Alexander polynomials are in Table 14 and we see that
the manifolds are different from each other by using Lemma 5.2.

A(x(63,0)) = 1, A(x(992,0)) = 1 =21 + 47,
A(x(931,0)) =0, A(X(93,0)) =1 —t, + 2,
A(x(1035,0)) = 14 2t1ts + 1513, A(x(1034,0)) = 1 — 3t1 +t].

Table 14
Case 5. Hi(x(L,0)) =Z0ZDZDZ

We have just one link 103, with this condition in our group table, and
x(103,,0) appears in our manifold table.

Case 6. H(x(L,0)) = Z & Zs.

The links with this condition in our group table are the following:
1015 < 103 < 103, < 103.
For each manifold M = x(L,0), there is the maximal free abelian covering
space (M,p), and we compute the first characteristic polynomial A(M) of
the Z[t,t~']-module H,(M,p~'(x)), where z € M:
A(x(1015,0)) =1+, A(x(105,0)) = 1 — 4t + 7,
A(x(104,0)) = 2, AG(108,0)) =2 — 21 + 22,
We conclude that the manifolds are mutually distinct.

Case 7. Hl(X(L, 0)) =7 Z2 @ ZQ.

The links with this condition in our group table are the following:
83 < 8%, < 81 < 93 < 93, < 103..
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The homeomorphism x(8%,0) = x(93,,0) is obtained by using a handle
slide and remove x(93,,0) from the sequence. For each link L except 93,
let (M,p) be the maximal free abelian covering space of M = x(L,0). We
compute the first characteristic polynomial A(M) and the second elementary
ideal Ey(M) of the Z[t,t~']-module Hl(M, p~'(z)), where z € M. We show
them in Table 15 and we distinguish the manifolds.

L A(M) Ey(M) L AM)  E(M)
83  (1+1)? (1+1) 83, 4 (2)
8 4 (2, 14 t2) 93 (1+1)? (4, 1+1)

103, (3—t)(1—3t) (3—t, 1—3t)

Table 15

Case 8. Hy(x(L,0)) =Z @ Z3s D Zs

There is just one link 103; with this condition in our group table and
x (1024, 0) appears in our manifold table.

Case 9. Hi(x(L,0)) = Z,
There are 12 links with this condition in our group table:
63 <63 < T3 <8 <93 <93 <93 <103, <92 <103 <103, < 102,.
We see that x(83,0) = y(93,0) and 93, is omitted from the sequence.

For the rest of the manifolds x(L,0), we compute the first homology groups
of the double covering spaces x(L, 0),, which are shown in Table 16,

L Hy(x(L,0)2) L Hi(x(L,0)2) L Hi(x(L,0)2) L Hi(x(L,0)2)

6 0 63 Zs W Zs 8 Z;
9‘{5 Z5 92 Z13 1035 Z15 9; Zg
10;’3 Zg 10%0 Zg 10g4 VAR

Table 16

and conclude that the manifolds are different from each other except the cases
Hy(x(73,0)2) = Hi(x(9%5,0)2) = Zs, Hi(x(93,0)2) = Hi(x(1023,0)2) = Zo.
For the first case we compute the first homology groups of the 5 fold covering
spaces (x(L,0)s)5 of x(L,0)y and for the second case compute that of the 3
fold covering spaces (x(L,0)2)3 of x(L,0)y and have

Hi((x(73,0)2)5) 2 Zo®ZyDZo®Zo, Hi((x(935,0)2)5) X ZyBZy DLy Zy,
Hi((x(92,0)2)3) = Zo @ Zg;, Hi((x(1025,0)2)3) = Zy @ Z1o,
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so we conclude that the manifolds are different from each other.
Case 10. H;(x(L,0)) = Z,.
We have 7 links with this condition in our group table:
83 < 8 <98 <93 <92 <10 <10}
By computing the first homology groups of the double covering spaces x (L, 0)2

of the manifolds x(L,0), we see that the manifolds are different from each
other. We show the homology groups in Table 17.

Hi(x(8%3,0)2) = Zyo, Hi(x(83,0)2) = Zya, Hi(x(93,0)2) = Zso,
Hi(x(931,0)2) = Zso, Hi(x(92,0)2) = Zys, Hi(x(102,0)2) = Zsy,
Hi(x(103,0)2) = Zss

Table 17

Case 11. Hi(x(L,0)) = Zg

There are 5 links with this condition in our group table:

103 < 103 < 103 < 103, < 103;.

By computing the first homology groups of the double covering spaces x (L, 0)2
of the manifolds x(L,0), we see that the manifolds are different from each
other. We show the homology groups in Table 18.

Hi(x(103,0)2) = Zg1, Hi(x(103,0)2) = Zss, Hi(x(1035,0)2) = Zs & Zs & Zs,

Hi(x(103,,0)2) = Zs © Z3, Hi(x(103,,0)2) = Zs ® Z15

Table 18

Case 12. Hi(x(L,0)) = Zs

The links in our group table with this condition are the following:
103, < 103, < 102 < 103, < 103 < 103; < 10%;.
The 3-manifolds obtained by the 0-surgery of the above three component
links are homeomorphic to +8-surgery of some knots and we have:

X(lOEO’ O) = X(K17 8)7 X(]'Ogl’ O) = X(K27 _8)7 X(lo:;v O) = X(K?n _8)a
X(log% O) = X(K4: _8>7 X(loga 0) = X(KEn _8)7 X(l()%? 0) = X(K67 _8)7
X(103;,0) = x (K7, —8).

The pictures of Ky, Ks, ..., K; are given in Fig. 5 and we see that we can
omit 103; from the sequence.
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Fig. 5

For the rest of the manifolds x(L,0), we compare the orders of the first
homology groups of the n-fold covering spaces x(L,0), of x(L,0) for n =
2,4,8 and we distinguish the manifolds x(L,0). We show the data in Table
19.

L [Hi(x(L,0)2)]  [Hi(X(L,0)a)]  [Hi(x(L,0)s)]

103, 12 6 3
103, 20 10
108 12 6 147
103, 12 54
108 20 90
103, 52

Table 19

Remark 5.3. Since we have x(L,0) = y(K,£8) for some knot K, we can
compute |Hq(x(L,0),)| in the following way. Let 3, (K’) be the n-fold cover-
ing space branched over K. Then we have Hy(x(L,0),) = Hi(x(K,£8),) =
H(Z,(K))® Zs and we use Fox’s formula |Hi (3, (K))| = | TTie; A(wF)],

i

2w

where w = e (See [8]).
Case 13. HI(X(L, 0)) = 22 D 22

There are 60 links with this condition in our group table:
42 <62 < T2 <82 <8} <8 <8, <9 <93<93; <92, <93, <925 <93, <8<
103, < 92 < 103, < 10355 < 925 < 1035 < 92 < 103, < 1035 < 935 < 91 < 9%, < 103, <
1035 < 93 < 10¢ < 9%, < 93, < 102, < 10%;, < 10354 < 1035 < 107y < 10345 < 102, <
92, < 1035 < 103, < 103 < 1025, < 1035, < 1035 < 93¢ < 102, < 102, < 103, < 102,49 <
103, < 103,; < 1035, < 103,; < 102, < 1035 < 1025 < 10%,.

The homeomorphisms x(4%,0) = x(83,0), x(62,0) = x(97,0), x(10{,,0) =
x(107,,0), x(102,0) = x(103,0) are obtained by using handle slides.
The homeomorphisms
X<4%7 0) = X(9(2507 0)7 X(9§67 O) = X(10%727 O)? X(9%67 O) = X(10%567 O)
X (939, 0) = x (10755, 0), X (1075, 0) = x(103;,0), x(1035,0) = x(10%;,0),
X(10355,0) = x(10744,0), x(935,0) = x(107;,,0)
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are obtained by setting one link L = O U K and the other ' = O U K’ and
deforming O-framed K into O-framed K’ in x(O,0) = S? x S! as in Case 3,
where O is a trivial component of L and L’. So we omit
8%7 91117 9%07 10%727 10%567 10%657 1041147 1037 10%77 10%57 10%447 10%71
from the sequence. For the rest of the manifolds we compute the first homol-
ogy groups of the three double covering spaces My, (L), My (L), M, (L),
each of which is the covering space of x(L,0) corresponding to the epimor-
phism vio, vy, vo 1 Hi(x(L,0)) = (1|t = 1)@ (Lo|t3 = 1) — (¢]* = 1)
respectively, where V12(t1) = V12(t2) = t, 1/1(251) = t, V1(t2) = 1, Vg(tl) =
1, va(te) = t. We show the groups in Table 20. Here we write n = Z,, and
m,n = Zy,, & Z, for integers m,n and merely write My, = My, (L), My, =
My, (L), M;, = M,;,(L). For each L, we denote by H (L) the unordered triplet
Hi(My,1,(L)), Hi(My, (L)), Hi(My(L)). Then we see that the manifolds are
different from each other except the following cases:
H(8g) = H(lO%m), H(9%) = H(10%49)7 H(9§7) - H(l()iﬂ),

L H1<Mt1t2) Hl(Mtl) H1<Mt2) L Hl(Mt1t2) Hl(Mtl) Hl(Mtz)
42 4 4 4 63 12 12 12
72 20 4 20 83 28 12 28
82, 28 20 28 82, 3,12 3,12 20
92 20 12 12 93 28 4 4
93, 3,12 4 4 92, 20 12 20
92, 36 36 12 92, 4 4 12
93, 44 44 4 82 20 20 20
102, 12 20 20 92 44 12 12
102, 60 4 4 10355 36 4 36
92, 28 28 4 103,, 84 20 12
92 36 4 4 103, 52 12 12
102, 68 4 4 92, 52 4 52
92¢ 60 60 4 103, 84 84 28
103, 76 4 76 92, 44 12 44
108 2,10 Z 2,10 93, 52 12 52
102, 68 12 68 103, 92 28 4
10}, 2,6 8 2,6 102, 84 4 84
97, 36 4 36 103 2,2 Z 2,2
1035, 36 28 4 1035, 60 4 4
102, 76 12 12 92, 44 44 4
103, 60 60 20 102, 12 12 20
1035, 12 28 28 10%,; 36 20 44
102, 84 4 4 103, 5,20 5,20 12
102, 44 28 44 102, 60 52 52
Table 20
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For the above 12 links, we compute
75(X(L,0)) = C(1+ (s + 2+ %) - f1),

where C' = %sin2£ and s = e5 . We show these values of f;, in Table 21.

5
L fr L fr
82 5—6s+ 52+ 83 1035, 2 —5s+2s? + 383
92 24252 — 253 1029 2—5s+2s% —2s°
92, 4s — 4s? + &3 103,; —1+s—2s?
92,  3—T7s+10s? — 65> 92, — 2+ 8s — 10s? + 4s°
103, 6 —8s+4s%+2s3 103g, 6—3s— 652+ 783
10355 1+ 7s— 652+ 253 97, 1425 —6s%+7s°

Table 21

Since these values of f; are not equivalent to each other, we have the enu-
meration of 3-manifolds in Case 13.

Case 14. Hl(X(L7 0)) = Z3 () Z3
There are 21 links with this condition in our group table:

62 < 63 < 82 < 92, < 82 < 93, < 93, < 10255 < 1035 < 10255 < 103, < 101, < 103, <
93, < 1029 < 10%,5 < 103, < 103, < 93, < 103, < 103,.

The homeomorphisms x(62,0) = x(107;,0), x(62,0) = x(10{,,0) are ob-
tained by using handle slides. The homeomorphisms

X(6%’ O) = X(gglv O)’ X(8E2>’ O) = X(lO%SS’ 0)7

X (63,0) = x (10779, 0), x(83,0) = x(107.5,0)
are obtained by setting one link L = O U K and the other ' = O U K’ and
deforming O-framed K into O-framed K’ in x(0,0) = S% x S! as in Case 3
and Case 13. So we omit

9§1> 10%357 1041117 1011107 10%797 10%75

from the sequence. For the rest of the links, we compute the first homology
groups of the four triple covering spaces My, (L), M, (L), My, (L), M, (L),
each of which is the covering space of x(L,0) corresponding to the epimor-
phism vi9, vy, V1, Vo : Hi(x(L,0)) = (t1 | =1 (Lo |t3=1) = (t|3=1)
respectively, where v15(t1) = v1a(ta) =1, Viy(t) =t, Viy(ta) =71, vi(t) =
t, 1(ta) =1, va(t1) =1, va(tz) = t. The sets of four groups distinguish the
manifolds completely and we finish the classification in Case 14. We show

the sets of four groups in Table 22. Here we write ny,...,ng = Z,, ®&---DZy,
for positive integers ny,...,n; and merely write M, ,, = M, (L), M, =
Mt/1t2<L)7 Mt1 = Mtl(L)7 Mt2 = Mt2(L)
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L Hy (M, +,)

62 237
62 3,3,3
8% 6,18

85 3,9

92, 3,3,3
92, 6,18
102,, 3,3,3
102, 3,9
102, 9,27
92, 9,27
]‘0%42 27 6a 67 6
102, 18,54
92,  2,2,6,18
102,, 9,27
102, 3,24,24

Hy (M, ,)
3,9
3,3,3
9,27
9,27
3,12,12
18, 54
3.6, 6
18,54
12,36
12,36
3,12,12
21,63
18,54
24,72

3,15, 15

Hl(Mtl)
3,9
ZaZ
3,9
6,18
VASY
3.9
ZoZ
6,18
6,18
3,9
Z37Z
6,18
6,18
15,45
9,27

Table 22

Case 15. HI(X(L70)) = Z4 @D Z4.

82 < 82 <92, < 8 <92 <102 <103, < 102, < 103,
hold this condition and we see that the manifolds x(L,0) are mutually

Hl(Mtz)
3,9
727
3,9

6,18
9,27
2,2,6,18
9,27
15,45
3,9

3.9
AW/
3,9

6,18
6,18
9,27

distinct by computing the first homology groups of the three double cov-
ering spaces My, (L), M, (L), My,(L), each of which is the covering space
of x(L,0) corresponding to the epimorphism v49, vy, vo : Hi(x(L,0)) =
(t1[t] =1)D(ta| 13 = 1) — (|t = 1) respectively, where vi5(t1) = v12(t2) =
t, ni(t1) =t, vi(te) =1, a(t1) =1, 1u(ta) =t. We show the data in Table
23. Here we write I,m,n = Z; & Z,, ® Z, for integers [, m,n, especially
0,m,n=72&& 2, ®Z, and write My,+, = My,+,(L), My, = M, (L), My, =

M,,(L).
L Hy(Myy,)  Hi(My,) Hi(My,) L Hy(My,e,)  Hi(My,)  Hi(My,)
82 2,2,8 2,2,8 2,2,8 82 2,2,16 0,2,2 0,2,2
92, 0,2,6 2,2,16 2,2,16 82 2,2,24 2,2,8 2,2,8
92, 0,2,10 2,2,16 2,2,16 102 2,2,40 2,2,8 2,2,8
103 2,2,48 0,2,2 0,2,2 103,,  2,2,40 2,2,24 2,2,8
103,  2,2,56 2,2,8 2,2,8
Table 23

Case 16. Hl(X(L,O)) = Z5 @D Z5.

There is just one link 10? with this condition in our group table, and
x(102,0) appears in our manifold table.
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6. The table of 3-manifolds with lengths up to 10

We unify the cases 1 to 16 to obtain a table of the closed connected
orientable 3-manifolds with lengths up to 10. In the table, x-line denotes the
lattice point x with length up to 10 satisfying the condition that c¢l/5(x) is a
prime link and o(clf(x)) = x, the L-line denotes the link ¢/5(x) by using the
order of the links Conway enumerated at the end of [5]. The 7-line denotes
the enumeration of the fundamental groups, where the groups 71 (E(L)) with
the mark x should be deleted. The M-line denotes the enumeration order
of the manifolds x(L,0) given by the links L with o(L) = x.

In Appendix, we show pictures of two or more component links with
10 crossings in [5] together with 7 omissions. We use the notation 10%,
where a denotes the number of components and 5 denotes the order Conway
enumerated in [5]. For the links 10§ included in [5], C' means the Conway’s
code and for the 7 omissions 105 (6=A,B,C,D), x means the lattice point
o(105).
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= L
0 M
12 9 1 T
13 27 9 Se?fert fibred -
14 3% 3 Seifert fibred -
2 1 51 5 Tmfcrt fibred T xI/[1,1
1%,-2,1, -2 P 6 orus bundle SFS[S? : (2 1] —1,0]
10 5 7 Seifert, fibred 52 (2, 1)(2 1)(2 1)
13,2, -1,2 67 s Seifert fibred SPS[s? 'x 1/[2,1|1,1]
13,75 b2 59 9 o Seifert fibred SF(SZ[’TU(&Q)@Q —o)]
12,2,1 ”2 6§ 10 raph manifold(1SFS) SFS[S?: (3 15) (317 1)]
12, —2,1°, -2 6% 11 Hyperbolic SFS[A : (271 (3,1)(3,—1)]
12, 2,1, _22 67 1 Lens H : (2, 1)]/[0, 1]1, —1]
) ,1, -2 2 Sei yperbolic : 3.770
1,-2,1,-2,1, -2 6% 13 eifert fibred Rp3 82945111
- o 6 H :
1,-2,1,3,-2,3 % 14 T yperbolic SFS[5'2 (3. 1)1
17 63 15 orus bundle Hyperbolicj ,1)(4, =3)]
14,2, -1,2 71 16 Seifert fibred : 4.05976642564
1 -2,1 2 53 17 Seifert fibred SFS[S? : (2 f)xgsl
1, - :
1%,2,12,2 15 18 Non-prime SFS[S?: (2 1( ,1)(2,1)(3, —5)]
3 3 7 Hype . :(2,1)(7,3)(14, —
13,2, —12 % yperbolic . 13y
3 ,2 5 Sei (3, 1)4L(3
1°, -2 12 7. % eifert fibred H 1)
3 152 3 Sei yp2.2597671
L%, 2,1, 22 £ 2 | Graph manifold(1 SFS[S?: (2,1)(2 e
ra’ . H N
S —2,1%, 2 3 20 ph manifold(1SFS) SFSIT : (1 )(6, —5)]
1% -21,-21 75 21 | N Seifert fibred SFS[A : (2,1) (1, 1)]
,1, -2 75 29 on-geometric(1Hyp, 1SF 5FS[52 1 (2,1)]/[-1,8]0,1]
12,2,-1,-3,2, -3 Graph manifold(QéFS)S) SFS[D : (2,1)(2 1:)52, 1)(5, 1)(7, —5)]
: 13,29 3 S ; ,—D]UH
T n 2 Graph mani FS[D:(2,1)(3, =2)] U G?jﬂp2.029288321(11104001)
,—2,1,-2,3,-2,3 6 24 anifold(1SFS) /[non-fibre- aph[s + 3punct
1,-2,1,3 _52 ) 7 25 Hyperbolic SPS[A Ae preserving gluing] ures]
18 )3 7;3 26 Hyperbolic HYPerbo.l'(z’ 1]/[0,1]1, —2]
15, 2,—-1,2 87 27 SfaleTt fibred Hyperbo;icc:466'18027441937
15,21, 2 73 28 Seifert fibredA SFS[S?: (2, 3326666425
14,212 2 85 29 Hyperbolic SFSS? 1 (4 1)(4, 1)(5, —4)]
142, 1% 2 82 X Hyperbolic Hyperboli )4 D)4 —1)]
14, 2,12 Y 8§ % Lens Hyperbolfc : :‘21823364488
’ S i ic :
13,2132 83 30 Seifert fibred L(4-70364205913
1%,2,-1%,2 819 31 Seifert fibred SFS[S?: (2 )
, 820 32 Seifert fibred SFS[s? - L 1)(2,1)(3, —2)]
13, 2,13, _2 Graph manifold(2SFS) SFS[sE : A(?EQ, 1)(5,2)(6, —5)]
14,2, 192 85 33 SFSID: (2,1)(2,1) ,2)(4,1)(12, —11)]
14, —2,1 2 75 34 Hyperbolic ,1)]U/mSFS[D : (3,1
13 9 ’ 1’2_222 87 35 Hyperbolic Hype bm1: [0,1]1,0] ,1)(3,2)],
s 4y —LT, rbolic : 6.7
’ 8 H i .73630
é ,—2, 127 92 21 36 HYperbohC Hyperbolic : 5.9878 906712
1°,2,-1,2,-1,2 810 37 yperbolic Hyperbolic : : 1044336
13’ a1 ’ s 83 38 Hyperbolic H ¢ . 6.11165991536
%, -2,1,-2,1, -2 9 Sei yperbolic : 5.33
12, 2,12 8 eifert fi 333489566
,—2,1%,-2,1, -2 5 39 Graph bred Hyperbolic : 7.7 9
13, -2,1 723 816 40 ph manifold(1SFS) KB RS 900159735
13, _25 1’ _92 89 41 Hyperbolic SFS[A: (2 /n? xSt
o 83 4 Hyperbolic % (2,D)/[-1,3]1, 2]
2 2 Graph . yperbolic : 9.783 ,
12, —2,1,-2,1, —22 ph manifold(2SFS) Hyperbolic : . 75114087
12, -2,1, 22,1, -2 817 43 SFS[D : (2,1)(2 1)]CQ 5.65624417666
1, —
12,22 12 22’ 85 44 Hyperbolic L JmSFS[D : (2,1)(3,2
12, 22 12 52 8?30 45 Seifert fibred Hyperbof [0,1]1,0] ,2)],
L,-21, 291,121 831 46 Non-prime SFS[S? ; (2101: 9.65085003623
13,2, -1, -3 oh —2 | 81g e Graph manifold(1SFS SFS[S? : (2 L 1)(2,1)(3, 1)(3, —4)]
13, — 2D 73 Hyperboli ) Non- 1 (2,1)(2,1)(2, —1)]#S? 1
,—2,1,3,-2,3 3 48 - olic or,g = 2 + 2pu , 1852 x S
12,2,12 ) 8 N Seifert fibred - pu nctures/n? x 51
,12,-3,2, -3 2 9 i) yperbolic : 114472182257/[0,1\1,0]
16 x olic P
12,2, 12 Graph manif [T : (2,1)]
,—3,2,— 2 ifold(2SFS Hyperbolic : s
12, -2,12,3 Y—é 33 8]25 x ) SFS[D : (2,1)(2 (ilC . 2.54158501007
12 _2 _ ’ ’ 8 Seifert fib , DU /mSFS[D :
12 12325 | 8] 50 | Non-geometri red m=[-3,4—2,3 22,13,
'=2,1,8,-2%,3 s 51 ric(1Hyp, 1SFS) | S SPS[T : (1,1) ]
1 7 B2 52 N Hyperbolic FS[D:(2,1)(2, -] U }'1(1’ V]
,—2,1,— on-geo i yp2.82
,1,-2,1,3,-2,3 | 835 . metric(2Hyp) . Hyperbolic : 5.200805§;§§SQ(L105002)
3| N o-cusped H
12 on-geometri yp3.6638
L 12 1,23, —2,32 - ) etric(1Hyp, 1SFS) | Hyp2 oposeps truncated angziéii(nLt?f??Ol)’
,—2,1,-2,38, —2° 4 . 1L ife
,—2,3,-22,3 | 8%, % N Hyperbolic /[“(fn*fli%i(e)oszeu Crraph(S? 4 Spunctures]
on-, . - Se: i . es
1,-2,1,3,-2%,3 5 n-geometric(2Hyp) Hyperbolic : 5 rving gluing]
1,2%,1,3,2%,3 8141 55 | N Two-cusped H : 594064222038
1,22 L 8- on-geometric(1H yp3.66386238(L2
) 2,1, 3,-22.3 821 56 N Hyp, 1SFS) SFS cusps truncated and i 205001),
1,-22,1,3,-22%,3 3 % < on-prime [D:(2,1)(2, —1)] U Hyp2 identified
,
8 % Sefiert fibred 52 slgs%px'8521812209(’5105002)
cifert fibred SFS[S?: (2,1)(2,1)(2
; ’ ,—1
SFS[T : (1, 1)] ]
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x I3 M T D
1,-2,3,—-2,1,-2,3, -2 8%4 57 Graph manifold(3SF'S) SFS[D :(2,1)(3,1)]
U/mNon-or, g = 1 4+ 2punctures/n? x7S!
U/nSFS[D : (2,1)(3,1)],
m = [1,—1/0,1],n = [1,1]0, 1]
1,-2,1,3,-2,—-4,3, -4 812 58 Hyperbolic Hyperbolic : 7.64659248194
1° 9y 59 Seifert fibred SFS[S? : (2,1)(9,4)(18, —17)]
16,2, -1,2 sg 60 Seifert fibred SFS[RP?/n? : (2,1)(2,3)]
16, —2,1,-2 97 61 Hyperbolic Hyperbolic : 3.64868864441
15,212, 2 923 X Seifert fibred S3/Q40
15,2, -12,2 94214 X Graph manifold(1SFS) SFS[A: (2,1)]/[-1,8]0,1]
15, -2,12, -2 953 62 Graph manifold(1SFS) SFS[A : (3,1)]/[-1,12]0,1]
14,2,13,2 939 X Seifert fibred SFS[S?:(3,1)(3,2)(6, —5)]
14,2, 13,2 94211 X Seifert fibred SFS[S?:(3,1)(3,1)(3, —1)]
14, 2,13, -2 9§9 63 Hyperbolic Hyperbolic : 5.7851808578
14, 2,13, —2 géo 64 Seifert fibred SFS[S? : (2,1)(3,1)(13, —11)]
15,2, —1,22 82 65 Hyperbolic Hyperbolic : 3.3849452212
1%, 2,1, —22 9§ 66 Graph manifold(2SFS) SFS[D : (2,1)(2,1)]U /mSFS[D : (3,1)(5,3)],
m = [0,1]1,0]
14,2, -12, 22 92, 67 Hyperbolic Hyperbolic : 2.71245880839
14, 22,12, 22 9%0 68 Hyperbolic Hyperbolic : 5.78356053
14, 2,—-1,2,-1,2 955 69 Graph manifold(2SF'S) SFS[D:(2,1)(3,-1)]U Graph[S2 + 3punctures]|
/[non-fibre-preserving gluing]
14, -2,1,-2,1, -2 92, 70 Graph manifold(2SFS) SFS[D : (2,1)(5, —3)] U Graph[S? + 3punctures]
/[non-fibre-preserving gluing]
13,2,13,22 92, 71 Graph manifold(2SFS) SFS[D : (2,1)(2,1)] EJ /mslps][p 2 (2,1)(2, 1),
m = [—1,30,1
13,2, —13, 22 92, 72 Seifert fibred SFS[S?:(3,1)(4,1)(5, —3)]
13, -2,13 22 83 73 Hyperbolic Hyperbolic : 3.66386237671
13, -2,13, 22 9§a 74 Hyperbolic Hyperbolic : 5.56366782479
13,2, -12,2, 1,2 92, 75 Graph manifold(25FS) SFS[D : (2,1)(2, 1)g u /TTSFS[]D :(2,1)(5,2)],
m=[—3,4| — 2,3
13, -2,12,-2,1, -2 92, 76 Hyperbolic Hyperbolic : 7.89790810521
12,-2,12,-2,12, -2 930 77 Hyperbolic Hyperbolic : 8.62552153672
14, -2,1, -2 942 78 Graph manifold(1SF'S) SFS[A:(2,1)(2,1)]/[0,1]1, —1]
14, —22 1, —22 9% 79 | Non-geometric(1Hyp, 1SFS) | SFS[D : (2,1)(2, —1)] U Hyp3.16396323(L106001)
13, —2,12, —23 9%1 80 Hyperbolic Hyperbolic : 5.41903947919
13, -2,1,-2,1, —22 9,34 81 Hyperbolic Hyperbolic : 7.26826102929
13, -2,1,-22,1, -2 9§7 82 Graph manifold(3SFS) SFS[D : (2,1)(3, —2)] U Graph[S? + 3punctures]
USFS[A: (2,1)]
13,2212, 22 959 83 Seifert fibred SFS[S2:(2,1)(2,1)(6, —5)]
13, -22 12, 22 9%9 84 | Non-geometric(1Hyp, 1SFS) | SFS[D : (2,1)(2, —1)] U Hyp4.40083252(L106002)
12, 2,12, —2,1, —22 939 85 Hyperbolic Hyperbolic : 7.99382353937
12,2, -1,2,12, 22 95, 86 Graph manifold(2SFS) SFS[D: (2,1)(2, 1)% u /mSFS[z]j 2 (2,1)(2,1)],
m=[—3,5| —2,3
12, -2,1, —2,12, —22 92, 87 Hyperbolic Hyperbolic : 8.50516589391
12, -2,1,-2,1,-2,1,-2 940 88 Hyperbolic Hyperbolic : 9.54670929
14,2, -1,-3,2,-3 86 89 Hyperbolic Hyperbolic : 6.3326666425
14, —2,1,3,-2,3 911 90 Hyperbolic Hyperbolic : 7.91268477624
13,2,12,-3,2, -3 943 91 Hyperbolic Hyperbolic : 5.62696404695
13,2, -12,-3,2, -3 944 92 Hyperbolic Hyperbolic : 5.3334895669
18,212, 3,-2,3 936 93 Hyperbolic Hyperbolic : 9.47634776991
13, -2,-12,3,-2,3 940 94 Hyperbolic Hyperbolic : 3.1772932786
13,2,-1,2,3,-2,3 7o 95 Graph manifold(1SFS) SFS[A: (3,2)]/[0,1]|1,—1]
13, 2,—-1,2,-3,2,-3 814 96 Hyperbolic Hyperbolic : 8.19064265904
13, —2,1,-2,3,-2,3 926 97 Hyperbolic Hyperbolic : 9.67554142603
13, —2,1,—-2,-3,2,-3 84 98 Hyperbolic Hyperbolic : 5.03627941776
13,2,-1,-3,22, -3 s§ 99 Seifert fibred SFS[S?:(2,1)(4,1)(7, —5)]
13, -2,1,3,-22,3 92 100 Hyperbolic Hyperbolic : 2.82812208833
12,2,12,2,-3,2, -3 934 X Seifert fibred SFS[S?:(2,1)(3,1)(6,—5)]
12,2, -12,2, 3,2, -3 9554 x Torus bundle T x I/[2,11,1]
12,-2,12,-2,3,-2,3 9]3 X Hyperbolic Hyperbolic : 4.05976642564
12,2,12, 3,22, -3 9329 x Seifert fibred SFS[KB/n?: (1,4)]
12,2,—12,—3,22,—3 9%8 X Torus bundle T x St
12, -2,12,3,-22,3 93 101 Graph manifold(2SFS) SFS[D : (2,1)(3,1)]
U/mNon-or,g = 2 + lpuncture/n2 xS,
m=[-1,1 — 1,2]
12, 2,-1,2,1,3,-2,3 945 102 Hyperbolic Hyperbolic : 6.96575966545
12, —2,1,-2,1,3,—2,3 932 103 Hyperbolic Hyperbolic : 12.217473
12,-2,1,3,-2,1,3, -2 | 93, 104 | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(3, —2)]
UHyp2.02988321(L104001)
13, 2,-1,-3,2, —32 8g 105 Hyperbolic Hyperbolic : 6.38487304951
13, -2,1,3, -2, 32 920 106 Hyperbolic Hyperbolic : 9.28781194114
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X
12, —2.12 L
12 :2 , 1 ,23, -2, 32 - M
,2,—-1,22,3, -2 97 T
12’2771 2 » 9y ,3 74 X Hyperboli
12 00 3.2, =3 N 107 | Graph mani olic D
12,9 1 —2%,3,-2,3 ot 108 anifold(25F 5) Hyperbolic : 3.770
12 1,-2%,-3,2,-3 27 109 Hyperbolic SFS[A:(2,1)] US 82945111
! ,—-2,1,3,23,3 813 110 Hyperbolic Hyperboli FS[A:(2,1)]
121 v*22v1,3,72?1 : 810 1o Hoperbolic Hypcrboﬁacmérlgasmm
—92 ’ 9 . :9.841
' 2,21, ~2,3,-2,3 924 112 gyperbohc Hyperbolic : 7,2596868805475
12 52 Y11Y 32,3 ggo 113 HYPerbolic Hyperbolic : 9.3408125782
12 ’22 ,1,3,—22.3 17 % yperbolic Hyperbolic : 9.557 1084
52 L3 22 _3 916 % Lens Hyperbolic : 89756113
12, -22,1,3, —22 9 Seifert fib : 10.8265666034
1,-2.1 ,3,—2%,3 9]35 114 Sei red RP3
01,-2,1,-2,3,-2,3 a 115 eifert fibred SFS[S? : (2,1)(4
’ 970 Hyperbolic SFSIS? : (2. ,1)(7, —5)]
1,-2,1,-2,1,3 2 116 Non-geometri H [ (2,1)(5,2)(8, =7
L 22,3 o3 etric(2Hyp) " yperbolic : 4.1639959 ]
,1,-2,1,3,-22,3 9§0 X Graph . wo-cusped Hyp3.663862 593361
a1 a1 . 12 117 | Graph Eanlfold(lst) Nomeop. oope truncated and if’f(m()soon,
,1,—-2,1, — ani -or, g = enti
1, 91, 92 3,22, -3 03 nifold(1SFS) g = 2 + 2punctures/n> ﬂElﬁlcd
1,2,-1,2 :1,3,-2,3 21 118 Graph[S? + 4 x51/[0,1]1,0]
1, —é 1 ’ é3’ -2,1,-2,3 323 119 Non-prime /[two non-fibre-pr pun?t‘erS] ’
1,22,7,2 .3,-2,1,-2,3 46 % Hyperbolic SFSIT : preserving gluings]
,1,-2,-3,-2 934 Graph mani (1,182 1
12,2921 7é ,1,-2,-3 9, 120 u anifold(1SFS) Hyperbolic : 12 x S
2y .3, -2,32 o 121 yperbolic SES[A: (2,1 .1718408863
5,1,3, 22 32 31 12 Hyperbolic H 2,1)]/[-1,3|1, —2
1,-2,1,3,-2,1,3, 928 2 Hyperboli pyperbolic : 13.2319091 ]
2 913 _2, ,)3,-2,3 o 123 H perbolic yperbolic : 9'12172161792
H— l« =2 —4,3,-4 o3 124 Hyperbolic Hyperbolic : 10.896 1101
Ly ,—23.3 -2,3 911 195 yperbolic Hyperbolic : o 9637027
' 7,21, —2,3,-23.3 917 196 gyperbohc Hyperbolic : 14;?21239048
1,22 il’ 3,-2%,3 9232 127 HyperbOlic Hyperbolic : 7 45063(7)47553
3 _ 2 P s
,1,-2,3,-2%,3 o3 128 HzperEOhc Eymrholic : 8.823808322:4
perboli ;
’ 129 | Graph manirf ?hc Hyperbohc : 9~91561518108
1,-2%.3 _2.1 old(2SFS) yperbolic : 2.527418477 5
1. — ,—2,1,-2,3,-2 SFS[D : 32
;2125 -2 252 920 150 U/mOr, g oL ) ~+(2, 1)(3, 1))
_ , 9=
A 11, ~2,-3,2,4,-3,4 91p 131 Hyperbolic = 1 11I|>uncture x s,
,—2,1,3,-2%,-4,3, -4 826 132 Hyperbolic Hyperbolic 1 5. 6]
9355 Seifert fib H 1.5051185131
110 ° 133 Non-geomet Py SFS3[]§2erboliC + 7.18740661552
etric(2H : (2
17 9o 102 yp) T ,1)(2,1)(2
,2,—-1,2 1 134 wo-cusped H ) ,1)(5, —8)]
17— ’ Sei yp5.3334

if 2, 12’ Y 1903 135 Ie{lfert fibred cusps truncated an§19~57 (L:206003),

s ,2,1%,2 2 136 yperbolic SFS[S? : (5,1)(5 identified
O I ol )

_ P 2

1,5 2, 13’_2 10435 % Soi Lens Hyperbolic : 4.99437 17398

5 12,13,2 L 1 137 e}fert fibred L6 1 267858
5 ;2,—13,2 0124 138 Seffert fibred SFS[S?: (2 17)(2
5o 1%, -2 iz 139 Seifert fibred SFS(S?: (2,1)(7, et

, =2, — 3 0 H. s TS 3 _

142’ i 10 o 140 Hyperbollc SFS[S?: (3, 1)(5 3 )&

L ;2,142 125 141 yperbolic Hyperbolic : »3)(15, —14)]

11,2, 14,2 105 142 Hyperbolic Hyperb lic 577744754562

14é _2, 14"_2 10§31 143 Seifert fibred HYPerbco)l%c 1 7.58327695032
. ic: 3.9

1}3 2, 1,22 103 141 Seifert fibred SFS[S?: (2 1)(;1662562617

0, —2,1, —22 9% 145 Hyperbolic SFS[S? : »1)(2,1)(3, —1)]
15,2, —12 22 105 146 Hyperbolic Hyperb '1‘(21 1)(2,1)(5, =3)]
15 _9 12 ’ . olic : 4.15
e 2,12, —22 110127 a7 Hyperbolic Hyperbolic : 6 99227542682
kS é71’2’ 1.2 18317 148 gyperbonc Hyperbolic : 6.98124525345
T2 1,-2,1,-2 36 149 | @ yperbolic Hyperbolic : 8.43 8746951

2 13,22 1057 150 raph manifold(1SF S Hyperbolic : +43820740649

14, 2, 713, 22 10139 151 Graph "‘mlifOld(lSF5'; SFS[A : <2C1')]8f€9006008724
14 _9 13 92 10143 H ; AN 1, -3 —

s 132 143 152 yperbolic SFS[A : ’ 1,2]
149,13, 9 H . 1 (3,2)1/(3
Ao || el 4T
14 ,2 ,,1;1 ;-2 10 02 154 HYperbohC Hyperbolic : 7.8958691 053

a5 2,-1,2 141 155 yperbolic Hyperbolic : 7 2976
1é —2,12,-2,1, -2 10148 156 Hyperbolic Hyperbolic‘ 5872241098274
,2, — 3 1 . 1 9.768
—1%,2,-1,2 Oss 157 Hyperbolic Hyperbolic : 5.7 5930006
10% Hyperboli H ic : 5.70240292558
X | Graph mani e yperbolic : 8.97340458
5 o151 anifold (2S5 FS) Hyperbolic : 11.4150123223
137 37 ,—1,2 3 SFS[D : 5
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1%, -2, 12, 2,12 2 10155 160 Hyperbolic SFS[S? '?3[()23?1,0]
1°, — ’ 10 . . 4,1
15 s 22, 1, —23 1100 161 Hyperbolic Hyperbolic :’ 5 83794)(4, —3)]
,—221, —22 Og 162 Hyperbolic Hyperbolic : 7'40 1124979
103 163 Hyperbolic Hyperbolic : 12 P
yperbolic Hyperbolic : 7 2'1112;?2172
. 06
Hyp2.19336432(Zg) 3
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x L T M T D
13,2,1,-3,2,1,-3,2 10755 | x X Graph manifold(2SF S) SFS[D : (2,1)(2, 1)[] U /rr‘zSFS[]D 2 (2,1)(3, 1)],
m=[-7,8—6,7
13,2, -1,3,-2,1,3, -2 924 X X Graph manifold(2SF S) SFS[D : (2,1)(3, —1)] U Graph[S? + 3punctures]
/[non-fibre-preserving gluing]
13,2,-1,3,-2,-1,3,2 927 x | x Seifert fibred SFS[T : (1,1)]
13,2, -1, -3,2,1, -3, -2 10760 X X Graph manifold(2SF'S) SFS[D : (2,1)(3, —2)] U Graph[S? + 3punctures]
) /[non-fibre-preserving gluing]
13,2, -1,-3,2,-1,-3,2 1025, X Non-geometric(1Hyp, 1SFS) Hyp2.029887[21(L104001) U Graph[S? +]3punctures]
non-fibre-preserving gluing
18,-2,1,3,-2,1,3, -2 102, 219 | Non-geometric(1Hyp, 2SFS) Hyp2.02988321(L104001) U SFS[S? 4 3punctures]
USFS[A : (2,1)]
13,272, 1, 273, 2,1, -3, -2 10@24 X X Graph manifold(1SFS) SFS[A:(2,1)]/[-1,8]0,1]
12,2,-12,2,1,3,-2,3 10 220 Hyperbolic Hyperbolic : 5.2711507876
12,-2,12,-2,1,3,-2,3 10]’2387 221 Hyperbolic Hyperbolic : 10.939571872
12,2,12,-3,-2,1, -2, -3 10%976 222 Graph manifold(2SFS) SFS[D : (2,1)(2, —1)] U Graph[S? + 3punctures]
/[non-fibre-preserving gluing]
12,2, -12,-3,-2,1, -2, -3 9%8 223 | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2, —1)] U Hyp2.82812209(L105002)
127 —2, 12, 3,2,—1,2,3 10777 224 Hyperbolic Hyperbolic : 6.78371351984
12,-2,12,3,-2,1,-2,3 10§10 225 Hyperbolic Hyperbolic : 10.9022232311
147 2, —1,-3,2, —32 9]’2 226 Hyperbolic Hyperbolic : 4.6860342738
14, -2,1,3, -2, 32 1080 227 Hyperbolic Hyperbolic : 8.17462393347
13, -2,12,3, -2, 32 10§2 228 Hyperbolic Hyperbolic : 9.31903694623
18, -2,1,-22,3,-2,3 10%8 229 Hyperbolic Hyperbolic : 7.7236288
13, -2,1, 722, —-3,2,-3 929 230 Hyperbolic Hyperbolic : 6.08964963846
13,2,71,2,3,22,3 9%8 X X Non-geometric(1Hyp, 1SFS) SFS[D :(2,1)(2,—1)] U Hyp2.02988321(L104001)
13,2, -1,2,-3,2%, -3 97 231 Non-geometric(2Hyp) Two-cusped Hyp5.33348957(L206003),
cusps truncated and identified
13,-2,1,-2,3,22,3 10255 | x x | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2,—1)] U Hyp2.82812209(L105002)
13, -2,1,-2,3,-22,3 101321 232 Non-geometric(2Hyp) Two-cusped Hyp6.59895154(v3426),
cusps truncated and identified
13,-2,1,3,-2% 3 102, 233 Hyperbolic Hyperbolic : 7.92621498253
18,22, -1,2,-3,2,-3 934 234 | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2, —1)] U Hyp5.69302109
13, 722, 1,—-2,3,-2,3 103, 235 Hyperbolic Hyperbolic : 8.08678943364
13, -22,1,-2,-3,2, -3 9‘2L 236 Hyperbolic Hyperbolic : 3.54091542134
13,22,1,3,22,3 1032 X X Seifert fibred 53
13,221,383, —22,3 103‘1 X Non-prime L(3,1)$L(3,1)
13,22,1,-3,2%2, -3 1()&0 X Seifert fibred SFS[S?: (3,1)(3,1)(3, —1)]
13,22, -1, -3,2%, -3 9511 X Seifert fibred SFS[S? : (2,1)(2,1)(2,1)(3, —5)]
13, -22,1,3,-22,3 103 X Seifert fibred SFS[S?: (2,1)(5,1)(7, —5)]
13,23,1,3,-2,3 9%2 237 Hyperbolic Hyperbolic : 6.47082425363
13,27 —3,2,—-1,2,-3,2 938 238 | Non-geometric(1Hyp, 2SF'S) Hyp2.02988321(L104001)
USFS[RP?/n? + 2punctures : (1,1)]
USFS[D : (2,1)(3, —2)]
18,-2,3,-2,1,-2,3, -2 102, 239 | Non-geometric(1Hyp, 2SFS) Hyp2.82812209(L105002)
USFS[RP?/n? + 2punctures : (1,1)]
USFS[D : (2,1)(3, —2)]
12,2, -12,22,3,-2,3 924 x | x Seifert fibred SFS[T : (2,1)]
12,2, -12,22,-3,2, -3 10?29 X X Non-geometric(2Hyp) Two-cusped Hyp3.66386238(L208015),
cusps truncated and identified
12, 2,12, 22,3, -2,3 1024 240 | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2, —1)] U Hyp7.08492595
12,-2,12,-22 3,2, -3 97 241 | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2, —1)] U Hyp4.40083252(L106002)
12,2,12,2,3,22,3 10% X X Non-prime S2 x S'4rpP3
12,2,12,2,3,-22,3 10?P X X Non-prime RP34RP?
12,2,12,2, 3,22, -3 10 X X Seifert fibred SFS[S?:(2,1)(2,1)(4, —3)]

12,2, -12,2,-3,2%, -3 105 X X Seifert fibred SFS[S?:(2,1)(4,1)(4, —3)]
12,-2,12,-2,3,-22 3 10% 242 | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2,—1)] U Hyp2.02988321(L104001)
12,2,12,-3,23, -3 10236, | x | x Graph manifold(2SFS) SFS[D : (2,1)(2,1)]U /mSFS[D : (2,1)(5,2)],

m=[—7,8/ —6,7]
12,2,12,-3,-23, -3 92, X Seifert fibred SFS[S?:(2,1)(2,1)(2, —1)]
12, -2,12,3,23,3 9220 243 | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2, —1)] U Hyp5.69302109
12,-2,12,3,-23,3 1054 244 | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2, —1)] U Hyp6.44353738(L107005)
12, —2,1,—2,1,—2,3,—-2,3 10g5 245 Hyperbolic Hyperbolic : 11.3777082973
12,2,-1,2,1,3,-22,3 10%870 X Non-geometric(2Hyp) Two-cusped Hyp3.66386238(L205001),
cusps truncated and identified
12,-2,1,-2,1,3,22,3 1025 X Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2, —1)] U Hyp5.69302109
12, -2,1,-2,1,3, —22,3 10%07 246 Non-geometric(2Hyp) Two-cusped Hyp8.99735194,
cusps truncated and identified
12,-2,1,-2,1,-3,2%, -3 1024 X Seifert fibred SFS[T : (1,1)]
12,2,-1,22,1,3,-2,3 10§56 x | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2,—1)] U Hyp4.40083252(L106002)
12, -2,1,-22,1,3,-2,3 10i01 247 Hyperbolic Hyperbolic : 9.96636799677
12,2,-1,2,3,2,-1,2,3 10§79 X Non-prime L(3,1)#L(3,1)
127 2,—-1,2,-3,2,—-1,2,—-3 10775 X Hyperbolic Hyperbolic : 3.3849452212
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12,-2,1,-2,3,-2,1,-2,3 1o§18 248 Hyperbolic Hyperbolic : 11.4996508049
12,-2,1,-2,-3,-2,1, -2, -3 10]283 249 Hyperbolic Hyperbolic : 5.21836247903
12, —-2,1,-2,3,—-2,1,3, -2 1053 250 | Non-geometric(1Hyp, 2SFS) Two-cusped Hyp3.66386238(L205001)
USFS[S? + 3punctures] U SFS[D : (2,1)(3, —2)]
12,-2,1,-2,-3,2,1, -3, -2 92 251 Graph manifold(3SFS) SFS[D : (2,1)(3, —1)] U Graph[S? + 3punctures]
USFS[A : (2,1)]
12,-2,1,3,2,-1,22,3 mi42 252 Hyperbolic Hyperbolic : 6.70616178698
12, —-2,1,3,—-2,1, 722, 3 10508 253 Hyperbolic Hyperbolic : 11.3366219944
12, -2,1,3,—-2,1,-2,3, -2 0717 254 Hyperbolic Hyperbolic : 11.6906301719
12, —-2,1,3,—-2,1,3, —22 10]21.7 255 Hyperbolic Hyperbolic : 11.4950887093
12,2,-1,3,22,1,3, -2 1035 256 Seifert fibred SFS[S?: (2,1)(4,1)(4, —3)]
12,2, -1,-3,22,1,-3, -2 103‘3 X Seifert fibred SFS[S?: (2,1)(4,1)(4, —3)]
12,-2,1,3,22,1,3, -2 103119 257 Graph manifold(2SFS) SFS[D : (2,1)(2,1)]U /mSFS[D : (2,1)(3,1)],
m = [-1,2|0,1]
12,-2,1,3,-22%,1,3, -2 108 258 Graph manifold(2SFS) SFS[D : (2,1)(3, —2)] U Graph[S? + 3punctures]
/[non-fibre-preserving gluing]
12,-2,1,-3,22,1, -3, -2 103 259 Non-prime S3/P4agys? x st

12,22,1%2,2,-3,2, -3 10%265 X Seifert fibred SFS[S?: (2,1)(2,1)(6, —5)]
12,2212, 2.3, -2,3 102, 260 | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2, —1)] U Hyp7.64337517
12,2212, -2, -3,2, -3 97, 261 | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2,—1)] U Hyp3.16396323(L106001)

12,22,12,3,22 3 1036 262 Non-prime RP34RP3
12,22,12,3, -22,3 102114 X Graph manifold(2SFS) SFS[D : (2,1)(2,1)]U /mSFS[D : (2,1)(3,1)],
m = [-1,2|0,1]
12,2212, 3,22, 3 103, X Seifert fibred SFS[S?:(2,1)(2,1)(4, —3)]
12,22 12 3 —22 3 10% X Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2, —1)] U Hyp2.02988321(L104001)
1,-2,1,-2,1,-2,1,3,-2,3 10i14 263 Hyperbolic Hyperbolic : 12.8063275482
1,-2,1,-2,1,-2,1,-3,2, -3 10580 264 Hyperbolic Hyperbolic : 5.78328456214
1,2,-1,2,1,3,-2,1,-2,3 1()%81 265 Hyperbolic Hyperbolic : 7.90216370907
1,2,—-1,2,1,-3,—-2,1, -2, -3 10778 266 Graph manifold(2SF'S) SFS[D: (2,1)(2,1)]U Graph[52 + 3punctures]|
/[non-fibre-preserving gluing]
1,-2,1,—-2,1,3,—-2,1,-2,3 10i20 267 Hyperbolic Hyperbolic : 13.7501824593
1,-2,1,-2,1,-3,-2,1, -2, -3 10]284 268 Hyperbolic Hyperbolic : 9.8481495022

13, -2,1,-2,3, -2, 32 10%, 269 Hyperbolic Hyperbolic : 9.22966818954

13,2, -1, 3,22, —32 92 270 | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2,—1)] U Hyp4.40083252(L106002)

13, -2,1,3, —22,32 102384 271 Hyperbolic Hyperbolic : 8.65334159139
13,2, -1,-3,2,-3,2, -3 92, 272 | Non-geometric(1Hyp, 1SFS) | Hyp2.82812209(L105002) U Graph[S? + 3punctures]

/[non-fibre-preserving gluing]
13,-2,1,3,-2,3,-2,3 103, 273 | Non-geometric(1Hyp, 1SFS) Hyp4.40083252 U Graph[S? + 3punctures]

/[non-fibre-preserving gluing]
12,2,12,2, —3,2, —32 1024, X Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2,—1)] U Hyp2.02988321(L104001)
12,2, -12,2,-3,2, —32 10%31 X Non-geometric(2Hyp) Two-cusped Hyp3.66386238(L205001),

cusps truncated and identified
12,-2,12,-2,3,-2,32 102, X Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2,—1)] U Hyp7.64337517

12,2,12, 3,22, —32 102368 x | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2,—1)] U Hyp2.82812209(L105002)

12, 2, 712, -3, 22, —32 10%61 X Graph manifold(2SF'S) SFS[D:(2,1)(3,-2)]uU Gw"a;ph[S2 + 3punctures]|
/[non-fibre-preserving gluing]

12, -2,12,3, —22,32 102, x | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2,—1)] U Hyp7.08492595(L107006)
12,2,12,-3,2,-3,2, -3 10‘1148 X Seifert fibred SFS[T : (1,1)]
12,-2,12,3,-2,3,-2,3 107 X Graph manifold(2SFS) SFS[D : (2,1)(3, —2)] U Graph[S? + 3punctures]

/[non-fibre-preserving gluing]
12,-2,1,-2,1,3,—2,32 1024 274 Hyperbolic Hyperbolic : 11.711992114
12,-2,1,3,-2,1,3,-2,3 107, 275 Hyperbolic Hyperbolic : 13.0919974636
12,-2,1,3,-2,1,32%, -2 10%11 276 | Non-geometric(1Hyp, 2SFS) Two-cusped Hyp3.66386238(L208015)
USFS[S? + 3punctures] U SFS[D : (2,1)(3, —2)]
13, -2,1,3, —2,32 103, 277 Hyperbolic Hyperbolic : 7.5176899
13, -2,1,32, —2,32 10éO 278 | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2, —1)] U Hyp5.1379412(L107004)
12, -2,12,32, —2,32 103 279 Graph manifold(1SFS) SFS[A: (2,1)]/[-1,6]|0,1]
13,2, -1,-3,2,4, 3,4 915 280 Hyperbolic Hyperbolic : 8.70500592768
13, —2,1,3,—-2,—4,3, -4 1029 281 Hyperbolic Hyperbolic : 10.8352925121
12,2,12,-3,2,4, -3, 4 103, X Graph manifold(25FS) SFS[D : (2,1)(2,1)]U /mSFS[D : (2,1)(3,2)],
m = [0, 1|1, 0]
12,2, -12,-3,2,4,-3,4 103 X Graph manifold(2SFS) SFS[D: (2,1)(2,1)]U /mSFS[D : (2,1)(3,1)],
m = [0,1]1,0]
12,-2,12,3, -2, —4,3, —4 103 282 Hyperbolic Hyperbolic : 5.50474883782
12,-2,1,-2%3,-2,3 10256 283 Hyperbolic Hyperbolic : 7.9158333
12,2, -1,22,-3,2%2, -3 915 X Non-geometric(2Hyp) Two-cusped Hyp4.05976643(L206002),
cusps truncated and identified
12, 2,1, —22,3,-22 3 1024 x Non-geometric(2Hyp) Two-cusped Hyp6.59895154(v3426),
cusps truncated and identified
12,-2,1,3,-2%4,3 102, 284 Hyperbolic Hyperbolic : 8.15532021622
12,221, -22 3, -2,3 107, 285 Hyperbolic Hyperbolic : 9.98319303033
12,-22,1,-2,3,-223 102, 286 Non-geometric(2Hyp) Two-cusped Hyp7.7069118(L210076),

cusps truncated and identified
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12,22,1,3,25,3 10749 287 Graph manifold(2SFS) SFS[D : (2,1)(2,1)]U /mSFS[D : (2,1)(3,2)],
m = [-3,4| — 2,3]
12,22,1,3, -23,3 102, x | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2,—1)] U Hyp3.16396323(L106001)
12,221, -3,2%, -3 10%43 X Graph manifold(1SFS) SFS[A : (3,1)]/[-1, 12]|0,1]
12,221, -3, -23, -3 1oé50 X Non-prime S2 x S1gs? x st
12,-22,1,3,2% 3 10%45 x Non-geometric(2Hyp) Two-cusped Hyp5.33348957(L209045),
cusps truncated and identified
12,-22,1,3,-23,3 102, X Non-geometric(2Hyp) Two-cusped Hyp6.59895154(v3426),
cusps truncated and identified
12,-2%,1,-2,3,-2,3 10%8 288 Hyperbolic Hyperbolic : 9.29239133504
1,-2,1,-2,1, —22, 3,—-2,3 1033 289 | Non-geometric(1Hyp, 1SFS) Hyp4.40083252(L106002) U Graph[S2 + 3punctures]
/[non-fibre-preserving gluing]
1,-2,1,-2,1,-22,-3,2, -3 92, X Non-geometric(1Hyp, 1SFS) | Hyp2.82812209(L105002) U Graph[S? + 3punctures]
/[non-fibre-preserving gluing]
1,-2,1,-2,1,3,-23,3 102, x Non-geometric(1Hyp, 1SFS) Hyp4.40083252 U Graph[S? + 3punctures]
/[non-fibre-preserving gluing]
1,-2,1,-2,1,-3,-23, -3 10% X Graph manifold(2SF'S) SFS[D : (2,1)(5, —3)] U Graph[S? + 3punctures]
/[non-fibre-preserving gluing]
1,-2,1,-22,1,3,22,3 102, x | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(2,—1)] U Hyp4.40083252(L106002)
1,-2,1,-221,3, —-22,3 10%06 X Non-geometric(2Hyp) Two-cusped Hyp8.99735194(L207006),
cusps truncated and identified
1,-2,1,-22,1,-3,22, -3 10?273 X Seifert fibred SFS[T : (1,1)]
1,-2,1,-2%,1,3,-2,3 10287 290 Hyperbolic Hyperbolic : 9.96152429801
1,2,-1,22,3,-2,1,-2,3 10$58 291 Seifert fibred SFS[T : (3,1)]
1,-2,1,-22,3,-2,1,-2,3 1%15 292 Hyperbolic Hyperbolic : 11.3550479541
1,-2,1,-2,3,-2,1, —22, 3 10746 293 Hyperbolic Hyperbolic : 13.0579257203
1,-2,1,3,—-22,1,-22,3 10£09 294 Hyperbolic Hyperbolic : 11.6973077174
12,-2,1,-22,3,-2,32 10127 295 Hyperbolic Hyperbolic : 9.53187984
12, -2,1, 2,3, —22, 32 1025 206 Hyperbolic Hyperbolic : 10.336314
12, —-2,1,-2,3,—-2,3,-2,3 1034 297 | Non-geometric(1Hyp, 1SF'S) Hyp5.69302109 U Gra,ph[S2 + 3punctures]|
/[non-fibre-preserving gluing]
12, -2,1,3,2% 32 92, 208 Hyperbolic Hyperbolic : 8.92573094642
12,-2,1,3, —23, 32 10226 299 Hyperbolic Hyperbolic : 8.84596467061
12,22,1,3,22 32 1075 300 Hyperbolic Hyperbolic : 6.3545865572
12,22 1,3, —22,32 10%48 301 Hyperbolic Hyperbolic : 8.9293178231
12,221, 3,22, —32 10547 302 Hyperbolic Hyperbolic : 8.87426862421
12,221, -3, —22 32 10% 5 303 Hyperbolic Hyperbolic : 6.08964963846
12, -221,3,-22,32 101254 304 Hyperbolic Hyperbolic : 11.4721387075
12,22 1,3, -2,3,-2,3 1005 x Non-geometric(1Hyp, 1SFS) Hyp5.69302109 U Graph[S? + 3punctures]
/[non-fibre-preserving gluing]
12,-2,3,-2,1,-2,3%, -2 1024 305 | Non-geometric(2Hyp, 1SFS) Hyp2.02988321(L104001)
USFS[RP? + 2punctures/n? : (1,1)]
UHyp2.02988321(L104001)
1,-2,1,—-2,1,3,—-2,3,—-2,3 104;,1 X Graph manifold(2SF'S) Graph[5'2 + 3punctures] U Graph[5'2 + 3punctures]
1,-2,1,-2,1,-3,2,-3,2, -3 | 103, 306 Non-prime T x S1452% x st
1,-2,1,-2,3,-2,1,3,-2,3 | 103, 307 Hyperbolic Hyperbolic : 13.564606056
12,2,-1,2,3, -2, -4,3, -4 81 308 Graph manifold(1SFS) SFS[A: (3,1)]/[0,1]|1, —2]
12,2,-1,2,-3,2,4, 3,4 921 309 Hyperbolic Hyperbolic : 8.98396582335
12, —2,1,-2,3,-2,—-4,3,—-4 1042 310 Hyperbolic Hyperbolic : 12.2427702807
12, —2,1,—-2,-3,2,4,—-3,4 9g 311 Hyperbolic Hyperbolic : 7.46191985006
12,-2,1,3,22,-4,3, -4 925 312 Hyperbolic Hyperbolic : 10.3008554297
12, —2,1,3, 722, —4,3, -4 1071 313 Hyperbolic Hyperbolic : 12.3609050663
1,-2,1,—-2,1,3,—2,—4,3, -4 10%9 314 Non-geometric(2Hyp) Two-cusped Hyp5.33348957(L209045),
cusps truncated and identified
1,-2,1,-2,1,-3,2,4, —3,4 103, X Seifert fibred KB/n? x5!
12,2, -1, -3,2, -3,4, —3,4 914 315 Hyperbolic Hyperbolic : 7.67266968706
12,2, -1,-3,2,-3,-4,3, -4 83 316 Graph manifold(2SFS) SFS[A:(2,1)]USFS[A: (2,—1)]
12,-2,1,3,-2,3,4, 3,4 912 317 Hyperbolic Hyperbolic : 7.63491871137
12, —2,1,3,—-2,3,—-4,3, -4 1044 318 Hyperbolic Hyperbolic : 12.2807182195
12,-2,1,3, -2, -4,3%2, -4 103, x Hyperbolic Hyperbolic : 6.18027441937
12,-2,1,3,-2,—4,3, —42 1043 319 Hyperbolic Hyperbolic : 11.5029344901
1,—-2,1, 724, 3,—2,3 10;5 320 Hyperbolic Hyperbolic : 7.94057924778
1,-2,1,-2%,3,-22,3 1034 X Non-geometric(1Hyp) Two-cusped Hyp4.74949998(L207001),
cusps truncated and identified
1,-2,1,-2,3, 724, 3 10§9 321 Hyperbolic Hyperbolic : 8.56937006859
1,-2,1,3, 725, 3 1035 322 | Non-geometric(1Hyp, 1SFS) SFS[D :(2,1)(2,—1)] U Hyp3.33174423(L107002)
1, 722, 1,-2,3, —23.3 10%g X Non-geometric(1Hyp) Two-cusped Hyp6.13813879(L210120),
cusps truncated and identified
1,-22,1,3,-2% 3 101 x Hyperbolic Hyp2.25976713(0)
1,2%,1,-3,2%, -3 10244 323 Hyperbolic Hyperbolic : 8.50516589391
1,-2%,1,3,-23,3 102, 324 Hyperbolic Hyperbolic : 11.2316198792
1,-2%,3,-2,1,-2,3, -2 10700 325 Hyperbolic Hyperbolic : 9.11455084582
1, 722, 3,—-2,1, 722, 3, -2 10%03 326 Hyperbolic Hyperbolic : 11.8229082126
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1,-22,3,-2,1,-2,3, —22 107, 327 Hyperbolic Hyperbolic : 10.860405945
1,—-2,1, 722, 3,—2,—-4,3,—4 10471 328 Hyperbolic Hyperbolic : 11.6510447
1,-2,1,-22,-3,2,4,-3,4 919 329 Hyperbolic Hyperbolic : 8.73622201206
1,-2,1,-2,3,2%,-4,3, -4 10137 330 Hyperbolic Hyperbolic : 7.51768989647
1,-2,1,-2,3,—2%2, -4,3, -4 1059 331 Hyperbolic Hyperbolic : 12.6232644507
1,-2,1, -2, -3, 22, 4,-3,4 10136 332 Hyperbolic Hyperbolic : 6.55174328789
1,-2,1,-2,-3,-22%4,-3,4 10138 333 Hyperbolic Hyperbolic : 9.70163046606
1,-2,1,3, 23, —4,3,—4 1054 334 Hyperbolic Hyperbolic : 10.3008554297
1,—-2,1,3, 72‘5, —4,3,—4 1079 335 Hyperbolic Hyperbolic : 11.7321635905
1,-22,1,-2,3,-2,-4,3, -4 103 336 Hyperbolic Hyperbolic : 5.62938237498
1,-22,1,—-2,-3,2,4,—3,4 92 337 Seifert fibred SFS[S?: (2,1)(4,1)(9, —7)]
1,22,1,3,-22,-4,3, -4 1033 338 Hyperbolic Hyp1.94150308(Z3)
1,-22,1,3,-22,-4,3, -4 10‘150 339 Hyperbolic Hyperbolic : 5.88829048381
1, —22, 1, -3, —22, 4, -3,4 1054 340 Hyperbolic Hyperbolic : 3.38319789365
1,-2,3,-2,1,—-2,-4,3, -2, -4 10§7 341 | Non-geometric(1Hyp, 1SFS) SFS[D : (2,1)(3,—2)] U Hyp2.82812209(L105002)
1,-2,-3,-2,1,-2,4,-3,-2,4 1059 X Graph manifold(2SF'S) SFS[D:(2,1)(3,1)]U /mSFS[D : (2,1)(3,1)],
m = [-7,8] —6,7]
1,—2,1,—-2,3,—2,3,—4,3,—4 1045 342 Hyperbolic Hyperbolic : 12.7549233603
1,-2,1,-2,3,—-2,-4,3% —4 1023 X Hyperbolic Hyperbolic : 6.3326666425
1,-2,1,3,—22, -4,32, —4 103, 343 | Non-geometric(1Hyp, 1SFS) SFS[Or, g = 1 + lpuncture : (1,2)]
UHyp2.02988321(L104001)
1,-2,1,3,-2,3, -2, —4,3, —4 10gg 344 Hyperbolic Hyperbolic : 14.6641288398
1,-2,1,3,-2,—-4,3,—2,—4,3 10%4 345 Non-geometric(2Hyp) Hyp2.02988321(L104001) U Hyp2.02988321(L104001)
1,-2,1,3,—2,—-4,3,5,—4,5 1034 346 Hyperbolic Hyperbolic : 9.06406948946
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