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The pIVOtal purpose of the notes is to understand the general configu-

ration of a closed oriented surface F pleCeWisellinearly and locally-

flatly embedded in the oriented euclidean 4-space R叫　up to ambient iso-

topieS in Rq･ The method which we shall adopt to describe the configu-

ration of F in H叫is usually called themotion picture method. 〔see

Fox l1日　Roughly speaking･ this method is to cut F by the parallel

hyperplanes R3lt] = R3xt ⊂ H3XRl = H叫, -co <士< +m, for example, after

having deformed F into a suitable form that we will call a normaZ fom

so as to become easy to conceive the configuration of F in R4.

The first attempt of describing the configuration of F in R叫by the

motion picture method was made by R･H･Fox and J･-ilnor in their unpub-

1ished paper t2】 in a somewhat unsatisfactory form in 1957.

The most important concept of the motion picture method is the hyper-

bolic transformation for links that corresponds to the concept ofahyper-

bolic critical point of a surface in the Horse Theory, which will be disI

cussed in Section L In particular, the normal form of a surface in R叫
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will be stated as the closed pea乙iBing SuPface.of a sequence of fuSionB

and flo:SBions that are the special types of the hyperbolic transformations

for links･ Originally introduced by FIHosokawa l5] in 1967ina restricted

form.

In Section 2･ We will show that any closed surface F can be deformed

into a normal form by an ambient isotopy of Rq･ In the case of 2-spheres,

this responds to a question ofR･H･Fox rl, p.134]. Secti.n 3　Will be

devoted to a normalization of cobordism surfaces between links.

Throughout the notes, Spaces and maps will be conSideTed in the pleCe-

wise linear category･ (Refer to Hudson [71, Rourke-Sanderson [10], etc.〕

These notes are based on lectures by the first author in the topology

se血nar at the Robe l加versity in 1975･ The authors would like to grate-

fully acknowledge a nuTrber of valuable advices from Professor Fujitsugu

Hosokawa> and are grateful to Dr.Takeshi Kaneto for having read the first

manuSCrlpt ･
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O. Notation and Definitions

O･l･ we denote by aXJnt〔X) and Cl(X), respectively, the boundary,

the interior and the closure of a manifold X･ We say that a submanifold

X of a manifold Y is ppopepZy embedded (or pr･oper,) iF Xnay - aX.

The following notation is fixed throughout the note :
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R : the set of all real numbers,

7- fx∈REo ≦r≦ ll : the closed unitinterval,

# - ((xl･X2･･-･Xn) I㌔∈R) : the euclidean n-space-

RrL - ((xl･X2,････Xn)ERn ZEN ≧ o),
+

Rn - ｡xl･X2･････Xn)亡Rn lxn ≦ o)I

Dn - (〔xl･X2,･･･,Xn) E♂晶12･xZ･････X三)1/2≦1) : the n-disk,

sn~1 - (隼X,･-,xn) E# I (xl2･X…･-･･X三)1/2-1) = the 〔n-1〕-sphere,

sn-1 - ((xl･X2,･･･,Xn〕ELrl Exn ≧ o),
+

sn-1 - ((xl･X2･-･,Xn)ESn-1 -xn ≦ ol.

lVe always assume that　〆1, Dn and Snll have the standard piecewise

linear structures which are compatible with the affine structures, and we

identify Rn with the subspace of Rn+m having all components after the

th
yL  equal to 0.

o･2･ Forasubset A of R3　andaninterval J of El,we denote

by AJ thesubset ((り)∈R叶い∈A, t∈J) ｡f H叫=R3×Hl. If J c.n_

sists ofonepoint to･ then the notation Altol =Axto will beused･

0･3･ Definitions･ Let X and　-V be topological spaces･

(1) Two homeomorphisms 〔or embeddings) i, g : X -･ Y are isotopie iff

there exists a homeomorphism (or embedding) H : XxZ+ YXZ such that

〔i) level preserving (that is, H(a,i) = (ht(I)･t), where ht :

X +I is a homeomorphism (or embedding) for all t∈Z), and

〔li〕ho=f and h1-g･

(2) An isotopic defo-ation of I is a homeomorphism H : yxZ+YXZ

such that

〔i) level preserving (that is･ H(y,七) = (ht(y)･t), where ht :
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y + I is a homcomorphism), and

(ii) starts with the identity ; ho = ly･

〔3) Two eml〕eddings f･g : X + I are -blent isotopie iff there exists

anisotopicdeformation H : yxI-×I of I with hlf=g･

(4) Two subspaces xl and X2　0f I are amzyLent isotoLDic iff there

exists anisotopic deformation H:yxI+YXI of I with hl(Xl) =X2･

In the cases (3〕 and 〔4), We will call the isotopic deformation　β　or

fhtIt∈I the-blent isotopty of I between i an･l g(resp･ xl and X2)･

Throughout the note, an ambient lsotopy of a space will mean an isotopy

with co"pact suppoT･t, unless otherwise stated.

o･4･Definitions･ (1〕Asubspaceヱ=た1∪･･･Uk in R3〔or s3) is

リ

an (oriented) LinkwLtわ　U COTTPOnentS iff A is homeomorphic with a

disjoint union SIu･･･Usl of u Coriented) I-5pheresI An (oriented)

link with i component is called an (oriented) knot.

(2) Two (oriented〕 knots or linksヱ, 27 are equiva乙ent(or of the.acme

type)iff there exists an 〔orientation preserving) h｡me｡m｡rphismいR3 +

B3 for s3-g3) suchthat 0(i-) -ヱ･ 〔and叛is alsoorientat10n

Preserving)･ TheLequivalence class Of a knot or link is called itsたnot

type or Zink type.

(3)An(oriented〕 1inkヱ=良1∪･･･Uk in E3(or s3) iSCalled

憾

つ
めia乙(or unknotted) iff there exists a disjoiht union雪∪ - uD2 of

ト

2-disks in R3 (or s3) with aDLf -炉-1,･･･,U･ Trivial links consti-

tute the tpivia乙type･

(4) A link　ヱis saidto bcspZittabZe iffthere is a 2-sphere S2⊂

R3- A such that both components of H3lS2 containpoints of A. More

precisely, wesay thatヱis sp7-ittabZe into入sublinks El･ - ,畑

I.　1　.-　　　､　　　　ヽ　lI　　　　　._.■■_■　　ー　　■-lヽ●._1_⊥-■.■■■
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iffth｡re are入disj｡int 3-disks D;U-･uD入1n R3 such that -(D言)

3 ,

っヱ. for i=1,･･･,入;andヱisdenotedbyヱ=ヱlO･･･OLl･ Ifヱiis
i

a knot for all i･ヱ= 良lo-･Ok is said to beL･OmLl,LeteLy spLittabLe.
tL

Other terminology in Knot Theory is refered to･ for example, Rolfsen

【9] and Suzuki t11ト

0.5. Definition. For a subcomplex P of aTnanifold M, by N(P;M)

We denote a regular neighborhood of P in M･ that is> We construct its

second derived and take the closed star Df P･

Let F be aproper 21manifold in a4-manifold M･ Forapoint XEF,

wehave aknot BN(I;Fj in the 3-sphere aN(I;M)･ Theknot type　K(X)

of this knot BN(X;Fj in aN(よ;M) is called the singularity or Local

knottypB Of F at x･ When拍) is oftrivial type, wemaySaythat

F is Loea拘fLatat x･ Wesay F is乙ocaLLyfLatin M iff itis

locally flat at each point･仙en K(a) is ofnon-trivial type･ we may

say that F is Loeauyたnotted at x. It should be noted that the local-

ly knotted points occur Only at the vertices of F･

Fqr the local knots, hTe refer the reader to Fox-Milnor t3],

0.6. Throughout the note, by a supfacg we mean a compact, Oriented

(and connected or not) 2-dimensional manifold F･ with boundary which may

be empty,乙ocaLt.q fLatZ,y embedded in the oriented R4･

l. Hyperbolic Transformations and the Realjzing Surfaces in R4

Let A be an oriented link in the oriented R31 An oriented band (=

2-disk〕 a in R ISSaidto span the乙inkヱ　by the attaching apes

3 .

iα,alI, if α and α. are disjoint connected arcs onヱsuchthat
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general uniquely detemined up to isotopies of R3la ,･b]･ (That is, fab

depends uponthechoices of 2-disks Dl･ - , DUo, Dl･ - , Dこ. )

n

l･4･ Examp.e･ Let Dl･ Di be 2ldisks in R3 5uchthat DlnDP aDl

- aDi -Cl is a 1-sphere･ Since DIUDi is a 2-sphere, there exists a

3-disk B3 in R3 whoseboundaryis DIUDi･ Let D2 bea2-disk in

the interior of B3･ and let aD2 = C2･ Now We consider the following

closed surfaces in R3lo,l], as shown in Figl 2･

頁01 = (Dll0]uCll0,1]uDll1]〕 ∪ 〔D2[0]uC2[0,1]uD2[1°,

テ･.1- (Dll01uCl【0,1]uDll1]) ∪ (D2[0]uC2[0,11uD2[1])･

⑳　⑳　土-1
㌔【11　か2【11

⊂) (=)局
clli]　C2li]

⑳　⑳　t-o　⑳　⑳
Dll0㌦oI D2[0]　DIP] FlolD2[0l

Fig. 2

It is impossible to carry fol onto f･01- by isotopies of H3lo,1l.

In fact, Fol boundsdisjoint two 3-disks卑o･lluD2tO,1l inH3lo,1],

but戸･ol neverbounds disjoint two 3-disks in靖o･1トTo see thlS･

let p : R3lo･l]-C2",1"R3lll-C2ll] bc the natural projection･

The induced homomorphism p* : H2(H3lo , 1トC2[0 , 1] ; Z) + i-12(R3[1]-C2ll];

Z) sends the homology class represented by the 2-sphere Dll0] uCll0 ,1]
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n-disk (i-1, 2); see Fig. 5.

二_±一士-
〟1　　　　　〃1 Uか　　　　　　〃っ

Fig. 3

l･7･ Propositjon･ (cellularMove Lemma)･ Let吟唱⊂ Q di.ffep by

m (n'1)-diBたD･ There exiSねan ambient iBOtOPy Of Q cap恒ng 14

onto噴aydたeeping a-N(D,･Q)砕ed･ 〔For the proof, see for example

Rourke-Sander50n [10, p.55].〕

l･8･ ProofofLemma.･5･ Let Fab,戸･b⊂轟,b] be two closed real-

α

izing surfaces obtained from the same realizing surface Fb⊂ E3la ,b].

こ1

Given a small positive number E, let E-　he a number with O〈E-　くこ.

consider a closed realizing surface　戸b-E-⊂ H3la+∈- ,b-巳.] obtained

α+El

from Fbn R3la+E一,b-C.] by attaching suitable 2-disks in R3la+已.] and
a

R3lb-E.]･ Then Cl(fbu戸b-E一一(fabn Fab:cE: )) consists of disjoint 2-

. α   a+EI

spheres contained in either R3lb-E･ ,b] or R3la,a+E.]. The situations

of the 2-Spheres in R3lb一己, ,bl or R3la,a+｡･] are the same as in

tlorlbe and Yanagawa's Lemma (Lemma l･6), although the interval [0 , ll

has been replaced by 【b-Er ,b] or la,a十El]. Hence there exist dis-

joint 3-disks in H3lb-E･ ,+∞) or R3(-也,a+巳.]. whose boundaries are

all of the above 2-spheres･ Then the Cellular lYlove Lenlrna implies that

戸b is isotopic to斉b-∈一　七yan ambient isotopy of R3〔--,+～) keep-
α               α+El

ing R3la+巳,b一己] fixed. We apt)1y a similar argument to京b and頁b-E-

d α+EI `
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Therefore亭b is ambient isotopie to flab by an ambient isotopy of
lL;

R3(-∞,+可　keeping R3[a+巳,b-∈] fixed. This coTrPletes the proof. □

1.9. Proof of Lemma 1.6. 1t suffices to show that there exists a3-disk

a ⊂R3lo,十00〕 Suchthat aB =S and Bnn〔SIU-USn-1)これ[ln
I:     I  l■                 I :   Tl

fact･ the Cellular Move Lemma･ then, assures that themion SIU･･･ USnll

u s is ambient isotopic totheunion SIU-USn-luョ(Dnl0,EH fora
n

sufficiently small positive number E･ Next, appeal to the induction on

the numbeT　γ乙　Of connected components.]

consider D and Di, - ,D二･ Notethat Di･ … ,Dl aremutually
n

disjoint and (aDIu-uaDl_1)nDn-¢　and　∂D'-aD･
n     n

By a transversality argument, there is a sufficiently small isotopIC

deformation thtlt∈z of R3 keeping aDn fixedwithわt(Dn)naD1 -の,

i-1,-,nll, so that the 2-disk D　- hl〔Dn) intersects the union Di u
n

-uDr transversally. Now, DinDn consists of only finite number of
n

simple loops for i=1,日･,rL-1, and DlnD consists of simple loops and
n   n

proper Simple aTCSI See Flg･ 4･

①,塞,,7/,
･I LE7･tmT,LEi lJ(,()()

: :
･7 7)Ymr,E".mml"7,良) ("･,i

>

===コ

Fig. 4
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Let v bethenumberofthe components of (Dl･U･･･uD･)∩五･

n    n

Let Sl=Dnl0]∪〔aDn)[0,2]uDll2]･ Since SIU-US is ambient

n

isotopic to SIU･･･USn_lUSl･ it suffices to constructs a 3-disk B･ c
n

R3lo,･可IVith aB･ -S, and Bin(SIU･･･USn_1) -P･ Weshall const-

I7    n

ruct Bl by specifying the cross-sections B･nR3lt].
n

Divide the interval 【0･1] into the subintervals [0,El], lEl･E21･

-･, rev,1], where Ei =i/(U+1), i=1,-,V･

Forany t with O≦t≦El, Wedefine B･nH3lt] =ht/EllDn〕朴

n

Thus･ the part B･nR3lo,El] is constructed･ It will be noticed that
n

B･nR3lel] i DnlEl], and each Di･lEl]･ i=1･-,n ･ has only the simple
n

loops or simple arcs of ((Dlu･･･uDl〕nDn)lEl] as the intersection

with DnlEl]･ Let y⊂ (DIU-･uD')∩方　beaninne-ost looporarcon

n    n

ヨome Di･andlet A〔D･r bethe2-disk cutoffty Y with lnt△nD　-

:㌔               -I~ t'  l ‥‥■l L■L…､■■.7.I

四･ we performthe orientation-preserving cut on a along this　△. By

n

this modification･ D is divided into one 2-disk a(1) and one 2-sphere
n                         n

Z,see Fig･ 5･ Now, B･nR3lEl ,E2] is roughly defined by the realization
n

of tl-is modiflcatlOn lnto轟1 ,EZトTo be precise, let

B･nR3lt] =Dnlt] Lfor El ≦t< (El･E2)/2,
n

B'∩軸- 〔DnuN(A;R3),lt] for i- (El･E2)/2 , where N'ALR3〕
n

is a 3-disk obtained by thickenning the disk　△　so that N〔△;R3)rlb　=

n

aN(A"3)nan ≡ N(a△;Dn〕･ and

BrnR3lt] -cl(DnuaN〔A;R3)-aN(△'R3)nbn'lt] - (売1〕∪∑〕回f｡r
n

(El+E2)/2<t≦∈2･

We can continue the orientatiop-preserving cut so as to obtain one　2_

disk blv'and v 2-spheres ∑1･ ,∑v sothattheunion云Iv)U∑1

-　-　1　.1　　丁　　　　　‥.rr+　　　.P　.__‥.ド.ll.I.
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ll Sて-ml,7-(-, i()uF)

Fig. 5

U I.'U∑　no longer.intersects the union DiuHuDLIUInt(Dl)･ Note
＼)

that themodifications from D to a(V)uE1U-UE have precisely V
n n V

times.

Realize these modifications into R3lE膏.ll and R3lEv･l] in good

order. Thus, we Can ｡｡nstru｡t　β･｡㌔[0,日　whl｡h is h｡m｡｡m｡rphi｡ t｡ a
n

3-disk with u open 3-disks removed･ Notice that (B去nH3lo･1]) nSL -

¢= R3(1,+00〕nSi ･ i=1,･･･,n-1･

since売り〕uD去, El, ･.･ , ∑v are mutually disjoint 2-Spheres in H3,

from [1,  ･ ∑v we can enumerate the 2-spheres･ say　∑1, - , ∑入(V

･入≧ 0), whichcontained in the interior of a(V〕 uDl (i･e･ the open 3-
n
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disk bounded by古土V〕uD･ in R3)･
n

Divide the interval tl ,2] into the subintervals l1 ,nll･ lnl,n2] ,

-, lnuコ],where [i=1+-+1),i=1･････入. In ∑1･ -･ ･∑入,We

｡h｡｡S｡aninnerm.st 2-sphere, say ∑1, Which bounds a 3-disk A-;lH3 not

meetingother E- Then, wedefine B･nR3ll･n2] as follows :
7,　　　　　　　　　　　　　　　　n

B･nR3lt]-
n

(古土V)U∑lU∑2U-･∪∑V)[ti for 1 ≦士` (1'nl)/2･

(五三V)uAfu∑2U-･U∑V朋　for t- (1+nl)/2,

し(b£V) ∪∑,∪･･･ U∑V)lt]
for(1+nl)/2<七≦n2･

For R3ln2,n3]･ - , R3ln九一1･nl]･ We repeat this process･ Thus, we

obtain B･nR3lo,n入] such that B･∩和人1 - (売V〕U∑入.1U･･･∪∑リ)廿
T) L L I 1人■           〉'･1

since the 2-sphere a(V〕uD･ does notcontain El+lU･･･U: inthe
n   n                   V

interior, we canObtain a 3-disk △3⊂R3 with a△3 =-D(V)uD, andn     n

△3∩〔=九十lU･･･UEv) =P･ Nowwedefine B･nH3ln^,2] as follows :γ1

B･nR3lt] =
n

(～Dエリ)∪∑入.1∪-∪∑V)ttl for [入≦土` (∩入+2)/2,

(△3uE入+1U･-UEJlt] for t= (nL+2)/2,

し(D左 ･El.lU-･∪∑Jtt] for (｡九十2〕/2くt≦2･

Next, in E入+1, - ,Zv , We Choose an innermost one, Say ∑-, Which

bounds a3-disk A;.1⊂R3 with △^3.1∩(∑入.2∪･･･U∑吉P･ Let El and

EZ h｡｡｡mb｡TSWith 2< ∈1くら2, a｡dwedeflne β･∩轟1,∈21 as follows:n

β･｡㌔[七] -
n

(=入+lu∑九+2U･-=∑Jlt=or　2<- tくEl,

(△13+lu∑九+2U-UEv)【七1 for t=∈1,

(三人.2U/･･UZv)lt]　　forら1 <七≦∈2･

This process Can be continued to eliminate the 2-spheres T･入+2LJ ･･･ Ll∑ ･＼l
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Then we Obtain a 3-disk　か, i｡ ㌔[0 ,十00) whose boundary coincides with
n

Sr and which is disjoint from Sl･ ･･･ ･Sn_l･
n

This completes the proof of Lemma 1.6. D

consider an oriented link　ヱ⊂ R3　and mutually disjoint oriented bands

Bl,･･･ ,Bm,Bi･- ,BL･ (m,m'≧1) whichspanヱ･ Let　8-tB1,...I

Bm)･Br-tBi･-･BL,) andす-8uB■. Ifweletヱ■-h(A;B) and君-

h〔ヱ■;召'), then it is easy to see that f- h〔ヱ;B). For the realizing

surfaces Fab and Flab in R3la,b] ofthesequenceヱ→君andヱ十

L'十且, respectively, we can obtain the following lemma :

l･10･ LenTna･ Fab arhd Frab ape ambient iBOtOPic in R3la･b] keep-

ing the boundary aR3la ,b] fixed･

pr･oof. Divide the interval ta,b] into three subintervals tto,tl],

ltl,士2] and [t2,七3],Where a-i=o<i=1 <士2<t3 -b･ By anisotopic

deformation of R3la,b] keeping aR3la,b] fixed, We can assume that

Fb and FIb are defined as follows :
a          a

Fと･nR3lt]=頼]=F･bnR3lt] for to≦t<七1,
I.㌔:      L一､ `     :I

Fbn R3ltl] - (LuBIU･.･UBmuBl･U･･.UBL･)[tl1,
α

F･bn R3ltl] -I (LuBIU-UBm)ltl】･
し1

FbnR3lt]=宮中] and F,bnR3ltl-ヱ･lt] for tl<士<七2,
Ltl     i A    ､ L         lて

FbnR3lt2] -flt2]･ F･bnR3lt2] - (E･uBIu･-UBl･)【七2],
(7     L  '     L  L     :.T

FbnR3[士】=flt] =F,bnR3lt] for t2<t≦七3･
a                       a

lt is easily checked that Fb and F･b differby 3-disks Bl,ltl,七2],
a          a

- ･ BL･ltl,tZ]･ So by Proposition l･7 (The Cellular Move Le-a), Fab
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and Flab are -blent isotopic in E3la,b] keeping aR3la,b] fixed,

which co叩1etes the pl･00f. □

1･11･ Definition･Amisotopic deformation (ambient isotopy) fhS)8∈Z

of R3(一山一十∞) is saidtobe ZeveZ-pTeSePVing for each Gel and i

with -也 < i < +W･ hB(R3lt]) ≡ R3lt] holds, and la,b]-veTticaZ一Zine-

ppesepv-g if for each s∈I and x∈R3　there exists a unlquePOint

xS∈E3 such that hs(xlt" =xBlt] holds forall士∈【a･b].

l･12･ LeTTVna･ Letヱ1,ヱi be ZinkB Obtainedfpom an oriented Zink E｡

by the hypepboZic tpanSfo-ations aZong bands fB･I and fBJ･･), PeSPeC-
1t

tiveLy･ zf the 己inks ui古h bands (i･e･ eoT7P乙exes〕ヱo U (Ui Bi) and

ヱo U (UJ BJ･･) - ambient isotopic in E3･ then士he pea乙iBing supfaees

Fab･ F,ab ⊂ R3la･b] of the sequencesヱ0 -1,ヱ0 -i･ pespectiveZy,

ape cmbienf ieDわpie by a乙eve乙-ppeSePVing and lpl ,PZトveptieaL-乙ine-ppe-

Sepving isotopie deformation of R3(-00, +∞), uhepe pl'P2 ape aPbitpapy

numbepS With pl ≦ a ≦ b ≦ p2･ Fupthermopel if the cmbien去isotopy ofR3

eapryingヱo U (UiBi) to Eo U 〔UdBJ'･)女eeps the Zinたヱo匝ed Set-

uise , then the i80tOPie defo-ation of R3ト∞ , ･p) may be asserted to

be乙eveL-pr'eser7Ving and l∈1 ･∈2]-Vcr,ticaZ-∑ine-pr,ese2,Vine for, aく∈1 ≦

(a･b)/2< b ≦∈2　andtoたeep R3〔-∞,a] fixed.

ppoof･ Let thslsEI : R3+R3　be the ambient isotopy sendingヱo

u 〔ui Bi) togo U (UJ･ BJl･). For a sufficiently small positive number E,

the desired isotopic deformation tfs)S∈Z : R3(-00,十m)十R3(-也,+00) is

defined as follows :

fB(xlt]) = hs(X)lt] for xlt] ∈ R3lDl,P2]･

fs(xlt]) =hMt,a)(X)lt] for頼】 ∈R3lp1-亡,Pl], Where中is a
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piecewlse linear map from 【pl-亡,Pl】×[0,1】 to [0,1】 defined by

4)(七,a) =

0 if t+E.8-Pl ≦0,

(七+Es-Pl)/E if i;+｡6-Pl　>0,

fB(xlt])三ho(i,a)〔-】 for叫] ∈E3lp2,P2+E1, where叫is a

piecewise linear map from 【p2,PZ･E]×[0,1】 to [0,ll defined by

'J)(七,a)

I

0 if ES-i+P2　≦0,

(EB一七+p2〕/E:  if Es-i+P2　>　0.

Finally, let fs lR3(一㌔ Pl-C] uH3lp2十こ,-) be the identity mapI

This completes the proof.ロ

l･13･ Remark･ Let　ヱ　be alink and B a band spanning　ヱ. If we

slide the attaching arcs of the band B along the link　ヱ　or deform the

band a itself, then the link with band　ヱuB is ambient isotopic to

the link with band LuBl, Bl being the resulting band, in R3　keeplng

the link A fixed setwise.

The following is a soT､t of converse of Lemma 1.10.

l･14･ Lemma･ conBidepthesequenee　ヱ=ヱo+ヱ了- +ヱ　-Lr of
n

opiented乙inks in R3加ヱi.1 - h(Li;βi.1) fora bandBi.i,i-0,1,-,

n-1･ Then there exist ,,mtua拘diBJ･oint ba7ds Bl･･ - ,B㌶ in H3 span-

ningヱsuch t77at the pea乙iBing BuPfaeeか･ヱ" ; ⅠBl,,･･･,Bi)) ⊂R3la,bl

uith　ヱ" -ち(2日Bl･･-,Bl†〕 iS ambient iBOtOPie to the peaLiBing supfaee

Fab (ヱo･21･-･ヱn ; Bl･B2･.-,Bn) by an ambient isotopy of R3(-co,+a) keep-

ing H3(-co,α] fixed, Leve乙-ppesepving on R3lb,+可　ard lb,pトvepticaZ-

乙Lne-pr)eser'uing for'a sufficientLy乙apge yIW77ber p.

fboof･ We prove our lemma by induction on n. If n=l, the assertion
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is obvious. Let n ≧ 2　and assume that the assertion holds for the sequ-

enceヱ=ヱo →ヱl + -･十㌦-1･ From the construction, we can find a

l｡V｡1轟･], a < t･ < b, such that the surface FZ(L｡･Ll･･-,ヱn;Bl･82,

-,Bn) ｡R3la,H is ambient isotopic to the realizing surface鮪,ヱ1,

･･･,ヱn_1;Bl,B2,.･･,Bn-1) of the sequence Lo→ヱ1+ ･･･十㌦-1 by an

ambient isotopy of R3(-co,-) keeping R3(-α,a]uR3ltr･+W〕 fixed･

From the inductive assumption,顔｡･Ll････,Ln_1 ; 81,82･･-･Bn-1) is de-

formed int. a realizing surfaceか｡,ヱ芸Il ; iBl･･-･BLl‡) with L芸-1 ≡

hlLo;tBi･-･,Bl_li) for mutually disjoint bands Bi, ･'',B1-1 by an

ambient isotopy of R3(-∞, +00〕 keeping R3(-め,a] fixed, level-preserv-

ing on R3lt′,+∞) and l七･ ,Pトvertica1-line-preserving for a large num-

ber p. This ambient isotopy assures that Fab(Lo,Ll･-･,Ln;Bl,B2,･･･,

Bn〕 is -blent isotopic to Fba(Lo,ヱニー1･Ln; tBi･･.･,Bl111･ Bn) by an

ambient isotopy of R3(-∞,+∞) keeping R3(一皿,a] fixed, level-preserv-

ing on R3lb , +当　and 【b ･p]-vertical-line-preserving for a large num-

ber p, where B is theband obtained from Bn by the ambient isotopy
n

｡f R3 car,yingヱn_1 tOヱ芸_1 and吏-h(L㌶-l'Bn)･n

Let　α, α･ betheattaChingarcs of B to且二_1･ Wecantransformn

a s.that 〔…･)∩(Biu･･･uBこ_1) -β bysliding α･αf alongthe
γ1

link L芸_1 and by deforming α, α･ into smaller subarcs, if necessary'

see Fig. 6.

Fig. 6
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Fig. 8

F狐,ヱ芸_1, 2･･;{Bi･.･･,Bl_1} ･Bl〕 by an ambient isotopy of R隼,-)

keeping R3〔-∞,a] fixed･ level-preserving and lb ･pトvertica1-line-pre-

servingforalargenumber pI Let R3ltl] and R3回･ tl < t2･ bethe

critical levels such that R3["nFZ(L｡,ヱ芸_1,A" ; tBi････,all) ,Bl〕 =

(ヱoUBiu.-uBl_1)ltll and B3囲nFba(eo, L二一1,ヱ";(BI･････Bl11),Bl)

- (ヱ;_1UB錘]･ Note that the realiZ1ng Surfaces Pa(Lo･ヱニ11, A"哩

･･･,Bl_11･Bl〕 and Fba(Lo,ヱ‖;(BI,････BlH differ by the 3-disk Bl x

ltl ,t2], Where w.e assume that the critical level of Pa(Lo,gH ;tBi･･-,

Bll〕 is R3ltl]･ So, by applying the Cellular Move Lemma (Proposition

1.7), Fba(L｡, Lニ_1,ヱ";{Bi････鶴, ･Bl, is ambient isotopic to鮪

ヱ･7;tBi････,811〕 keeping R3(-00,aluR3lb,･m〕 fixed･ Combiningwith

the ambient isotopleS deforming

か0,ヱ1,- ,㌔;Bl,････Bn)十Fba(L｡,ヱニ_1, ㌔; {Bl',･･･,Blll',昌n)

･?a(L｡,ヱ;_1･ヱ"; (81,.･･,B1-1) ,Bl)

･ Fab(Lo･ A" ; tBlr････,Bl)),

the desired ambient isotopy is obtained, and c-1eting the proof.ロ
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Now we would like to introduce two specific types of the hyperbolic

transformstions, called fusion and fission･

consider an oriented link　ヱ⊂ RS and mutually disjoint oriented bands

Bl, ･･･ ･Bm(m≧1〕whichspanヱandletヱ■ =h(A;Bl･･-,Bm〕･ Let

ヱ　and　ヱr have u and u-　Components, respectively,( U,Ul ≧ 1)･

l.15. Definition.ヱp is said to be obtained from　ヱ　by m-fusion

(along Bl, - ･B) if u. =リーm･ Dually,ヱr issaidtobeobtained
m

from E by m-fission (along Bl･ - ,Bm) if uT =u+m. The上-fusion

andトfission are often called the simple fusioれand the sLmp乙e fisSiorL･

respectively･ We also say that　ヱI is obtained from　ヱ　by complete

fusion (along Bl, -･ , Bm) orby comp乙ete fission (along Bl･ - , Bm)

according as tl･=U一m-1 or uエリ1-m-1･ (See Fig･91〕

1-f7ノ.i:7lon　い;叫,乙(I, flJIL,.T'-()n, (",nFr7〔心, !171.i,.[,,m)

1 -jlihl.m',')rl (.(㌻imP Lt/⊃ JJ17.J･(71,･7:lm ,仰,,JfJ lj･tJC Jll,工,,i,17-,On)

2-rut,-i(m

2-JliLS`;乞ort

Fig. 9
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Clearly, if a transformation　ヱ+ヱ' is m-fusion, then the inverse

transformation　ヱ■ +gis m-fission and conversely. Hence the fusion

and fission are dual concepts each other.

l.16･ Lemma･ zf art opieni=edたnot k' is obt=ained fr･om an or,iented

knot 良 by a hypepboZie tpansfo-ations a乙Ong Zxlnds B1, - , B ･ then
n

n is necessar･i乙y even, say n - 2m, ard theT7e exist new mutuaLZy disjoint

n bands Bl, - ,育　uhiehBPan 良 andsuch t加the realizing surfaces
rL

顔,ヱ, 良";七百1,I-,5m),七㌔.1,-万〕 andか, k･;fBl,-,BnH ape

ambient isotopic桓an ambient isotop.y of H3(-孤, +00〕 keeping H3〔-00, a]

fixed, uher,e　ヱiB the乙LTLたob由ined fr,om 良 by comp乙ei=e fission aZong

Bl, -,宮　and 良" is the knot obtainedfpomヱ　by comp乙ete fusion
m

along Bm+1, - ,Bn･ This ambient iBDtOPy may be ZeveZ-ppeser,u-g on

R3lb,+m〕 and lb,p]-veptieaL-Line-ppesepving fop an apbitpap.y p > b･

l.17･ Remark･ In Lemma l116･ the knot withbands kuB u･･･uB2m is
1

in general not ambient isotopic to the knot with bands l乙uBIU- UB2m

in R3･ For ifso･ thenthe m bands･ say β1, -･ ,a I corresponding
m

to the m bands Bl･ ･･･ ･B would playtlle rOleofcomplete fission on
m

k･ However, the trivial knot with hands OuBIUB2UB3UB4･ illustrated

in Fig. 10, Elves a COunter-example to this ; that is, no two bands in

tBl, B2･ 83, 84T play the role of complete fission on O･

Fig. 10
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l.18. ProofofLemnul･16･ Let A(1) be A(rL;Bl)･ Since A(1) is

a link with two components and kl = A(h"l･･-･Bnj = A(L〔1) ;Bz,-･,Bn)

isaknot, wecanfindaband, say B2･ in (Bっ, - ,Bn) suchthat 良(2)
｣

-招;Bl,B2)=h(A(1);β2) isaknot･ Since 2(3) =招〔2);β3) isa

link with two components and kl = A(A(3) ;B4,-,Bn) is a knot, we can

findaband･ say B4, in tB4, - ,Bn) suchthat 良(4) =招(3);B4) is

a knot,日日■

since n is finite, the above procedures TTTuSt be finished by a finite

number of times. So, n becomes necessarily even･ say n = 2m･ and we

mayfindasequence 良-良(0㌦k(2) -･･ +伝(2m) - k･ of knots with

良(2i) ≡ A(k(2i-2) ;B2i-1･ B2i), i=1,.･･･m･

Let与- ･㌔ be mutually dls]oint small connected arcs COntained

in k一〔BIU.･･UB)･ Slidetheattachingarcsof Bl and B2 along
n

良(0) = 良 and deform BIUB2 themselves into thinner disjoint bands, so

that the attaching arcs of the resulting bands　βl and 82 are COntai｡ed

in Ill Letを〔2) be拍(0吊1,云2)･ Since h(0)uBIU云2 isambient

isotopic to 良(0)uBIUB2 by an ambient isotopy Of R3 keeping kl0)

fix｡｡setwise , ～r''2'isakn｡t.Let B主2),B去2), ･･･ ,β崇) bethe

bands obtained from B3, B4, ･･. ･ B2m by the isotopic deformation 良(0)

u BIUB2- Ea'0'∪呂lUb2･ Slide the attaching arcs of B;2), 812㌦long

が2) and deform B皇2) uBi2) into thinner disjoint bands, so that the

attaching arcs Of the resultingbands 83,月4　are COntalned in与　83,

B4 Shouldbe chosen tobe disjoint from Bl, B2l Let ～h(4) be h(～h(2);

B,, B4)･ Since ～k'2'U占,∪昌4 is ambient isotopic to ～h'2'uB主2〕 uB三2〕

by anambient isotopy of R3 keeping ～k(2〕 fixed setwise , ～h(4) is a

knot.
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By continuing this modification･ we obtain mutually dis]oint bands Bl･

B2･ ･･･ ･ B2m-1, B2m , Whichspan 良(0) andsuchthat foreach i the

attaching arcs of B2i-i and B2i are COntained in Ii (see for example

Fig･ ll), andasequence　た-良(0) +A(0〕 →～h(2) +- →～k(2m) of knots

with A(2i) - A(～k(2i-2) ib2i-1, B2i), i-1･･-,m･

【一　　　　　∫-ヽ

β5′十一､､､

･1､い＼rJ,

Fig. ll

By applying Lemma l･12 inductively, the realizing surface F(1)b of

a

thesequence 良-招) -た〔2) - -･ -IZ(2m) -k･ is ambient isotopic to

the realizing surface F(2)b of the sequence　良三h(0)十6(2) + -･ +

a
～h(2m〕 =良一･ by an ambient isotopy of H3(-00, +a) level-preservlng, [b,p7-

vertica1-line-preserving for an arbitrary p> b and lくeeping R3(-∞,al

fixed.

From Le-a l･10, it follows that F(1)b and F(2)b are ambient iso_
a           (}

topic･ respectively, to the realizing surfacesか, kr ; fBl,･･･,B2m))

and FZ(k, krr; tBl,･･･,82m)) by ambient isoto,ies ｡f R3(-00,叫keeping

R3(-∞,q】uE3lb,+m) fixed.

Nowlet Bi=B2i-1 and Bi+m=B2i･ i=1･････m, andヱ=h(k;Bl,･･.,

Bm)･ It is easy to checkthat　ヱis a linkwith (m.1) Components ;

ー._転111
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that is･ヱis obtained from 良 by complete fission along the bands Bl,

- , Bm･ AIso･ note that klI is obtained from　ヱ　by completefusion

along Bm.1, - ,百2m･ By Le-a l･10 again, FE(h･た";(51,-,房2m)) is

ambient isotopic to F喜(伝来k一･; fす1,-,5m) , f5m.1,-,B2m)) by an

ambient isotopy of R3(-∞,+∞) keeping R3ト∞,a] UP3lb, -) fixed.

Combining these ambient isotopies of R3(-co,+00), we have a required ambient

isotopy between Fab(k･た･ ;fBl･････Bni) and Fb(h,且,町七百1,-,5m) ,

こ..

tBm.1,･･･,B2m))I and completing the proof of Lemma l･161 D

considertriviEll links 0, Or, knots 良,た1 andalink　ヱin R3

such that 良 is obtained from 0 by complete fusion,gis ol)tailled from

良 by complete fission, kl is obtained from E by complete fusion and

OI is obtained from kI by complete fission･

l･19･ Definition･ Theclosedrealizing surface　戸b in R3la,b] of

a

the sequence 0+良+ヱ十伝'+ 0' is called a (C･omeeted) Sur,face in t7te

nor,ma乙foy,m. The link　ヱis called the middZe cT,068-8eC士ionczZ, i,ink of

:･ 1
and the knots 良 and kI are called the Zouer, and upper7 Cr70SS-See-

tioTlaL knots, respectively.

In case that 0 or O' is a knot 〔i.e. connected), we have 0-良 or

OI = kr in the above sequence 0+k→ヱ十kl十OI, respectively; and in

case that　ヱis a knot, we have 良-ヱ-kJ and sometimes we call the

knot 良 ≡ A = l之I the equatopiaZ erossISeCtionaZたnot of　戸b.

α

21 Deforming a Surface into a Surface in the Normal Form

The main purpose of this section is to show the following theorem :
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2.1. Theorem. Any ZocaZ乙y fiat, Connected, C乙osed a7d or'iented suTfctce

in R3(--,.-〕 can be defomed into a surface in the no2maL fo-　by an

ambient isotopy of R3(10, -) 〔uith compact SuPPOPt〕･ Fupthep I the

middle crlOS8-SeCtiona乙乙ink of this defor7med Bur･face 7ms tわe genus P乙us

one conponentB･

The proof will be done in　2･13･

N.w w｡ ｡｡nsider the situation that a Loca乙乙y fュat, closed, or,iented and

poLyhedpaL BuTface F is given in the oriented 4-space R3(--,-)･ To

prove Theorem 2･1, We must deform F by an ambient isotopy of R3(-∞,+00〕

So tllnLat the intersections of F with parallel hyperplanes R3lt], -00< i

く+CO, come tO be as simple as possible and then must descril.e the changlng

of the configuration as i increases from　-∞　to　+∞･

An intersection FnR3lt] is an opdi7mPy ePOSSlBeCtion of F ⊂斤4 if

FnR3lt] isanemptysetora linkin R3ltlf　はFnR3lt] isalink,

then the orientation of the link will be chosen so as to be induced from

that of the bounded oriented surface FnR3(-∞, t]･ The orientation of

the hyperplane R3lt] Will be chosen so as to be induced from R3(-∞月･

Amintersecttion FnR3lt] is an exceptionaZ epoB8-geCtio7-f F ⊂ R4

1f it ls not an ordinary cross-SeCtion･

It will be noticed that the exceptional crossISeCtions of F appear

for a finite number of hyperplanes ; more COnCretely･ at most for those

hyperplanes which pass through a vertex of a triangulated F ( as a sub-

complex of a triangulated R4 -I R3(一㌔-))A In fact, if for a level

R3ltol, FnR3[to] is non-empty and does not contain any vertex Of the

triangulated F, then let lal･a2･a3] be a 215implex of F such that

lal,a2･a3]∩轟.]川･ Let ti･ i-1,2,3, be the fourth coordinate ofai･
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without loss of generality, we may assume that tl >士0, t2 > to and t3

<士o･ lt is directly checked that lal,a2･a3]nR3lto] is a 1-disk line-

arly and properly embedded in lal･a2･a3]･ Since F has no boundary and

FnR3lto] is compact, it follows that FnR3lto] is a closed Lmanifold

i･e･ the dlSjolnt union of a finite number Of 1-spheres.

212･ Lemma･ F is ambient iso士opie to a tpianguZated BuPface in R4 =

H3(一句, -) by a BuffLcientty BmaZZ deformation, so that any two vertices

of it 7uue neither the same coopdilute (xl,X2,X3) nor the scme fourth

cooy･dinai:e i.

-of･ Choose a large4lCube C4 CHD(-00,-〕 containing F in its

interior･ Let i be a triangulation of C4　having a triangulation K

of F asasubcomplex･ Let vl･ ･･･ ･V betheverticesof K and
r7

u1,..･ ,Vp,u-1, ･･･ ,Vs betheverticesof J･

selectpoints ui･ - , u'in the interior lnt(C4) S｡ that
P

〔1) uI is sufficientlycloset0 ㌔, i-1･-,p･
i

(2) the half-open segment (ui･ui] - ((1-u)ui･u引o<u≦ 1 )

intersects with no affine hyperplane of R3(一m, +∞) ≡ H4　generated by

subsetsof tul, ･･･ ･V i∪tul', -･ ,ui_i), i-1,-･,T, and

8

(3) any two points of　隼･･･ , u' have neither the same coordinate

T)

(xl,X2,ご3) nor the same fourth coordinate　七･

Now we define a pleCeWise linear homeomorphism h : I+C4, 0 ≦ u ≦ 1,

u

byputting hu(ui) = (1-u)V･ ･uui･ i-I,-,p･ and hu(vJ.〕 -U,･ for J･-

こ､∴､   L  L I    ､←t＼~t?-I  L■._I;

rul･-,6･ Notice that the pleCeWise linear homeomorphism hl and the

complex J give a simplicial complex structure on c4 so that hl(K)

is a subcomplexofthe complex hl(I) - C4 havingonly vl,, ･･･ ･7,; as
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the vertices of hl(K)･

By letting hu IRS〔-00,-) - C4 be the identity map, the family

fhu)u∈z gives a required ambient isotopy of H3(-co,-〕 carrying F =

回onto lhl(K)l, and completing the proof of Lemma 2･2･ □

Let F be a deformed surface as in Lemma　2.2. If FnR3ltol is an

exceptional cross-section･ then it is easy to see that -3[tol is a

polygonal graph with just One exceptional point　£o which has no neigh-

borhood in FnR3lto] homeomorphic to an interval ; this point xo is,

so called, a cr･itica乙point of F･

To examine exceptional cross-sections, We introduce the following

three simple types of critical points, called e乙ementapy cpitica乙pDint乱

2.3. Definition. In the change of the local configuration of FnR3ltl

as t increases past the exceptional level i = to, if a small unknotted

simple closed polygon shrinks to a point xo and disappears･ then the

point xo is calledamaximaLpoint of F ; see Fig･ 12･

七くto t=to t>七o

Flg. 12

similarly, if nothing, 〕ust beforeto, apoint DTo at t = to anda

small unknotted simple closed polygon appears 〕ust after i = io>　then

thepoint xo is calledaminimaZpointof F; see Fig･ 13･ W岳.1111艶
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士くto t=to t>to

Fig. 13

If two polygonal arcs approach each other and cross at a point xo and

then two arcs goaway 〕ust as in Fig･ 14･ then the point xo is called

a Badd乙e poini= of F.~∴∴_

Fig. 14

2.4. Examples. Here are a few examples of critical I)Oints which are

not elementary cLritical points･ (Fig･ 15 (a), (b), (C日･

･a,〉客¥驚く

･b)>tくく¥轡
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･C)>X<譲二半
Fig. 15

Note that in each example the critical point xo is certainly a

locally flat point･

2･5･ Lemma･ F is mnbLent iso坤ie in RD(-00,･00) by a Buffieien拘

BmaZZ defomation to a sur･faee, u71ic77. 77a8 0n乙Ju e乙ementaT,y CY･it7:ca乙pointB

7:rz distinct ZeveZ_s.

pr700f･ Let vl･ … ･Vr, bevertices of a triangulated F･ By Lema

2･2, We canassume thatno twopoints in hl, - ,Uri have the same

coordinate (xl ,X2･X3) or the same fourth coordinate t･ Now we take

sufficiently small cylindrical neighborhoods　里ai , bil of the vertices

v. in R3ト00,-), whereeach N. is aconvex linear 3-diskin H3such
-｢         L   '    '                :■､

that the bottomt Nilail and the top N7･,[bil are disjoint from F･ For

each i･ we remove the 2-dislこ　FnlVilai,bil and replace it by a cone

㌔★IFna(Nilai･bi]日, Wl-ere ㌔ is an interior polnt Of Nilb71]･

The resulting Surface F can be triangulated by introducing nelV Vert-

^1　　　た･

ices ui, - , Of onthepolygonal curve Fna〔Nilai巧l) foreach i.

we｡ay｡h｡os｡ N. S｡thatn.twovertices of姑･- ,卓llaVethe
7,

same fourth coordinate, by using Lemma 2･2L It is eaily checked that F

is ambient isotopic to F in R3(-∞,-〕 by a sufficiently small defor-

mation and that each vertex u. is a maxinlal point of F.
'Z,
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since for each j･ 1 ≦ J･ ≦ ki･ the closed starneighborhood St乱F)
て.

is a 2-disk consisting either of four convex linear　2-disks or of one

(not necessarily convex) linear 2-disk and two convex linear 2-disks (2-

Simplexes〕 accordingas S弓is in the i-skeleton F(1) of F ornot,
7,

it follows that the number硝) of the intersection points Lk(SJi ,育)

nH3ltぎ] is 0, 2 or 4, where古くisthefourthcoordinateof Sq･
～                                   ?･

(Note that no other vertex of頁1ies in R3lti']･) If the number硝)

is 0, then this vertex u^L7 is clearly aminimal (Or maximal) point. If
i

n(u^bi) - 2, then it is easy to see that戸nRjltJi] is an ordinary cross-

section･ If n(U^Ji) = 4, then the only two possibilities described in the

〈1

following Fig.16　occur, since i)U･ is a locally flat point･
't.

><×
･b) Y

丁-
〉<

＼＼J/

巳⊆義正
つ

＼　J
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Now we shall show that the case (b) can be reduced to the case (a). In

fact, this follows from the Cellular Move Lemna 〔Proposition 1.7), since

the configuration of the case (b) and the following configuration differ

by a 3-disk.

)来てハハVn八)◇(
b/ T2{ ＼ノ＼/

八八/､〈
Fig. 17

The　3-disk is illustrated in the following Fig. 18 :

Fig. 13

since the vertex ;a. of the case (a) is, by definition, a saddle
7,

point, and we complete the proof of Lemma 2.5, n

From the combinatorial point of view, it is often convelliellt t() thinlく

of e7Jementar7y CPitica乙bands instead of elementary critical points･

2.6. Definition. In the change of the local configuration of a Surface

at i passing the exceptional level i = to increasingly, if an unknot-

ted, oriented, simple closed polygon comes to bound an oriented　2-disk B

and disappears, then the oriented 2-disk B is called a ma二九ma乙bcmd ;

see Fig. 19　below.

If an oriented 2-disk B appears at t = to and an unknotted simple
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closed polygon is left just after t = to, therL the oriented 2-disk B is

called a minimaZ Lmd ; see Fig. 20.

二　三
Fig. 19 : A Maximal Band　β

…O固
Fig. 20 : A Mininlal Band B

t>to

□
t>to

If two arcs approach each other and an oriented band　β　Comes to span

two arcs and then two arcs are left as in Fig. 21, then this orierlted

band a is called a sadd乙e band.

)<tL( 塞
Fig. 21 : A Saddle Band　β

＼_ノ

/｢＼
t>to

2･7･ Lema･ F iB ambient isotopic in R3(-∞, ･W) by a Bufficien拘

Bma乙L defor7mation to a suTlfac7e,乙･)hick has onZy eZemerthr･.y eT,itiea乙bands

in distinc士Z,eueZ_s.

-of, By Lemma 2･S, we can assume that F⊂R3〔-め,-) has only

elementary critical points at distinct levels･ Let v be a maximal point
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of F at a level R3lto]･ By definition, for a sufficiently small E> 0,

an unknotted simple closed polygon S occurs in the level H3lto一g]
E

such that the cone C(u〕 -V･S is a part of F. Let B be a2-disk
E                         E

in R3lto一亡] boundedby SC with BEn(F-SE〕三田･ Sincethe surfaces

F and IF-C(V))uB differbya31disk v*BE, F is ambient isotopic
E

to (F-C(u))UBE by the Cellular Move Lemma (Proposition l･7). It is

easily checked that B is a maximal band of the surface tF-C(U))uB･
亡ー一ーL "L､-'‥■■…L L~~■~ー~ - L -I--              ､ヒ~､

we may perform this deformation on all of the maximal points of F･ For

minimal points of F, the same argument may be applied･ if we use a suffi-

clentlysmall El <O insteadof E>0･

し｡t v b｡asaddle,｡int of F ata level轟o]･ Forasufficient-

1ysmall E>0,wechoosepoints u,u･∈FnR3[to-El･ u.･uI∈Fn

R3lto+E] and vl, V2巧, V4 ∈ FnR3lto]･ as illustrated in Fig･ 22,

in aneighb｡rh..d.f V in R3(--,岬). C｡nsider f.｡r 3-simplexes A; -

七=fo-E　　　　　士= to t=to+E

Fig. 22

lu_,ul,V2,V],△32- lu:･V,･U4,U], AS- lu.･ul･V｡,u] and △43-

[隼V2,V3･V]･ By applying the Cellular "ove Lemma to these four 3~

simplexes one by one, F can be deformed to the surface

(F-A;-△言-△喜一△43) ∪ (lu_･vl,V2] ∪ lw二,V,･U41 U lw.,ul,V.i U町u2･U,]〕 uB,

where B = lvl･V2,u]ulv2,リ3,u]U【u3,U4,V]∪lv4,Vl･V]･ It is easy to 写eo

that B is a　2-disk in 轟｡] and that　β　is a saddle band of this
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resulting surface. We may perform this deformation on all of the saddle

points of F.

This completes the proof of LeTnma 2.7.ロ

Lemma 2.7 can be also stated as follows :

2･8･ Lemma･ F is ambient isotopic in H3(-00,+00) to the e乙oSed peaL-

izingsupface戸b ⊂R3la,b] ofasequenee 0+Ll+ヱ2+-→ヱ→0･･
a                                                   m

such that 0 ard O' arle i=r･7:via乙Zinたs and each of t77.a tr･anSfomations

0+Ll･ヱ了22･ - , 2m+0' is eithepasinpZe fuSionopaBimp乙e

fiSSion.

Pr)oof. By LeTnma 217, We may consider that F has only elementary cri-

tical bands in distinct levels･ Without loss of generality, we can assume

that forgiven a, b (a<b), F is containedin H3(a,b).

Let Bl･ - , Bニbethemaximal bands of F inthe levels R3lt;1,
+

･･･ ･ R3lt;], respectively, with tI < ･･･ < {･ Choose mutually disjoint
I)

3-disks Bf, ･･･ , B3 suchthat
r}

〔1) B子⊂R3lt言,b] and B言∩(FIBI-･･･-Bニ) -釘,i-1,-,T,
i

(2) Foreach Li andany t∈ [弓,b],Bt?nR3lt] isa2-diskand,

in particular, BラnH3lt;] - BT･
､∴     I l･-㌔      ､∴

One can easily obtain these 31disks by choosing for each i a poly-

gonal simplearc from Bて　to R3lb] which intersects R3lt] inasingle
i

point forall tEl弓,b]･ (Note that R3lt言,b]-F is connected･)

By applying the Cellular Move Lemma (Proposition 1.7) to these 3-disks

Bf･ ･- , B三, F is ambient isotopic ton surface in R3(a,b], whichhas

the maximal bands in the level R3lb] and the other elementary critical

bands in R3(a,b).
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we can also apply the similar deformation to the minimal bands of F,

and so we may assume that the maximal bands of F are all contained in

the level R3lb] and the minimal bands of F are all contained in the

level R3la] and the saddle bands are contained in R3(a･b) atdistinct

levels.

To co叩1ete the proof, we need the following sublem-旭S :

2.8.l. Sublema. Let　α < β. Assume that F⊂R3(-00,.oj) is a sur･face

Sueわthat fop any tE lα , β], FnR3ltHs an opdinapy cposB-Seetion･ Then

there exists an ambient isotopy (hs)8∈Z Of R3(-也,-) keeping R3(-め,

α] fixed, Leve乙-ppesepving on R3(一m,+00) , [β , p]-veptica乙一乙ine-ppeBePV-

ingfopan apbitTaPy P ≧ β, Such that hl(FnR3lq･B]〕 - ㌔lu,β1, uhepe

ヱ⊂R3 iB the Linたobfainedfrom the Link FnR3回⊂ R3[α] under the
α

ppoJ･ection R3[α] +R3, (よ,α) →X･

2.8.2. Sublemma. ABSWne士hat F ⊂ R3(_a,十の) is a supfaee Buck that

FnR3ly] is an exeeptiona乙ero88-Section uitわa Bing乙e sadd乙e band a ･
Y

Letヱ⊂ R3 be the LinたObtainedfr- the乙ink Cl(FnR3(-∞,Y]-BY) n
Y

RSly] in R3lY]. by ppoJ･ecting R3lYl to R3･

Then fop a suffieierltLy Bma乙Z E , 0, ther･e exiStS a乙eue乙IPr'eSer)uing

-blent isotopy (hs)a ∈Z Of R3(-∞･-) keeping R3(-血,Y-2El uR3ly･2亡,･W)

fixed･ 80 that hl(FnR3lY-C,Y+E]) iS the pea乙izing BuPface in R3lY-亡,

Y･E] ofthesequenee　ヱ-ヱ' ui紘ヱ'-A(A,,B;),uhepe B;lY] =B･
Y y y Y

By assuming these sublemmas, we proceed the proof of Le-a 2･8･ Let

a <Yl < ･･･ <Ym<b be･suchthatthesaddlebandsof F occuronlyat

the level R3lyi], i=l･-･m. Let F･ be the compact Surface obtained
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by removing all mininlal and maximal bands･ Let r-1, ･･･ , Em be suffici-

ently s7nall positive numbers. By SubleTrma 2.8.2, we TTtay assume that for

each i, FnR3lyi-㌔ ･Yi･Ei] is the realizing surface in R3lyi-㌔･Yi･Ei]

of some hyperbolic transfromation of a link along a single band･

By Sublemma 2.8.1, there exist leveトpreservi丁場ambient isotopies

(hs(i)lB∈Z, i=0･1,････m･ of R3〔-∽,+∞) sucl- that

(o) hs(0) is FYI-∈1 ,b]-vertical-line-preserving and

h王o〕(F･nR3la,71-El]〕 - Lala,71-El],

(i) h三i) is ly…-E… ,b]-vertical-line-preserving and keeps R3

X 〔-∞･yi+Ei] fixed･ and hl(n〔F･nE3lyi+Ei･Yi+1-Ei+1]) ≡ A(yi+Ei)lYi+Ei･

Yi.1-㌔.1], i=1,-,m-1,

(m) hs(m) keeps R3(-cD,Ym+Em] fixed and

hl(m)(Fr nR3lym+Em ･b]) =ヱ(ym+Em)lYm+Em ･ b]･

Then the composite ambient isotopy (hBIB∈Z With有= A(0) ･h(i).
a    8     a

-･ ･わ(m) sends F to the desired surfaceL This proves Lemma 218･ ∩

a

Now we must pTOVe.Suble-Ⅷas　2･8･1 and 2･8･2･ me proofs will be mainly

based on the following lsotopy Extension meorem and Sublemma 2.8･3･

2.9. Proposition (Isotopy Extension Theorem). Let M be a eZosed

manifoZd and a a manifo乙d Without boundar7y. GiveTl m isotopy a : M x

lct,β】十Qx【仇,β] such that fop aZZ a, t With cL≦B≦士≦β　塊e

〔pr,oper)) manifolds Pair, (Qx 【S , t] , a(Mx [B ,七日〕 is Loca乙Ly fiat, then

there exists an cunbient isotope H : QxlcL･βいQX【ct･β] With HcC=idQ

and a = H'(㌔×idlα,β]). (For the proof, see Hudson l7, p･147]･)
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2･8･3･ Sub-emma･ Let α < β. Assume tha士F⊂R3(-∞,+00) iB a Surface

SuCわthat fop any t∈ [α , B]･ FnR3lt】 iS an OPdinapy epos8-section.

Then there exiBtB an igotopy G :ヱαxla,β] +R3lu,β] wi士h a(LαX士) ≡

FnH3lt] fopany t∈[α･B], 8.dCh- GEヱ×α:ヱα×-R3la] isthe

⊂1

ine乙u8ion map.

f-f･ Let K beatriangulationof FnH3[α,81, and let α=to <

七1 < ･- < tm= β　be numbers such that anyvertexof K is contained in

some R3lti]･ By adding new vertices to KnR3lti], We Can assume that

KnR3lti], i=o･1,-･,m, are subcomplexes of K･ Hence it suffices to

prove Sublema Z･8･3 for the case that the vertices of the sim1icial

complex K are contained in either R3[α】 or R3[β]. so, we shall

consider Such a case･ Further, without loss of generality, we can assume

thatany vertex of K is contained in just n 1-simplexes of K, where

n=3　or n≧S･ Let v beavertexof KnR3ldl containedin nト

simplexes with n ≧51 In these n 1-simplexes, there are just (n-2)

1-simplexes intersecting R3ly] in single points, where y - (n･β)/2.

Let uo,ul･ - ,un-3　bethese (n-2) points,asin Fig･ 23･ Also,

てoul 冰2/,un_3/ 
一一一ノ‥___ ′ / / ′ ′ ′ ′ / ′ / / ∠ ��

vT u　　　　　　　　　　　　　7)〟

Fig. 23

wechoosetwopoints u･言" in KnB3ln】 closetoびasin Fig. 23.

Given a point x∈lu',V], then we write　二だ-Su'･ (118)u with s∈Z.
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Let xT=Suo+ (1-a)u and x††=suo+(llg)ul･ Let　見　beasimple
二r

polygon defined by the union lD:,X'] ∪[xr ,X"1. Next, we choose a point

uZ in (V,u,), points u22, uいn (V,u.), ･･･ , andpoints uT5,un,-6

-,un_4 in 〔V,un_3) sothatかtlPt2,-,t三_4,t三_5,-
1

･士n,-6 ,芹5, where t弓
7,

is the fourth coordinate of u弓.
7,

Further, let

V2, V3･ - , Vn-4　bepointSin (V･vJl) in good order･ For the case

n　=　7, We illustrated these choices in Fig. 24.

uoul 刧g2ノ"3/" �/ 

､､､､ヽ ､､1､､ ㌢2､ I Liu三 l l l I l l ���S2� 

vT v u2　7)3　　VW

Fig. 24

Givenapoint xelv,V2h WeWrite x=sv'(1-a)V2　With S｡Z･ By

the saJneWay, let xn-5 -SV I 〔1-a)uT5, ㌦6 -3リ. (1-a)u芸-4, ･- , xl

-su･ (1-a)u… and x･ -sul･ (1-a)u2･ Letす　beasimplepolygon

JT

defined by the uniワn lx,xn_5] ｡ 【xnー5･Xn_6] ∪- ｡ 【X2 ,Xl] ｡ [xl ,Xr]･

Forany I in lv2･u5]･ lu3,V4], - ,Or lvn_4,uN],thesi叩1e

polygon　すis defined analogously.
:rL

Thus for any x∈【7)',i,]ulv,V"] the simple proper polygon　す　in
X

R3la,Y] isdefined･ Let B(V) -UrElv･,u]ulv,V･梼･ If we remove

B(V〕 forall u∈KnR3回　with n≧S from FnR3[α,Y], then the

remaining surface consists of only convex-1inear　2-disks with four ve一㌧

tices. So, for any x∈FnR'3[α] contained in one of these convex-linear

2-disks, we can define　且　　to be the linear 1-disk in an obvious Tnanner.
X
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Thus We defined simple polygons　㌔ for all x∈FnE3la]. It should be

notedthat ㌔∩㌔･-¢ if x≠X･ and FnR3[α,Y] -ux∈FnR3[鵡･

Now we define a 〔plecewiSe linear) isotopy

Gr :Lax[α,YいR3la,Y】 by G･(xrxt) =見(X･ln])nR3lt]･

It will be noted that G'lヱα×α is a natural injection and G･(2αXt)

= -3[叶AnalogouSly, we can define a (plecewise linear〕 isotopy

G･, : Lyxly,βいR3lY,β】

with a"feyxy being the natural injection and a"(eYxt〕 - FnH3["･

Let a : Lα巾,B] +H3ln･β】 be an isotopydefined by

G鳩×【α,Y]-G' and GJLax[Y,β]-C･･(GlXidlY,β声

where G'=ヱ+2 isdefinedby Gr(XXY) -ci(I)[Y]･

Y　　α　　y

This proves Sublema 2.8.3.ロ

2･10･ Proof of Sublemma 2･8･l･ since by Sutllenma 2.8.3　there is an

isotopy G:Eαxla･β] +R3la･β] with GrLα×α thenatural injection,

from the I50tOpy Extension Theorem 〔proposition 2･9) we obtain an ambient

isotopy H : R3la,B] +R3ln･β] with HIR3la] -theidentitymap and

Hl㌔[α･β】 -G･

The desired ambient isotopy (hs)Eel Of H3(-05,+00〕 is, then,defi一一ed

as follows :

hBIR3(-∞,α] -id･ for SEI,

hB(xlt]) -㌻1(xla･S(i-n〕]Hf] for坤】∈H3la,β] and S亡Z,

where i-1 denotes the composite

古-1 = R3la,β] ｣LR3la,B]

hs(xlt]) -a-1(坤.8(β-a)])lt] for坤巨H3[β,p] and SEZ,
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hs(xlt]) - a-1(xla･o(t･S)(β-α)])lt] for xlt]∈R3lp,p･E] and B∈I,

where　小: 【p,p･E･]×[0,1] -i [0,1] is defined by

小〔七,S) ≡

覧_"p,,｡ lT;

E百一七十p　≦0,

Eg一七+p　>　0,

hSlR3lp･巳,･00) -id. for s∈I･ロ

2･1l･ Proof of Sublemma 2･8･Zl For a sufficiently small positive num-

ber E,Cl(FnR3(-∞,YトBy)nB3lt] isalink for Y一己≦t≦Y･ So,

as in SubleTrma Z･8･1, we can deform Cl〔FnR3lyIC･Y] - BY) into the

product EYlY-己,Y] by a level-preserving ambient isotopy of H3ト00, +∞〕

keeping R3ly,+m) fixed. Similarly, we may assume that Cl(FnR3ly,Y+E1

- By) is the product q[7,7+El･ where　ヱー-h(EY;BY*〕･ Now the result

Y

follows. D

The following follows from the Morse一s inequality of a surface in the

Norse rrheory. (See, for example, Milnor l8, pp.28-311.)

2･12･ Proposition. suppose a Closed (possibly disconnected) surface

F ⊂ R3(-∞,+∞) has onZy eZementapy critical points, and Le士C+, a, a

and x be the n乙dber,a of m(LXima乙pointB, Sadd乙e pot,ltS, minimaZ points

ard the EuZer7 Chapacfer7iStic of F･ TherL the equality c. - 6 'e_ - X

わo乙dB.　□

2.13･ Proof of Theorem 2･l･ By LeTnma 2.8, F is ambient isotopic in

R3(-叩,･m) to the closed realizing surface京b⊂ H3la,b] ofa sequence
(‡

ヱ0-0　十ヱ了ヱ2+-･+Lm十0.-ヱm.1 With 0_, 0. trivial links and

ヱi+1 ≡ h(Li;Bi), i=0,1,-,･m･

Then from Lema 1.4　we can further deform into the closed real-
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izingsurface矛･b ofasequence 0 ･0-　with O'-A(0 ;tBi････,Bふ))
cl                    +        +

a trivial link. Let 0_, 0こ　have uI, U. COTnPOnentS, reSPeCtively･

usingthatテb is connected, wecanfind 〔u -1) bands Bl, ･･･ ･
a

l　} L L Tin-α

β　　LK P⊥

1 inthecollection iBI･ I- ,Bl) sothat h(0 ;(B-l･-,BUll)〕

is a knot (i.e. Connected). tProof : Note that the realizing surface

of the sequence 0 +0･ is connected, since f･b is connected.
+　　　　　　　　　　　　　　　　　　　　　　　　　　　　a

Elencethe linkwithbands 0_uBiu･･･uB' is connected･ Pick (u l1)
m

bands Bl, - ,Bu一l in (Bi･ I- ,Bil sothatthelinkwithbands

o_uBiu･･･uBU-i isalsoconnected･ Let O　=o U.-uOu,where O･
1       1Lこ'        -∴

is a connected component of 0 ･ By changing the subscripts of 0. and
7,

B･ suitably･ We may assume inductively that the link with bands OIU･･･
a

u oiUBIU-UBill and the component OiJ are COnneCted by a band Bi,

i=1,･･･,リー11 This implies that A(0 ;tB-l･････Bu 111) ≡ 伝 is aknot･l

十

Dually, we can also find (U.-1) bands B;, - ,Bu+ll in the rena一

inedsubcollection tBi･ ･- ,BふいtBi, - ,Bこ_1) so that 良+ -A(Ol;

+

{B;,････BL-l}〕 is a knot･ where we regard the bands BI･ ･- ,Bu.-1 aS

the spanning bands of the link O'- h(h ; tBl･･･.,B')-tB;･-,Bu _11〕･
+                      m

using Lemma l･10∴戸･ab I1S ambient isotopic to the closed realizing

surface　テ･b ofthesequence O　+良　ヰk　→0･･ Then by Lemmal･16･
α                         +   +

頁′.b is ambient isotopic to a surface in the normal form･ By Proposition
a

2.12, the middle cross-sectional link has certainly (g'1) Components･

where g is the genus of F･ This completes the proof of Theorem 2･1･ D

2.14. Remark. It should be remarked that, in the sequence 0 +k→ヱ

+k' +0' used in the definition of the normal form, any of the link

type　ヱ, knot types 伝, kr and the components of 0, the link OJ is

not uniquely determined by the surface up to ambient isotopy of R3(-∽,-),
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although the number of the components of the middle croSSISeCtional link

is the invariant of■ the surface.

2･15･ Examples･ Here are a few examples･

(a) T77e 8tmTLdapd 2-8Phepe : me normal form of the simplest 2-sphere

in R3トD･-) is the following, which has Only one minimal band and one

maximal band.

㊨
(. =_I

OH ○
S

o　　　っ⊥
こ

Pb

⊥レ　　　,1

F

OI ㊨
七　=　2

In general, a (locally flat) 2-sphere K2 in R3(-co,-) is said to be

unkno-a, if there exists a 3-disk B3⊂R3(-∞,-) with aB3 =K2. By

the well-known homogeneity theorem of manifolds (cf. Rourke-Sanderson [10,

p･44] etc･)･ any two unknotted 215Pheres are ambient isotopic in R4.

1t is easy to see that the above Standard 2-sphere is unknotted.

(b〕 J･Sta乙乙ing's unたnotted 2-spher,a (Fig. 26〕 : This example 〔b) is,

perhaps, the first example, which notices the fact that the middle cross-

sectiorul knot of an unknotted 2-Sphere in the normal form may be knotted.

More generally, for any knot h, it can be shown that the composition

(- the soICalled sun of knots)た# (-良書) is cl midd乙e er,oss_sectional

kywt of some unたnotted 2-spher,e in the riOr･ma乙fom, where　一良♯　denotes

the mirror image of 良 with reversed orientation of 良. In fact, Zeeman

l13] showed that for any knot 良 the 1-twist-spun 2-knot (-2-sphere) is

unknotted･ With a sliとllt modification of this　21knot, we obtain an un-
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knotted 2-Sphere in the nomal form whose middle cross-sectional knot is

伝 # (-h*)･ we are going to give a detail of the matter in the forthcoming

paper l14].

(C) H･Temsaka and F･HosokauclrS unknotfed 2-8Phepe l12] (Fig. 27) :

Note that in the exa叩le (C) the middle cross-sectional knot is prime.

㊨ ⑳土=3 ㊨ ㊨L(こき巨夏) f--2讐

(二転頚〕

二三二三

(〕⊆⊇:

(二⊆夏〕
⑳　⑳

Flg. 26

t　= 1

I, =　0

t　=-1

i/ =-2

･wl墜堅璽

@
:::'3'撃

･e璽

i--3　⑳　⑳

Fig. 27



(d) An unknotted surface of genus 1 (Fig. 28) :

(..門). I(i-.7. I(.日間日)..
-Ⅷ

(. -日.≡:I

Flg. 28

This surface of genus 1 actually bounds a solid torus of genus 1 ln

R3(-印,-), aS illustrated in the following Figl 29l

t　=-3　　　t　=-2　　　t　=11　　t　=　O t　= 1 t　=　2　　　t　=　3

Flg. 29

A connected surface in R3〔一助,+a) is said to be unkrLOtfed, if it

bounds a solid torus of the same genus in R3(-00,+m)･

Hosokawa-Kawauchl 【61 showed that any two unknotted surfaces of the

same genus in R3(-W,-) are ambient isotopic, (cf･ [141)･ Hence the

above surface is ambient isotopic to the following standard surface of

genus 1.

◎○∈∋
a
⊂プ ⇔○◎

t　=13　　　t　=-2　　i; I-.1　　七　=　0　　　七　= 1　　i; =　2　　　七　=　3

Fig. 30
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In Theorem 2･l we treated a co-eeted surface. However, it is easy

to see that this assumption was never essential in the proof･ We may

also derive the following corollary :

2116･ Corol1ary･ Let F ⊂ R3(一山,-) be a cZoSed o27tented (and discon-

nected) sur'face of 〔iotaZ) genus g With a eormeeted compone71tS, mid

zee a < b･ Then F iS mnbient isotopic in R3(一句,+の) to the cZosed

pea乙iBingSuPface fb⊂ R3la,b] of some seque-a 0 +ヱ十ヱ+ヱ了0.･
亡!

such thai=　0　+ヱ　is a fusionJJ'pom a士pivia乙乙ink 0 to a Link g

with a co,,ponentS･ヱ　十ヱisag-fission, 2+ヱiB ag-fusion, cnd
+

ヱ　+0 is afission to a trivia乙Zink 0. zn par･tieu乙ar7, the n'tddLe
+    +                                  +

cposSlSeCtionaL乙ink L　7us (g･C) co,77POnentS. D

The disconnected surfaceテb in Corollary 2.16 is also called a
(て

suT'face in the n0-aL fo-　and the link　ヱis called the midd乙e cr,OSS_

SeCtionaL乙inkof声b andthe links　ヱ　andヱ　arecalledthe Zouep
α                             +

and upper7 CPO68-SeCtiona乙Zinks, respectively･

Letヱ=ヱ10-02人beanorientedlinkin R3 whichsplits into入

sublinks Ll･ -■,ヱ入. (Recall Definitions O･4(4)･) If one can find

mutually disjoint conuex一乙inearl-disks DfU - uD≡ in R3 such that

lnt(D言) ⊃Ei, i-1,-,人, then the linkヱis saidt｡b｡ ConuexLy

splittable into El･ - ,ヱ入I Then the following i5 Obvious :

2,17･ Lemma･ suppose thatan opiented乙inkヱ=ヱ10-0ヱ入C H3 LB

obtained from ml OPiented乙in-o C R3 by the hypepboZic -rZSfo-ationS

a乙ongbands B1, -, Bm ; 2 = hlEo;Bl,････Bm)･ Then士hepe exists an

iBOtOPic deformation (hs)8∈Z Of R3 8O thatヱ･ - h(hl〔Eo) ;hl〔Bl),
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･･･,hl(Bm)〕 is convexLy spZitfabZe into Lil ･･･ ･ヱi uifhヱ'= hl(ヱ)

cmd　ヱ'･ = hl(Li), i=1,-･,入･口
7,

Let 0+k十ヱ十hl十ヱ*=OIoEr=010-00人0た10-0k bea

U

sequence such that 0+ 良 is a complete fusion from a trivial link 0 to

a knot 伝, 良-･ヱis a complete fission to alink E,A+kJ is also a

complete fusion to a knot kI and h1 -,ヱ手- oroヱ' is a coTnPlete

fission to a convexly and completely splittable link　が- OIoヱr, where

OI =010-00人　and El =た10-･0た　arethepartsofunknottedand

価

knotted components of　ヱ書, reSPeCtively･

For this sequence, the closed peaZiBing BuPface　貴b in R3la ,b十.]
L7

is constructed as follows : First, Construct the realizing surface Fb
a

in R3la,b], and letテb be a lowerclosed realizing surface of Fb
~て!                              L -し.1

by choosing arbitrary mutually dlsJolnt　2-disks bounded by the trivial

link 0 as usual in R3lo]. secondly, we take mutually disjoint convex-

･inear 3-disks Di, ･･･ ･D≡･ Dl･3･.- , DJ3 in R3 suchthat Int(D言)

･oi･ i-1･-古and lnt(D予⊃kJ･, J'-l･-,U･ Foreach i･ wetakea

2ldisk D･⊂D予with aDi -Oi･ andforeach J･ wetakeapoint v･∈
ti･　;､　　　　　　:　　　こ　　　　　　　　　　　　　t L　　　　　.?

Int (DJ･･3) ･ Now the closed realizing surface 斉b
a

is defined l〕y

Pb-頁b u (DI〕-UDl)lb]U (Diu-uDl,･
しt    r.て

where D･･ is the cone with･ as the vertex･ vJ･lb,+1] ∈R3lb+1]and･ as the

a

base巧.lb] c H3lb], for each J･=1･-,u L

It should be noted that Pb is a closed, connected, oriented and non_
a

toca乙Zy ftat surface locally knotted at vl･ ･･･ a Vu, Such that the

local knot type K(V･) is theknot typeof ㌔･ J'=1,州,U , and that the

J

is unlquely determined by the sequence up to ambient lsotopy of
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R･)(-W･+00). lNote that the non-empty intersection of two convex-linear 3T

disks is also a convex-linear 3-disk.】 This non-locally flat surfac｡矛b

a

is also called a sur7face in the nomaZ form, and the link　ヱis called

the nTLddZ･e er.068-8eefionaZ Zinたof :㍉ and the knots 良 and　たI are

called the Zouep and upper CPOS8-8eCtionaZ knots of Pab･ respectively･

As a corollary to Theorem 2･1, we also have the following :

2･18･ Corollary･ Any eLoSed･ eonnected･ orrtented and nan-ZocaLty flat

I

BuTfaee F ⊂ R3(-印,-) iS ambien古i80tOPic in R3(-co,-〕 to the cZoBed

peaZiBing surface Pob ofsom-equence 0+ k-kr +0･oLr - ol〇

･･･00人Okl0-0㌔, deSCTibedas above･ uheTe 010-･00人0たlO･･･0㌔

is a(jnvea=Zy aid compZeteLy spZittabLe･ Ehr･ther,, the middZe cr70BB-SeCtio_

naZ乙ink　ヱ　has the genus 0f F p乙u8 One Components, and the乙inたtype

ofヱ'=たlO･･･Ok iS uniqueZy determined by the given surface F. □

U

3･ Norma一ization of Cobordism Surfaces between Links.

We think of arbitrary two oriented links　ヱ･⊂R3, i=0,1A The union
rL

Lolo】 U(一之1)[1] ⊂ H3lo,1】, then･ necessarily bounds a locally flat, con-

nected･ oriented proper surface F in R3lo,l]. We will do a normali-

zation of this surface F.

3･l･ Theorem･ If this SUE,face F has genus a ≧ 0, then ther･e exist

tpivia=inkB拍⊂R3 〔spLitted from t7w Zinた8ヱi) i-o･1, knots k･ h･⊂
I.

R3 anda tinkui士h 〔g+1) eomponentSヱ⊂R3 aeeoTTP-ied加士わa sequ-

enceヱ｡｡OAo ･たり･ k･ - 〔ヱ1｡Oil)～ ofeomp乙ete fusions andeo,,p乙ete

fiBSionS･ uhepe (ヱl OOil)～ iS ambient isotopicわヱl OOil･
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fboof･ By the arguments of Lemmas 2,2, 2.5　and 2.7, One can prove

that FcR3lo , l] is sufficiently small ambient isotopic to a surface

having only elementary critical bands in distinct levels. 【Note that the

deforTnations in the proofs of these Lemmas are all local.] Then as stated

in Le-a 2･8, by an ambient isotopy of R3(-町,+00) keeping Lolo】 Uトel)ll]

fixed･ F is deformed to a surface with only critical bands in R3lo , l]

having the maximal bands in the level R3ll] and the minimal bands in

R3lo] and the saddle bands in E3(0,1)I Let FO be the proper surface

in R3lo,1] obtained from the new F by removing the interiors Of the

maximal and minimal bands･ LetヱooOAo andヱlO中be the links repre-

senting the links FOnE3lo]cR3lo] and -FOnR3ll]cH3ll], respectively.

By applying Sublemmas 2･8･l and 2･8･2, FOcR3lo,1] is ad]ient isotopic

to the realizing surface F.1 cR3lo,1] of a sequenceヱ｡0030 -ヱi i ･･･

･莞- 〔ヱlOOil)'of simple fissions or simplefusions, where (ヱlOOil)･

is ambient isotopic toヱlOOi1 in H3･ since F.1 is connected, the

result now follows from an analogous argument Of 2･13･ This completes

the proof.口

3･2･ Corollary･ LA Linkヱ⊂ R3 = H3lo] bounds a COnneeted opientabZe

SuPface ofgenuB 0 in R3lo,+可ifmd only if there eXiS七七2uaZ

乙ink8　0人oand Oil andaたnot 良 uithasequenceヱ00人o十たす0人l of

a col,PZete fusion and a eo叩Zete.程BSion. □

3.3. Remark. One can also obtain a suitable version Of 3.1 or　3.2

to a result on a disconnected cobordism surface or a non-locally flat

cobordlsm surface. (cf. 2.16･ and　2.18.〕
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