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A well-order was introduced in the set of links by A. Kawauchi [2]. This well-
order also naturally induces a well-order in the set of prime link exteriors and
eventually induces a well-order in the set of closed connected orientable 3-
manifolds. By this order, we enumerated the prime links with lengths up to 10
and the prime link exteriors with lengths up to 9. Our present plan is to enu-
merate the 3—manifolds on the enumeration basis of the prime link exteriors.
In this paper, we show our latest result in this plan and as an application, give
a new proof of the identification of Perko’s pair.
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1. Introduction

In [2] we suggested a method of enumerating the links, link exteriors and
closed connected orientable 3-manifolds. The idea is to introduce a well-
order in the set of links by embedding it into a well-ordered set of lattice
points. This well-order also naturally induces a well-order in the set of
prime link exteriors and eventually induces a well-order in the set of closed
connected orientable 3-manifolds.

By using this method, the first 28, 26 and 26 lattice points of lengths
up to 7 corresponding to the prime links, prime link exteriors and closed
connected orientable 3-manifolds are respectively tabulated without any
computer aid in [2]. We enlarged the table of the first 28 lattice points of
length up to 7 corresponding to the prime links into that of the first 443
lattice points of length up to 10 in [4] and enlarged the table of the first 26
lattice points of length up to 7 corresponding to the prime link exteriors
into that of the first 142 lattice points of lengths up to 9. Our goal of this
study is to enumerate the lattice points of lengths up to 10 corresponding to
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the 3-manifolds. In this paper, we show our latest result on making a table
of 3-manifolds and as an application, give a new proof of the identification
of Perko’s pair by using elementary transformations on the lattice points.

2. Definition of a well-order in the set of links

Let Z be the set of integers, and Z" the product of n copies of Z. We put
X = HZ": {(z1,22,...,2n) |x; €Z, n=1,2,...}.
n=1

We call elements of X lattice points. For a lattice point x =
(x1,22,...,2,) € X, we put £(x) = n and call it the length of x. Let |x]|
and |x|x be the lattice points determined from x by the following formulas:
x| = (lz1], |22l,- - [enl) and %]y = (|2),], |2, - - |25, [) where |zj,| <
|mj2| é é |xjn| and {j17j27---7jn} = {172;---)”‘}'

We define a well-order (called a canonical order [2]) in X as follows :

Definition 2.1. We define a well-orderin Zby 0 < 1 < -1 <2< -2 <
3 < —=3---,and for x,y € X we define x < y if we have one of the following
conditions (1)-(4):

(1) £(x) < £(y)-

(2) £(x) = £(y) and |x|n < |y|~ by the lexicographic order.

(3) |x|n = |y|~ and |x| < |y| by the lexicographic order.

(4) |x|] = |y|] and x < y by the lexicographic order on the well-order of Z
defined above.

For x = (z1,®2,...,x,) € X, we put
min|x| = min; <;<,,|z;| and max|x| = max; <<, [zi.
Let 5(x) be the (max|x|+1)-string braid determined from x by the identity

_ sign(wxy) sign(zQ)“_ sign(z, )
B) =010y Oy Oanl

where we define Uls(i)g‘;n(o) = 1. Let clfB(x) be the closure of the braid 3(x).

Let L be the set of links. Then we have a map
clp: X - L

sending x to clf(x). By Alexander’s braiding theorem, the map clf is sur-
jective. For L € L, we define a map

c:L—+X
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by o(L) = min{x € X |clf(x) = L}. Then o is a right inverse of clf and
hence is injective. Now we have a well-order in L by the following definition:

Definition 2.2. For L, L’ € L, we define L < L' if o(L) < o(L').

For a link L € L, we call ¢(o(L)) the length of L.

3. A method of a tabulation of prime links

Let LP be the set of prime links. For k € Z, let k™ and —k™ be the lattice
points determined by
k" = (k,k,...,k) and —k" = (—k)",
———

n
respectively.

For x = (1’1,1’2, v >xn)) y = (y1>y27 v 7ym) € X: let XT, —-X, (X7 Y)
and §(x) be the lattice points determined by the following formulas:

= (Tn,...,T2,71),
—x = (=21, —T2,...,—Tn),
(x,y)=(Z1,- -, Tns Y1, - -, Ym),
d(x) = (2}, 25,...,2,,),
where 2! = {81gn( z;)(max|x| + 1 — |z;]) (z; #0)
i 0 (z; =0).

Definition 3.1. Let x, y, z, w € X, k, [, n € Z with n > 0 and ¢ =
+1. An elementary transformation on lattice points is one of the following
operations (1)-(12) and their inverses (1)~-(12)".

1) (x, k, =k, y) = (%, y)
(2) (x, k y) — (%, y), where |k| > max|x|, max|y|.
(3) (x, k, I,

(4) (

(5
(k+

)

) y) = (x, I, k, y), where |k| > || + 1 or |I| > |k| + 1.

) (x, ek™, k+1, k, y) = (x, k+1, k, e(k+1)", y), where k(k+1) # 0.
) (x, k, e(k+1)", -k, y) = (x, —(k+1), k™, k+ 1, y), where
k(k+1) #0.
(6) (x, ) (v, x)
(1) x —

(8) x —

9) x — ( )
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(10) (1™, x, €, y) = (1", y, &, x), where min|x| = 2 and min|y| 2 2.
(11) (K2, x, y, —k2, z, w) = (=k?, x, wl | k%, z, yT), where max|x| <
k < minly|, max|z| < k < min|w| and x,y,z or w may be empty.

(12) (x, k, (k+1)2, k, y) = (x, =k, —(k+1)%, —k, y1), where max|x| <
k < min|y| and x or y may be empty.

A meaning of Definition 3.1 is given by the following lemma (See [2,4]):

Lemma 3.2. If a lattice point x is transformed into a lattice point y by an
elementary transformation, then we have clf(x) = cl3(y) (modulo a split
union of a trivial link for (9)).

The outline of a tabulation of prime links is the following (See [2,4]
for the details): Let A be the subset of X consisting of 0, 1™ for m > 2
and (x1,%2,...,T,), Where n 2 4, 1 = 1, 1 < || £ 5, |za] 2 2
and {|z1],|z2]|,-.-,|zal} = {1,2,...,max|x|}. Then we have §{y € Aly <
x} < oo for every x € A and have o(LP) C A. First, we enumerate the
lattice points of A under the canonical order and then we omit z € A from
the sequence if cl(z) is the non-prime link or the link which has already
appeared in the table of prime links. By using Lemma 3.2, we can remove
most of the links which have already appeared. We show a table of prime
links with length up to 9 below:

0<23 <31 <42 <4 <5, <5 <67 <5y <62 <65 <63 <63
63 <62 <TI<BE<TI<TE<TE<TAI<KTE<TE<STE<6,<T6<Tyr
T3 <82 < T3 <8 <8 <8 <8 <89 <8p <8 <T5<8 <8y
810 < 83 < 83 < 816 <8 < 8 <817 <8 <8 <8 <85< T8
8%, < 8%, < 82 < 82 < 8%, <8, <8 <8, <8 <8 <8 <8 <8,
812 <91 <83 <97 <953 < 9%, <935 <93 <92 <97y <93 <8
92 <92, <93, < 92, <93, < 9% <92, <8 <93 <92, < 9% <93
92 <92, <92 <92, <92, <93, <93 <93 <93 <93 <9, <8
911<943<944<936<942<72<814<926<84<82<93<9?3
93, <93 <93y <93 <93 <945 <932 <93, <8 <9< <y
811 < 997 < 813 < 845 <924<930<9?7<9?6 <9:f5 <92<9?0<9§0
9%2<931<933<946<934<947<931<928<940<9%1 < 917 < 999
92 < 93 < 999 < 97, < 82 < 93,

ANNNNANNNNNNNNNAN

Table 1
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As an application, we show that the knots of Perko’s pair are
equivalent to each other, by using Lemma 3.2. We describe each
knot as a closed braid, which induces a lattice point. For ex-
ample 1016; and 10162 are corresponding to (13,22,1,—2,1,22) and
(4,-32,—-4,-3,2,-1,-2,-3,-2,-3,4,—3,—4,—1, —2), respectively. We
transform each of them into the smallest one by using Lemma 3.3. we see
that they are the same lattice point as follows and we have 10141 = 10142

(13722717_271722) - (1372’_172712722) by (4)

4,-32,-4,-3,2,—1,-2,-3,-2,-3,4, 3,4, -1, -2)

(
— (—3%,-4,-3,2,-1,-2,-3,-2,-3,4,-3,—4,—1,-2,4) by (6)
— (—3%,-4,-3,2,-1,-2,-3,-2,-3,4,-3,-4,4,-1,-2) by (3)
— (—3%,-4,-3,2,-1,-2,-3,-2,-3,4, -3, 1—2) by (1)
- (=3,-1,-2,-3% —4,-3,2, -1, -2, — -3,4) by (6)
- (~=1,-3,-2 —32,—4,—3,2,—1,—2,— —-3,4) by (3)
- (~=1,-2%-3,-2,-4,-3,2,-1,-2,-3,-2,-3,4) by (4)
- (4-1,-2%-3,-2,-4,-3,2,—-1,-2,-3,— 2, 3) by (6)
—(-1,-2%4,-3,-4,-2,-3,2,—1,-2,-3,-2,-3) by (3)
— (=1,-2%-3,-4,3,-2,-3,2,—-1,-2,-3,-2,-3) by (4)
—>(—1,—22,—3,3,—2,—3,2,— —2,-3,-2,-3) by (2)
— (=1,-2%,-3,2,-1,-2,-3,-2,-3) by (1)
— (=1,-23,-3,-1,-2,1,-2,-3,-2) by (4)
- (=2,-1,-2% -3, -1, 2,1, 2,-3) by (6)
— (=1%,-2,-1,-3,-1,-2,1,-2,-3) by (4)
— (=3,-1%,-2,-1,-3,-1,-2,1,-2) by (6)
— (=1%,-3-2,-3,-1%,-2,1,-2) by (3)
— (=13,-2-3,-2,-1% -2,1,-2) by (4)
— (—=1%,-22,-1%2,-2,1,-2) by (2)
— (=2%,-1%2,-2,1,-2,—-1%) by (6)
— (13,2,-1,2,1%,2%) by (8),(9)
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4. A method of a tabulation of prime link exteriors

Since a knot is determined by its exterior by the Gordon-Luecke Theorem,
we classify the exteriors of two or more component links.

We obtain a table of prime link exteriors, by omitting 72,72, 83,83,
8%6,825,97,, 93,,9%,955,93,,939,935,93, from Table 1 and replacing the
rest of the links with their exteriors because the exteriors of the above 14
links have already appeared (See [5]). So we have the following table of link

exteriors:

E(0) < E(2?) < E(3;) < E(42) < E(41) < E(51) < E(5?) < E(6?) <
E(52) < E(62) < E(63) < E(6}) < E(63) < E(63) < E(6%) < E(71) <
E(63) < E(7?) < E(73) < E(7%) < E(72) < E(73) < E(61) < E(7s) <
E(77) < E(73) < E(8%) < E(73) < E(82) < E(83) < E(819) < E(82) <
E(85) < E(75) < E(87) < E(Szl) < E(810) < E(8g) < E(8§) < E(Slﬁ) <
E(89) < E(83) < E(817) < E(8}) < E(83,) < E(83) < E(813) < E(7%) <
E(8) < E(83) < E(83) < E(8%;) < E(8%;) < E(8%) < E(8%) < E(8%,) <
E(83) < E(83) < E(8]) < E(81,) < E(812) < E(91) < E(8) < E(97) <
E(9;) < E(93) < E(9,) < E(9) < E(8) < E(93) < E(9,) <
E(93) < E(93;) < BE(93;) < E(9;) < E(93) < E(8]) < E(%;) <
E(93;) < E(93) < E(9) < E(93) < E(9,) < E(9;,) < E(%,) <
E(93;) < E(9%) < E(93,) < E(93) < E(%,) < E(93,) < E(93,) <
E(86) < E(911 < E(943) < E(944) < E(936) < E(942) < E(?Q) <
E(814) < E(926) < E(84) < E(83) < E(9) < E(93) < E(93) < E(9435) <
E(932) < E(g?l) < E(gg) < E(920) < E’(g?) < E(74) < E(811) <
E(937) < E(813) < E(815) < E(9214) < E(930) < E(935) < E(93;) <
E93) < E(93) < E(93,) < E(93,) < E(93)) < E(933) < E(946) <
E(934) < E(947) < E(931) < E’(ggg) < E(940) < E’(Q%l) < E(917) <
E(992) < E(9%) < E(9}) < E(929) < E(97,) < E(8) < E(935)

Table 2

5. A method of a tabulation of 3-manifolds

We make a list of closed connected orientable 3-manifolds by constructing
a sequence of 3-manifolds obtained from 0 surgery along the links in Table
2 and removing the manifolds which have already appeared (See [2]). Let
X(L,0) denote the manifold obtained from 0 surgery along a link L. We
classify x(L,0) for L in Table 2 according to the first homology group
Hy(x(L,0)). There are 10 types of groups 0, Z, ZDZ, ZDZ S Z, Z D
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Zo D7y, 2o, 2o ®Zs, 73D 23, 24, Z, D Z4 and we have respectively
16, 62, 16, 4, 5, 7, 15, 7, 5, 5 links with these types of groups. In this
paper we enumerate the manifolds with H; (x(L,0)) = Z. The links with
this condition are the following;:

O <31 <4 <5 <H52<6<63<7 <6 <Tg<T7r <T3<8
819<820<85<75<87<821<810<8§<816<89<817<8g<818
812 <91 <8 <911 <943 < 944 <936 <942 <73 < 814 <996 < 84
9%<945<932<88<920<9?<74<811<927<813<815<924
930<9?0<933<946<934<947<931<928<940<917<922<929-

Jé

We see that x(93,0) = x(63,0), x(93,0) = x(62,0) and x(946,0) =
x(82,0). So we omit x(93,0), x(93,0) and x(946,0) from the sequence. For
the rest of the links, we calculate their Alexander polynomials or Alexander
modules and we see that the manifolds are different from each other except
the following two cases:

A(x(0,0)) = A(x(95,0)), A(x(925,0)) = A(x(929,0))-

However, we have

x(0,0) 2 x(939,0), x(928,0) % x(929,0)

by the following discussion. For the first case, we transform the framed link
93, with coefficient 0 into a framed knot K with coefficient 0 by the Kirby
calculus on handle slides. We see that K is a non-trivial knot by computing
the po(£)-polynomial of the HOMFLY polynomial P(K;¢,m) and we have
x(935,0) = x(K,0) 2 x(0,0) by Gabai’s property R [1]. For the second
case, we substitute the fifth roots of unity for the Jones polynomial of 955
and 959 and we have

Jops (W) = =5 — 10w + 3w? — 12w°

Joge (W) = =3 + 9w — 6w? + 6w®,

where w is any one of the fifth roots of unity. We see that Jy,, (w) # Jo,, (w')
for any of the fifth roots of unity w,w’ and we have x(925,0) 2% x(929,0) by
Kirby and Melvin’s theorem [6,p.530].

Therefore we have:

x(0,0) < x(31,0) < x(41,0) < x(51,0) < x(52,0) < x(62,0) <
x(63,0) < x(71,0) < x(61,0) < x(76,0) < x(77,0) < x(73,0) < x(82,0) <
X(81970) < X(82070) < X(8570) < X(7570) < X(8770) < X(82170) <
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X(810,0) < x(83,0) < X(816,0) < X(89,0) < x(817,0) < x(8,0) <

x(818,0) < X(812, 0) < x(91,0) < x(86,0) < x(911,0) < x(943,0) <

X(944,0) < x(936,0) < x(942,0) < x(72,0) < x(814,0) < x(926,0) <

X (84 ) < X(945,0) < x(932,0) < x(85,0) < x(920,0) < x(74,0) <

X(811,0) < x(927,0) < x(813,0) < x(815,0) < x(924,0) < x(930,0) <

x(9%,0) < x(933,0) < x(934,0) < Xx(947,0) < x(931,0) < x(923,0) <

X(9407 0) < x(917,0) < x(922,0) < x(929,0).

Table 3
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