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ABSTRACT

On previous works, we enumerated the prime links and the prime link ex-
teriors with lengths up to 10. In this paper, we make an enumeration of the
homology handles and the homology spheres with lengths up to 10 by using
the enumeration of the prime link exteriors.
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1. Introduction

In [3] we suggested a method of enumerating the links, the link exteriors and the
closed connected orientable 3-manifolds. The idea is to introduce a well-order on the
set of links by embedding it into a well-ordered set of lattice points. This well-order
also naturally induces a well-order on the set of prime link exteriors and eventually
induces a well-order on the set of (closed connected orientable) 3-manifolds so that
the fundamental group of the corresponding prime link exterior gives a complete
group invariant for the set of 3-manifolds. By using this method, the first 28, 26 and
26 lattice points of lengths up to 7 corresponding to the prime links, the prime link
exteriors and the closed connected orientable 3-manifolds are respectively tabulated in
[3]. We enlarged the table of the first 28 lattice points of lengths up to 7 corresponding
to the prime links into that of the first 443 lattice points of lengths up to 10 in [5] and
enlarged the table of the first 26 lattice points of lengths up to 7 corresponding to the
prime link exteriors into that of the first 399 lattice points of lengths up to 10 in [§]
and enlarged the table of the first 26 lattice points of lengths up to 7 corresponding
to the 3-manifolds into that of the first 133 lattice points of lengths up to 9 in [7].
A tentative goal of this project is to enumerate the lattice points of lengths up to 10



corresponding to the 3-manifolds. In this paper, we enumerate the lattice points of
lengths up to 10 corresponding to the homology handles and the homology spheres.

20 Definition of a well-order on the set of links

Let Z be the set of integers, and Z" the product of n copies of Z. We put
X = HZ":{(xl,xg,...,anmi €Z, n=12...}
n=1

We call elements of X lattice points. For a lattice point x = (x1,22,...,2,) € X,
we put £(x) = n and call it the length of x. Let |x| and |x|y be the lattice points
determined from x by the following formulas:

|X| = (|ZL‘1|, |x2|,,|xn|) and |X‘N: (|.xj14’7 |xj2|7 T |Ijn|)7
where |z;,| S |zj,| < -+ S |z, | and {j1,J2, ..., jn} = {1,2,...,n}.

We define a well-order (called a canonical order [3]) on X as follows:

Definition 2.1. We define a well-orderon Zby 0 <1< -1<2<-2<3<-3---,
and for x,y € X we define x < y if we have one of the following conditions (1)-(4):

(1) £(x) < £(y).

(2) {(x) = £(y) and |x|n < |y|nv by the lexicographic order on the natural number
order.

(3) |x|y = |y|n and |x| < |y| by the lexicographic order on the natural number order.

(4) |x| = |y| and x <y by the lexicographic order on the well-order of Z defined

min|x| = min;<;<,|z;] and max|x| = max; <;<, |7
Let 5(x) be the (max|x|+ 1)-string braid determined from x by the identity

__sign(x1) _sign(zg) sign(xp)
B(x) = 01| Oy Oloal

where we define afélgn(o) = 1. We note that max|x| + 1 is the minimum string number

of the braid indicated by the right-hand side of the identity. Let cl3(x) be the closure
of the braid #(x). Let L be the set of all links modulo equivalence, where two links
are equivalent if there is a (possibly orientation-reversing) homeomorphism sending
one to the other. Then we have a map

clf: X — L
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sending x to clf(x). By Alexander’s braiding theorem, the map clf is surjective. For
L € L, we define a map
c:L—X

by o(L) = min{x € X|clf(x) = L}. Then o is a right inverse of clf and hence is
injective. Now we have a well-order on L by the following definition:
Definition 2.2. For L, L’ € L, we define L < L if o(L) < o(L’).

For a link L € L, we call ¢(o(L)) the length of L.
3. A method of a tabulation of prime links and prime link exteriors
Let LP be the subset of L consisting of the prime links, where we consider that the
2—component trivial link is not prime. We use the injection ¢ for our method of a

tabulation of LP. For k € Z, let k™ and —k™ be the lattice points determined by
kK" = (k,k,...,k) and —k"=(=k)",
———
respectively.

For x = (x1, @2, ...,20), Y = (Y1, Y2, - -, Ym) € X, let xT', —x, (x, y) and §(x) be
the lattice points determined by the following formulas:

XT (Qj’n, ,x27$1),
—X = ( xla_an"'7_xn),
(X7 Y) - (I 1 xn7y1,...,/ym>7
5x) = (hab....ql)
where 2 = sign(z;)(max|x| + 1 — |z;]) (a; #0)

A point of our argument on a tabulation of prime links is to define some transfor-
mations between lattice points. We make this definition as follows:

Definition 3.1. Let x, y, z, w € X, k, [, n € Z withn > 0 and ¢ = £1. An
elementary transformation on lattice points is one of the following operations (1)-(12)
and their inverses (1)7-(12)".

(1) (x, k, =k, y) = (x, )

(2) (x, k, ) (x, y), where |k| > max|x|, max]|y|.

(3) (x, k, I, y) — (x, I, k, y), where |k| > |[|+ 1 or |I| > |k| + 1.

(4) (x, ek ” k + 1, k, y) (x, k+1, k, e(k+1)", y), where k(k + 1) #0.

ES; (x, k‘) ( ket ) —k, y)— (x, —(k+1), ek, k+1, y), where k(k + 1) # 0.
6) (x, y,

(7) x —



0) (1", x, ¢, y) — (1", y, &, x), where min|x| = 2 and minl|y| = 2.

1) (K2, x, y, —k?, z, w) — (=K% x, wl, k2, z, yT), where max|x| < k < minly|,
max|z| < k < min|w| and x,y,z or w may be empty.

(12) (x, k, (k+1)2 k, y) — (x, =k, —(k+1)?, —k, yT), where max|x| < k < min|y]|

and x or y may be empty.

8
9) x — 4(x)
1
1

A meaning of the transformations of Definition 3.1 is given by the following lemma

(See [3, 5]):

Lemma 3.2. If a lattice point x is transformed into a lattice point y by an elementary
transformation, then we have clf(x) = clf(y) (modulo a split union of a trivial link

for (1), (2), (9)).

The outline of a tabulation of prime links is the following (See [3, 5] for the details):
Let A be the subset of X consisting of 0, 1™ for m = 2 and (21, x,...,%,), where
n24, xy=1, 1= |z =35, |z,] 22 and {|z1], [22],.. ., |7,.]} = {1,2,..., max|x|}.
Then we have #{y € Aly < x} < oo for every x € A and have o(LP) C A. First,
we enumerate the lattice points of A under the canonical order and then we omit
x € A from the sequence if clf(x) is a non-prime link or a link which has already
appeared in the table of prime links. By using Lemma 3.2, we see that if x is trans-
formed into a smaller one, then x must be removed from the sequence. We can find
most of the omittable lattice points in this way. We show a table of prime links with
lengths up to 10 below. Note that there are 7 omissions and 1 overlap in Conway’s
prime link table of 10 crossings and the seven links are indicated by the formu-
las: 0(10%) = (1,—-2,1,—-2,1,-3 — 23, =3), o(10%) = (13,2,-13,2,—-1,2), o(10%) =
(14,22, —12,22), o(10%) = (1%,2,1%,2,3,22,3), o(10%) = (1%,2,12,2,3, —22.3), 0(10¢) =
(12,2,12,2, 3,22, -3), o(10}) = (12,2, —12,2, -3,22, —3).

O <22 <31 <43 <4 <5 <5 <67 <hHy <6y <63<63<63<63 <63
<<V <R <TDB<<TE<TE<E <Tg< T <TI <8 <T3<8
8%<8§<8§)<819<820<85<75<87<821<810<83<8§<816<89<8§
817 < 83 < 8% < 8 < 815 < TE <8 <8 <8 <8 <8<, <8, <8
82, < 8] < 83 <8, < 8] <8, <8y <9 <& <9 <9 <9, <9 <9
9;1<9%9<9§0<8§<9§<9§2<9§0<9§5<9§1<9§3<9§4<8§<9§ < 92,
92, < 93 < 92 < 9%, <93, <93, <93, < 92 < 939 < 93 < 92, < 97, < 93, < 8
911<943<944<936<942<72<814<926<84<83<9g<9?3<9§4<9§
9?9<9?8<9§<945<932<9?1<88<920<9§<74<811<927<813<815
994 < 930 < 93 < 93 < 9%, < 97 < 93 < 93) < 93, < 93, < 933 < Oy < 934 < 9y7
931 < 928 < 940 < 9%, < 917 < 90 < 92 < 93 < 999 < 99, < 82 < 93, < 107 < 9
109 < 1034 < 1025 < 10? < 10994 < 10796 < 1046 < 10795 < 10%0 < 10%1 < 10; < 94
105 < 10997 < 1047 < 10%6 < 10%7 < 10939 < 10943 < 99 < 102 < 10741 < 10948
10g5 < 10?4 < 10%2 < 10%1 < 10155 < 10790 < 109 < 10% < 10% < 10749 < 1083 < 10%8
105, < 103, < 10% < 1035 < 916 < 1064 < 103, < 1033 < 1094 < 10161 < 10159 <
10106 < 10119 < 103, < 103, < 103, < 103, < 10536 < 103; < 92 < 102 < 10%,; <
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103, < 103, < 1034, < 107, < 102 40<10 <1017<1048<1O§0<1091<10§3
10152<1079<10157<10104<1099<1042<10118<10109<10123<97<10
92 < 92 < 10% <1036<1039<10 <1038<1069<1063<10 <10162
1035<1055<10 < 93, <1028<9 < 9%, <1060<1054<10 < 10%,,
1O7<10 <106<9 <1O7<100<92<10 < 103, < 10% <92<9
92 <1025<10 < 10%; < 92, < 103, < 92 < 10}, <10‘1*1<1O%0<9‘11<102
93, < 93, < 103, <9Z6<10§29<10 <9 <1O4<104<104<104<104
1067<9 <9 < 10%, < 10% <1O70<1O72<1007<1O74<1056<10101
10179<10175<10118<10183<10 < 95 < 108, < 108, < 107, < 103, < 107,
107; < 1014 < 108 < 103, <1065<10 <9 < 107, < 101, < 101, <1O4<10114
1080<1081<1078_1082<1020<1084<1019<9 <102, < 92, < 102,
100<101<10 < 10355 < 1024, < 102, < 1074 <104<10§<109<1081
107, <1020<1Og<915<1029<1049<1048<103<1O <915<10 <1092
1043<1079<10149<1044<1043<10 50 < 10245 < 103, <1048<10

10704 < 107 < 1037, < 107 < 1037 < 103; <1o8<1o5<106<109<1027
1035 < 103, < 92, <1O§6<1051<1048<1047<10152<10 < 1025 < 103,
103<10§1<10§21<81<921<1042<98<925<1071<1O29<1021<914<83
912 < 1044 < 103, < 1043 < 103, < 103, < 103, < 102, < 10%, < 107 < 10%7,5 < 10%,
10%00<1O%03<10%12<1041<919<10137<1O59<10136<10138<1070<1Og
92 < 103, < 103, < 103, < 103, < 103, < 1045 < 1035 < 103, < 10g5 < 103, < 102,

/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\

Table 1

Next we enumerate the prime link exteriors with lengths up to 10. Since a knot is
determined by its exterior by the Gordon-Luecke Theorem [2], we classify the exteriors
of two or more component links.

We obtain a table of prime link exteriors, by omitting the links in Table 2 from
the links in Table 1 and replacing the rest of the links with their exteriors because
the exteriors of the following 44 links have already appeared (See [8]).

7 78’ 8 8 8167 8157 9437 9447 9497 9137 914’ 9197 9187 9177 10447 10457 101327 9457
101287 9567 947a 101607 101247 9487 101257 10127 9 101297 10,%7 10 10 10 10167’ 10137
10177 101307 10131’ 10168’ 101617 1018’ 10497 10487 10617 1059‘

Table 2
40 A method of a tabulation of 3-manifolds
The prime link exteriors in the exterior table are all simple manifolds and hence
are hyperbolic or special Seifert manifolds. Thus, the fundamental groups of these
prime link exteriors are mutually non-isomorphic (cf. Proposition (4.6) of [3]), so

that the prime links in the exterior table are m-minimal links, where a m-minimal
link means a prime link whose fundamental group is the first appearing group up
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to isomorphisms in the canonical ordered set of prime links. We make a list of
closed connected orientable 3-manifolds by constructing a sequence of 3-manifolds
obtained by the 0-surgery of the links in the exterior table and removing the man-
ifolds which have already appeared (See [3]). Note that every 3-manifold can be
represented as the O-surgery of a link by considering Spin structure and especially
of a prime link with unique exterior property by using the imitation theory, which
implies that every manifold appears in our list. Let x(L,0) denote the manifold
obtained by the O-surgery of a link L. We classify x(L,0) for the links L in the
exterior table in terms of the first homology group Hi(x(L,0)). There are 16 types
Ofgl"OllpS Z, 0, ZQ@ZQ, Z@Z, Zg@Zg, ZQ, Z@Z@Z, 24@24, Z47 Z@ZQ@
Lo, 5D 25, Ze, g, ZDZL3s D23, Z2DZo, ZDHZDZDZ and we have respectively
140, 50, 60, 69, 21, 12, 6, 9, 7, 6, 1, 5, 7, 1, 4, 1 links with these types of groups.
We enumerate the 3-manifolds x(L,0) with H;(x(L,0)) = Z or 0.

Case 1. Hy(x(L,0)) = Z.

We enumerate the manifolds x(L,0) with H;(x(L,0)) = Z. The links with this
condition are the following;:

O<31<41<51<52<62<63<71<61<76<77<73<82<819<82()
85<75<87<821<810<8§<816<89<817<8g<818<812<91<86<911
943<944<936<942<72<814<926<84<9%<945<932<88<920<9§’<74
811 < 997 < 813 < 815 < 99y < 939 < 9?0 < 933 < 9y < 934 < y7 < 931 < 998 < Yyg
917 < 999 < 999 < 93 < 105 < 10794 < 10796 < 1046 < 10195 < 96 < 105 < 10797
1047 < 10939 < 10943 < 99 < 1062 < 10747 < 10948 < 10g5 < 10?4 < 10%1 < 10455
10100 < 109 < 10949 < 10g9 < 1022 < 10% < 10% < 916 < 104 < 1020 < 10%8 < 1094
10161 < 10159 < 10706 < 10112 < 10716 < 1023 < 1017 < 10458 < 1030 < 1097 < 10952
1079 < 10157 < 10794 < 1099 < 1022 < 10718 < 10709 < 10993 < 915 < 1099 < &
991 < 1049 < 95 < 995 < 1071 < 1039 <91y <83 <919 < 10y < 10:{)2 < 1043 < 104
919 < 10937 < 1059 < 10936 < 10138 < 1079 < 10%7 < 1045 < 10%3 < 10g8 < 1034

ANNNNNNNANNNN

The 3-manifolds obtained by the 0-surgery of the above three component links are
homeomorphic to those of some knots and we have:

X(82,0) = x(946,0),  x(8%,0) = x(3:437,0),  x(93,0) = x(65,0),
X(Q?, )g (6270)7 X(9£1))070>N (Kho)a X(lOi,O) X(82070>7
x(103;,0) = x(K>3,0),  x(108,,0) = x(0,0), X(10%,0) = x (10140, 0)
X(lO?Q, ) (K3>0) X(logmo): (61,0), X(10§8,0)%’X(10153,0),
X(1035,0) = x(K4,0),  x(103),0) = x(K5,0),  x(103,,0) = x(Ks,0),
X(1039,0) = x(K7,0), x(103,,0) = x(7,0), X (1037, 0) = x(3}£52,0),
X(10%37 ) X(7770)7 (103470) (41ﬁ4170)'

So we omit 946, 93, 93, 103, 103,, 103,, 103,, 103, from the sequence and we
show the pictures of K7,..., K7 in Appendix. For the rest of the links, we can see,
by calculating the Alexander polynomials, that the manifolds are different from each
other except the cases shown in the following box.
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AG(L0) I AG(L0) L

1 O<9:1‘)0<10?9 7T—6+3—1 810 < 10143
3401 102, < 103, 11-6+1 | 105 < 102,
3—241 |8y <8 <10% <103, 11-8+2 814 < 93
52 |6, <8 <108, <10 | 11-945—1 | 9 < 10140
5—4+1 891 < 104936 13—10+5—-1 818 < 994
5—4+4+3-1 85 < 104941 15—-124+5—-1 998 < 999
7T—5+3—-1 89 < 10455 23— 18 +7—1| 9409 < 1059

For the above links, we replace the O-framed three component links with the 0-

framed knots, as we described before, and we substitute the fifth root of unity ¢ = e’5*
for the Jones polynomials of the knots, and we have the following box.

L—K Vi (q) L—K Vi (q)
@) 1 89 8 +4¢° + 4q°
9?0 — K1 3q — 3(]2 + q3 10155 5+ 4(] + 7q3
103y — Ky | 242 —2¢> +4¢° 810 —5 — 6g — 8¢°
10%1 — K2 -3 — q— q2 — 4q3 10143 3— 5q + 4(]2 — q3
103, — K 5+ 3¢* + 3¢ 10137 5+4q+7¢°
850 2+ g+ 3¢° 103, — 4,4, 8 + 4¢2 + 4¢°
83 — 3,433 443+ 814 1 —5q¢+5¢* — 5¢°
103 — 10140 2q — ¢° 9% —6 —4q — ¢* — 8¢°
103, — K, | 14 4q—3¢° +4¢° 990 —10 + 2¢ — 6% — 5¢®
61 4+ 2q + 2¢* + 3¢° 10149 —13 —4q — 5¢* — 12¢3
8 — 9y6 1+q—2¢*+¢* 818 15 4 8¢% + 8¢3
103, — K¢ | 8+ 42+ 4¢? 94 13 4 ¢+ 7¢° + 104°
103, — K5 —3+3q—4¢° 995 —5—10q + 3¢> — 12¢3
8a1 2-3¢+3¢3 ¢ 999 —3+49q — 6¢° + 6¢°
10436 —5 —2q — 3¢® — 4¢3 940 —7 —13q + 5¢*® — 19¢3
85 ~54q—4¢* — ¢ 1059 1+ 13q — 6¢® + 13¢°
10141 3+ 6q2 + 2(]3

If x(K,0) = x(K',0), then we have Vk(¢) = Vi/(q) or Vk:(¢q) by Kirby and
Melvin’s theorem [9],p.530. So the above calculations show that all the manifolds are
different from each other.

Case 2. Hi(x(L,0)) = 0.

We enumerate the manifolds x(L,0) with H;(x(L,0)) = 0. The links with this
condition are the following:

, 22 <27§ < Z% < 8§2< 82 <29§9 < 9§g < 93, < 92, < 92§5 < 9312 <93, < 92y < 822 <
971 < 97y < 93 < 1075, < 10749 < 10735 < 10739 < 103, < 10735 < 1035 < 1075, <
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103, < 103, < 103, < 92 < 105 < 10%; < 103, < 102, < 10, < 103, < 103, <
1075, < 103, < 1035 < 10%,4 < 102, < 103 < 102, < 1075 < 1099 < 1035 < 107y, <
103, < 107 < 10%,,.

We see that x(104,0) 2 x(73,0), x(104,0) = x(73,0), x(103,9,0) = x(9%,0),
x(10%5,,0) = x(92,,0) and remove 103, 107, 103,,, 10%2,, from our sequence. The last
two homeomorphisms can be shown as follows: they are Mazur manifolds of types
X(10%4070) = WJr(O? 1)7 X(9§070) = W+(170>a X(10%3470) = WJr(_]-aO)) X(9§470> =
W*(0,—1) and we have W*(0,1) 2 W*(1,0) and W*(—1,0) = W*(0,—1) by Propo-
sition 1 in [1]. For the rest of the links L, we calculate 75(x(L,0)), the 3-manifold
invariant of Witten and Reshetikhin-Turaev in Kirby and Melvin’s paper [9], which
is described as

75(x(L,0) = C(1+ (s 4+ 2+ 5%) - f1),

where C' = %sin2§, 5 = e%, and fy is a complex number determined by L. We show
the values of f;, for the rest of the links L in the following box.

L JL L Ju
22 1 1035 | =3 + 13s — 125* + 6s°
72 2+ 3s — 252+ 83 102, 6 — 5s + 5s®
72 25 +2s% — §° 102, —4 + 55? — 553
83 1+ 5s* — 5s® 93 —1+4s — s* — 25
82 1+ 5s — 5s? 103, —4 +10s* — 10s*
92, 3 —4s+ 8%+ 283 1035, | —5+ 25+ 7s* — 6s°
92, 25 — 3s? — §° 1024 —9+ 155 — 10s*
92, | —3+4+3s5—2s2+5% [ 10%;| 1—5s+5s>— 583
92, —3s+2s% — §° 102, —4 4 10s* — 1083
92, 7s — 8s* + 453 103, | =5+ 25+ 12s% — 1153
92, | —2+6s—4s*+2s® | 10%,| 1+ 5s—5s*+5s®
92, | —3+3s+3s>—4s> | 102, | -4+ 10s — 10s* + 5s3
92, | —3+8s—T7s>+s | 10% | —4+ 155 — 155% + 553
92, | —4+5s+5s2—5s> | 1034 | =3+ 185 — 17s* + 653
97, —3+8s—Ts*+s* | 102, | 1—5s+10s* — 55
92, —3s+ 7s* — 65° 103, —8s + 125 — 65°
92 | —2+6s—4s*+2s% || 102, | 2—7Ts+ 135 —9s?
1035 | 2—25+3s2+s3 1025 | 1 —10s + 15s* — 10s3
102, —4+5s 102, | 1 — 105 + 155> — 10s°
103, | =4+ 10s — 10s* + 58> | 103, | —8+ 135 — Ts* + s°
10%.4 25 — 3s? + 4s® 103y, —4 + 15s* — 15s°
10% | =3+ 13s — 12s% + 653 | 102, 6 — 5s + 5s®
10%,, 1 —5s+ 5s? 103, | 7—7s—2s*+6s°
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We conclude that the manifolds are different from each other except the following 11

7'5()((9%0,0)) = 75(x (1013670)7 T5<X(9§270)> = TB(X(95470))7

7-5<X(9%127 0)) = T5( (937 O))a ( (9347 O)) = T5(X(9%27 0))7 ( (9397 0)) = T5(X<9%17 0))7
75(x (10739, 0)) = 5(X(1018370))7 5(X (10447 0)) = 75(x (10647 0)),

T5<X(1O§87 0)) = 5<X(109870)) 5(X (1042a 0)) =75 (X(l()%g, 0)),

TB(X(10§5aO)) = B(X(mn?ao))a 5(X (101157 0)) = 75(x (10%09, 0)),

where o = f means o = 3 or o = 3 for complex values «, 3 and we say « is equivalent
to . For these manifolds, we compute 77(x(L,0)) in [9], which is described as

7r(x(L,0)) = C(1 = 23] + [3]" + [2] - f1).
where C' = %sin2§, 2] =st+5 3] =s2+1+s% s= e7, and fr is a complex

number determined by L. We show the values of f for these manifolds in the following
box.

L Ju L fr

92, —2—s+s*+4s3+8° 1074, 1 —7s+10s? — 853 + s* — 3s°
10256 445458+ 83+ 25— 75° 103, 8 —4s? +13s% — 135 + 11s°
92, —3+ s —2s% + s3 + 2s* 102, 1 —11s% + 135 — 20s* 4 115°
92, 5— 5+ 8s*—3s% —6s° 10% | 11 — 65 — 9s% + 22s% — 26s* + 14s°
92, 25 — Ts? + 353 — 4s? + 3s° 10%g | 18 — 65 — 2s® + 15s® — 265" + 14s°

92 7+ 25+ 35% + 35t — 45° 102, |  —6+ 10s* — 15s® + 1551 — 1755

92, | —3+8s+5s?— 653 +9st —14s° || 103, | 14 14s — 11s* +13s® 4+ s* — 105"
92, | =2 —8s+ 1552 — 1783 + 7s* — 6s° || 103, | —13+ 24s? — 4353 + 43s* — 315"
92, | =3+ 8s — 1652 + 15s® — 1251 + 75> || 103, 1+ 38s% — 50s® + 50s* — 38s°
92, 4+ 8s —9s* + 15s® — Hs? 1035 | 22 — 425 + 59s? — 4353 + 15s* — 3s°
10259 1+ 3s% — 8s% + 8s* — 10s° 10209 | 15 — 49s + 52s% — 50s® 4 15s* — 3s°

Since the values for the above 11 pairs are not equivalent to each other, we have
the enumeration of 3-manifolds in Case 2.
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Appendix

We show the pictures of K7, ..., K7 for Case 1 in Section 4.
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