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ABSTRACT

We show that the linking signature of a closed oriented 4-manifold with infinite cyclic first
homology is twice the Rochlin invariant of an exact leaf with a spin support if such a leaf exists.
In particular, the linking signature of a surface-knot in the 4-sphere is twice the Rochlin invariant
of an exact leaf of an associated closed spin 4-manifold with infinite cyclic first homology. As an
application, we characterize a difference between the spin structures on a homology quaternion
space in terms of closed oriented 4-manifolds with infinite cyclic first homology, so that we can
obtain examples showing that some different punctured embeddings into 54 produce different
Rochlin invariants for some homology quaternion spaces.
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0. Introduction
A quadratic function on a finite abelian group G is a function

q:G—Q/Z

such that ¢(—z) = ¢q(x) for all x € G and the pairing ¢ : G X G — Q}/Z defined by
the identity ¢(z,y) = q(x + y) — q(x) — ¢(y) is a non-singular symmetric bilinear
form which we call the linking induced from ¢q. We note that 2¢(x) = {(z,x)
and ¢(2™mx) = 22" q(x) for every integer m > 1 and z € G. A quadratic function
q: GXxG — @Q/Z is said to be isomorphic to a quadratic function ¢’ : G'xG" — Q/Z
if there is an isomorphism f : G = G’ such that ¢ = ¢’ f. The linking signature o(q)
of ¢ is a rational number modulo one which is defined by the Gauss sum identity

GS(q) = > exp(2rV—1 - q(z)) = /|Gl exp(2rv~1- o(q))

zeG

(see [8]). The linking signature o(q) € Q/Z is an invariant of a quadratic function
g up to isomorphisms and has 80(¢q) = 0 in Q/Z in general. A closed connected
oriented 4-manifold M with Hy(M; Z) = Z is simply called a Z71-manifold. By a
result of [7], the Z1-manifold M#n(S? x S?) admits an exact leaf V if n is greater
than a constant depending on M. In this paper, we consider the torsion quadratic

function
q:Gy — Q/Z

of the infinite cyclic covering space M over a ZH1-manifold M belonging to a
generator v € H*(M; Z). This quadratic function ¢ was first defined in [8], although
the induced torsion linking

K:GMXGM%Q/Z

had been defined in [4] (see also [6]). We denote the linking signature o(g) by
o(M) = o7 (M). For our purpose, we consider a Zi-manifold M containing an



exact leaf V' with a spin support M* in M, that is, a compact spin 4-manifold
neighborhood M* of V' in M such that Hy(OM™*; Z) is a free abelian group. For a
spin structure ¢ on V induced from any spin structure on M*, we take the Rochlin
invariant p(V,¢), arranged to have the value in @/Z. Then, as the main result
of this paper, we shall show that the linking signature o” (M) is equal to 2u(V,¢).
This theorem will be exactly stated in §2 and proved in §3. In §1, some facts of
the torsion quadratic function, the torsion linking, and the linking signature are
explained.

As a concrete object, we consider an oriented surface-knot F' in a closed con-
nected oriented 4-manifold My with H;(M;;Z) = 0 such that F' admits a Seifert
hypersurface in M; (in other words, such that [F] =0 € Hy(M;; Z)). For standard

examples, we take M; = S%. By [8] we still have the torsion quadratic function
qr : Gr — Q/Z

and the torsion linking
EF:GFXGF—>Q/Z

of the surface-knot F'. This torsion linking ¢ is a natural generalization of the
Farber-Levine linking of an S2-knot in S* (see Farber [2], Levine [13]). We denote
the linking signature o(qr) € Q/Z by o(F'). Let Er be the compact exterior of F
in My, i.e., Ep = cl(M; — Np) for a trivial normal bundle Ng of F in M;. We have
the first homology Hq(Fp; Z) = Z with a unique meridian generator. We choose a
trivialization Ny = F' x D? so that the natural composite

H\(Fx1;Z)— Hi(0Ep; Z) — Hi(Ep; Z) = Z

is the zero map under the identification OEr = ONp = F x S'. Let Vj be the
handlebody such that 0Vy = F. Let M, be the closed 4-manifold obtained from
Er and V x S! by attaching the boundaries by a homeomorphism ¢ : 0Er =
F x St — 0Vy x ST which preserves the S'-factor. Then My is a ZH!-manifold.
We refer the Z*1-manifold My = My#n(S? x S?) as a ZH1 _manifold associated
with the surface-knot F'. Choosing ¢ carefully, we can make My and hence My ,
spin. Let V be an exact leaf of the spin ZH1-manifold M., for a large integer n.
Let ¢ be a spin structure on V induced from any spin structure on My ,,. In this
case, our main theorem implies the identity

o(F)=2u(V,).

We shall also note in Remark 2.6 that the Rochlin invariant p(V,¢) itself is not
an invariant for a high genus surface-knot F'; although it is an invariant when F' is
an S%-knot in S* by a result of Ruberman[14]. Our main result is applied in §4 to
characterize a difference between the spin structures ¢ on a homology quaternion
space V by constructing ZH1-manifolds M such that V is an exact leaf of M with a
spin support M* in M and ¢ is a spin structure on V' induced from a spin structure
on M™. Using this characterization, we shall obtain examples showing that some
different punctured embeddings into S* produce different Rochlin invariants for the
quaternion space and a homology quaternion space.

Finally, the torsion linking and the torsion quadratic function of a surface-link
are also defined in [8], and the surface-link version of this paper will be discussed
in [9].



1. The torsion linking, the torsion quadratic function, and the linking
signature

Let A = Z[Z] = Z[t,t™']. Let W be a compact connected oriented 4-manifold

which admits an infinite cyclic connected covering p : W - W belonging to an
indivisible element v € H*(W; Z). Let A and A’ be () or compact 3-submanifolds

of OW such that A’ = cl(OW — A). For a subspace W' of W, let W/ = p=Y(W").
For a finitely generated A-module H, let DH be the maximal finite A-submodule
of H (see [4;83]), tH the Z-torsion part of H, and T'H the A-torsion part of H. Let
BH = H/TH. Let E9(H) = Ext{(H,A). By an argument of [4] we have a t-anti
epimorphism

Oan : DH\(W,A; Z) — EY(BHy (W, A'; 7))

which is an invariant of (W, A, A") or (W, A, A’,~). We denote the kernels of 64 4/
and 04/ 4 by DH (W, A; Z) and DH, (W, A’; Z)? respectively. The second duality
of [4] then says that there is a t-isometric non-singular bilinear form

¢:DH,(W,A;2)° x DH,(W,A"; 2)° — Q/Z

which is an invariant of (W, A, /Nl’) or (W, A A’ v). By taking A = () and A’ = OW,
let DHy(W; Z)? denote the following quotient finite A-module:

DH\(W;2)° /Im(i, : Hi(OW;Z) — H,(W;Z)) N DH,(W; Z)°,

where 7, denotes the natural homomorphism. Then we have the following lemma
(see [8]):

Lemma 1.1. The bilinear form ¢ induces a t-isometric linking

~

(:DH,(W;2) x DH(W;2)) — Q/Z. 1

The linking / is an invariant of W or (W,~) and called the torsion linking of W
or (W,~). We say that H is (t — 1)-divisible if t — 1 is an automorphism of H. For a
finitely generated (¢t — 1)-divisible A-module H, it is well-known that the Z-torsion
part tH of H is equal to DH, originally due to M. A. Kervaire [12] (cf. [4;83]).
For DH, let

DoH = N, (t — 1)"DH,
Di1H ={x € DH|3n > 1,(t — 1)"z = 0}.

Then we have a natural splitting DH = DoH @ D1 H, so that DoH is a unique
maximal (¢ — 1)-divisible finite A-submodule of H (see [8]). We denote by G(W)
the unique maximal A-submodule Do(DH;(W)?) of DHy(W)? . The restriction

(¢ of £ to G(W) induces a t-isometric linking

le: GW) x GW) — Q/Z,

which we call the (t — 1)-divisible torsion linking of W or (W,~), which leads to the
following definition (see [8]):



Definition 1.2. The torsion quadratic function of W or (W,~) is the function

q:GW)— Q/Z
defined by q(z) = lg(x,(1 —t)"1z). A

It is direct to see that ¢ is an invariant of W or (W,~). We have

q(—r) =q(r) and q(z+y)—q(x) —qy) = la(z,y).

Thus, ¢ is a quadratic function inducing /. The linking signature o(q) € Q/Z is
given by the Gauss sum identity

GS(q)= Y exp(2rvV—1-q(x)) = \/|G(W)|exp(2mv/~1 - o(q)),

z€G(W)

which is denoted by (W) = o7(W) and called by the linking signature of W or
(W,~). For every prime p, let G(W) be the p-torsion subgroup of G(W). Then
we see that the linking (¢ : G(W) x G(W) — Q/Z is the unique orthogonal sum
of the linkings £, : G(W), x G(W), — Q/Z induced from £ for all primes p. The

restricted function g, : G(W), — Q/Z of q is a quadratic function inducing £,. We
denote o(gp) by o,(W) and call it the p-local linking signature. Then we have the

identity
W)=Y op,(W
p

where the summation Zp ranges over all primes p. Further, the p-primary compo-
nent G(W),, has a homogeneous orthogonal splitting ©§2, G(W);, with respect to £,
where G(W);, is a direct sum of copies of Z,,;. The restricted function G : GW), —
Q/Z of qp is a quadratic function inducing the linking £}, : G(W) xGW), = Q/Z
induced from £,. We denote the linking signature o(q,) by o (W) and call it the
ith p-local signature of W or (W,~). By definition,

= Z a;,(VNV
i=1

It turns out that a;,(VV) is an invariant of W and takes a value in Q/Z as follows:

0 if p is any prime and i is even
ot(W)=<S 0Oor 3 if p=2 and i is odd

0, %, or :l:1 if p and ¢ are odd.

Let F' be a surface-knot in a closed connected oriented 4-manifold M; such that
Hi(My;Z) =0 and [F] = 0 € Ha(M;;Z), and Ep the compact exterior of F' in
M. The torsion linking

EF:GFXGFHQ/Z
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of this surface-knot F' is the torsion linking f¢ : G(Er) x G(Er) — Q/Z for the

infinite cyclic covering space Ep over Ep belonging to the element v € H YEr; 2)
sending the meridian of F' to 1, and the torsion quadratic function

qr : GF — Q/Z
of F is the torsion quadratic function ¢ : G(Er) — Q/Z. We define
o(F) =0(Er), op(F)=0y(Er), 0,(F)=0,(Er).

Let ng,n — My, be the infinite cyclic covering belonging to v under the iden-
tification H'(Ep;Z) = H'(Mgn; Z), which extends the infinite cyclic covering
Er — Ep. As observed in [8;Proposition 4.4], the torsion quadratic function

qr : Gr — Q/Z is isomorphic to the torsion quadratic function q : G(My,) — Q/Z
for all n, so that

for all primes p and all positive integers .

2. Identifying the linking signature with twice the Rochlin invariant

A leaf of a ZH1-manifold M is a bicollared 3-submanifold V of M such that V
represents a generator of Hs(M;Z) = HY(M;Z) = Z. The following definition of
exact leaf is found in [7] together with two equivalent definitions:

Definition 2.1. A leaf V of a ZH1_manifold M is ezact if the natural semi-exact
sequence

0 — tHo(M,V; 2) -2 tHy(V; Z2) = tHy (M Z)

induced from the homology exact sequence of the pair (M , f/) is exact. W

Further, we say that a ZH-manifold M is exact if there is an exact leaf V of M.
The following lemma is proved in [7]:

Lemma 2.2. For every Z71-manifold M, we have a non-negative integer n such
that the connected sum M#n(S? x S?) is exact. B

For a closed oriented 3-manifold V', we have a linking form
by :tH (V;Z2) xtH(V; Z) — Q/Z

on the Z-torsion part t Hy(V; Z) of H1(V'; Z) defined by the Poincaré duality. Given
a spin structure ¢ on V, we have a unique quadratic function

qy tH (V3 Z) — Q/Z,
such that
qy(x+y) —qy(r) —qy(y) = bv(z,y)

(see [8;Lemma 1.1]). By [8;Corollary 1.4], the linking signature o(¢{,) € Q/Z given
by the Gauss sum identity

GS(gv)= > exp@rvV—1-gi(x)) = V[tH(V; Z)]exp(2mv/—1 - o(qi))

z€tH,(V;Z)



has 80(¢qi,) = 0 € Q/Z. We call this invariant the spin linking signature of (V1)
and denote it by s(V,t¢). The Rochlin invariant n(V,.) € Q/Z of (V,) is defined
by the identity

u(Vie) = —sign(U)/16 € Q/Z

for any smooth spin 4-manifold (U, () bounded by (V,¢). By [8;Lemma 1.3|, we
have
s(V,u) =2u(V,0).

To state our main theorem, we generalize the concept of a spin Z1-manifold as
follows: A leaf V of a ZH1-manifold M admits a spin support M* in M if M* is a
compact spin 4-manifold neighborhood of V' in M such that t H;(OM*; Z) = 0. For
example, let V be a leaf of a spin Z”1-manifold M’, and M the connected sum of
M’ and any closed non-spin 4-manifold W with Hy(W;Z) = 0. Then V is a leaf of
the non-spin Z1-manifold M with a spin support in M. Using this concept, we
state our main theorem (proved in §3) as follows:

Theorem 2.3. Let V be an exact leaf of a ZH1-manifold M with a spin support
M* in M. For any spin structure ¢ on V induced from any spin structure on M?*,
we have

o(M) =s(V,0) =2u(V,r). B
Let F' be a surface-knot in a closed spin 4-manifold M; such that Hy(M;;2Z) =
0 and F' admits a Seifert hypersurface in M;. By our choice of a trivialization
Nr = F x D?, the surface F' x 1 bounds a bicollared 3-submanifold V¢ in Ep.

By Poincaré duality over Zs, we have a Zs-symplectic basis z;,y; (i = 1,2,...,m)
for Hi(F x 1;Z,) whose Zs-intersection numbers have z; - ; = y; - y; = 0 and
x; - y; =0;; forall 4,5 =1,2,...,m and such that x; bounds a Z,-chain in VF for

all 7. We represent x; and y; by circles S¥ and Sf embedded in F' x 1 such that
SynSy =8NSy =S5rNSY =0 for all 4, j with i # j and SF NS} = one point for
all i. We choose a homeomorphism ¢ : 0Er = F x St — 9V, x S! preserving the

Sl-factor such that ¢(S¥) is a meridian disk in V5 x 1. Then we have the following
lemma:

Lemma 2.4. The Zi-manifold M, is spin. B

Proof. We consider the following part

o
Hy(Er; Z2) — Ha(My; Za) — Ha(My, Er; Z2) — H1(EFp; Z2)
of the exact sequence of the pair (My, Er). Using the excision isomorphism
Hy(My, Ep; Z2) = Ha(Vo x S, F x S*; Z2),

we see that Ho(My; Zs) is generated by Za-cycles C' in Ho(Ep; Z2) and Zs-cycles
C] (i =1,2,...,m) in My such that C] is the sum of a Z,-chain in Vp bounded
by S¥ and a medidian disk in V) bounded by ¢(S7). Since Er is spin, we have the
Zs-intersection number C' - C' = 0 for every Zs-cycle in Er. By construction, we
also have the Zs-intersection number C} - C] = 0 for all i. These mean that M is
spin. [J

Combining Lemma 2.4 with Theorem 2.3, we obtain the following corollary from
the identity o(F') = o(My »):



Corollary 2.5. Let M., be any spin Z-manifold associated with any surface-
knot F' in M; which admits an exact leaf V', and ¢ a spin structure on V induced
from any spin structure on Mgy ,,. Then we have

o(F)=s(V,i)=2uV,.). R

We consider an S%-knot K in S*. Let V be a closed oriented 3-manifold obtained
from a Seifert hypersurface Vi for K in S* by adding a 3-ball, and ¢ the spin
structure on V induced from S*. Then Ruberman [14] showed that the Rochlin
invariant u(V,¢) € Q/Z is independent of a choice of Vi and hence an invariant of
K. A geometric proof of this fact is also easily derived from the fact in [5] that any
two Seifert hypersurfaces for K are connected by a surgery sequence on embedded
1-handles or 2-handles, because the surgery trace of every embedded 1-handle or
2-handle on a Seifert hypersurface Vi is in S* and hence has the signature zero.
By definition, V is an exact leaf of the (unique) spin ZH1-manifold M, associated
with K. Hence we have

o(K) =s(V,) =2u(V,1)

by Corollary 2.5. By this evidence, one may expect that p(V,¢) itself is an invariant
for a positive genus surface-knot F'. However, the following remark shows that this
is not true for a high genus surface-knot:

Remark 2.6. It is well-known that every homology 3-sphere V' can embedded
smoothly into the connected sum #n(S? x S2) for a positive integer n. For our
purpose, we take any V such that u(V,wy) = %, where ¢y denotes the unique spin
structure on V. We note that the ZHi-manifold M = S! x S3#n(S% x §?) is a
ZH1_manifold associated with a trivial surface-knot of genus n. Since V separates
#n(S? x S?) into two submanifolds, we see that V is a leaf of the Z#1-manifold M.
The factor S2 of the connected summand S' x S3 of M gives a leaf of M. Since
Hi(S3,Z) = H,(V;Z) = 0, we see from Lemma 4.2 later that S® and V are exact
leaves of M. However, we have (5%, 153) =0 and p(V,oy) = 5. W

In spite of this example, we can re-use the Rochlin invariant as an invariant of
a positive-genus surface-knot F' together with a self-orthogonal A-submodule X of

BHs(Ep; Z) (see [10]).

3. Proof of Theorem 2.3 ~

Let V be a leaf of a ZH1-manifold M. Let u € H3(M;Z) be the fundamental
class of the covering p : M — M, that is a homology class represented by a lift
of the leaf V to M (see [5]). Unless a confusion might occur, this lift is also
denoted by V. Let TH 2(]\NI ;Z) be the image of the Bockstein homomorphism
0q/z : HY(M:Q/Z) — H?*(M:Z). Let tH,(V;Z)? be the subgroup of tH(V; Z)

given by (N[V])i*(tH?(M; Z)) in the following commutative diagram:

TH?(M;Z) LN tHy(M;2)

~J



It is shown in [6;Lemma 4.1 and Theorem 4.2] that if V' is an exact leaf of M, then
there is an orthogonal splitting tH;(V;Z) = tH,(V; Z)? @ Keri, with respect to
the linking ¢y,. Further, we have the following (1) and (2):

(1) The map i, induces an isomorphism from the restricted linking
Oy lomy (vizye  tHL(V; 2)° x tH(V; 2) — Q/Z
to the torsion linking
le:G(M) x GM) — Q/Z

of M with G(M) = tH,(M;Z)°.
(2) We have Keri, = Ky & K_ and ¢y (K4, Ky) =y (K_,K_) =0 for

Ky =Im(d: Hy(My,Vi; Z) — tHi(Vie; Z)) NtHL(V; Z)

where Mi are 4-submanifolds obtained by M splitting along V such that
M=M UM, M,NM_=V, My >t¥'V, and Vo = M. NV.

We are now in a position of the proof of Theorem 2.3.

Proof of Theorem 2.3. Let V be an exact leaf of a ZH1-manifold M with a
spin support M* in M. Let ¢ be the spin structure on V induced from any spin

structure on M*. Let Mi = My N M*. We first show the following:

(1) The linking signature of the restricted quadratic function ¢, |Keri, 45 0.

Let k be a 1-knot in V with [k] € K. Then there is a 2-chain C' in M, with
9C =k and [C] € tHy(My,Vy; Z). Then C meets M in a 2-chain C* such that
c = 0C* — k is a torsion cycle in 9M*. Since OM* is a trivial lift of OM* and
tH1(OM}; Z) = 0, we have t H;(OM ; Z) = 0. Hence c is null-homologous in O M7 .
Let C be a 2-chain in ]\NL*r with dC' = k obtained from the 2-chain C* by adding a
2-chain in 6]\~4j‘r with boundary —c. Let k&’ be a longitude of k in V' given by the spin
structure ¢. For a 2-chain €’ in M, with 9C’ = k' obtained from C' by moving k
to k’ locally, the Z-intersection number s(C, C") in M+ is even by using a property
of the spin structure on M *. Let clg(C) and clg(C”) be rational 2-cycles in M
obtained from C and C’ by adding rational 2-chains cg and CQ in V with 0cqg = —k
and 8C’Q = —k’/, respectively. Since le(C’) and clg(C") are rationally homologous
(in M*) to rational 2-cycles in V, UM ¥, we see that the @Q-intersection number
so(clo(C),clg(C”) = so(clg(C),C") = 0. This means that the Z-intersection
number s(C,C’) = —Linkg(k, k). Therefore, we have

Linko (k, &)

air (1K) = =222 (amod 1)

~

= —@ (mod 1) =



Thus, ¢f, (K+) = 0. Similarly, ¢{,(K_) = 0. By a result of hyperbolic quadratic
function in [8;Corollary 2.5], the linking signature of the quadratic function ¢{, |ker:.
is 0, as desired. Next, we show the following :

(2) For any elements x € G(M) and y € tH,(V; Z)? with i.(y) = x, we have

As aresult, we see that the linking signature of the restricted quadratic function
q|tH1(V;Z)9 is equal to o(M).

Let 2 = (1 —t)"'x € G(M). Let k and k; be 1-knots in V with [k], [k:] €
tHy(V; Z)? such that i.([k]) = 2 and i.([k:]) = tz. Since ix[k — k¢ = (1 —t)z =z,
we have y = [k — k). Let U be the compact manifold obtained from M by splitting
along V' which we identify with a canonical lift to M such that OU = V —tV. Using
that V is an exact leaf and i.[k; — tk] = 0, we have a 2-chain C in tHy(M,V; Z)
such that 90C = k; — tk. Considering the intersection of C with U, we have a
2-chain C' in tHy (U, 0U; Z) such that 0C = (ky + k—) — (tk + tk4+) for some 1-knots
ki in V with [ky] € Ky and ks, Nk_ = kNky = (. Let U* be the compact
manifold obtained from M* by splitting along V. Then C' meets U* in a 2-chain
C* such that ¢ = 9C* — 9C' is a torsion and hence null-homologous 1-cycle in

OM*. Let C be a 2-chain in U* with 9C = dC obtained from the 2-chain C* by
adding a 2-chain in OM* with boundary —c. Let ki, k” k', k! be longitudes of

ki k—,k,ky given by the spin structure ¢, respectively. Then for a 2-chain C’ in
U* with 0C" = (k; + k') — (tk’ + tk ) obtained from C' by moving ki, k_, k, ky
to ki, k_, k', k_ locally, respectively, we have that S(C’, ol ) is an even integer. Let

clo(C) and clg(C”) be rational 2-cycles in U* obtained from C' and C’ by adding
rational 2-chains in V UtV with boundaries —(k: + k—) + (tk + tk4) and —(k, +
k') — (tk' 4tk ), respectively. Since clo(C) and clg(C") are rationally homologous
(in U*) to rational 2-cycles in VUtV UIM™, we see that the Q-intersection number
sq(clg(C),clg(C") = so(clg(C),C") = 0. This means that

—s(C,C") = Linkg (ks + k—, k| + k) — Linkg (k + ki, k' + K.,
= LinkQ(kt, k’g) + 2LinkQ(kt, k,’_) + LinkQ(k_, k’/_)
- LinkQ(k, k’/) - 2LinkQ(k, k’+) - LinkQ(k+, k’f’_)

Since 2 Linke (ky, k), PXeEkD) Tinko (k. ky ), and 2B a6 a1

(mod 1), it follows that

Linkg (K¢, k;)  Linkg(k, k')
2 N 2

(mod 1).



Then

_ Linkg(k — ki, k' — k})
N 2

: /
_ Linko(BK) kg (ke k) +

(mod 1)

: /
Llnsz(ktak’t) (mod 1)

By (1) and (2) and the identity
S(V7 L) = U(q€/|Keri*) + U(q€/|tH1(V;Z)9)a

the identity s(V,:) = o(M) is obtained. [0

4. An application to spin structures on a homology quaternion space

A homology quaternion space is a closed connected oriented 3-manifold V' such
that Hy(V;Z) = Zs & Zy and the linking ¢y : Hi(V;Z) x Hi(V;Z) — Q/Z is
hyperbolic. Then we have ¢y (x,z) = fv(y,y) = 0 and by (z,y) = % for every Zo-
basis z,y for H1(V; Z). By [8;Corollary 2.5], the spin linking signature s(V,¢) =0
or % for every spin structure ¢ on V. We represent x and y by disjoint knots k,
and k, in V, respectively. By [3;Lemma 1.1], we have unique longitudes L, and L,
on the tubular neighbourhoods T'(k,) and T'(k,) such that two paralells (with the
same orientation) of L, and L, bound compact oriented surfaces Fh, and Fj, in
cl(V = T(ks)) and cl(V — T'(ky)), respectively. Using fv (x,y) = 3, we can assume
that k, meets Fb, transversely in one point and k, meets F5, transversely in one
point. There are four spin structures on a homology quaternion space V which we
can specify for a Zs-basis x,y of Hy(V;Z) as follows:

Let tgo be the spin structure on V' such that L, and L, are the Zs-longitudes
on k, and k, on this spin structure, respectively.

Let 191 be the spin structure on V' such that L, is the Zs-longitude on k, and
L, is not the Zs-longitude on k, on this spin structure.

Let 119 be the spin structure on V such that L, is not the Zs-longitude on k,
and L, is the Zs-longitude on £, on this spin structure.

Let ¢11 be the spin structure on V' such that L, and L, are the non-Z-longitudes
on k, and k, on this spin structure, respectively.

For the spin linking signature s(V,¢) of a spin homology quaternion space (V,¢),
we have the following characterization result:

Theorem 4.1. For a homology quaternion space V and a spin structure ¢ on
V', the following statements are mutually equivalent:

(1) s(V,e) =0.
(2) ¢ = tp0, o1, Or t1g for any Zs-basis z,y for Hy(V; Z).
(3) There is a Zs-basis =,y for Hy(V; Z) on which ¢ = ¢qo.
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(4) There is a Z™1-manifold M with H,(M;Z) = 0 which contains V as an
exact leaf with a spin support M* in M, and ¢ is induced from a spin
structure on M*.

[y

The following statements are also mutually equivalent:

(1) s(Vye) = 5.

(2") v =111 for any Zs-basis z,y for H1(V; Z).

(3') There is a Z1-manifold M with H,(M;Z) # 0 which contains V as a leaf
with a spin support M* in M, and ¢ is induced from a spin structure on
M*.

(4') There is a Z"-manifold M with H,(M;Z) # 0 which contains V as an
exact leaf with a spin support M* in M, and ¢ is induced from a spin

structure on M*.
(5) u(V.o) = 1.

0 if and only if there is a Zs-basis z,y of Hi(V; Z)
0 (see [8;Corollary 2.5]), we have (1) < (2) < (3) and
2u(V, 1), we see that (5) < (1) and (5') < (1’). Thus,

Proof. Because s(V,.) =

such that ¢t (z) = ¢{ (v)
(1") < (2'). Using s(V;e) =
it suffices to show that

3) = (4) = (5),
(2) = @) = () = (&),

To see that (3) = (4), we use the fact that there is a Zs-basis z,y of H1(V;Z)
such that ¢{,(z) = ¢{,(y) = 0. This means that L, and L, are Zs-longitudes of k,

and k, on t. By taking homeomorphisms fi; : D? x D?* — hj, we construct a
4-manifold
W=V x [—1,1]Uh_1Uh1

where we identify T'(k,) x (—1) with f_1((0D?)x D?) and T'(k,) x 1 with f1((0D?)x
D?) so that L, x (—1) and L, x 1 correspond to f_1(0D? x p) and f1(0D? X p)
for a point p € dD?. Then W is a spin 4-manifold with Hy(W;Z) = 0 and OW is
the disjoint union of two closed 3-manifolds V_; and V; such that Hy(Vi,;2) = Z
where k, x (—1) and k; x 1 represent generators of H;(V_y;Z) and H;(V1;Z2),
respectively. Let M be the double of W. Then M is a spin Z1-manifold with

H{(M;Z) = 0. We show that V = V x 0 of a copy of W in M is an exact
leaf of M. Let My be the 4-manifold obtained from M by splitting along V.
By construction, we have Hi(My;Z) = Zs ® Zs. Then the boundary operator

d' : Hy(M,My; Z) — Hy(My; Z) is onto, for Hy(M; Z) = 0. Since
Hy(M,My:Z) = Hy(V x I,V x0I;Z) = Zy & Zy

by excision, we see that Hy(M, My ; Z) and Hy(My;Z) are A-isomorphic to the
same A-module Ay @ Ag with Ao = Zs ® A, so that the A-epimorphism a9 -

HQ(M My Z) — Hl(MV, Z) is an isomorphism by a Noetherian ring property.
By [7;Theorem 2.1], this means that V is an exact leaf of M. Thus, we have

(3) = (4). The assertion (4) = (5) is direct from Theorem 2.3, because (M) = 0.
To see that (2') = (3'), we take knots k,, ky,, and k4, in V representing z,
y,  + y. By the assumption of (2), the longitudes L, on T'(k;), L, on T'(k,),
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and L4, on T'(kz4,) are non-Zs longitudes on ¢, respectively. We construct an
orientable 4-manifold W’ from V x [0, 1] by identifying T'(k;) x 0 with T'(k,) x 1
and T'(ky) x 0 with T'(kz+,) x 1 so that L, x 0 and L, x 0 coincide with L, x 1 and
L,y x 1, respectively. Then W' is a spin 4-manifold. To calculate H;(OW'; Z), let
Viey) = cl(V —=T(ky)UT(ky)) and Viy o4y = cl(V = T'(ky) UT (kzyy)). Examining
the relations between k, and Fb, and k, and F5,, we see that the meridians of
T'(ky) and T'(k,) are homologous to 2L, and 2L, in V{, ), respectively. Then we
have Hy(V(g,y); Z) = Z & Z with a basis represented by L, and L,. Similarly, we
have Hy(Viyoty); Z) &£ Z © Z with a basis represented by L, and L;i,. Thus,
H,(OW'";Z) =2 Z & Z & Z with a basis represented by L, x 0, L, x 0, and a simple
loop L such that LN V(, .y X 0 is an arc and hence L NV, ,,,) X 1 is also an arc.
Attaching a 2-handle D? x D? to W’ along a tubular neighborhood T'(L) of L in W'
with a Zs-longitude given by a spin structure on W', we obtain a spin 4-manifold
W* such that Hy(W*;Z) = Z and H1(0W™*;Z) = Z & Z with a basis represented
by L, %0 and L, x 0. To examine the homology H,(W*; Z), let Wy, be a 4-manifold
obtained from W™ by splitting along V =V x %, and Vi the two copies of V' in
Wy. From construction, the natural homomorphisms Hy(Vi; Z) — Hy (Wi Z)
are isomorphisms. Thus, the natural homomorphism H;(V;Z) — H1(M*; Z) is an
isomorphism. Since the 3-dimensional bordism group

Q3(S' x S 2 @pig=sH,y(S' x S Z2) @ Q, =0

by Conner-Floyd [1], there is a compact orientable (not necessarily spin) 4-manifold
X such that 0X = OW™* and the natural homomorphism H;(0X;Z) — H1(X;Z)

is an isomorphism. Then M = M* U X is a ZH'-manifold such that V is a leaf of
M with a spin support M* in M. From construction, the natural homomorphism

H\(M*;Z) — Hi(M;Z) is an isomorphism, and hence H,(M;Z) # 0, showing
that (2') = (3'). To see that (3') = (4'), we use the following two lemmas proved
later:

Lemma 4.2. For every leaf V of a Z If I-manifold M and every field F, the natural
homomorphism i, : Hy(V;F) — Hy(M;F) is an epimorphism. In particular, if
H,(V; Z) is finite, then the natural homomorphism i, : H1(V;Z) — H1(M; Z) is
an epimorphism. W

Lemma 4.3. A leaf V of a Zf1-manifold M is exact if the natural homomor-
phism i, : H1(V;Z) — H1(M; Z) is a monomorphism. W

By lemma 4.2, i, : H\(V;Z) — H(M;Z) is an epimorphism for a homology
quaternion space V. If i, is not an isomorphism, then we must have H 1(M 1 7)) =2 Zs,
because Hy(V;Z) = Zy & Zs and Hl(M; Z) # 0. However, this is impossible
since Hy(M;Z) is (t — 1)-divisible. Thus, i, is an isomorphism and by Lemma
4.3 V is exact and the assertion that (3') = (4’) is proved. To show that (4") =
(5'), we may assume by the preceding argument that i, : Hy(V;Z) — H(M;Z)
is an isomorphism. By Theorem 2.3, we have 2u(V,.) = o(V,1) = o(M). To
calculate U(M ) directly, we note that the elements z, ¢tz for any non-zero element
x € Hy(M; Z) form a Zy-basis for G(M) = H,(M; Z), for G(M) is (t — 1)-divisible.
Further, we see that £g(z, 1) = lg(tz,tx) =0, lg(z,tz) = 1/2, and (1—t)"Le = te,
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which imply that ¢(z) = g(tz) = g(x + tz) = 5. Hence we have
1
GS(q) = -2 =2exp(2mvV—1- 5)

and o(M) = o(q) = 1, showing (4') = (5). O

Proof of Lemma 4.2. By [11], the natural homomorphism
i Hy(V;F) — H(M;F)

is onto for every field F. Taking F = Q, we see from H;(V;Q) = 0 that H,(M; Z)
is a Z-torsion A-module. Hence H;(M; Z) is finite because it is (t — 1)-divisible. If
iv : Hi(V;Z) — Hy(M;Z) is not onto, then the cokernel coker(i,) is a non-trivial
finite abelian group and we have a prime p such that coker(i,) ® Z,, # 0. Then the
homomorphism

i ®1:H\(V;2)® Z, — Hi(M;Z) ® Z,

which is identical to i2” : H,(V;Z,) — Hy(M;Z,) is not onto. Thus, we have a
contradiction. [J

Proof of Lemma 4.3. Let My be the manifold obtained from M by splitting

along V. As a part of the exact sequence of the pair (M , Mv), we have the following
exact sequence:

Hy(M, Wy; Z) % Hy (Vs Z) — Hy(VT; ).
Further, by excision we have an isomorphism
Hy(M,My; Z) = Ho(V x I,V x 0, Z)(2 H\(V; Z)).

Using that i, : H1(V;Z) — H(M;Z) is injective, we see that the boundary op-
erator 0’ : Hy(M,My;Z) — Hy(My; Z) is injective, and thus the exact sequence
above implies that the following semi-exact sequence

0 — tHo (M, My Z) 25 tHy (My; Z) 2 tHy (M Z)
is exact. By [7;Theorem 2.1], this means that V' is an exact leaf of M. [

Here are two examples showing that some different punctured embeddings into

5S4 produce different Rochlin invariants for the quaternion space and a homology
quaternion space.

Example 4.4. Let V be the quaternion space, which is the boundary 0N of
a tubular neighborhood N of the real projective plane P? embedded smoothly in
S4. Then a punctured 3-manifold V¢ of V is the interior of a Seifert hypersurface
of a trivial 2-knot Ky in S*. Let ¢y be the spin structure on V induced from the
inclusion V' C S*. By a 2-handle surgery along Ky, we see that V is a leaf of
the spin ZH1-manifold My = S' x S3. Since BHy(My; Z) = 0, we see that V is
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necessarily an exact leaf of My by [7]. By construction, the spin structure ¢y on
V' coincides with the one induced from any spin structure on M. Since the spin
3-manifold (V,1g) is the boundary of a compact spin 4-submanifold of S* (which
has zero signature), we have u(V;iy) = 0. Using Hy(My; Z) = 0, we see from
Theorem 4.1 that there is a Zs-basis x,y for Hy(V;Z) with 19 = 1go. On the
other hand, a punctured 3-manifold V° of the quaternion space V is a fiber of
a fibered S?-knot K in S* (for example, consider the 3-twist spun trefoil by E.
C. Zeeman [15]). Let ¢; be the spin structure on V' determined by the inclusion
VO c 84 — K c S% The quaternion space V is a fiber of a spin fiber bundle
My over St with H,(Mg;Z) = H.(S! x S$3;Z), obtained from S* by a 2-handle
surgery along K, and V' is an exact leaf of Mg by [7] since BHa(Mk;Z) = 0. By
construction, the spin structure ¢ on V' coincides with the one induced from any
spin structure on Mg. Since Hi(Mg;Z) = H1(V;Z) # 0, we see from Theorem
4.1 that p(V 1) = :I:% and ¢1 = t11 on any Zs-basis z,y for H1(V;Z).

Example 4.5. Let V¥ be the homology quaternion space V#P where V is the
quaternion space and P is the Poincaré homology 3-sphere with pu(P,tp) = % for
the unique spin structure ¢tp on P. A punctured 3-manifold P° of P is a fiber of
a fibered 2-knot Kp in S* (for example, consider the 5-twist spun trefoil by [15]).
A punctured 3-manifold (V) of V¥ is the interior of a Seifert hypersurface for
the S%-knot Ko#Kp = Kp in S*. Let L(I)D be the spin structure on V¥ determined
by the inclusion (VF)? ¢ §* — Kp C S*, which is equal to the spin structure
determined from ¢y in Example 4.4 by construction. The homology quaternion
space VI is a leaf of a spin Z"1-manifold MF with H.(MF;Z) = H.(S! x S3; Z),
obtained from S* by a 2-handle surgery along Kp, and V¥ is an exact leaf of
M by [7] since BHy(MF; Z) = 0. We note that the spin structure ¢} is the one
induced from any spin structure on M{" and H 1(]\2{ ;Z) = 0. In this case, we see
that (Vi) = 3, and there is a Zy-basis x,y for Hy(VF; Z) with [’ = 10 as
it is shown in Theorem 4.1. On the other hand, a punctured manifold (V) of
VP is a fiber of a fibered S%-knot K#Kp in S* where K denotes the S%-knot
in Example 4.4. Let ! be the spin structure on V¥ determined by the inclusion
(VP c 8% — K#Kp C S*, which is equal to the spin structure determined from
t1 in Example 4.4 by construction. The homology quaternion space V¥ is a fiber of
a spin fiber bundle M¥ over S with H,(ME;Z) = H.(S! x S3; Z), obtained from
S% by a 2-handle surgery along K#Kp, and V¥ is an exact leaf of ME by [7] since
BHy(ME; Z) = 0. We note that the spin structure ¢! is the one induced from any

spin structure on ME and Hy(ME; Z) = H\(V";Z) # 0. In this case, we see that

11
(VP ) = u(V,n) S=F7

and Lf = 111 on any Zs-basis x,y for Hl(VP;Z) as it is shown in Theorem 4.1.
[ |
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