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ABSTRACT

A complete invariant defined for (closed, connected, orientable) 3-manifolds
is an invariant defined for the 3-manifolds such that any two 3-manifolds with
the same invariant are homeomorphic. Further, if the 3-manifold itself is recon-
structed from the data of the complete invariant, then it is called a characteristic
invariant defined for the 3-manifolds. In previous papers by the first author,
a characteristic lattice point invariant and a characteristic rational invariant
defined for the 3-manifolds were constructed which also produced a smooth
real function with the definition interval (—1,1) as a characteristic invariant
defined for the 3-manifolds. In this paper, a complex number-valued charac-
teristic invariant for the 3-manifolds whose norm is smaller than or equal to
one half is introduced by using an embedding of a set of lattice points called
the ADelta set, distinct from the PDelta set, into the set of complex numbers.
The distributive situation for the invariants of the 3-manifolds of lengths up to
10 is plotted in the complex number plane with radius smaller than or equal
to one half. By using this complex number-valued characteristic invariant, a
holomorphic function with the unit open disk as the definition domain which
is called the characteristic quantity function is constructed as a characteristic
invariant defined for the 3-manifolds.
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1. Introduction



An idea of the classification of the set of prime links and the set of 3-manifolds
was explained in the paper [5] (see [3] for general terminologies). Let M be the set
of (unoriented types of) closed connected orientable 3-manifolds. Let L be the set of
(unoriented types of) links in S? (including the knots as one-component links). An
element x of Z" for a positive integer n is called a lattice point of length n, where Z
denotes the set of integers. We also consider the empty lattice point () of length 0.
Let X be the set of all lattice points. We have a canonical map

df X oL

sending a lattice point x to a closed braid diagram clf(x), which is surjective by the
Alexander theorem (cf. J. S. Birman [1]), where we take the image cl3(()) = ¢ the
empty knot. It was shown in [5] that every well-order of the set X induces an injection

c:L—-X

which is a right inverse of the map clf. In particular, by taking the canonical well-
order which is explained in [5, 6, 7, 9, 10, 12, 13, 14}, we consider the subset L”? C L
consisting of prime links as a well-ordered set with the order inherited from X by o,
where the two-component trivial link is excluded from IL? by definition. The length
¢(L) of a prime link L € IL? is the length ¢(c(L)) of the lattice point o(L). Let G be
the set of (isomorphism types of) the link groups m;(S®\ L) for all links L in S®. Let
7 : L — G be the map sending a link L to the link group 71(S®\ L). Let L™ be the
subset of IL? consisting of a w-minimal link, that is, a prime link L such that L is the
initial element of the subset

{L e P\ 7y (S*\ L)) =7 (S*\ L)} C LP.

We are interested in this subset L™ because it has a crucial property that the restric-
tion of m to L™ is injective. Since the restriction of ¢ to L™ is also injective, we can
consider L™ as a well-ordered set by the order induced from the order of X. In [4], we
showed that the set

L™(M) ={L € L™[x(L,0) = M}

is not empty for every 3-manifold M € M, where x(L,0) denotes the O-surgery
manifold of S® along L and we define x(L,0) = S® when L is the empty knot ¢.
By Kirby’s theorem [15] on the Dehn surgeries of framed links, we note that the set
L™(M) is defined in terms of only links so that any two m-minimal links in L™(M)
are related by two kinds of Kirby moves and choices of orientations of S®. Sending
every 3-manifold M to the initial element of L™(M) induces an embedding

a:M—=L
with x(a(M),0) = M for every 3-manifold M € M, which induces two embeddings

0 = oca:M— X,
T = woa:M— G.



In this construction, we can reconstruct the link « (M), the group 7, (M) and the 3-
manifold M itself from the lattice point o,(M) € X. The length £(M) of a 3-manifold
M € M is the length ¢(0,(M)) of the lattice point o,(M). To calculate o,(M),
we proposed a program on the classification problem of M in [5] and classified the
3-manifolds of lengths < 10 (See [10, 12, 13, 14]). In this process, the prime links of
lengths = 10 and their exteriors are classified (See [7, 8, 9, 11]).

In general, we say that an invariant Inv for a set of topological objects is com-
plete if any two members A and A’ with Inv(A) = Inv(A’) are homeomorphic. The
complete invariant Inv(A) is a characteristic invariant if the topological object A can
be reconstructed from the data of Inv(A). For example, the group 7, (M) is a com-
plete invariant for M € M taking the value in groups and the lattice point o, (M)
is a characteristic invariant for M € M taking the value in lattice points. For a real
interval I, we put Ip = I N Q, where Q denotes the set of rational numbers. In
[6], we constructed a characteristic invariant g(M), called the characteristic genus,
with value in [0, +00)g for all M € M. For the construction, we considered a subset
PA C X, called the PDelta set which contains the the image o(L?) and established
an embedding

qg: PA — [0, +OO)Q

such that the subset g(PA) recovers the set PA. By using the embedding g, a smooth
function Gs(t) with the definition interval (—1, 1) was also constructed in [6] for every
subset S C PA containing the empty lattice point @) of length 0 and the lattice point
0 of length 1. This smooth function Gs(t) is a characteristic invariant defined for the
set S. More concretely, there is a power series function

n=+oo
G§<t) = Z ant":a0+a1t+a2t2+... (an GQ, ag = a; = 1)

n=0

with the convergence interval (—1,1) such that the coefficients a, (n = 0,1,2,...)
construct the set S uniquely. By restricting PA to the subsets o,(M) C o(IL?), the
characteristic prime link function Gp»(t) and the characteristic genus function Gy(t)
were obtained.

In this paper, a subset of the lattice point set X called the ADelta set AA which
is distinct from PA but contains the set o(IL?) is introduced to define an embedding

q: AA — C,

where C denotes the complex number plane, such that the norm |g(x)| has |¢(x)| < 3
and the lattice point x is reconstructed from the value ¢(x). Thus, the embedding ¢
gives a characteristic invariant called the characteristic quantity defined for the ADelta
set AA, and by restricting AA to the subsets o,(M) C o(IL?), the characteristic
quantity defined for the prime link set IL? and the characteristic quantity defined for
the 3-manifold set Ml. The ADelta set AA and the embedding ¢ are explained in § 2.

In § 3, the table of the characteristic quantities of the prime links and the 3-
manifolds of lengths up to 10 is given by using the list of [14]. Further, the distributive
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situation of the characteristic quantities in the table is drawn in the complex number
plane with radius smaller than or equal to one half.

In § 4, from the characteristic quantity ¢, a complex number-valued holomorphic
function (called the characteristic quantity function) Qs(z) with the definition domain
D = {z € C||z| < 1} is constructed so that the function Qs(z) is a characteristic
invariant of the lattice point set S for every ADelta subset S C AA containing () and
0. More concretely, there is a power series function

n=-+oo
Qs(z) = Z " =co izt 4 ... (cn€Coco=c; =1)
n=0

with the convergence domain D such that the coefficients ¢, (n = 0, 1,2,...) construct
the set S uniquely.

By taking S = o(LL?) and o,(M), the characteristic quantity functions Q»(z) and
Qm(z) which are characteristic invariants of IL? and M are respectively obtained.

2. Embedding the ADelta set into the complex number plane

For a lattice point x = (xy1, z9,...,x,) € X, let
‘X’ = (‘561’, ‘xZ,v ) ’xn’)a
min |x| = min |z;] and max|x| = max |z|.
1<i<n 1<i<n

The Delta set' is the subset A of X consisting of the empty lattice point () of length
0 and the lattice point 0 of length 1 and all the lattice points x of lengths n = 2
satisfying ; = 1 and

1 < min|x| < max |x| £

|3

The ADelta set AA is the subset of A consisting of
0, o, 1°
and all the lattice points x of lengths n = 3 such that
x1 =1, |22 £ 2 and |7;] < g for some i = 2.

The following lemma is needed to our argument:

Lemma 2.1. 0,(M) C o(L?) C AA.

!The present definition of the Delta set coincides with the definition of [6], but slightly wider
than the definitions of [5, 7, 9, 10, 12, 13, 14].



This lemma means that the collections of the links clf(x) and the 3-manifolds
x(clB(x),0) for all lattice points x € AA contain all the prime links and all the
3-manifolds, respectively.

Proof of Lemma 2.1. It is implicitly proved in [5, Lemma (3.4)] that every lattice
point x € g(LL?) is in the ADelta set AA. An outline of the proof is given as follows. A
sublattice point of a lattice point x is a lattice point x” such that x = (u,x’, v) for some
lattice points u,v (which may be the empty lattice point). For every lattice point
x € o(LP) with ¢(x) = 2, it is noted that the absolute value |x| contains a sublattice
(1,1), (1,2) or (2,1) by [5, the property (4) of Definition (3.2) and Lemma (3.4)]. By
[5, the property (8) of Definition (3.2) and Lemma (3.4) ], it is shown that the lattice
point x € o(IL?) must be (1,1,...) or (1,£2,...). The other properties of AA are
given in [5, Lemma (3.4)]. O

The main purpose of this paper is to discuss some representations of the ADelta
set AA. Let x = (z1,x9,...,2,) € AA be a lattice point with n = 2. The signature
sequence of x is the lattice point

8(X> = (51762) s 7671)7

where

L 1 (IZ<0)

Then ¢; = 0. We define the rational number

0(x) = T (62 + 32+ -+ +£,2"72),

which we call the angle of x. The rational number

1
T(x) = ) (29 + x3n + -+ - + 2,0 2),
called the decimal torsionin [6]. For x € AA oflengthn = 3, let |x| = (|x1|, |x2|, ..., |Ta]),

and [x|o the lattice point in X obtained from [x| by replacing every |z;| = § with 0.
The real quantity of x is defined to be the decimal torsion

r(x) = 7(|x]o).

The angle and the real quantity for (), 0, 12 are defined as follows:

0(0) = r() = 0.
6(0) = 1(0) = 5,
0(1%) =0, r(1%) = %



Here are some remarks on the angle and the real quantity for (), 0, 12,

Remark 2.2. The angle and the real quantity for (), 0 and 12 are not definite values.
At present, the angle and the real quantity of 0 are determined by regarding it as
the lattice point (1, —1) to compute that 6(1, —1) = 7(|(1, —1)|) = 3. The angle and
the real quantity of 12 are at present determined by computing that §(1%) = 0 and
7(1?) = 3. On the other hand, if we grant the assumption of the case of the length
n = 3 to the case n = 2, then we have |(1,—1)]o = (1?)y = 0°.

We put the following definition.

Definition 2.3. The characteristic quantity of a lattice point x € AA is the complex

number
q(x) = r(x) exp(27mif(x)).

For example, we have

9@ =0, q(0)=—5, q(1%) =

We show the following theorem:

Theorem 2.4. The characteristic quantity ¢(x) of a lattice point x € AA except 0,
0 and 1? has the following properties (1) and (2):

(1) 0 < g(x)| =r(x) < 3.
(2) The lattice point x € AA is uniquely reconstructed from the value of ¢(x).

Proof. By definition of the ADelta set AA and the assumption of exceptional lattice
points, the lattice point x has {(x) =n 2 3 and 0 < 7(|x|p). Let x = (21, x9,...).
Since max |x[p < 5, we see from [6, Lemma 3.1] that 7(|x|o) < 1. Hence we have

0 < Ja(x)] = () = 7(lxlo) < 5.

showing (1). To show (2), suppose ¢(x) = ¢(x’) for any lattice point x' € AA.
First, we show that the length ¢(x) = ¢(x’) = n is determined. Denote the same real
quantity 7(|x[o) = 7(|x’|o) by £ for coprime positive integers &', k. For |x]o, if |72| = 1
or |r5] = 2 and n is odd, then k must be n" 1. If |z5| = 2 and n is even, then let
n=2n'.Ifn’ =2 then kis 4’ (1 <4 < 3). If n’ is even = 4, then k must be n/n"2.

If n’ is odd, then the odd factor of k must be (n/)>*~! and n = 2n’. Applying the
same argument to |x|g, we see that the length n is uniquely determined. Then, by

[6, Lemma 3.1], the identity 7(|x|o) = 7(|x'|o) implies |x|o = |[x'|o, so that |x| = |x|
by definition. The angle §(x) is in the interval [0 1). In fact, by definition,
AN nfl
0<6(x) < Z 2%) 2n ——( ~1) <1



Thus, exp(27if(x)) = exp(27if(x’)) if and only if 0(x) = 0(x'). Let e(x') = (€], €5, ...,¢))
be the signature sequence of x’, where we have ¢} = 0. The same angle 0(x) = 6(x')

implies

lei—ei| <1 and g —¢,=0 (mod2) (i=1,2,...,n).
Hence we have the same signature sequence ¢(x) = ¢(x’). Combining this with the
identity |x| = |x/|, we have the identity x = x’, showing (2). O

3. The characteristic quantities of the 3-manifolds of lengths up to 10 and
the distributive situation

In the following table, the numerical data of the characteristic quantities are given
for the prime links of lengths up to 10 and for the 3-manifolds with lengths up to 10
by using the data of [14]. In the column M of the table the ordering of the 3-manifolds
are shown, where x means a lattice point of a prime link which does not belong to
the lattice points of 3-manifolds.
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(1,-2,1,-2%1,3, 22, 3) X AR %%0%)3 0.322312212 0.025390625
(1,-2,1, 2213 22.3) X %%09800503 0.322312212 0.400390625
(1,-2,1,— —3,2% -3) X BORIED | () 399312212 0.587890625
(1,—2,1, 23,1,3, ,3) 290 2853{;800250503 0.323122212 0.306640625
(( ;2,1 2253,—2,1,—273) 291 22:502020202%3 0.321232212 0.31640625
1,-2,1,-223,-2,1,-2,3) | 292 91 0.321232212 0.337890625
(1,-2,1,-2,3,-2,1,-2%3) | 293 }5252300082032 0.322123212 0.416015625
(1,-2,1,3, 22,1,—22 3) 204 | -B20o289 | () 399192312 0.423828125
(12,-2,1,-22,3,-2,3?) 295 % 0.332322121 0.17578125
(gl ,—2,1,-2,3,-22 3%) 296 % 0.332232121 0.20703125
12)-2,1,-2,3,-2,3,-2,3) | 207 | =2sasadal | (0.323232121 0.33203125
(12,-2,1,3,23,32) 298 % 0.332223121 0.00390625
(1%,-2,1,3,-23,3%) 299 % 0.332223121 0.22265625
(1%,22,1,3,22,3%) 300 % 0.332231221 0

(12,22,1,3,-2%,3?) 301 % 0.332231221 0.1875
(12,221, 3,22, -32) 302 % 0.332231221 0.78125
(12,221, -3, 22, —3?) 303 % 0.332231221 0.96875
(12,—-2%,1,3,-22,3%) 304 % 0.332231221 0.19921875
(12,-22.1,3,-2,3,-2,3) X % 0.323231221 0.32421875
(12,-2,3,-2,1,-2,32, —2) | 305 1838332123210 0.233212321 0.58203125
(1,-2,1, 2,1,3 -2,3,-2,3) | x 285008%08080 0.323231212 0.322265625
(1,-2,1,-2,1,-3,2,-3,2,-3) | 306 80272800030 0.323231212 0.666015625
(1,-2,1,-2,3,— ,1,3,4,3) 307 R0l 0.323123212 0.291015625
(12,2,71,2,3, —4,3,—4) | 308 % 0.434232121 0.6953125
(12,2,4,2,*3,2,4,*3,4) 309 % 0.434232121 0.2890625
(12,-2,1,-2,3,-2,—4,3,—4) | 310 4030 203020102010 0.434232121 0.70703125
(12,-2,1,-2,-3,2,4,-3,4) | 311 | fpaaian | 0.434232121 0.30078125
(12,-2,1,3,2%,-4,3,—-4) | 312 4030 Tonceetes | 0.434223121 0.62890625
(12,-2,1,3,-22, —4,3,—4) | 313 44 coeisl | 0434223121 0.72265625
(1,-2,1,-2,1,3, -2, 4,3, —4) | 314 % 0.434231212 0.697265625
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x M T float(r) 0 float(0)
(1,-2,1,-2,1,-3,2,4,-3,4) x % 0.434231212 % 0.291015625
(122—1, 3,2, —3,4,-3,4) | 315 100000000 0.434323121 28 0.3359375
(12,2, -1,-3,2,-3,-4,3,—4) | 316 10£2030102010 0.434323121 gls 0.7109375
(12 2,1,3,-2,3,4,-3,4) 317 15502030102010 0.434323121 76 0.28515625
(12,-2,1,3,— 23 —4,3,—4) | 318 ; coeesias |0.434323121 25 0.66015625
(12 —2,1,3,-2,—4,3%,—4) X | semEslss | 0.433423121 g% 0.59765625
(12,-2,1,3, — 2 —4,3,—-42%) 319 134838482838182810 0.443423121 b 0.84765625

( —2,1,— 243 23) 320 000 0.323222212 5 0.369140625
(1,-2,1,-23,3,-22,3) X 2805030200030 0.322322212 | =3 0.431640625
(1 -2,1,-2,3,-243) 321 %15099;03 0.322223212 2 0.478515625
(1,-2,1,3,-2°,3) 322 | 22 0.322222312 | 280 | 0.486328125

127998887 332

(1,-22,1,-2,3,— 23,3) x| oLLIO0bL 1 399932122 | 232 | 0.458984375
(1,-22,1,3,-2% 3) « | I8TISRE | () 590995199 %i% 0.474609375
(1,23,1,-3,23 -3) 323 % 0.322231222 ;}3 0.53125
(1,-23,1,3, 23 3) 324 | LU0 399931222 | 221 | 0.451171875
(,— 3,37 -2,1,-2,3,-2) 395 | LI08IREY | 520195009 | 343 | () 6e9021875
(1,-22,3,-2,1,-22 3, -2) 326 % 0.232212322 %g 0.708984375
(1, 23, -2,1,-2,3,-22) 327 700090008 0.223212322 2 0.833984375
(1 21—223 —2,—4,3,—4) | 328 270000009 0.434232212 02 0.712890625
(1, —3,2,4,-3,4) | 329 | 1508t | (434232212 | 2L | 0.306640625
(1, 2322 —4,3,—4) | 330 % 0.434223212 % 0.634765625
(1 2 23 22 —4,3,—4) |331 270000000 0.434223212 ik 0.728515625
(1, 322 4,-3,4) |332 270000000 0.434223212 2 0.275390625
(1 21 2 3,—22,4,—3,4) 333 25000 0.434223212 i 0.369140625
(1,-2,1,3,2%, 4,3, —4) 334 ]52152 €9 10.434222312 2 0.626953125
(1,—2,1,3,—2,—4,3,—4) 335 %%?2?98889 0.434222312 2 0.736328125
(1,-22,1,-2,3,-2,-4,3,—4) | 336 S000q00 0.434232122 02 0.708984375
(1, 22, ,—2 324 —3,4) | 337 | Z5ihecocs | 0434232122 | 253 | 0.302734375
(1,22,1,3, 22, 4,3, —4) 338 % 0.434223122 %;2 0.71875
(1, 22,1,3 —4,3,—4) 339 m 0.434223122 % 0.724609375
(1,-22,1, -3, 2 ,4,—3,4) 340 ORI 0.434223122 02 0.365234375
(1,-2,3,-2,1,-2, 43 —2,—4) | 341 ggiggggﬂ} 0.423421232 e 0.853515625
(1,-2, -3, 2,1,72,4,—3,72,4) X | Casnonon 0.423421232 | 215 | 0.419921875
(1,— ,1, —2,3,-2,3,-4,3,—4) | 342 gg;%gégé 0.434323212 % 0.666015625
(1,-2,1,-2,3, -2, 4,32, —4) x| 25pannng 0.433423212 i 0.603515625
(1,-2,1,3, 22, 4,32, —4) 343 ]52451090000 0.433422312 i 0.611328125
(1,— ,1,3, ,3, —2,-4,3,—4) | 344 1&5;90;39 0.434232312 i 0.705078125
(1,-2,1,3,-2,—4,3, -2, —4,3) | 345 1%829829880 0.342342312 o 0.423828125
(1,-2,1,3,— ,74,3,5,74,5) 346 | aeootods | 0.040342312 | 52 | 0.298828125
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Figure 1: Distributive Situation of prime links of lengths up to 10

The distributive situation of the characteristic quantities of the prime links and the
3-manifolds of lengths up to 10 drawn in the complex number plane are respectively
given in Fig. 1 and Fig. 2.

4. Constructing a characteristic holomorphic function for the ADelta set

An ADelta subset is a subset S of the ADelta set AA containing the lattice points
() and 0. For every integer n = 0, the n-fragment of S is defined by

S = {x € S| ¢(x) < n}.
The n-fragment S™ is always a finite set. For complex numbers a,z with either
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Figure 2: Distributive Situation of 3-manifolds of lengths up to 10

la| £ 1 and |z|] <1 or |a] <1 and |z| £ 1, the linear fraction

Z—a

B(z;a)

:1—dz

is considered, where a denotes the complex conjugation of a. Then we have |B(z; a)| <
1 for any z,a with |a| < 1 and |z| < 1, because

1— |21 = |af*)
11— az|?

1 [B(sa)f = &

Further, if |a| = 1 or |z| = 1, then we have that |B(z;a)| = 1.
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Noting that the characteristic quantities of (), 0 and 1% are not definite values as
it is explained in Remark 2.2, we put the following definition for any x € AA:

B(z;q(x)) (4(x) 2 3)
Qx(z) =< B(z;1)=-1 (x =17)
B(z;—1) =1 (x=0,0)

For every n-fragment S™ of an ADelta subset S, let

M =TT ox.

xeS(n)

The function Q(Sn)(z) is called a finite Blaschke product whose zero’s are precisely the

quantities q(x) for all x € S except (}, 0 and 1% (cf. W. Blaschke [2]).
By the assumption of the set S, we have

It is noted that we have Q(SQ)(Z) = —1 or 1 respectively according to whether the
lattice point 1% belongs to S or not.

For example, when we take S = IL?, the calculations of Qg;)(z) forn=0,1,2,3,4,5
are made as follows:

Lr (Z) = 17
]SP)(Z) - 17
]SB(Z) - _17
06) = ~Qus) =Bl )
5mi
D) = ~Qu()Qu()Qu 21 2(2) = ~B DB ) Bl 2L
Sp)(z) = _Q13<Z>Q14(Z)Q(l,—Q,l,—2)(Z)Q15(Z>Q(12,72,1,72)(2)
4 21 xp (2 156 286 5ri
= —DB(z; §)B(z; 6—4)3(2; %)3(2; @)B(z; 635 exp(%l)).

We obtain the following theorem.

Theorem 4.1 For every ADelta subset S, the series function

+oo
Qs(z) =Y QL ()"
n=0

is a holomorphic function with the unit open disk D = {z € C||z| < 1} as the
convergence domain and characteristic defined for the set S.
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It is noted that the series function Qs(z) does not converge for any z with |z| = 1.
This is because ®
Jim [Q4)(2)- ('] = 1£0

for any z with |2| = 1. The function Qs(z) is called the characteristic quantity
function defined for the ADelta subset S. For example, for S = {(), 0}, we have

1

Qg(z):1+z+z2+z3+...:1_z.

For S = {0, 0, 1%}, we have
2

1—2

Qs(z)=14+z—(+22+2'+..)=1+2—

For a finite set S with the maximal length n,

Z’I’L

1—2

n—1
Qs(2) = > QY (=) + QL(2)
1=0

By examining the constructions of the present characteristic quantity function and
the characteristic genus function in [6], it is noted that if an ADelta subset S C AA
consists of (), 0 and some lattice points x € AA with

14
max |x| < @,
2
then S is also a subset of the PDelta set PA defining the characteristic genus function

Gs(t) and then we have
Qs(t) = Gs(t)

for any t € (—1,1).
Proof of Theorem 4.1. Since \Qé")(z)\ < 1 for any n = 2, we have

1

+oo
@s(2)] = Z 2" = 1_—|Z|
n=0

This means that the series Qs(z) defined on D is uniformly convergent in the wide

sense. Using that the function Qén)(z) (z € D) is uniformly convergent in the wide
sense, we see from the Weierstrass double series theorem that the series function
Qs(z) is a holomorphic function defined on D. To see that the function Qs(z) is
characteristic, it suffices to see by the induction on n = 2 that the set S \S("_l)
except () and 0 is determined by the function Qs(z). Let n = 2. According to whether
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12isin S or not, the second derivative j—;Qg(O) is —2 or 2, respectively. Thus, S?\S™)
is determined by the function Qs(z). Assume that the set S(™ \ S(™~1 except () and
0 is determined by the function Qs(z) for all m < n — 1. Let

QA (2) = Qs(2) = Y QY (2)2"
=0

The function Qén)(z) has the following splitting form:

QY (2) = Q% (2)Q(2)="

where

Q( )_1+Qn+l( )Z+Qn+2( )22+Qén+3)(2)2’3—|—
for some finite Blaschke products QS JrZ)(z) with

for all i (i =1,2,3,...). Let 1D = {z € D||z|] < 5} be the half-unit open disk. The
function Q(z) is seen to have no zero’s in 3D. In fact,

ﬂﬂ

for any z with |z| < % Thus, the characteristic quantities ¢(x) for all lattice points x €

S except ), 0 and 1% are characterized by the zero’s of the function Qé")(z) defined
on 1D\ {0}, so that the set S(™ \ S®~V is determined by the function Qs(z). O

For the subset S = o(LL?), we denote Q(Sn)(z) and Qs(z) by Q]g;)(z) and Qrr(2),
respectively. The following corollary is direct from Theorem 4.1.

Corollary 4.2 The series function

+oo
Qu(z) = > Q(2)2
n=0

4 4 21 exp ()
= 1+4+2—22—B(2;-)2° — B(z; =)B(2; —)B(z; ——242)*
4 21 exp(57”) 156 286 5miyy s
— B(z;=)B(z; = —— 4 ) B(z; —)B(z; —

is a holomorphic function with the unit open disk D = {z||z| < 1} as the convergence
domain and characteristic defined for the prime link set 7.
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For example, let IL(2, *) be the set of (2,n)-torus links regarding the (2,0)-torus
link as the empty knot ¢. Since

o(L(2,%) = {1"|n =0,1,2,3,...},

where 1° =0, 1' = 0 and 7(1") = -1 — —L— for = 3, we have:

nn—_pn—1

+oo n 1 1
Q]L(Z*)(Z) =14+2z— 22 — Z (HB <Z; 1 — i kk_1>> P (See [6])
n=3 \k=3

For the subset S = o0,(M), we denote Q%")(z) and Qs(z) by Q&f)(z) and Qum(z),
respectively. Noting that the lattice point 1¢ is excluded from o(M) (by the reason
that the empty lattice point ) is introduced), we have the following corollary obtained
from Theorem 4.1.

Corollary 4.3 The series function

+oo
Qu(z) = D QY (2)="
n=0

4 4 21 exp(2™)
= 14 2+42°+ B(2;2)2" + B(z; =) B(z; —)B(z; ——+=)2*
4 21 exp(2™) 156 286 5ri
+ B(z;=)B(z; —=)B(z; —22)B(2; —)B(z; — NS+

is a holomorphic function with the unit open disk D = {z||z| < 1} as the convergence
domain and characteristic defined for the 3-manifold set M.
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