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Abstract

It is known that every surface-link can be presented by a marked graph dia-
gram, and such a diagram presentation is unique up to moves called Yoshikawa
moves. G. Kuperberg introduced a regular isotopy invariant, called the quan-
tum As invariant, for tangled trivalent graph diagrams. In this paper, a polyno-
mial for a marked graph diagram is defined by use of the quantum As invariant
and it is studied how the polynomial changes under Yoshikawa moves. The
notion of a ribbon marked graph is introduced to show that this polynomial is
useful for an invariant of a ribbon 2-knot.

Mathematics Subject Classification 2000: 57Q45; 5TM25.
Key words and phrases: marked graph diagram; ribbon marked graph; surface-link;
quantum A, invariant; tangled trivalent graph.

1 Introduction

A marked graph diagram (or ch-diagram) is a link diagram possibly with some 4-
valent vertices equipped with markers; . An oriented marked graph diagram

is a marked graph diagram in which every edge has an orientation such that each
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marked vertex looks like }{ It is known that a surface-link is presented by a

marked graph diagram (cf. [17, 21]), and such a presentation diagram is unique
up to Yoshikawa moves (cf. [11, 20]). See Section 2 for details. By using marked
graph diagrams, some properties and invariants of surface-links were studied in
1,3, 4,609, 10, 13, 14, 15, 16, 19, 21].

A tangled trivalent graph diagram is an oriented link diagram possibly with
some trivalent vertices whose incident edges are oriented all inward or all outward.
In [12], G. Kuperberg introduced a regular isotopy invariant (-)4,, called the A,
bracket (polynomial), for tangled trivalent graph diagrams, which is derived from
the Reshetikhin-Turaev quantum invariant (cf. [18]) corresponding to the simple
Lie algebra As.

In [15], the fourth author introduced a method of constructing invariant for a
surface-link by means of a marked graph diagram and a state-sum model associ-
ated to a classical link invariant as its state evaluation. In this paper, we define
a polynomial in Z[a~!, a,z,y] for an oriented marked graph diagram by using the
Ay bracket (-)4, in the line of [15] and study how the polynomial changes under
Yoshikawa moves. In the process of this argument, the notion of a ribbon marked
graph is introduced to show that this polynomial is useful for an invariant of a
ribbon 2-knot.

This paper is organized as follows. In Section 2, we review marked graphs and
their presenting surface-links. In Section 3, we recall the quantum Aj invariant (-) 4,
for link diagrams and tangled trivalent graph diagrams. In Section 4, we define a
Laurent polynomial < D > (a,z,y) € Z[a™!, a,z,y| for an oriented marked graph
diagram D. In Section 5, we study how the polynomial < - > changes under
Yoshikawa moves I, I';, I'7 and I's. In Section 6, we discuss specializations of
the invariant by considering some quotients of the ring Z[a™!, a,z,y]. In Section 7,
the notion of a ribbon marked graph is introduced to derive an invariant of ribbon
2-knots from the polynomial. In Sections 8 and 9, we prove key lemmas used in
Section 5.

2 Marked graphs and surface-links

In this section, we review marked graphs and their presenting surface-links. A
marked graph is a spatial graph G in R? which satisfies the following:

e (G is a finite regular graph with 4-valent vertices, say v1, v, ..., Up.

e Each v; is a rigid vertex; that is, we fix a rectangular neighborhood N; home-
omorphic to {(z,y)] — 1 < z,y < 1}, where v; corresponds to the origin and
the edges incident to v; are represented by 2% = 3.

e Each v; has a marker, which is the interval on Nj; given by {(z,0)|—-1 < z < 1}.

An orientation of a marked graph G is a choice of an orientation for each edge

of G in such a way that every vertex in G looks like . A marked graph G is

said to be orientable if it admits an orientation. Otherwise, it is said to be non-
orientable. By an oriented marked graph we mean an orientable marked graph with
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a fixed orientation. Two oriented marked graphs are said to be equivalent if they
are ambient isotopic in R3 with keeping the rectangular neighborhoods, markers
and the orientation. As usual, a marked graph can be described by a diagram in
R?, which is a link diagram with some 4-valent vertices equipped with markers (see
Figure 2).

Two marked graph diagrams present equivalent marked graphs if and only if
they are related by a finite sequence of Yoshikawa moves I'1, I}, 9, I's, T'y, I} and
I'5 depicted in Figure 1.
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Figure 1: Yoshikawa moves

By a surface-link we mean a closed 2-manifold smoothly (or piecewise linearly
and locally flatly) embedded in the 4-space R*. Two surface-links are said to be
equivalent if they are ambient isotopic.
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For a given marked graph diagram D, let L_(D) and L, (D) be classical link
and \/,

respectively (see Figure 2). We call L_(D) and L (D) the negative resolutio@
the positive resolution of D, respectively. A marked graph diagram D is said to be
admissible if both resolutions L_ (D) and Ly (D) are diagrams of trivial links. A
marked graph is called admissible if its diagram is admissible.

R

D L_(D) L)

diagrams obtained from D by replacing each marked vertex with

Figure 2: A marked graph diagram and its resolutions

For t € R, we denote by R} the hyperplane of R* whose fourth coordinate is
equal to t € R, i.e., R} = {(w1,79,73,74) € R* | 24 = t}. Let p : R* = R be
the projection given by p(x1,x9, x3,x4) = x4. Any surface-link £ can be deformed
into a surface-link £’, called a hyperbolic splitting of L, by an ambient isotopy of
R* in such a way that the projection p : £’ — R satisfies that all critical points are
non-degenerate, all the index 0 critical points (minimal points) are in R? 1, all the
index 1 critical points (saddle points) are in R3, and all the index 2 critical points
(maximal points) are in R$ (cf. [5, 7, 8, 17]).

Let £ be a surface-link and let £’ be a hyperbolic splitting of £. The cross-section
£'N R% at t = 0 is a spatial 4-valent regular graph in RS. We give a marker at each
4-valent vertex (saddle point) that indicates how the saddle point opens up above
as illustrated in Figure 3.

N4
t=c¢

o
-

Figure 3: Marking of a vertex

The resulting marked graph G is called a marked graph presenting L. Let D
be a diagram of G. The diagram D is clearly admissible, which is called a marked
graph diagram (or ch-diagram (cf. [19])) presenting L. Conversely, any admissible
marked graph presents a surface-link.

When L is an oriented surface-link, we choose an orientation for each edge of
L' NR3 that coincides with the induced orientation on the boundary of £ NR3 x
(—00,0] by the orientation of £’ inherited from the orientation of £. The resulting
oriented marked graph G (or its diagram D) is called an oriented marked graph (or
an oriented marked graph diagram) presenting L.
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It is known that two oriented marked graph diagrams present equivalent oriented
surface-links if and only if they are related by a finite sequence of 11 Yoshikawa moves
shown in Figure 1 (cf. [10, 11, 20]).

3 The A; bracket polynomial of links and tangled triva-
lent graphs

In this section, we review the Ag bracket ()4, for regular isotopy of oriented link
diagrams and tangled trivalent graph diagrams derived in [12]. Although the Aj
bracket in [12] is defined such that the value for the empty diagram is 1, we here
adapt another initial condition that the value of the trivial knot diagram is 1.

A tangled trivalent graph diagram (or an Ay freeway, cf. [12]) is an oriented
link diagram in S? possibly with some trivalent vertices whose incident edges are
oriented all inward or all outward as shown in Figure 4. An example of a tangled
trivalent graph diagram is in Figure 5. Throughout this paper we regard classical link
diagrams as tangled trivalent graph diagrams without trivalent vertices otherwise
specified. Two tangled trivalent graph diagrams are said to be reqular isotopic if
they are related by a regular isotopy, which is defined to be a sequence of operations
consisting of ambient isotopy of the 2-sphere S? and the combinatorial moves shown

in Figure 6 with all possible orientations.

Figure 4: Trivalent vertices with orientation

Figure 5: A tangled trivalent graph diagram

In [12], G. Kuperberg derived an inductive, combinatorial definition of a poly-
nomial valued invariant (-) 4, with values in the ring Z[qfé,q%] of integral Laurent
polynomials for regular isotopy classes of tangled trivalent graph diagrams. For our
purpose, we present here the definition of (-)4, with q% = a. Moreover, we change
the initial condition so that the trivial knot diagram has value 1.

We denote by Q or by O the trivial knot diagram, by O* the trivial link
diagram with p components, by D LU D" a disjoint union of diagrams D and D’.
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Figure 6: Moves on tangled trivalent graph diagrams
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Theorem 3.1. [12, Theorem 1.2] There is an invariant (-) 4, with values in the ring
Zla~!,a] of integral Laurent polynomials for regular isotopy of tangled trivalent
graph diagrams, called the Ao bracket, which is given by the following recursive
rules:

(KO0) (O)4, =1.

(K1) (DUO)a, = (a=®+1+a®)(D),, for any diagram D.

K2) ( (O )an = (@ + ) —>— s

1<) (F Y o= m ) O
w<a) o= =al ¥ onr ) O
1) (N == Uomra) O

In [18], Reshetikhin and Turaev showed that for any simple Lie algebra g, there
exists an invariant RTy of appropriately colored tangled ribbon graphs. Each edge
is colored by an irreducible representation of g and each vertex is colored by a tensor
of a certain kind. The Ay bracket (-) 4,, with (0) 4, = 1, is identically equal to RT,
with g = Ay if all edges of a tangled trivalent graph diagram are colored with the 3-
dimensional representation V7 o whose dual is V1. The colors for the vertices can be
recognized as the determinant, or the usual 3-dimensional cross product. For details,
see [12]. In particular, the A bracket (-) 4, for oriented link diagrams is essentially a
specialization of the HOMFLY polynomial (cf. [2]) with a normalization that makes
it a regular isotopy invariant rather than an isotopy invariant. Actually, it follows
from (K4) and (K5) that for any skein triple (D, D_, Dy),

a"HDy)ay, —a{D_)a, = (a=* — a®)(Do) 4, (3.1)
Moreover, it is easy to check that
(S ) =a3) day = { X)) Vs (3.2)
(N ) )as =a*())

N
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4 A polynomial for oriented marked graphs via A, bracket

In this section, we define a polynomial invariant of oriented marked graphs using
the Ag bracket ()4, in the line of [15].

Definition 4.1. Let D be an oriented marked graph diagram or a tangled trivalent
graph diagram. Let [[D]] = [[D]](a,z,y) be a polynomial in Z[a"!, a, z,y] defined
by the following two axioms:

(L1) [[D]] = (D)4, if D is a tangled trivalent graph diagram.

(©2) [ 5€ 1 =all = 1+l ) (I

where }{, " and N / denote the small parts of larger diagrams that are
7 RN
identical except the local sites indicated by the small parts.

The writhe w(D) of an oriented marked graph diagram D is defined to be the
sum of the signs of all crossings in D defined by sign (X) =1 and sign (X) =-1
analogue to the writhe of a link diagram.

Definition 4.2. Let D be an oriented marked graph diagram. We define <
D >»=< D > (a,z,y) to be a polynomial in variables a,z and y with integral
coefficients given by

< D >=d®P)[[D])(a, z,y).

Let D be an oriented marked graph diagram. A state of D is an assignment
of T, or Ty to each marked vertex in D. Let S(D) be the set of all states of D.
For each state o € S(D), let D, denote the oriented link diagram obtained from
D by replacing marked vertices of D with two trivial 2-tangles according to the
assignment T, or Ty by the state o as follows:

Mo e

Then the skein relation (L2) leads the following state-sum formula for the polyno-
mial < D >:
< D»=dP) N~ 27y O(D,) 4,
ceS(D)

where o(00) and ¢(0) denote the numbers of the assignment T, and T of the state
o, respectively. Since w(D) = w(D,) for any o € S(D), we also have the following
formula
<D>= Y 27y O <« p, > (4.3)
ceS(D)

Theorem 4.3. The polynomial < - > is an invariant for oriented marked graphs,
i.e., for an oriented marked graph diagram D, the polynomial <« D > is invari-
ant under Yoshikawa moves I'1, I, T'9, '3, 'y, I} and I's. Moreover, it satisfies the
following.
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(1) <O >»=1.
(2) < DUO >»=(a"%+1+a% < D > for any oriented link diagram D.

(3) a™® < Dy > —a® < D_ >»= (a=® —a®) < Dy > for any skein triple
Dy, D_, Dy) of link diagrams.

(4) < }{ >=1< X > 4y < > g >

Proof. For T'y and I'}, it follows from (3.2) that [| % l=a8[
Hence, we have

AN N
< ) >>=a8w(/©)[[ R =a™" ) HS(G_S)[[;H

) MNn=<) >.

S~
I
g

Similarly, we obtain <« \)@ >=K Q > .

Since the Ay bracket ()4, for oriented link diagrams (and tangled trivalent
graph diagrams) and the writhe w(D) are both regular isotopy invariants, < - > is
invariant under I'y and I's.

The invariance of [[-]] under the moves I'y, I}, and I's are seen as below, and since
the writhe w(D) is also invariant under these moves, we obtain the invariance of
< > under I'y, Ty and T's.

et / /A
* S / Ay /
ol 7N eyl ) N =1 N ]
P T

The assertions (1) and (2) follow from (KO0) and (K1).
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(3) From (3.1) and (L1), we see
a[[D+]] = a[[D-]] = (a=* — a®)[[Do]]-
Let A = w(Dy). Then we have

a~ a*N[Dy]] — aa®M[D_]] = (a=* — a*)a**[[Do]],
a%a¥MI[D4]] - ®®A V(D)) = (a7 — a®)a* [ D],
a?< D> -d®<D_>=(a3-d®) < Dy>.

(4) Clearly, w< }{ ) _ w< X ) _ w< > < ) Tt follows from (L2) that

_ N/
Ta o~ + ya / &LH
Sw(v) Sw(\ /) X /
—za X Dva /1) ()
=K x >4y <L > g > .
This completes the proof. O

Example 4.4. Here are examples of the polynomials for oriented links.
(1) < Q > =<0 >+@-aH<O0>
(2) <<©>> =a®<0?> +(a-a?) < 0>

= a®(@ % +1+a%) + (a® — a'?) = a?* + a'® + .

(3) < @ >=a® < 0> +(a - a?) <« @ >

— a18 + (CLG _ CL12)(CL24 +a18 + CLG) — CL12 + CL24 _ (I36.

(4) < @ >=a ¥ < </\7' > +a b —a ) <0 >
O &5

— a—18(a—24 + CL_18 + a—6) + (a—6 _ (1_12) — a—42 + a—36 + CL_24 _ a—12 + CL_G.

(5) <\@>:a18<0>+(a6—a12)<@>

_ 418 m ) (@M a8 g — B g6 1 — b 4 18,

(6) <<@ >=a ¥ <0 u@ > +(a % —a1?) < @ >

_ (a_18(a_6 W a6) 4 a_6 _ a—l?)(a12 4 a24 _ a36)
— (a—24 4 a—18 4 a—6)(a12 4 a24 _ a36).
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) <<® >=a 8 < @ > +(a™8 —a™1?) <<C@ >

(1_18(CL12 + CL24 CL36) + (CL_6 —a 12)( —24 +a —18 +a” )(CL12 + CL24 _ a36)
724 + a712 —a 36)(CL12 + CL24 36)

A

Example 4.5. Consider the diagram 8; of a spun 2-knot of the trefoil in Yoshikawa’s
table [21] with the orientation indicated below. From Theorem 4.3, it follows that

BRI

L DO >= 0" € XDOOOL > +ay < SDCOCO

31

)
|

i

O
+yz < YO0 > P < @QN >

=22 < 0% > +uay <<® > 4yr < 0P > 42 < 0% >

:(CL_6 +1 —|—CL6)(I'2 +y2) + (a—24 + a—12 _ a—36)(a12 +a24 _ a36):z:y

+(a 4+ 14 a%)?xy

Example 4.6. Consider the diagram 9; of a ribbon 2-knot associated with 6; knot
in Yoshikawa’s table [21] with the orientation indicated below.

=$2<<O2>>+a:y[ <<( E/>>>+(a6—a1 >>]

+yr < 0> 1 < 0% >
=(a %+ 1+a%(2® +y*) + (@ +1+a%%zy

+ |:a18(a18 _ a*ﬁ +1— aﬁ + a18) + (CL6 _ a12)(a724 + a718 +a6):| Ty

=(a %+ 1+a%(z® +y?)
+ @B +a 2 +aC+5+a°+a'® - a® + )y

Example 4.7. Consider the diagram 105 of a 2-twist spun 2-knot of the trefoil in
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Yoshikawa’s table [21] with the orientation indicated below.

< [/\N/\;Qm >=1 < WM\\\%@/\ > 4y < gj@ >
+yr < \/3/\\; \éﬂ\/ > ) <<@\§ >

=12 < 0% > +ay {a“‘ < 0> +(ab —a'?) <« @»]
+ zy [alg < C(/@>> +(a% — a'?) < @ > ]
—i—yQ[alS <<@>> +(a® — a'?) <<O>>}

=20 "+ 1+a% + 2y [alg + (@ —a?) (@™ a0 a7 -0 4 a_G)}
+ay [a18(a—18 a1 —aS 4 a'®) + (0 — ) (a0 E +a—6):|

+ y2 |:a18(a24 + a718 + CLiG) + (a6 o a12):|
=(a®+1+a%(a” + ¢*)

(a7 M 120718 g2 9070 14 268 12 1 2q18 g2 4 ¢30)y,.

5 Behaviors under Yoshikawa moves I's, ['j, I'; and I'g

In this section we investigate behaviors of < - >> under Yoshikawa moves I's, T,
F7 and Fg.

Proposition 5.1. The moves I'g and I'; change the polynomial < - > as follows.

< X)) »= ((a‘6+1+a6)x+y> <) >,

< 3 ) >= <x+(a6+1+a6)y> <) >,

Proof. For I's and I'y;, we have

< >|Q >=r< ) () >+y< ) >= <(a_6+1—|—a6):13—|—y
< X ) »=r<)>ay< ) () »= <x+(a6+1+a6)y

This completes the proof. ]

N— ——
A
- A1
v
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In order to consider behaviors of the polynomial < - > under Yoshikawa moves
I'z and I's, we prepare lemmas.

By an n-tangle diagram (n > 1) we mean an oriented link diagram or a tangled
trivalent graph diagram 7 in the rectangle I? = [0,1] x [0,1] in R? such that T
transversely intersect with (0,1) x {0} and (0,1) x {1} in n distinct points, respec-
tively, called the endpoints of T. The boundary of an n-tangle diagram 7 is defined
to be the boundary of I? together with the 2n endpoints equipped with inward or
outward pointing normals that coincide with the orientations on intersecting arcs of
7. In Figure 7, (a) is the boundary of a 3-tangle diagram, and (b) is the boundary
of a 4-tangle diagram.

ANV A NV AV

AV A AV A
(a) (b)

Figure 7: Boundaries of 3, 4-tangle diagrams

Lemma 5.2. Let 7 be a 3-tangle diagram with the boundary (a) in Figure 7 such
that there are no crossings, 2-gons and 4-gons and that there are no connected
components as diagrams in IntD?. Then 7T is one of the six fundamental 3-tangle
diagrams fo, f1,..., f5 shown in Figure 8.

A\]\/AA\}\M
AL AT A LN

fo f1 f2 fs f4 fs

Figure 8: Fundamental 3-tangle diagrams

Lemma 5.3. Let 7 be a 4-tangle diagram with the boundary (b) in Figure 7 such
that there are no crossings, 2-gons and 4-gons and that there are no connected
components as diagrams in IntD?. Then 7T is one of the 23 fundamental 4-tangle
diagrams gg, g1, - - . , g22 shown in Figure 9.

Lemmas 5.2 and 5.3 are proved in the end of this paper.
The following proposition gives the behavior of the polynomial < - > under a
Yoshikawa move I'7.

Proposition 5.4. Let D and D’ be oriented marked graph diagrams such that D’
is obtained from D by a Yoshikawa move I'; as depicted in Figure 10. Then

< D>»— <D >=A)zyd(a,z,y),
where 1(a, z,y) is a polynomial in Z[a™!, a, z,y] and

Ala) == (6 +14+a%% -1 = a2 +1)(a®+1)% (5.4)
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Y, V) Y, éﬁ&ig
A [Oh A

go g1 g2 g3 g4

g6 g7 gs g9 10

NS RVAVIRIVAY §i§ §$§
AA] LN A A

gi12 g13 g4 gis gi6
NAY| [N (AAY ] [AYAY] [ YA
) C P

C_ ) )
AV AVAY] IAVAY ] (A ] LAV AY
g17 g1s8 g19 g20 g21 g22

e

Figure 9: Fundamental 4-tangle diagrams

Proof. Applying the axioms (L1) and (L2) in Definition 4.1 and (K1)-(K5) in
Definition 3.1 to the 3-tangle diagram 7 in D = T7 o T, we can express [[D]]
as a linear combination of polynomials [[T7 o Ui]](1 < k < m) for some integer
m > 1, where each U is a 3-tangle diagram satisfying the assumption on 7 in
Lemma 5.2. By the lemma, we see that Uy is one of the fundamental 3-tangle

diagrams fo, f1,..., fs in Figure 8. Hence we have
5
(D)) = [[Tr o TN = ila, x,y)[[Tr o fil],
i=0

where 1;(a, x,y) is a polynomial in Z[a,a™ !, x,y]. Similarly, we have

5

(DN =[T7 0T =) vila.z,y)[T7 o fil]

1=0

This gives
5

D]~ (D)) = 3 (. z,9) ([m o £l ~ [[Tho fz']]>- (5.5)

i=0
By a straightforward computation, we obtain

([T7 0 fill = [[f2 0 fill® + [[fo o filley + [[fs o fillyz + [[fr o £illy”,
[Ty 0 fill = [[f2 © fillz® + [[fo o fillwy + [[fs o fillyx + [[f1 o filly®.

13
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N LA

T: T/
T
T T
) D
D=T:oT D=T/oT

Figure 10: Yoshikawa move I'7

Let A=a%+1+a%and B = a3+ @ Then it is easily checked that [[f3 o f;]]
and [[fs o f;]] with 0 <4 <5 are as in Table 1. Hence

o fil] — [Tho £ = xy([m o i~ [lfs 0 fin)

0, i=0,1,2,5;
=9 2y(A*—1) =ayAla),  i=3;
—xy(A% —1) = —zyA(a), i=4.

Therefore it follows from (5.5) that [[D]]—[[D']] = A(a)zyy'(a, z,y), where ¢/ (a, x,y) =
vs(a,z,y) — 4(a, z,y). Finally, since w(D) = w(D’), we obtain < D > — < D' >
= A(a)zyy(a,z,y), where ¥(a, z,y) = a* P/ (a,2,y). O

ol fo fi fo f3 [fi f5
fs]/1 A A 1 A? B3

fall A A A2 1 B3

Table 1: [[f3 o fi]] and [[f1 o fi]]

Now we investigate the behavior of < - > under a Yoshikawa move I's.

Proposition 5.5. Let D and D’ be oriented marked graph diagrams such that D’
is obtained from D by a Yoshikawa move I's as depicted in Figure 11. Then

<D>—-<D >=(a"3-d)A(a)zyp(a,z,y),
where ¢(a, z,y) is a polynomial in Z[a™!, a, x,y] and A(a) is the polynomial in (5.4).

Proof. Applying the axioms (L1), (L2) and (K1)—(K5) to the 4-tangle diagram 7 in
D =TgoT, we can express [[D]] as a linear combination of [[Tgo V;]](1 < k < m) for
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0 A
o
oy ||| = A
T T
< I
D=TsT D=Ti{°T

Figure 11: Yoshikawa move I'g

some integer m > 1, where each V} is a 4-tangle diagram satisfying the assumption
on 7T in Lemma 5.3. By the lemma, we see that Vj is one of the fundamental 4-tangle

diagrams go, g1, - - - , g22 in Figure 9. Hence we have
22
[D]] = [[Ts o TN = D wila,z,9)[[Ts o gill,
i=0

where o;(a,x,y) € Z[a™!, a,z,y]. Similarly, we obtain

(D) = [To Tl =3 a2 5)[[Th o gil).
=0
This gives
D]~ (D] =3 eila,z.) (HTS o gill - T4 ogz-n). (5.6)
1=0

By a straightforward computation, we obtain

[[Ts © gi]] = [lg5 o gill&” + [[g14 © gillzy + [[g © gllyx + [[g6 © gilly”,
[[T% © gil] = [lg5 © gill&” + [[914 © gillzy + [[g" © gillyz + [lgs © gilly*,

where g and ¢g* are 4-tangle diagrams shown in Figure 12.

\\

AN
N

Figure 12: 4-tangle diagrams ¢ and g*
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Using (L1) and (K2)—(K5), we obtain

[[g 0 g:]] = a°[[go © gi]] + [lg2 © gil] + [[94 © gil] + [[97 © g]] + [[gs © gi]]
+ [lgo © gi]] + [[g10 © g5]] + a®[[g11 © g:]] — a>[[g15 © i]]
—a"*([g16 0 gi]] — a*[[g17 © gi]] — a*[[g1s © gi]].

Since g* is the mirror image of g, it is seen from (K4) and (K5) that

[lg" © gil] = a®[[go © gil] + [[92 © gil] + [[94 © gil] + [[g7 © 9] + [lgs © il]
+ [lgo © gill + [l910 © gil] + a~%[[g11 © gi]] — a*[[g15 © gil]
— a®[[g16 © gil] — a*[[g17 0 gi]] — a*[[g18 © gi]]-

This gives that
lgo0ll = "o ol = (a® = )t + 0*) (v o ) - [om o]
— [lg15 © gil] = [[g16 © gi]] + [[g17 © gs]] + [[g18 © gi]]] :

By simple, but tedious calculations, we obtain Table 2 for [[gy o g;]] with k& =
0,11,15,16,17,18 and 0 <7 < 22.

°© 90 g11 g15 gi6 917 g18

g | A3 A AB3 AB3 B3 B?

g | A2 1 B? AB3 B3 B?

go | A2 A% AB3 AB3 AB? AB3

gs | A2 1 AB3 B3 B3 B3

gs | B* B* 2B34+B° 2B% + B 2B% + B° 2B% + B°
g5 |1 1 B3 B3 B3 B?

g6 |1 1 B? B? B3 B?

gr | A A AB3 B? B3 AB3

gs | A A AB3 B? AB3 B?

go | A A B3 AB3 AB3 B3

g0 | A A B3 AB3 B3 AB3

g1 | A A3 B3 B3 AB3 AB?

gie | 1 A2 B3 B3 B3 AB?

g3 | 1 A2 B3 B3 AB3 B3

g1a | A A B3 B3 B3 B3

gi1s | AB® B® 2AB%?+ AB* 2B* 2B* 2B4

g6 | AB> B3 2B* 2AB? + AB* 2B* 2B4

gi7 | B3 AB3 2B* 2B 2B 2AB? + AB*
gis | B2  AB® 2B* 2B* 2AB? + AB* 2B*

g0 | B> B 2B* 2B% + B* 2B* 2B2% 4+ B4
g0 | B> B> 2B?>+B* 2B* 2B4 2B2% 4+ B4
g1 | B3 B® 2B 2B? 4 B* 2B% 4+ B* 28B4

geo | B2 B® 2B%+ B 2B* 2B% + B* 2B*

Table 2: [[gx © gi]]
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Thus it follows from (5.6) and the identity B? = A + 1 that

(a0 —a%)(A-2)(A-1)(A+ Day, i=0;
—(a % —a%)(A—-2)(A-1)(A+ Dy, i=11;
=< —(a3-a®)(A-1)(A+ 1)ay, i =15, 16;
(a3 —a®)(A—1)(A+ 1)y, i =17,18;
0 otherwise.

(a3 +a®)(a % —1+a% (a3 —a?)A(a)zy, i=0;
a3 +a®)(a b —1+a% (a3 - a)A(a)zy, i=11;
)
)

=< —(a7® —a’)A(a)xy, 1 =15, 16;
(a3 — a®)A(a)ry, i =17,18;
0 otherwise.

[D]] = [D]] = (a* = a®) A(a)zyy' (a, . y),
for a polynomial ¢(a,z,y) in Zla™!,a,z,y]. Since w(D) = w(D'), we obtain

<D>—-<D >=(a"?-d)A(a)zyp(a,z,y),

8w(D)

where ¢(a,z,y) = a ¢'(a,z,y). O

Theorem 5.6. Let £ be an oriented surface-link and let D be an oriented marked
graph diagram presenting £. Then the polynomial < D >¢€ Z[a™!,a, x,y], modulo
the ideal generated by A(a), is an invariant of £ up to multiplication by powers of
(ab+1+a%r+yand z+ (a8 +1+ab)y.

Proof. 1t follows from Theorem 4.3 and Propositions 5.1, 5.4 and 5.5. Il

6 Specializations of the polynomial < - >

Here we consider some specializations of the polynomial < - >>.

Let m be a non-negative integer and let I(a™+1) be the ideal (a™+1)Z[a" ", a, x, y]
of Z[a™! a,z,y] generated by a™ + 1. We abbreviate f + I(a™ + 1) as f for
f € Z[a™',a,x,y] unless it makes confusion.

For an oriented marked graph diagram D, we denote by < D >>,m 1 the poly-
nomial < D > modulo the ideal I(a™ + 1), i.e.,

<KD>my = <D>HId"+1)= <D> €Za ' axy)/I(a™+1).

It follows from Theorem 4.3 that < - >,m 1 is an invariant for oriented marked
graphs satisfying the same conditions with (1)—(4) in Theorem 4.3. In particular,
for any positive integer p and for any skein triple (D4, D_, Dy) of link diagrams,

< OF >qmy= (a0 +1+a%)r ! (6.7)
and

a? < Dy >emy1 —a® K D_>gmy1= (a7 —a®) < Dy >qmiq (6.8)
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First we are interested in a case that m = 6 or m = 12, since if a® +1 = 0 or
a'? +1 =0 then A(a) = 0, where A(a) is the polynomial in (5.4).

Suppose m = 6. Then, (6.7) implies that for any positive integer pu,
<L O" >p6,= (1) (6.9)

Since a is a unit in Za™!, a,z,y]/I(a® + 1), (6.8) implies that for any skein triple
(D4, D_, Dy) of link diagrams,

KDy >0 +< Do > = —2<< Dy >0y - (6.10)

Lemma 6.1. Let D be an oriented link diagram and let #D denote the number of
components of the link presented by D. Then < D > 6,4 is 1 if #D is odd, or —1
if #D is even, i.e., < D >46,,= (—1)#P~L,

Proof. When we restrict < - > 6,1 to the family of oriented link diagrams, it is an
oriented link invariant satisfying (6.9) and (6.10). On the other hand, (—1)#P~! is

also such an invariant. We see that < D > 6,1= (—=1)#P=1 for any link diagram
D by considering a skein tree. O

Example 6.2. Consider the diagram 8; of a spun trefoil in Yoshikawa’s table [21].
From Lemma 6.1, it follows that

81

=122 < YOO >oq1 +ay < YOO ng/\//” > 0641
O

+yr < YOO > es1 H9° < Nﬁj\%\/ > 641

=22 K 0? >p,q oy < i/?\/@ > 0641

+yr € 0¥ >0, Hy2 < 0% > 0644
=2’ taytyr—y’'=—(v -y

Theorem 6.3. Let D be an oriented marked graph diagram with A marked vertices,
and let Ly (D) be the positive resolution of D. Then

LD >qo41=e(z —y)",

where € = (—1)#L+(D)=1,
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Proof. By (4.3),

< D>pn= Y 27y O <Dy >y, (6.11)
ceS(D)

Let o be the state assigning T, to every marked vertex of D. Then Dy« = L (D).
By Lemma 6.1, < Dy+ 46, 1= (—1)#L+P)=1 = ¢ Since 0*(c0) = h and 0*(0) = 0,
the state o* contributes ez” in the right hand side of (6.11). Let o be a state of
D, which is obtained from ¢* by switching T, and Ty on k& marked vertices. Then
#D, — #L (D) = k mod 2, and by Lemma 6.1, < D, >, = (—1)#P"1 =
(—1)#L+(D)=1+k — ¢(_1)F. Since o(c0) = h — k and o(0) = k, the contribution
27()yo0) « D, > 641 of 0 is e(—1)Fzh=kyk  Since every state o is obtained from
o* by choosing each subset of the marked vertices of D and switching T, and Tj
there, we see that < D >.6,1= e(z — y)". O

Remark 6.4. From Theorem 6.3, we see that all information the invariant <
D > 6,1 has is the number of marked vertices of D and the parity of #L (D). By
this reason or by Propositions 5.4 and 5.5 with A(a) = 0, we see that < D > 6,1
is invariant under Yoshikawa moves I'y and I's. In order to make it invariant under
Yoshikawa move I'g, we may consider it up to multiplication by powers of —z + y
and x — y. However, this makes < D > ;6,1 the same value for all D.

Suppose m = 12. Then for any positive integer u,
K OF > 2= 1 (6.12)
and for any skein triple (D4, D_, Dy) of link diagrams,
—a® < Dy >poq 403 < Do >p 4= (a2 —a®) < Dp >q2, . (6.13)
Lemma 6.5. For any link diagram D, < D >12;= 1.

Proof. When we restrict < - > ;121 to the family of oriented link diagrams, it is an
oriented link invariant satisfying (6.12) and (6.13). On the other hand, the constant
function 1 is also such an invariant. Since the coefficients —a® and a2 in the left
hand side of (6.13) are units in Zfa™!, a,z,y]/I(a'® + 1), we have < D > 12 =1
for any link diagram D. O

Theorem 6.6. Let D be an oriented marked graph diagram with A marked vertices.
Then

<D >p2q= (x+ y)h.

Proof. By (4.3),

< D >0 = Z 2770 « D, S a1241 -
ceS(D)

By Lemma 6.5, for any o, < Ds >,2,7= 1. Since every state o is obtained by
choosing each subset of the marked vertices of D for assignment of T, we see that
< D >p2=(z+y)h O

19
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Remark 6.7. By Theorem 6.6, the invariant << D >,12,; is determined by the
number of marked vertices. It is invariant under Yoshikawa moves I'7 and I's. In
order to make it invariant under Yoshikawa move I's, we may consider it up to
multiplication by powers of z +y. However, this makes < D > 12,1 the same value
for all D.

Now we consider another case that m = 9.
Suppose m = 9. Then for any positive integer pu,

1 ,LL =
32 a+14a% (n>

)

1
K O" >p0q=(a P+ 1+ = { 2%

and for any skein triple (D4, D_, Dy) of link diagrams,

KDy g1 — < Do >pop= (0" —a™) < Dy >q0.41 -

Instead of studying < Dy > .91, we here discuss a weaker version as follows.

Consider the ideal I(a® +1,a75% 4+ 1 + a%) of Z[a™?!, a, x,y] generated by a® + 1
and a=% + 1 + a% We denote by < D >>Zg+1 the polynomial < D > modulo the
ideal I(a® +1,a7% + 1+ a%), i.e.,

KD>pH, = <D> +1(a®+1,a % 4+1+a% € Zla™ ', a,2,y)/1(a®+1,a 5 +1+a°).

Note that the ideal I(a” + 1,a7% 4 1 + a%) is equal to the ideal I(a® — a® + 1).
Then < - >7, | is an invariant of oriented marked graphs satisfying that for
any positive integer p,

1 (p=1)
Bos* o
< OF % = { 0 (132 (6.14)
and for any skein triple (D, D_, Dy) of link diagrams,
KDy >k — < Do =(a®—a?) <Dy >k, . (6.15)

Lemma 6.8. Let D be an oriented link diagram and let V[D](z) be the Conway
polynomial. Then < D >7, = V[D](a® — a=3).

Proof. When we restrict < - >7, | to the family of oriented link diagrams, it is an
oriented link invariant satisfying (6.14) and (6.15). On the other hand, V[-](a®—a~3)

is also such an invariant. Thus we have < D >, = V[D](a® — a™3). O

Theorem 6.9. Let D be an oriented marked graph diagram. Then

KD>, = Z xg(oo)yo(O)V[Da](a?’ —a?).
ceS(D)

Proof. By (4.3),

<D >hy= Y O <D,
ceS(D)

By Lemma 6.8, we have the result. O
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Example 6.10. Consider the diagram 8; of a spun trefoil in Yoshikawa’s table [21].
81

L NOSEOT >4

=2’ < >L/\\/\/\//\/ >>;9+1 +ry K N/\\ E\/i/\// >>29+1
<> * 2 [ X/ J *
+yz < XK o, Hy° < DO >0

=2 < O* >, +ay < @\/@ >0
+yr < 0P %+ < O* %

= V[ SRS J(a? — o)

= 9zy.

Remark 6.11. The polynomial < D >, (€ Zla Y a,z,y]/I(a®+1,a5+1+a"))
is not invariant under Yoshikawa moves I'g, I'y, I'7 and I's. When we evaluate it with
xz =1and y = 1, it becomes invariant under I's and I'j. In Section 7 we will observe
that < D >7 , (€ Zla Y a,2,y]/I1(a® +1,a7% + 1 + @%)) is an invariant when we
restrict to “ribbon marked graphs”.

7 Ribbon marked graphs

Let D be a marked graph diagram. We call a pair of marked vertices of D a ribbon
pair if they are the vertices of a bigon in D and the markers are not parallel.

Definition 7.1. A marked graph diagram is called ribbon if the marked vertices
are divided into ribbon pairs. A marked graph is called ribbon if there is a ribbon
marked graph diagram presenting the marked graph.

For example, the marked graph diagrams 8; and 9; in Examples 4.5 and 4.6 are
ribbon.

A surface-link is called ribbon if it is obtained from a trivial 2-link by surgery
along some 1-handles attaching it. It is known that for any admissible ribbon marked
graph diagram D, the surface-link £(D) presented by D is a ribbon surface-link, and
conversely that for any ribbon surface-link £ there is an admissible ribbon marked
graph diagram D such that £(D) is equivalent to L.

When D is ribbon, the positive resolution L, (D) and the negative resolution
L_(D) are isotopic diagrams.

Let D be an oriented ribbon marked graph diagram presenting a ribbon 2-knot.
Let n be the number of ribbon pairs of marked vertices. The number of marked
vertices is 2n, and L4 (D) and L_(D) are diagrams of a trivial link with n + 1
components.

21
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Theorem 7.2. Let D be an admissible oriented ribbon marked graph diagram with

2n marked vertices. If £(D) is a 2-knot, then < D >7, , is a multiple of (zy)", and

(zy) ™" K< D >7 41 Is determined from the equivalence class of the ribbon 2-knot.
Thus, the restriction of the invariant < - >7o_ | of marked graphs to ribbon

marked graphs presenting 2-knots is an invariant of ribbon 2-knots, up to multipli-
cation by powers of zy.

Proof. (1) Assume that n > 1. Let o, (or 0., resp.) be the state of D assigning
T(oc0) (or T(0), resp.) to every marked vertex. There is a unique state, say oy,
in §(D) — {04,04} such that D,, is a diagram of a knot. For any state o in
S(D) — {04, 04,00}, Dy is a disjoint union Dy, LI O* for some p = pu(o) > 1. By
Proposition 6.9,

<KD> = Z xo(m)yg(O)V[Dg](ag _ a_3) - xao(m)yoo(O)v[DUOKaii _ a—3).
ceS(D)

Since o assigns T'(co0) to one marked vertex and 7'(0) to another marked vertex for
each ribbon pair of marked vertices, we have op(c0) = 0¢(0) = n. Thus

< D% 1= (2y)"V[Dg,](a® —a™?).
Let K be the knot presented by the knot diagram D,,. Then
(zy) ™" < D >3, = VIK] (@®—a™?), (7.16)

(2) When n = 0, D is a diagram of a trivial knot and < D >7, = 1. The
2-knot L£(D) is a trivial 2-knot. Let K be the trivial knot. Then the same equality
with (7.16) holds.

In either case (1) or (2), the ribbon 2-knot £(D) is equivalent to a 2-knot in a
normal form in the sense of [8] such that it is symmetric with respect to R3 and the
cross-sectional knot appearing at R% is K. For such a knot K it is known that the
Conway polynomial V[K](z) is determined from the equivalence class of the ribbon
2-knot. In particular, when the 2-knot is trivial, V[K](z) = 1. Thus we see that
(xy)™ < D > is determined from the equivalence class of the ribbon 2-knot

a%41
L(D). 0

Let w = exp(%}gjl) € C, a primitive 18th root of unity. Since w? + 1 =
w %4+ 14+ xb =0, evaluation of < D > 4 Witha = @ is well-defined. Define

Py (D) by

Py(D) =< D >%_ | lo=w € Clz,y].
Since w2 = w3 = /=3, it follows from Theorem 6.9 that
Py(D)= > 27>y OV[D,](V=3).
oeS(D)
From Theorem 7.2 and its proof, we obtain the following.

Theorem 7.3. Let D be an admissible oriented ribbon marked graph diagram with
2n marked vertices. If £(D) is a 2-knot, then P; (D) is a monomial ¢(zy)"™ and the
coefficient ¢ € C is determined from the equivalence class of the ribbon 2-knot.
When the 2-knot is a trivial 2-knot, then ¢ = 1.

For example, for the marked graph diagram 8; in Example 4.5, the complex
number ¢ is 9. Thus we see that the 2-knot is not equivalent to a trivial 2-knot.
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8 Proof of Lemma 5.2

Let G be an oriented tangled trivalent graph diagram in a 2-disk D? with the end
points s1, ..., sg as shown in Figure 13 such that there are no connected components
as diagrams in IntD?. If G has no crossings, then G forms a tiling, say G*, of D?,
where we regard {s1,...,s6} and {s;s;4+1|1 < i < 6} as trivalent vertices and edges
of the tiling G*. Here s;s;;1 means an edge on dD? whose end points are s; and
Si+1, and we assume sy = Si.

S,
S S3

Se S4
Ss

Figure 13: An oriented tangled trivalent graph diagram G in D?

Let V, E and F be the numbers of the vertices, edges and faces of the tiling
G* of D?, respectively, i.e., V and E are the number of vertices and edges of G*,
and F' is the number of regions of DQ\G*. For each integer a > 1, let F, denote
the number of faces of the tiling G* that are a-gons. By the definition of oriented
tangled trivalent graph diagram, there are only 2i-gons (i > 1). Then

F:F2+F4+F6+F8+F10—{—F12_|_...’
1
E:5(6+2F2+4F4+6F6+8F8—|—10F10—|—12F12_|_...):3+T’

V=2p-234T) =2+ 27, wh T-—i'ﬂ
=3f=3 = 3 , Where .—iilz 2

Considering the Euler characteristic of the tiling G* of D?, we have
2 1
1:V—E+F:2+§T—(3+T)+F:—1—§T+F

1
:—1+§(2F2+F4—F8—2F10—3F12—-").

This gives
2Fs + Fy —6=Fg+2F1g+3F 2+ ---. (8.17)

For each i with 1 < i < 6, we denote by 3;5;71 a proper simple arc in D? whose
end points are s; and s;,1. Note that when G has no 2-gons in IntD?, any 2-gon in
G*, if there exists, is s;5;4+1 U S;5;41 for some .

Lemma 8.1. Let G be an oriented tangled trivalent graph diagram in D? with
the end points s1,...,ss as shown in Figure 13 such that there are no connected
components as diagrams in IntD?. Suppose that G has no crossings, 2-gons and
4-gons in Int D?. Then the tiling G* of D? is one of the tilings in Figure 14.

23
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S
S6 Q Sy S¢ p

Ss Ss Ss
Th T2 Ts
S, S,

s ‘ s, s .. e\
Ss e

Figure 14: Tilings G* of D? by G

Proof. 1t follows from (8.17) that
OFy + Fy — 6> 0. (8.18)

Since there are no 2-gons in IntD?, we see that one of two edges of any 2-gon in

G lies in the boundary dD?. Since G has only trivalent vertices, any two distinct

2-gones cannot share a vertex s;(1 <14 < 6) in common. This gives that 0 < F» < 3.
Case I. Suppose F» = 3. The tiling G* is T} or T5 in Figure 14.

Case II. Suppose Fy = 2. It follows from (8.18) that Fy > 2.

(i) Suppose that the 2-gons are {s152U3S152, s354US351} or they are in a position
obtained by rotating {s1s2Us1832, s354Us384 }. Consider the case of {s159Us7153, s354U
5351). Then edges sgs1, 5152, S283, 5351, S455 are edges of the same n-gon for some
n > 6. Since any 4-gon of G* must have szsg as an edge, we have Fy < 1. This
yields a contradiction. Similarly, when the 2-gons are in a position that is obtained
by rotating {s1s2 U 5152, s354 U 5351}, we have a contradiction. Thus case (i) does
not occur.

(ii) Suppose that the 2-gons are {s152U35153, s455US185} or they are in a position
obtained by rotating {s1$2US7832, $455US185 }. Consider the case of {s159U57353, s455U
5155}. Let A be a 4-gon in this tiling. Since there are no 4-gons in IntD?, one of
the four edges of A have to be s283, 8354, S586 or s15¢. If s983 or sgsy is an edge of
A, then A = sgs1 U S183 U s983 U S386. Then the tiling is T3 in Figure 14. If s3sy4
or s5Sg is an edge of A, then by the same reason, the tiling is 75. Thus we have T3
in case this case. For the other cases, the tilings are obtained by rotating 73, which
are Ty and Tj.

Case III. Suppose F; = 1. It follows from (8.18) that Fy > 4.

Consider a case where the 2-gon is s189 U 5783.

(i) If s9s3 or sgsy is an edge of a 4-gon A in G*, then A = sgs1 U 5152 U s283 U
5356. Since Fy > 4, there are three 4-gons besides A. Each of them has edge
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Sy
P P B S S5
T LR
/ﬁ Se S4
Ps Ps Py -

Figure 15: A homeomorphism ¢ : I? — D?

83, 84, 8485, S55¢. However, a 4-gon having s3s4 or s5S¢ is a 4-gon s5s6 USgS3 U s354 U
5485. Then the tiling is 73, and this contradicts to the assumption F> = 1. Thus
this is not the case.

(ii) If neither sg9s3 nor sgs; is an edge of a 4-gon in G*, then Fy < 3. This
contradicts to Fy > 4. Thus this is not the case.

Case IV. Suppose Fy = 0. It follows from (8.18) that Fy > 6. Since each 4-gon
has an edge in D?, we have Tk. 0

Proof of Lemma 5.2. Let 7 be a 3-tangle diagram with the boundary (a) in
Figure 7 such that there are no crossings, 2-gons and 4-gons and there are no con-
nected components as diagrams in IntD?. Let p1, ..., pg be the end points of 7 and
let ¢ : I? — D? be a homeomorphism from I? onto a 2-disk D? with ¢(p;) = s;
(1 <i<6). See Figure 15. Putting G = ¢(7T), we obtain the result from Lemma 8.1.
O

9 Proof of Lemma 5.3

Let G be an oriented tangled trivalent graph diagram in a 2-disk D? with the end
points t1, ..., ts as shown in Figure 16 such that there are no connected components
as diagrams in IntD?. If G has no crossings, then G forms a tiling, say G*, of D?,
where we regard {t1,...,ts} and {t;t;y1 | 1 < i < 8} as trivalent vertices and edges
of the tiling G, respectively. Here t;t;,1 means an edge of 9D? whose end points are
t; and t;41, and we assume tg = t7.

t, t;

t; t

Figure 16: A 4-tangle of trivalent graph diagram

25



26 Y. Joung, S. Kamada, A. Kawauchi & S. Y. Lee

Let V, E and F be the numbers of the vertices, edges and faces of the tiling G*,
respectively. Then

F=F+F,+Fs+Fg+ Fio+Fio+Fia+---,
1
E:5(8+2F2+4F4+6F6+8F8+10F10+12F12+14F14+"'):4+T’

2 2
V==_E=":

2 o0
3 3(4+T):§+§T, WhereT:Zing.

3 i=1

Considering the Euler characteristic of the tiling G* of D?, we have

8 2 4 1
1=V-FE+F=-+4+-T-4+T)+F=———--T+F.
+ 3+3 4+4+T)+ 373 +
This gives
2F + Fy —T=Fg+2F g+ 3F o+ 4F 4+ --- . (919)

For each i with 1 <4 < 8, we denote by %;f;;1 a proper simple arc in D? whose
end points are t; and t; ;. Note that when G has no 2-gons in IntD?, any 2-gon in
G*, if there exists, is t;t;41 U t;t;41 for some i.

Lemma 9.1. Let G be an oriented tangled trivalent graph diagram in D? with
the end points t1,...,ts as shown in Figure 16 such that there are no connected
components as diagrams in IntD?. Suppose that G has no crossings, 2-gons and
4-gons in IntD?. Then the tiling G* is one of the tilings in Figures 17, 18, 19, 20
and 21.

Proof. Since there are no 2-gons in IntD?, one of two edges of any 2-gon in G lies
in 9D?. Since G* has only trivalent vertices, any two distinct 2-gons cannot share
a vertex t; (1 <i < 8) in common. This gives that 0 < Fy < 4.

Case 1. Suppose F» = 4. Then G* is one of the tilings shown in Figure 17.

t, t;

Figure 17: Fr =4

Case II. Suppose F, = 3. It follows from (9.19) that 0 < Fg < Fy — 1. So
Fy > 1.

(i) Suppose that the three 2-gons are {t1to U t1ta, tsty U tsty, tste Ulste} or they
are in a position obtained by rotating {t1to U t1te, t3ts U tsts, tste U tsle ).

Consider the case of {t1to Ut e, tsty Utsly, tsts Utsts}. Edges tgty, t1te, tats, tsla,
tats, tste, tetr are edges of the same n-gon for some n > 8. Thus by (9.19), we have
F; > 2. On the other hand, any 4-gon of G* has t7ts as an edge. Thus F; < 1. This
is a contradiction. In the other cases of (i), we have a contradiction. Thus the case
(i) does not occur.
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(ii) Suppose that the three 2-gons are {t1to Utite, tsty Utstys, tet7 Uity } or they
are in a position obtained by rotating {t1to U t1la, t3ty U tsly, tet7 U tetr}.

Consider the case of {t1to Ut te, tsty Utsty, tetr Utstr}. Edges tgty, t1te, tats, tsla,
t4ts are edges of the same n-gon for some n > 6. Since Fy > 1, there is a 4-gon A in
G*. Since A has t5tg or t7tg as an edge, we have A = t5tg U tgty U trtg U tgts. Then
G* is one of the tilings in Figure 18. In the other cases of (ii), we have the other
tilings in Figure 18.

t, t;

Figure 18: Fh =3

Case III. F, = 2. Tt follows from (9.19) that 0 < Fg < Fy — 3 and so Fy > 3.

(i) Suppose that the 2-gons are {tito U t1ta,t3t4 U t3t4} or in a position ob-
tained by rotating them. Consider the case of {t1ty U t1ta,t3ty U tsts}. Edges
tsty, t1to, tots, taly, t4ts are edges of the same n-gon for some n > 6. It implies
Fy < 1 as before. This contradicts to Fy > 3. We have a contradiction in other
cases of (i). Thus the case (i) does not occur.

(ii) Suppose that the 2-gons are {t1ta Ut1ta, t4ts Utsts} or in a position obtained
by rotating them. Consider the case of {t1to U t1ta, tats Ulsls}.

(a) If tats or tgt; is an edge of a 4-gon, then the 4-gon is tgtq U tte Utats U tsts.
Edges trtg, tsts, tsty, t4ts, tstg are edges of the same n-gon for some n > 6. Then
another 4-gon, if there exists, must have tgt7; as an edge. Thus F; < 2, which
contradicts to Fy > 3.

(b) If t3ty4 or tste is an edge of a 4-gon, then by the same argument with (a), we
have a contradiction.

By (a) and (b), if there is a 4-gon then it has tgt7 or tyts. Thus Fy < 2, which
contradicts to Fy > 3. Therefore we see that (ii) does not occur.

(iii) Suppose that the 2-gons are {t1t2 Ut;to, t5ts Utsts} or in a position obtained
by rotating them. Consider the case of {t1to U tita, t5te U t5ts}-

If none of tots, t4ts, tetv, tgt1 is an edge of a 4-gon, then Fy < 2, which contradicts
to Fy > 3. Thus, at least one of them is an edge of a 4-gon. Assume that st3 is so.
Then tgt] Ut 1t Utat3 Utsts is a 4-gon. Beside of this 4-gon, there are at least two 4-
gons. Since one of them has t4t5 or tgt7 as an edge, it is the 4-gon t4t5UtsteUtgtrUtrty.
Then we have a tiling in Figure 19. When one of t4t5, tst7, tst1 is an edge of a 4-gon,
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we have the same tiling. For the other cases of (iii), we have a tiling by rotation.
Thus the possible tilings are shown in the figure.

Figure 19: F5, =2

Case IV. Suppose F» = 1. It follows from (9.19) that Fy > 5. Consider the
case that the 2-gon is t1to U t1to. Edges tgty, t1to, tot3 are edges of the same n-gon,
say A, for some n > 4.

(i) Suppose that A is a 4-gon. Namely, A = tgt1 Ut1ty U tots U tsts is a 4-gon in
G*. Besides A, there must be at least four 4-gons in G*. Since each of which has
one of tsty,tats, tste, telr, t7ts as an edge. Thus at least one of t3t4,t7tg is an edge
of a 4-gon. Then A’ := tgty Utst7 Utrtg Utgts is a 4-gon in G*. Besides A, A’, there
must be at least four 3-gons in G*. Since each of which has one of #4t5, t5tg, tgt7 as
an edge. Then A" := tyt5 Utstg Utgty Utrty is a 4-gon in G*. Then tstg is an edge
of a 2-gon and we have Fy = 3. This contradicts to F; > 5.

(ii) Suppose that A is a 6-gon. Since Fy > 5 and since each 4-gon has one
of tsty,tyts,tste, tetr, trts as an edge, the tiling G* must be one of the tilings in
Figure 20.

Figure 20: Fp =1

(iii) Suppose that A is an n-gon with n > 8. Then by (9.19) we have Fy > 6.
On the other hand, since each 4-gon has one of tsty4, t4t5, tsts, tetr, t7ts as an edge,
F, <5. This is a contradiction. Thus (iii) does not occur.

Case V. Suppose Fr = 0.
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(i) Suppose Fy, = 0 for all £ > 8. It follows from (9.19) that Fy = 7. The seven
4-gons consecutively appear along dD?. There are seven edges that are edges of the
seven 4-gons and they are disjoint from 0D?. The seven edges are edges of the same
n-gon for some n > 8. This contradicts the hypothesis.

(ii) Suppose Fj, # 0 for some k > 8. It follows from (9.19) that Fy > 8. Since
each 4-gon has an edge in dD?, the tiling G is as in Figure 21. O

Figure 21: F>, =0

Now we are in a position to complete the proof of Lemma 5.3.

Proof of Lemma 5.3. Let 7 be a 4-tangle diagram with the boundary (a) in
Figure 7 such that there are no crossings, 2-gons and 4-gons cut that there are
no connected components as diagrams in IntD?. Let qi,...,qs be the end points
of T and let ¢ : I?> — D? be a homeomorphism from I? onto a 2-disk D? with
(gi) = t;(1 <i < 8). See Figure 22. Putting G = ¢(T ), we obtain the result from
Lemma 9.1. ]

4 9% 4 4

rMY AY

T ©,

AY AY

% 4 4% 9%

Figure 22: A homeomorphism ¢ : I? — D?
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