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Results

1. Hamiltonian minimality of normal bundles over the isoparametric submanifolds [4]

In 90’s, Y.-G. Oh introduced the notion of Hamiltonian-minimal (H-minimal) La-
grangian submanifolds in Kéahler manifolds. Such a submanifold is a critical point of
the volume functional under the Hamiltonian deformation. This is an extension of the
notion of minimal submanifold, and has been studied by many authors. An H-minimal
Lagrangian submanifold is called Hamiltonian-stable ( H-stable) if the second variation is
non-negative for any Hamiltonian deformation. Oh studied H-stablity of some examples
of H-minimal Lagrangian submanifold in a specific Kéhler manifold. For example, the real
projective space RP™ in CP™ and the standard tori in C" are H-stable. On the other
hand, we know a few family of H-minimal Lagrangian submanifolds in C". We proved
that any normal bundle of a principal orbit N of the adjoint representation of a compact
semi-simple Lie group G in the Lie algebra g is an H-minimal Lagrangian submanifold in
the tangent space T'g ~ C". These orbits are called the complex flag manifolds or regular
Kéhler C-sapce. Moreover, we characterize the regular Kahler C-sapce by this property
in the class of full and irreducible isoparametric submanifolds in R"™.

2. On the minimality of normal bundles and austere submanifolds [3]

Harvey-Lawson proved that the normal bundle of a submanifold N in R" is special
Lagrangian of some phase in TR"™ ~ C" if and only if N is an austere submanifold,
namely, the set of principal curvatures of N is invariant by multiplication by —1 for any
unit normal vector. Thus, an construction of austere submanifolds is an important problem
in R™. However, we know little of properties and applications of austere submanifolds in
general Riemannian manifolds. Let N be a submanifold in a Riemannian manifold M.
We consider the normal bundle ¥N in the tangent bundle TM equipped with the Sasaki
metric gg, and investigate the relation of the minimality of ¥ N and the austere condition of
N. In (T'M, gs), there are natural almost complex structure, and the symplectic structure
is identified with the standard one on the cotangent bundle T*M. We prove that (i)
When M is a simply connected symmetric space, v/N is totally geodesic if and only if
N is a reflective submanifold, (ii) When M is a real space form, vV is minimal if and
only if N is an austere submanifold, (iii) When M is a non-flat complex space form, the
normal bundles of totally geodesic submanifolds, complex submanifolds and austere Hopf
hypersurfaces with constant principal curvatures are minimal. However, there exist an
austere surface (namely, minimal surface) which dose not have minimal normal bundle.

3. Stability of Legendre submanifolds in Sasaki manifolds [1]

There is a notion of Sasaki manifolds, which is an odd-dimensional counterpart to Kahler
manifolds. In Sasaki manifolds, we consider Legendrian-minimal (L-minimal) Legendrian
submanifolds which correspond to H-minimal Lagrangian manifolds in K&hler manifolds.
We also define the notion of Legendrian stability for these submanifolds. The Riemannian
cone of a Sasaki manifold is a Kahler cone, and the converse is true. When a Sasaki
manifold is regular, it is a principal S'-bundle of a Kihelr manifold. In these situations, the
H-minimality of Lagrangian submanifolds corresponds to the L-minimality of Legendrian
submanifolds by taking the cone or the projection. However, there are no correspondence
between the H-stability and the L-stability. In fact, we prove that any closed L-minimal
Legendrian submanifolds in the odd-dimensional unit sphere is L-unstable. In contrast to
this situation, we give examples of L-stable closed curves in SL(2,R) which is the Sasakian
space form with constant ¢-sectional curvature —7.
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Plan of study

1. Classification of homogeneous Lagrangian submanifolds in Kéhler manifolds and the H-
stablity.

It is an important problem in symplectic geometry and differential geometry to classify
homogeneous Lagrangian submanifolds in Kahler manifolds. For instance, any compact
homogeneous Lagrangian submanifold is H-minimal, and the Hamiltonian stability is in-
vestigated by the harmonic analysis. Recently, Bedulli-Gori classified all compact homo-
geneous Lagrangian submanifolds in CP™, and Ma-Ohnita done in Q,(C) by using the
moment maps. Moreover, Ma-Ohnita decided the H-stability of these submanifolds in
@, (C). When the case of CP", Oh and Ohnita posed the problem: ”Is any embedded
compact minimal Lagrangian submanifold in CP™ H-stable?” To consider this problem,
we want to investigate the H-stability of the homogeneous Lagrangian submanifolds in
cpm.

It is known that a homogeneous minimal submanifold in R™ is totally geodesic, namely,
it is an affine plane [Di Scara 2002]. Moreover, any homogeneous submanifold R" with
parallel mean curvature vector is essentially contained in a sphere [Olmos 1994]. To classify
the homogeneous H-minimal Lagrangian submanifolds in C”, we want to extend Olmos’s
result to H-minimal Lagrangians. Note that we have already constructed an H-minimal
Lagrangian submanifold in C™ with cohomogeneity which is grater or equal to 1 as a
normal bundle of a C-space.

We want to consider the H-minimality of a singular orbit of the adjoint orbit of a
compact semi-simple Lie group (namely, a generalized flag manifold). We also consider
the H-stability and the Maslov class of normal bundles of C-spaces.

2. Classification of tight Lagrangian submanifolds

A Lagrangian submanifold L in a Ké&hler manifold M is called (globally) tight if it
satisfies #LNgL = SB(L,Z2) for any isometry g of M such that L transversally intersects
with gL, where SB(L,Zz) is the sum of Betti number of L. Y. G. Oh proved that the
closed, embedded, (globally) tight Lagrangian submanifold in CP™ is only the totally
geodesic RP™, and posed the classification problem of tight Lagrangian submanioflds in
compact Hermitian symmetric spaces. For example, Tanaka-Tasaki proved that real forms
in a compact Hermitian symmetric space are globally tight. On the other hand, due to
the results of Gorodski-Podesta, we know that the tightness of Lagrangian submanifold
is closely related to the notion of tight or taut immersions into Euclidean space. By
using results in the theory of tight immersions, we want to classify the tight Lagrangian
submanifolds in a specific Kédhler manifold.



