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Abstract. In this note, we consider the problem
—Au=u" iInQ, u>0 InQ, ulgg=0

on a smooth bounded domain € in R? for p > 1. Let u, be a positive solution
of the above problem with Morse index less than or equal to m € N. We
prove that if w, further satisfies the assumption p [, |[Vu,|*dz = O(1) as
p — 00, then the number of maximum points of u, is less than or equal to m
for p sufficiently large. If ) is convex, we also show that a solution of Morse
index one satisfying the above assumption has a unique critical point and
the level sets are star-shaped for p sufficiently large.
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1. Introduction.

In this note we consider the problem
—Au = uP in €2,
u>0 in Q, (1.1)
u=0 on 0f2
where 2 is a smooth bounded domain in R? and p > 1. Since the Sobolev

embedding H}(Q2) — LPT1(Q) is compact for any p > 1, the existence of at
least one solution is easy to obtain. In fact, if we define

S,— inf {/ Vul2dr | /]u|”+1dx:1},
Q Q

u€H(Q)
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then a standard variational method implies that S, is achieved by a positive
function u, € HL(€) and u, = Sp/* V7, is a solution of (1.1).

For the least energy solution u, obtained in this way, several studies on
the asymptotic behavior have been done in [6], [7], [3] and [1]. In particular,
in [6] and [7], along a suitable subsequence p — oo, least energy solution wu,
is shown to develop a single spiky pattern at an interior point of the domain.
More precisely, u, satisfies a uniform L*°-norm estimate

Cr < lupllz=(@) < G

for some 0 < € < (3 < oo independent of p, and to “concentrate” at an
interior point of the domain, i.e.,

up
b — §(zg) asp— oo

Jo upda

for some xg € ) in the sense of Radon measures. Moreover, the estimate

p/|Vup|2dx—>87re asp — 00
Q

is proved for least energy solution wu,. Recently, for any m € N, a solution
sequence {u,} which exhibits the asymptotic behavior

p/ |Vu,|*dz — 8tme asp — oo
Q

has been constructed in [5] under some topological assumption of the domain.
In the following, we restrict our attention to the solution w, of (1.1) which
satisfies the assumption

p/ |Vu,|*dz = O(1) asp — oo. (1.2)
Q

Before stating the results in this paper, we recall that the Morse index of
a solution u of (1.1) is the number of negative eigenvalues of the linearized
operator L, = —A — puP~!- acting on H;(Q). In this paper, we prove the
following theorems.

Theorem 1. Let {u,} be a solution sequence of (1.1) satisfying the assump-
tion (1.2) with the Morse index less than or equal to m,m € N. Then the
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number of mazimum points of u, is less than or equal to m for p sufficiently
large.

Theorem 2. Let {u,} be a solution sequence of (1.1) satisfying the assump-
tion (1.2) with the Morse index one. If Q is convex, then u, has only one
critical point x, which is the global maximum point of u,, and

(x —xp) - Vuy(x) <0, VreQ\{z,}

holds for p sufficiently large. In particular, the level sets of u, are strict
star-shaped with respect to x,,.

In [4], El Mehdi and Pacella treated the problem

—Au=N(N —2)uP™° — du in Q,
u >0 in €2,
u=20 on 0f)

where ) is a smooth bounded, star-shaped domain in RY, N > 3, p =
(N+2)/(N—-2),e>0and A\ > 0. They proved similar results on the
relation between the Morse index and the number of maximum points of
blowing-up solutions {u.} to this problem via a blow-up analysis. Note
that in this case, it holds [Juc||p~@) — +00 as € — 0. Theorems in this
paper are two-dimensional counterparts to the results in [4]. However, in our
situation, solutions may not blow up in the L*°-norm sense, so the usual blow-
up analysis as in the higher-dimensional case does not work. To overcome this
difficulty, we combine the arguments in [4] and the two-dimensional blow-up
technique by Adimurthi and Grossi [1].

2. Proof of Theorem 1.

Let z, € Q be a maximum point of u,, for p large, that is, ||up||s = up(2}).
First, we recall a result in [6] that for any solution w, of (1.1), there holds an

estimate
ltplo > A"V

where \; > 0 is the first eigenvalue of —A under the Dirichlet boundary
condition. Proof of this fact in [6] is simple, so we recall it here for the
readers’ convenience. Let ¢; > 0 be the first eigenfunction associated to Aj.



Then we see
0= /(upAgzﬁl — ¢1Auy,)dr = / Prup(ul — \p)d,
Q Q

thus we have [Ju,[[25 > A;.
From this fact, we see

1
=——%n 0
VPl
Next, we claim that le, is away from 0f) uniformly in p sufficiently large.

Indeed, (1.1) and (1.2) imply that p [, ub*'de = O(1) as p — oco. Then we
have

Ep ! (p - OO)- (2-1>

p/(p+1)
p/ugdx < (p/uﬁ“dz) pl/(pH)\Q\l/(pH) <C
Q Q

uniformly in p, thus [ ubdr = O(1/p) as p — oo. Therefore, at any maxi-
mum point x, of u,, v,(x) = up(x)/ [, ubdx satisfies

as p — 0o0. On the other hand, applying Lemma 4.1 in [6] and the elliptic L
estimate to v,, we have, as in Lemma 4.2 in [6], that v, is bounded in L> near
O uniformly in p. Thus any maximum point x, of u, cannot approach to
09 and for some neighborhood w of 02, we have {z, € Q|u,(z,) = ||up||s} C
0\ w for large p.

Now, we define the scaled function

~ p Q— 2!
iy (y) = {up (gpy + x}o) - up(xglo)} NS Q;l; = . (2.2)
[[tp]oo Ep

as in [1], which satisfies

4 fL P
— Aty(y) = (1 + f(@) inQ,
ii . 2.3
0<1+f(y)§1 in Q) (2.3)
[ W(y) = —p y € 90,



By the above claim, the limit domain of ) as p — oo is R?. As in [1] p.1015,
we can pass to the limit in (2.3) to obtain some function U € C?*(R?) such
that @, — U as p — oo in C? (R?). Passing to the limit in (2.3), we see that
U satisfies

—~AU =¢V inR? maxU(y) =U(0) =0.

yeR?

Moreover, by the assumption (1.2) and Fatou’s lemma, we can check that

/ eVdy < +oo. (2.4)
R2

In fact, since 4,(y) — U(y) a.e. y € R? we see

plog (1 + %(y)) —U(y) a.eycR?

and i
eplog<1+7”(y)) — W gey e R

Thus Fatou’s lemma and a simple change of variables using (2.2) imply that

~ p
/ eVdy < lim inf/ (1 - %(y)> dy
R2 p=oeJal

p
I Up(ZE) ? p—1 fon S p
= lim inf N\ Tl pllu, b de < (1/C) h;rgggfp Qupd:c,

p—oc0 [ lloo

where we have used the fact ||u,||oc > C' > 0 uniformly for p large. The last
term is bounded as before thanks to (1.2), so we get (2.4).
At this point, we see by a result of Chen and Li [2] that

U(y) = —2log (1 + %) . (2.5)

Next, we define two elliptic operators

Ly, :=—A, —pub'(z)-: Hy(Q) — H1(Q), (2.6)
L, =—-A,— (1 + ?p(y))  Hy () — HH(Q,). (2.7)



Note that the operators (2.6) and (2.7) are related to each other by a simple
scaling

) -
e, Lyp = L,,

up(@)=lluploe (1472 (1))

here, z = g,y + ), for x € Q and y € Q). Further if we write the j-th
eigenvalue of an elliptic operator L acting on Hj(D) for a bounded domain
D as \;(L,D),j € N, then

EZAJ(L]% D) = Aj(f’pa DP)7 Dp = £, (28)

Now, we claim that there exists R > 0 such that \(L,, B(z,,c,R)) <0
for p sufficiently large.
Indeed, define

wy(y) =y - Viy(y) + p2—p (1 + %(y)) , yEQ, (2.9)

- p—1
Then we have —Aw,(y) = (1 + u”T(y)) wy(y) for y € Q. Note that

w,(0) = 2p/(p — 1) — 2. Also, since @, — U in C}_(R?), we have w,(y) —

2(8 — y|?)/(8 + |y|*) < 0if |y = R > 2v/2 as p — co. Now, set A, = {y €
B(0,R) : w,(y) > 0}, A, # ¢, and

— o wp(y) y € A,
Wly) = {0 y € B(0,R)\ A,

Testing

il p
i Joom VOPdy = Jpom (1+50)  v*dy
(L, B(O,R) =  inf 2200 som (14 50)

veHL(B(0,R)) fB(O,R) v2dy

by W, € H}(B(0,R)), we sce that \;(L,, B(0,R)) < 0. Strict inequality
Al(ip, B(0, R)) < 0 actually follows since if equality holds, w, would be the
first eigenfunction of ip on B(0, R), so it must be strictly positive on B(0, R),
which contradicts to the fact that @, is 0 near B(0, R). By scaling (2.8),
we prove the claim.

If there is another maximum point x}% # :1011), we repeat the same procedure
as before to obtain the ball B(z2, ¢, R) such that A\y(L,, B(z},€,R)) < 0.
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We claim that B(z,,e,R) and B(z;,€,R) are disjoint for p large. Indeed,
since w, — U in C?_(R?), U(y) = —2log(1 + |y|*/8) is strictly concave and
y-Vi,(y) — y-VU(y) <0 on B(0,R) \ {0}, we see that u, is also strictly
concave and (z — z}) - Vuy(z) < 0 on B(xz),e,R) \ {z,} for p large. The
same property holds for u, on B(xf,, epR)\ {xf,}, and this concavity property
means the claim.

Now, if there are N maximum points ZEIID, e ,xév of u,, we have N open

balls B',---, BY, B/ = B(x),¢,R), which are disjoint, and
M(L,,BY) <0 forj=1,---,N. (2.10)

By a variational characterization of N-th eigenvalue of L, and the well-known
argument as in a proof of Courant’s Nodal Domain Theorem, we see that

Av(L,, Q) < iAl(LP,BJ). (2.11)

Jj=1

From (2.10) and (2.11), we have Ay(L,,§2) < 0. On the other hand, the
Morse index of w,, is less than or equal to m by assumption, we have A, +1(L,, Q) >
0. Therefore we must have N < m, and we have proved Theorem 1. [l

3. Proof of Theorem 2.

Assume u, is a solution of (1.1) of Morse index one with the property
(1.2) as p — oco. By Theorem 1, we know there exists only one maximum
point x, =z, of u, and on the ball B = B(x,,£,R) C €,

M(Ly, B) <0 and (x —z,) - Vuy(x) <0 (Vz e B\ {z,}).

Now, we claim that (x — x,) - Vu,(z) < 0 for all z € Q\ B. Indeed,
assume there exists some T € Q \ B such that (T — x,) - Vu,(Z) > 0. By the
variational characterization of the second eigenvalue, we have

Aa(Ly, Q) < M (Ly, B) + M (Ly, 2\ B).

Since u,, is a solution of Morse index one, we have Ay(L,,2) > 0, and thus
A1 (L, Q\B) > 0 for p large. On the other hand, by a scaling T = ¢,7+x, and
V, =¢,V,, we have §- Vi, (7) > 0. By the convexity of €2, the scaled domain



Q, = (2 — z,)/e, is star-shaped with respect to 0. Hence the Hopf lemma
implies that w, in (2.9) satisfies w,(y) < 0 for y € 0,. Since w,(y) > 0,
there would exist a connected component C, C €, \ B(0, R),C, N dQ, = ¢
such that w, > 0 on C,. Then we would have that \;(L,,C,) < 0, and by
(2.8), Ai(Lp,e,(Cy + {x,})) < 0. Note that £,(C, + {z,}) € Q\ B. This
contradicts to the monotonicity 0 < A;(L,, 2\ B) < A (Ly,,(Cp + {z,})).
Thus we have proved (z — z,) - Vu,(z) < 0 for all z € Q\ {z,}. The rest of

the statement in Theorem 2 is a simple consequence of this inequality. U
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