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Abstract

In this paper, we investigate the optimal singularity for the critical Sobolev space H 7 P (R™)
with n € N and 1 < p < co. The same authors of this paper have already proved that the

function behaving as [log(ﬁ)]T near z = 0 belongs to H»?(R") if 7 < i =1- %. The

purpose of this article is to give more precise characterization of H 7 (R™) by using multiple
logarithmic functions.

On the other hand, the authors of this paper also have proved the following Sobolev type
embedding with a logarithmic weight: for 1 < p < r < oo,

1
flog(e + )"l

H5P(R™) — LO—DP (R w,(z)dz), where w,(z) = (1)

We observe that the embedding (1) is closely related to the optimal singularity for H P (R™).
In the end, we shall prove that the embedding (1) is strongly sharp in the sense that the weight
w, cannot be replaced by w,¢ with any function ¢ satisfying ¢(z) — oo as x — 0.
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1 Introduction and main results

In this paper, we investigate the optimal singularity of the critical Sobolev space H »P (R™)
with n € N and 1 < p < co. The Sobolev embedding theorem states that H»**(R") < LI(R")
holds for all p < ¢ < oo, but H»?(R") ¢ L*(R"™) which implies H»"’(R") possibly can have
a local singularity. Indeed, at least in the case of n > 2 and =5 < p < oo, we observe that
the function behaving as [log(ﬁ)] near x = 0 belongs to H%’p(R”) ifo<7< 1%’ which was

proved by the same authors of this paper, see [2, Lemma 2.6]. Here, p’ := p%l denotes the Holder
conjugate exponent of p. The purpose of this paper is to obtain the optimal singularity so that



the functnions having the logarithmic type growth order near = 0 belong to the critical Sobolev
space H»?(R").

To state our main theorem, we define functions involving the multiple logarithm as follows.
Let 7 > 0, and let n € C*°(R"™) be any fixed non-negative function on R" satisfying

)
suppn C {x € R" : |z] <} and n=1 for |x]<§

for some small § > 0. For simplicity of notation, we define the j-ple logarithm log?(¢) by
10gj(75) :=logo---olog(t) for j € N and large ¢t > 0.
N~
j

Furthermore, define the functions v; -(z) by

nr(o) = [tog ()] ).
- ) (T () b ()]

1/

where we put [[_, [logk(m_l)] ~'P.= 1 for the convenience. Then we shall show the following

theorem :

Theorem 1.1. (i) Let n > 2 and "5 < p < oo. Then it holds

1
0<7<— when j=1,
vi- € HrP(RY) if 7
T > — when j > 2.
p

(ii) Let n € N and 1 < p < oo. Then it holds

1 )
T> - when j =1,
an' g H;,P(Rn) Zf p .
0<7<— when j=2.
b

Remark 1.2. Theorem 1.1 implies that the critical exponents 7 so that the function v; ; belongs
to H»?(R"™) become 7 = ﬁ when j = 1, and 7 = }D when j = 2 provided that n > 2 and
5 < p < oo. Unfortunately, we do not know whether 7 = 1 is optimal or not when j > 3 for

the technical reason. The case j = 1 in the assertion (i) was proved in [2, Lemma 2.6].

We now introduce weighted Lebesgue space LP(R™; w(z)dx) for 1 < p < oo and the non-
negative measurable function w, and we adopt the norm of LP(R"™; w(z) dz) as

1
P
fullzs e aieran = ( [ fuloPute)ds )

Theorem 1.1 is closely related to the following weighted Sobolev type embedding proved by [2,
Theorem 1.5] :



Theorem A ([2, Theorem 1.5]). Letn e N, 1 <p<r < oo andp < q < (r—1)p'. Then the
continuous embedding .
H»?(R") — LYR"; w,(z)dx) (1.1)

holds, where the weight function w, is defined by

wy(x) = ! for x € R"\ {0}.

log(e + )] Jal”

We shall show the assertion (ii) in Theorem 1.1 as a direct consequence of Theorem A in Section 2.
In [2], it was also proved that the upper bound of the exponent ¢ = (r — 1)p’ is optimal in the
sense that if ¢ > (r — 1)p/, the embedding (1.1) cannot hold. Indeed, by the direct computation

we can see that )
vi,r € LYR™; wy(x) dz) if and only if 7 < L,
q

which gives
1
vi,r € LYR"; wy(x)dx) forall 0 <7< — when p<gqg<(r—1)p,
p
1
vy € LYR"; wy(2x)dz) for some 0 <7< — when ¢> (r—1)p.
p

Hence, by the above fact and Theorem 1.1 (i) with 7 = 1, we can see the optimality of the upper
bound ¢ = (r — 1)p’ provided that n > 2 and "5 < p < oo.

Another purpose of this paper is to investigate sharper optimality of Theorem A with the
critical case ¢ = (r — 1)p/. As stated above, the case ¢ = (r — 1)p’ is optimal in the sense
that the case ¢ > (r — 1)p’ makes the embedding (1.1) fail to hold. However, for the critical
case ¢ = (r — 1)p/, we shall explore the possibility whether the weight w,(z) can be replaced by
another weight having a slightly stronger singularity at thenorigin. This exploration is motivated
by Theorem 1.1 which says that the characterization of H»”(R™) can be given by not only the
single logarithm but also the multiple logarithms. However, against our expectation, we can
solve this question negatively as follows:

Theorem 1.3. Let n € N and 1 < p < r < o0, and let p € C(R™\ {0}) be a positive

function such that o is radially symmetric and non-increasing with respect to the radial direction

r = |z| € (0,00). In addition, assume llihn o(x) = oo. Then it holds either (i) or (ii) as follows :
xz|]0

(i) It holds H»*(R") ¢ LU—YP (R ; (w,)(z)dz).

(ii) It holds H%’p(R”) c LU= (R™; (wpp)(x)dx), and

||u||L(7"—1)P/ (R" ; (wrcp)(;r)dz) _

sup 0. (1.2)

verr@ngy 1o



2 Proof of Theorem1.1

This section is devoted to the proof of Theorem 1.1. We first show the affirmative part (i).

Proof of Theorem 1.1 (i). The assertion with the case j = 1 was already shown in [2, Lemma 2.6].
Hence, we consider the case j > 2 below. However, we basically follow the strategy used in [2].

Define for [ € N,

Tiaa(t) =t (ﬁ [1ogk (1)]’1’> [10gj <1>]TX[0,5]@) for ¢ > 0.

The function 7;;, can be non-increasing on (0,00) by choosing § > 0 small enough. Then the
direct computation gives

aguj,T(x)‘ < Cy.(|z]) for z € R™\ {0}, (2.1)

where 1 < |3| <, and C depends only on j,[, 7 and 4.

In this proof, C' denotes a positive constant depending only on n,p, j, 7 and §, which may
vary from line to line. It is easy to show v;, € LP(R"™). Now let % = m + o, where m is a

non-negative integer and a € [0,1). If & = 0, we can prove agvjﬁ € LP(R") for all 1 <|B] <m
directly by applying the estimate (2.1). Thus hereafter we may assume « € (0,1). Note that
0 < m < n—2 by the assumptions p > -2 and o # 0. We shall make use of the characterization

n—1

of H»P(R") in [4, §1.7, §2.1]. Thus it is enough to show that

By V4 y) — (0. )(-
a)i= [ MO OOl e ey o < @)

since we already know v;, € LP(R™). In order to prove (2.2), we first divide the integral into
three parts as follows:

1
s@) < [ [ |(volu o+ )| eyl ay
nJ0

1
SC/R / Vjmt1,7 (|2 + ty) dt [y~ gy
nJo
1
< C</{| | ac|}/0 ﬁj,m+1,7(|$—|—ty|) dt|y‘_n—o¢+1 dy
yl< 2
1
+/{x<l <2 I}/o Tjmtr |2+ tyl) dt fy| 7" dy
5 SYI>4T

1
+ / / Ojmt1,7 (| + ty]) dt y[ et dy)
{ly[>2]z[} JO



=: C(Jl(ilf) + Jg(x) + J3(.%'))

Since it holds |z + ty| > % for any |y| < %—' and 0 <t <1, we can estimate J; as follows:

! ~ |‘T| —n—a+1 11—« ~ |SU‘
J1(z) S/ / Ojmi1r | 5 ) dtlyl dy < Cla[ " Vjmirr | 5 ) -
{lyl<!2ly Jo 2 2

Next, we estimate Js. By changing a variable x + ty = z, we have

1
JQ(J?) S C‘x|na+1/ /z| 77j,m+1,7'(|$ + ty]) dy dt
0 J{5 <lyl<2|z|}

1
= C‘xrnio&l / / 17j,m+177(\z|) dzt " dt
0 J{El<|za|<otfal}

1
= C‘mrnfoﬂrl |:/ / t"dt 77j,m+1,7(|2’) dz
(<ol <2aly J 272

2[z|

2|z—z|

||
+ [ e deny e (el) s
{lz—2|<12l}

[z—=|

2z

— C|x‘—n—o¢+1 (J21 (:L‘) + JQQ(QS‘)).

Note that % < |z — z| < 2|z| implies |22;|C| > 1 and |2| < 3|z|. We now define exp?(t) by

exp?(t) ;= expo---oexp(t) for j €N and t > 0.
—_——
J

Then by changing variables z = pw (p > 0 and |w| = 1), 0 =log’(1/p) and using the condition
m < n — 2, we can estimate Jo; as

Jo1(z) < C/ Vs, (|2]) dz < C Tjm+1.7(|2]) dz
(2l <lo—z|<2)el} {|21<3lz[}

[e%s) Jj—1 1
<c fexp? (o))~ (H[exp‘f(anl‘p) 0T do

log? ( mrdaray) k=1

C if |x| >

o[ )

where we used the following claim :

S
N~
—
o
0]
<.
7 N
[98)
=)~
~——
| I
|
~‘
=
B}
AN
Wl Wl

Claim. The estimate

[ee) Jj—1 1
| ity (H[expwlp) o do

T k=1
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n—m—
holds for any 7" > 0.

Indeed, this claim is shown as

00 J—1 1
| el (H[expwl‘p) o "do

T

. /T T e (o)) <"*m*1>} (H[expk<a>]i) o"do

1 . il 1
< ————[exp(T)) 7" (H[expk(T)]_p> T

n—m-—1
k=1
. the functi j—1 -3\ . . .
since the function o — ([J4_;[exp®(c)] » ) 07" is non-increasing.

On the other hand, we can estimate Joo as

1
Joo () :C|x|n_1/ ————— Ujm+1,r(]2]) dz
{le—z|<lzly |2 —2[*71 Bjme+1.r (1)

. 1 . |z]
>~ C |‘T’ Vjm4+1,1 ( 2 {|Zix|<%} |Z _ :E‘TL—]. z C ‘.’L’| Vjm4+1,1 2

since |z| > @ holds for |z — x| < ‘Qﬂ Lastly, we estimate J3. By changing a variable ty = z, we
divide the integral into two parts as follows:

1
J3(x) = / / Vjmt1,r (|2 + 2) |z| 7ot el dt d
{lz>2t|[}

1
- /{ s [ el )l s
z|>2|x

2]
2|z _ —n—
At a1 (|7 + 2]) 2] dz =2 T (2) 4 Jaa(2).

{lz1<2]z[} Jo
We now estimate Js31. We first remark that we have J3;(x) = 0 for |z| > § since |z + z| > 0

holds for [2| > 2|z| and [z[ > é. Then we consider |z| < d. Since we have |z + z| > % for any
|z| > 2|z|, by changing variables z = pw (p > 0 and |w| = 1) and o = log”’(2/p), we have

1 1 z o
J31(z) = / v]m+17(|x+z\)|z] n—atl g, < = / Vjomt1,r <|2’> |2| tldz
@ J{|z|>2|z[} {lz|>2]z[}

6



= Clel > (,E o ( \)]) o ()]

where we used the following claim :

Claim. Fix a > 0. Then there exists a positive constant C, depending only on
n,p,j, T and a such that

t n il . n il
/ [exp? ()] ® <H [expk(a)]lll’> o Tdo < Colexp?(t)] 7 (H [expk(t)}zl’> 7
a k=1 k=1
(2.3)
for any t > a.
Indeed, this claim is shown as follows. We first remark that
d
%ho(t ;t0)
d 2p n -l k _1 _ b . n i k 1-1 _
== [exp t)]» H [exp®(t)] 7 |77 — / lexp? (0)]» H [exp®(c)] " * | 0T do
k=1 to k=1
. 0 (12 1-1 2p
~ e ()] (;_] fexp” (1) ) o (1-Zr00).
where ‘
131 1 T
Ry(t) ::fz — 0 ast— oo.

P TT e (1) HTH exp (1)
Then there exists typ > 0 depending only on n, p, j, 7 such that Ry(t) < % holds for any t > .
Thus for any t > ty, we have %ho(t ;to) > 0 which implies ho(t;t9) > ho(to;to) > 0. Hence, the
inequality (2.3) with a = ¢y and C, = %p holds. Therefore, it is enough to consider a < ty. In

this case, we see
to ) n J—1 1-1
[ e (H [exp*(0)] ) o do < Cy

k=1
. n it k _1
tg[lal,Itlo] [exp” (t)] » (H [exp”(t)] P) 77> 0.

Hence, the inequality (2.3) holds for a < tg. Thus the claim is proved.



We proceed to the estimate of J33. We divide it into two parts as follows :

J3a(z) = C]x|_a/ Bjm1,r (|7 + 2]) 2|7 dz
{lz1<2|=}

= C’x‘ia (/ 6j7m+177(‘$+2’)‘2|*n+1 dZ"‘/ @j7m+1,7'(|x+z‘)’z‘in+1 dZ)
U<l {5 <lzl<2lal}
= C‘x’_a(fj321($) + J322(33)).

Since |z] < | yields |z + z| > 21 we have

s T . x
Jono) < [ vj,mH,T('Q')H s = Clal - ()
{l2< 2}

On the other hand, note that |z + z| < 3|x| holds for |z| < 2|z|. Hence, recalling m < n —2 and
in the same way as the estimate of Jo1, we see

Jggz(x) <C |l’|_n+1/ ﬁj7m+177(lm + Z|) dz
(Ll<iz<2)ely

< Cla| / B (|2 + 2]) dz
{lz+2|<3|z|}

Claf ! it o] > 3,
< - 1 .,
- —m ’ i L - 9
C x| (H [log < ﬂ ) [log <3|x\)] if |z] < 3
Summing up, we obtain
J(x)
7j—1 1 7% —T
<ol 3 e (] [logk <)] [1og ( )] xio,8) (Jel) + e "=+ s (1al) |
T Y= 1 RV ol ) X0 g
27 b

Therefore, we have

e < 3 {175 (kH og* (- H)V) ow? (lh)}fx[o,g](r'|)

N_%7173 - LP(RTL)

0|l o (1)

LP(R™)

(,E s (ﬁ)];) o (1 |)}

o0

+C ) pfp(nJrafl)Jrnfl dp.
Lr({|lz|<é}) " 3

<C




Furthermore, the direct computation gives

H"‘Z <kH s (1 |>];> o ()] L

1 C/1\] P
— J( =
7 o (5)

P({|z|<d})
and
oo 1 5 —p(n—m—1)
/ p—p (n+a—1)+n—1 dp _ v
s p(n—m—1) \ 3
sincem <n-—2and 7 > %. Thus we obtain the desired estimate. O

Next, we shall prove Theorem 1.1 (ii) as a corollary of Theorem A.

Proof of Theorem 1.1 (ii). We first consider the case j = 1 by a contradiction argument. Sup-
pose v1 , € H#»P(R™) for some 7 > ]%. Then Theorem A guarantees vy , € L=y (R™; w,(x)dx)
for all r with p < r < co. However, we see

1 T(r=1)p'—r dx o /
W o T(r—=1)p'—r
00 > [[vg THLo« VP (R™ ; wy (z)dz) = 2C [log <| !)] [a]™ =¢ log(%) 7 v

where C' is some positive constant. Thus we must have 7(r — 1)p’ — (r — 1) < 0, i.e.,, 7 < I%,
which is a contradiction to the assumption 7 > z%

Next, we consider the case j = 2. In the same way as the case j = 1, suppose va » € H%’p(]R”)
for some 0 < 7 < 1. Then vy, belongs to LU~V (R™: w,(x)dx) for all r with p < 7 < co by
Theorem A. On the other hand, the direct computation shows

1 (r=1)p’

§ 2 1\1°7
o /B ([1og<| |>] [log (m)] ) wy(2)dz
5

-1 —7(r—1)p’ 00
1 /
B (0 \ | |z| [z[* 7 Jog2(2)

where C' is some positive constant. Thus we must have —7(r — 1)p' + 1 < 0, i.e., 7 > W for

all » with p < r < 0o, which is a contradiction to the assumption 7 < ]%. O

Remark 2.1. If Theorem A held with the case p = r, the remaining cases of Theorem 1.1 (ii)
could be solved in the quite same manner as the cases j =1 and j = 2 as follows:

1 .
7> — when j=1,
v @ HeP(R") if -
0<7< - when j>2.
p

However, the proof of Theorem A in [2] cannot work when p = r since they made use of the
generalized Young’s inequality and the case p = r corresponds to its marginal case where the
inequality fails.



3 Proof of Theorem1.3

In this section, we shall give the proof of Theorem 1.3. First, we recall the Riesz kernel I,(z)
and the Bessel kernel G, (z) defined as follows. For n € N and 0 < o < m,

I, (z) == 'y(la)

1 o0 T\I\Q o nfozd
Ga(2) ::%)/0 e e e oY

|x’—(n—a)

for z € R\ {0}, where v(a) := 7™/ 2% I'(5)/T("5%) and I' denotes the Gamma function. For
the relation between I, and G, it is well-known that

{ Golx) < Ip(z) for all z € R™\ {0},
Iy

3.1
Gol(z) (z) + o(|z|~™ %) as |z| — 0. 3.1)

Among others, we refer to [3] for more detailed properties of I, and G.

Then Theorem 1.3 can be reformulated in terms of G, as the following equivalent form :

Theorem 3.1. Let n € N and 1 < p < r < oo, and let ¢ € C(R™\ {0}) as in Theorem 1.5.
Then it holds either (i) or (ii) as follows :

(i) There exists fo € LP(R™) such that G% s fo & LU=V (R™; (w,)(z)dx).

(i) It holds G% « f e LU=DP(R™; (w,p)(x)dzx) for all f € LP(R™), and

1G 2 Fll =12 @ (wr ) @)do) _
sup - 0
FeLp(R)\{0} Il Lo ()

It is easy to see the equivalence between Theorem 1.3 and Theorem 3.1. However, we will show
it for the completeness of the paper.

Proof of the equivalence. First, we will check that Theorem 3.1 yields Theorem 1.3. Assume
that the condition (i) in Theorem 3.1. Set ug := G * fo. Then it holds
p

loll 2.0 gy = 1T = A)*P ol Lo(m) = l.foll Lo(ny < o0

Thus ug € H%’p(R”), but ug ¢ LU~V (R™; (w,p)(x)dz). Hence, the condition (i) in Theo-
rem 1.3 holds.

Next, assume the condition (ii) in Theorem3.1. Take any element u € H P (R™), and set
f:=({—A)%u. Then f € LP(R"™), and then by the assumption, we have

u = G% * (I — A)%u = G% « f e LU=V (R (wy)(z)dx).

10



Thus H%J)(Rn) C LU=YDP(R"; (wy)(z)dz). Moreover, by the assumption, take a sequence
{fj}jen € LP(R™) \ {0} such that

im HG% * fjHL‘””"'(R":(wrso)(x)d“f) = 00
J—00 HfjHLP(R")

Set u; 1= G% * fj. Then u; € H%’p(R”) \ {0} and

sl Lorvw @ s @)ty NG2 * Fillo—vw @ 0y @)a0)

= — 00 as j — 00

which implies (1.2).

The direction from Theorem 1.3 to Theorem 3.1 will be seen in a quite same way as above,
and we omit the details. ]

Hence we will concentrate on the proof of Theorem 3.1 below. In order to prove Theorem 3.1,
we will apply the following theorem in [1]:

Theorem B ([1, Theorem 2.1]). Let n € N and 1 < p < g < o0, and let U and V be positive
weight functions in R™. Assume that

sup / U(z)dx
R>0 {lz|<R}

p
(/ V(z)~ @b dac) = 00.
{l=[>R}
Then it holds either (i) or (ii) :

(i) There exists a non-negative function fo € LP(R™; V(x)dzx) such that f{|y|>|'\} foly)dy &
LY(R™; U(x)dx).
(ii) f{|y|>‘.|} f(y)dy € LYR"™; U(x)dx) for all non-negative functions f € LP(R™; V(x)dz), and

| s F a4

FELP (RN ; V ()da)\ {0}, £l e ;v (2)dz)

f : non-negative

1

S

La(R"; U(z)dx)

Remark 3.2. In [1], the following Hardy type inequality in the n-dimensional case was proved :
if

7

1
sup </ U(z) d:v) (/ Vi(z)~®'-D dx) < 00 (3.2)
R>0 \ J{|z|<R} {lz[>R}

then f{‘y|>|.|} f(y)dy € LY(R™; U(x)dzx) holds for all non-negative functions f € LP(R"; V(x)dx),

an
Hf{|y|>\ 1RAY }
sup

FELP(RM; V ()da)\ {0}, £l e ; v (2)da)

f :non-negative

La(R™; U(z)dx) < 00

Thus, the condition (3.2) is necessary and sufficient for the n-dimensional Hardy inequality to
hold.

11



We are now in the position to prove Theorem 3.1 :

Proof of Theorem 3.1. Let f be a non-negative function in LP(R™). Then since |y| > |z|
implies |z — y| < 2|y|, we see

(r=1)p’
r—1)p’ .
||G * f”L(r VP (R ; (wr)(z)dz) = /IR" </[y|>|z|} G; (—y)f(y) dy) (wrp)(x) d

(r=1)p'
> Gn(2 d wyrp)(z) dz.
> [ ( f . @i y> (1))

Thus, it is enough to show that either (i) or (ii) holds as follows:

(i) There exists a non-negative function fy € LP(R™) such that
/ G2 (2y) foly)dy & LU~ (R (wnip) (2)dr).
(>} °
(ii) For all non-negative functions f € LP(R™) it holds

/{ >} G (2y)f(y)dy € LUV (R™; (wyp)(2)da),

P

and

“ Hf{|y|>\ I} %( W) dwa VP (R™; (wrp)(2) da)
) = X
FELP(RM)\ {0}, I £1l e ()

:non-negative

Furthermore, by Theorem B, it suffices to show that

1 1
CT Py
sup (/ Ug(x)daf> (/ Vo(a:)(pll)da;> = 00, (3.3)
R>0 {lz|<R} {lz|>R}

(Uo, Vo) = (wrgo,G%(Z-)_p) .

Indeed, once (3.3) has been established, then by applying Theorem B, we obtain either (i) or (ii)
as follows :

(i) There exists a non-negative function fy € LP(R"; G%(Qx)_pda:) such that f{‘y|>|_|} foly)dy &
LU=DP (R (wyp) (x)da).
(ii) For all non-negative functions f € LP(R"; G%(Zx)_pd:c) it holds

where

/{| \>|-\}f(y) dy € L(r—l)p’(Rn; (wyp)(z)dx),

12



and
Hf{\y|>| 3y /) yH
sup

FELP(R™ ; G n (22) —Pdz)\{0}, HfHLP(R”;G%(Qx)*de)
p

f :non-negative

LO=1p" (R™ ; (wr)(z)dz) _

By setting fo(z) := fo(z)G= (22) " or f(z) := f(x)G=(22)~", we have the desired facts. Hence,
p p
it remains to prove (3.3).

Obviously, we may assume f{\w|<R} (wrp)(x) dz < oo for any R > 0. Note that

log(e +t) log(e+ 2)
max = .
>2  logt log 2

Then we see for any 0 < R < %,

/[x|<R} (wrp)() da = /{x|<R} [log(e + ;)} B 2| "o (x) d
- [W] /{|x|<R} [log (é')} 2 p(@) da

R —-r
1 dt
=C 1 - o(t) —

[l (3)] w0
where we set @(t) := ¢(x) with |z| = ¢ € (0,00). Define g(R) by
fo [log($) } t

[log ]
Then by using L’Hopital’s rule, we obtain

lim g(R) = lim [log(x)] " ()5 = lim ¢(R) _

R0 RIO (r — 1) [1Og( )] T}% ROT—1

g(R) ==

1
for O<R<§.

Next, we consider the integral f{‘$|>R} G (2x)" dx for R > 0. The latter estimate in (3.1)
p
implies that there exists a positive constant 0 < dyp < 1 such that Iz (x) < 2Gn(z) for all
P P

0 < |z| < dp. Then for any R with 0 < R < %0, we see

/

! / 1 p
/ G (22) du > / G (20 da > / ([n(2$)> "
{lz[>R} {R<|z|<%} P {R<|z|<0} 2°p

_ do
:C’/ x| "d:sz’log().
{R<z|<32} | 2R

Thus combining the above estimates from below, we have for 0 < R < %0

=l
wyrp)(x) dz Gn(22) dx
(/{|1<R}( #)e) ) (/{m|>R} 2 )
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e



1

([ ) 02) ()
i (g(R) [log <;>]—(r—1>

(r=1)p’ 50 »
s (7))
log(%)

log(+)

N——

1
= Cyg(R)0-1r <1 +
which implies (3.3). Thus Theorem 3.1 is proved. O
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