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Abstract

We prove several integral identities for Green’s function of the
polyharmonic operator (—A)P,p € N under the Navier boundary con-
ditions. As an application, we prove the nondegeneracy of the critical
point of the Robin function associated to the Green function on some
symmetric domains.

1 Introduction.

Recently, many authors have been interested in the study of linear and nonlin-
ear elliptic partial differential equations involving the higher-order differential
operator, see for example, the recent book [5] and the reference therein.
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In the following, we fix p € N and let G = G(x,y) denote the Green
function of (—A)? under the Navier boundary condition:

(=A)PG(y) =0, nl,
G(ny) = (ZA)G(,y) =0 mdQ(j=1,---p—1),

where  is a smooth bounded domain in RY, N > 2p. Decompose G as

G(z,y) = I'(x,y) — H(x,y), where I'(z,y) is the fundamental solution of
(—A)? on RY defined as

CN7 |$ - y|2pr7 N > 2p,
[(z,y) = { )

where
2T(5 - p)
Cnp = 2 ., N >2p, 1.1
N,p 22p(p_ 1)']:‘(%)0']\7 p ( )
1
C, = N = 2p, (1.2)

T {2 (p - D1YPoy,

and oy = Ig(wa\’//; is the volume of the (N — 1) dimensional unit sphere in RY.
H = H(z,y) € C*(Q x Q) is called the regular part of the Green function,
and satisfies

{ (—AVH(-y) =0 inQ,
(=AY H(,,y) = (=AYT(,y) ondQ(j=0,1,---p—1).

Note that the coefficients in the expression of I'(x, y) are determined by the

formula HAP-IT
(—1)p/ e CLUFR (1.3)
9B-(0) vy

here v is the unit normal vector to 0B,(0). Finally, let R(y) = H(y,y) denote
the Robin function of the Green function of (—A)? with the Navier boundary
condition.

In this paper, we prove the nondegeneracy of critical points of the Robin
function on some symmetric domains. More precisely, let €2 be a smooth
bounded domain in RY, N > 2p, which is symmetric with respect to hyper-
planes {z; = 0} and convex in x;-directions for ¢ = 1,--- , N. This kind of
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domains are sometimes called Gidas-Ni-Nirenberg domains (GNN domains
for short) after the famous paper [6]. We will prove the Hessian matrix of the
Robin function associated to the Green function of (—A)P under the Navier
boundary condition computed at the origin is diagonal and all diagonal el-
ements are strictly positive. For the second order case (p = 1), this result
was former proved by M. Grossi [7]. Basically our strategy of the proof is
to follow his argument faithfully. However, in the course of the proof, we
need to generalize some integral identities relating boundary integrations of
the Green function to the Robin function, which, in turn, originate from the
paper by Brezis and Peletier [1].

As for the second order case, it is known that the Robin function of —A
with the Dirichlet boundary condition is strictly convex and has a unique
nondegenerate critical point (global minimum point) on a bounded convex
domain. This important fact was first proved by Caffarelli-Friedman [2] when
N = 2, and later extended to N > 3 by Cardaliaguet-Tahraoui [3]. Whether
the same result holds true for the Robin function of (—A)? with the Navier
boundary condition is completely open. We hope the theorem mentioned
above could shed light on this subject.

This paper is organized as follows. In §2, we recall some well-known facts
on the Green function of (—A)? under the Navier boundary conditions. §3
will be devoted to the proof of integral identities mentioned above, and we
hope that this part would be useful in itself for some readers. In §4, we will
prove the nondegeneracy of the critical point of the Robin function on GNN
domains. C' will denote various constants from line to line until otherwise
stated.

2 Preliminaries.

In this section, we recall some elementary facts that are useful later. First,
we recall Green’s 2nd identity

[ 1@rng - rarg)as
L e (e o

which holds for smooth f,g.




In the following, we set Gi(r,y) = (=AY G(x,y) for j =0,1,--- ,p— 1.
Then G satisfies

—AG; =Gy mQ, (j=0,1,--- ,p—2),
-A,G, 1 =06, inQ,

Gi>0 inQ, (j=0,1,---,p—1),
G;=0 ondQ, (j=0,1,---,p—1).

(2.2)

Note that @p_l is the Green function of —A under the Dirichlet boundary
condition. By using these symbols, the well-known Green’s representation
formula for the unique solution to the linear problem

(—AYu=f inQ,

where f and g; are smooth functions, can be written as follows:

uty) = [ G dw—z / (aG“”))gpm)dsx (23)

for y € Q.
Also we need a version of Pohozaev identity for the polyharmonic equation

(=AYu= f(u)inQ, ueC?*(Q) (2.4)
without boundary conditions.

Lemma 2.1 Assume f € C'(R,R). Then

/Q [NF(u) — (N ; 219) uf(U)} dr = /aﬂ(x V) (F(u) - %uf(u)) ds,

2/[<><> v,

(2.5)

holds for a solution u € C*(Q) to (2.4), where F(u) = [} f(



More general version is known, see [8], [9] and so on. We show a proof of the
above lemma in order to make this paper self-contained.
Proof. By Green’s 2nd identity (2.1) with f = u, g = (2 - Vu), we have

/Q [(APu)(z - Vu) — uAP(z - Vu)] dx

B LI e 0o (B

Note also that
Al(z-Vu) =2jANu+ (- VAY), (j=0,1,2,--)

which is easily shown by induction. Thus,

/ ulAP(z - Vu)dr = 2p/ ulAPudzr + / u(z - VAPu)dx
Q Q

= 2p(—1)p/9uf(u)d:c—|- (—1)p/Qu(x -V f(u))dx

:(—1)p{2p/9uf(u)dx+/9div( (uf da:+/N u) —uf(u }
= (

1y {/Q (NF(u) — (N — 2p)uf(u)} dz + /a @ v)uflu) = F (“))d%} ’

where we have used (2.4) and the formula u(z-V f(u)) = div (x(uf(u) — F(u)))+

N(F(u) —uf(u)).
On the other hand,

/(Apu)x Vau)d /f (z- Vu)d
/{dw (xF(u)) — NF(u)} dz = (-1 )p{/m(xw)F(u)dsgc—/QNF(u)dx}.

Combining all together, we have

(—1)p{/( u)ds, — /NF dx} ZBk

{/ NF(u) — (N — 2p)uf(u )dx—i—/m(az'y)(uf(u)—F(U))de}7
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which implies the lemma. O

3 Integral identities for Green’s function of
(—A)? with the Navier boundary conditions.

In this section, we will prove some identities for the Green function of (—A)P
under the Navier boundary conditions. Part of these formulas were former
proved by Brezis and Peletier [1] when p =1, N > 2, Ren and Wei [10] when
p =1,N =2, Chou and Geng [4] when p = 2/ N > 4, and Takahashi [11]
when p =2, N = 4.

Theorem 3.1 For any y € €2, we have

(1)

£ Lo (552) (P02 - v
— (3.1)

when N > 2p, and

£ oo () (25

k=1
when N = 2p, where C, is defined in (1.2).

(2)
[ (o) (o) o 51

k=1
fori=1,--- N when N > 2p.

(3)
0
dy;

k=1

S, (5e) (S P

for1<i,j<N,NZ=>2p.




Here v = v(x) is the outer unit normal at x € OS).

Proof. First we prove (3.1). We may assume y = 0 and choose r > 0
small such that B, := B,(0) CC 2. We apply the Pohozaev identity (2.5) in

Lemma 2.1 to
(=APG(+,0)=0 inQ\ B,
G(-,0) = (-A)YG(,0)=0 ondQ(j=1,---p—1).

Thus we obtain

P k-1
Z/asz (8A€9V G) APz - VG)ds,
k=1 r

L0 (255 .
(3.5)

where G = G(z,0). Since AP™*(z-VG) = 2(p — k)AP*G + (z - VAPFG) =

<m‘g¥) (- v) on 0N, we have

LHS of (3.5) = é /6 Q(x ) (8Ak;(j(a:,0)> (aApl;S(g;,O)

On the other hand, inputting G(z,0) = I'(x) — g(x) where I'(z) = T'(z,0) =
Cnplz|?™N, g(x) = H(x,0), we see

p

) dsy. (3.6)

RHS of (3.5) = Y (Iix — Log — I + Lug) (3.7)
k=1
where
r k—1 p— k
]1k:/ (M F) AP7F(z - VT) — (AF'T) (aA (z- V) )} dsy,
’ 0B, | ov,
r k—1 p— k
I :/ <8A F) Apik(l" Ak 1F (aA (z- V9) )} dsy,
o8, | v,
r k—1 p— k
[37]6 :/ (aA g) Ap_k<33' Ak 1 (aA x VF ):| de,
o8B, | oV,
r k—1 p— k
Iyg :/ (0A g) Ap_k(x Ak g <8A (z-Vg) )} ds,.
o8, | v,




First, we easily see that I, = o(1) asr — 0 for any k =1,2,--- ,p.
Next, we set ['(r) = Cy,r*»~" for r = |z|. Then by induction, we have

-1

l
A'T(r) = C’NpH —N—2i H (2p — 24)r N2
=0 j=1
= AN (1=0,1,2,--- ) (3.8)

where in this formula, we agree the convention that [[—,'(---) = ;jl)( )=
1. Also, on 0B,, we see that

AT

(88 ) = (AZF)/ (r) = (2p — N — 2[)Ayr?~ V=21
Vg

(ZL‘ . VAZF) (gj) =r (AZF)’ (7") _ (2p _N— 2Z)Alr2p_N_2l,
Al (x . VF) = 2IA'T + (l’ . VAZF) _ (2]9 _ N)Alr2pr72l’

Al (z- VD) _N—21—
(('T = (&'(z- VD)) (1) = (2p = N)(2p = N = 20) A2~ =21
(3.9)
holds for [ = 0,1,2,---. Note that, by the formula (1.3), we have
OAP~ID(2,0
(—1)” = / %d% —(2-N)A, on.  (3.10)
0B, (0) Vg

Therefore by (3.8) and (3.9), the integrand of I j is

(@A;V:F) APF(z - VI) — (AFIT) (aAPZZ' VF))

= A 1(2p — N — 2k 4 2)rP N2k (2 — N)A, jr?N
. Ak,17”2p7N72k+2 . Ap7k<2p _ N)(Qk' _ N)TZkafl
=2(2p— N)r# 2N A, A, (p—2k+1),

thus
Ly =20n(2p — N)r?P " NA, A, 4(p— 2k +1).

Since we easily check that

p
> A1 Ay i (p—2k+1) =0

k=1



for any p € N, we obtain that > 7 _, I = 0.
For I, by (3.9) we see that

OAF-IT K 2p—2k 1-N :
APz - Vg)ds, = CrP==" . r (smooth function) ds,
0B,

ov, 9B,
=o(l) asr—0, ke{1,2,---,p—1}.

Also when k = p,

APTIT
/ (8 ) (x-Vg)ds, = Crl_N/ r (@) ds, — 0 asr—0.
OB, ay:c OB, 81/

Similarly, we have

AP~ (-
/ (A1) (0 (= Vg)) ds, = Cr?P=2k+1 -rl_N/ (smooth function) ds,
B,

ov, OB,
=o(l) asr—0, ke{1,2,---,p}.

Combining these, we obtain Iy =o(1) asr — 0 forall k =1,--- ,p.
For I3, we see by (3.9),

aAk—lg
/ ( ) AP~ (z - VT)ds, = Cr*1. rl_N/ (smooth function) ds,
9By vy 8By

=o(l) asr—0, ke{l,2,---,p}.
AP~F(z - VT
/ (AF1g) <3 (z-V )) ds, — Cp2k=2 . p1=N (AF1g) ds,
9By, vy 9By
=o(l) asr—0, ke€{2,3,---,p}.

On the other hand, when k =1,

/aBT g(x) (aAp_ﬁ(i' VF)) ds; =(2p—N)(2—N)A,_; - =N /a& g(z)ds,
— (2p—N)(2—N)A,_1-ong(0)
= (2p — N)(=1)"9(0)

as r — 0, here we have used (3.10). Combining these, we obtain that

3= [ gt (BT ot = (V-1 g 0 4)
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asr — 0.
Returning to (3.6), (3.7) with these estimates, we obtain

which leads to (3.1) when N > 2p.

Next, we prove (3.2) when N = 2p. We treat the case when p > 2 only,
since the formula for p =1 (N = 2):

w9 vio) (2820 g, - L
o0 vy T

holds for any y € {2 similarly.

Now, I'(r) = —C, log r where C,, is defined as (1.2), therefore, we have on
OB,,

l
AT(r) =271 — 1>!CPH<2i —op)r = B2,

i=1

(a;:;r) = (A'T) (r) = (—20)Byr 2,
(z-VAT) (z) = r (AT (r) = (=20) B, 7%,
Al (z-VT) = 2AT + (z- VAT) = 2By~ + (—20) Byr— = 0,
Al (x - VT)
v,
for I = 1,2,--- p. Note that APT'(r) = 0. Just as before, we have (3.5),
(3.6), (3.7), and Iy, = o(1) asr — 0 for k =1,--- ,p.
For I, since AP~*(z - VT) = %ﬁvr) =0 for k # p, we have [, =0
for k € {1,2,--- ,p—1}. On the other hand, since
- VI =7 (T(r) = -C,,
OAP~IT
v

= (Al(z- VD)) (1) =0 (3.11)

= (A7) (1) = By (2 = 2p)r' 7, (p 2 2),

we see

e [ (35 o0 0 (5

/ (=Cp)By_1(2 — 2p)r'~*Pds, = B, 1C,2(p — 1),
0B,

10



Again we check that 2(p — 1)B,_109, = (—1)?~! by (1.3). Thus we have

0, ke{l,2,---,p—1},
Iy = .
(=) 'Cy, k=p.

Also, since AFID(r) = B,_yr~ 20 980y = By (2 — 2k)r'=2* for

ke€{2,3,---,p}, we easily check that I, = o(1) as r — 0 just as before for
ke{2,3,---,p}. For I, we see

ary . OAP(z - Vg)
_ p=1(. . —
m [ () e v - (50 |
p—=1( .
:/ (—o) (L Ap—l(x.Vg)dsx+Cp/ logr (227 NV9) 4o
B, r OB, Oy

= (2 4 1% ogr) / (smooth function) dw
S2p—1
=o(1)

as 7 — 0 when p > 2. Thus we have Iy, = o(1) for all k € {1,2,3,--- ,p}.
For I3y, since AP~*(z-T) = 0 for k # p, we see I3, = 0 for k # p. Also,
since z - VI' = —C,, we see

L[5 o0 (55

OAP~1g
G [ () = o)
asr — 0.

Returning to (3.6), (3.7), we obtain

which ends the proof of (3.2).
To prove (3.3), we apply Green’s 2nd identity (2.1) for f = G = G(z,0),
g =G, on Q\ B.(0). Since APG = (APG),, =0 on Q\ B,.(0), we get

0= i/ (aAHG o6,
o0\ B,

p—k _ k—1
— v, )(A G)x <A G)( v,

11

dsg,




which leads to

ARG N
[ ()

IA1G 5 (AG)
p—k o k—1 N T

kz /8 . ( - ) (artG) — (AR1G) ( = ds,.

(3.12)
Since (AP—kG)xi = (%) vi(z) on OS2, we see
- OAF1G(z,0)\ [ OAP~*G(x,0)

LHS of (3.12) = kz:;/{m ( B0, ) < B0 ) vi(z)ds,.

(3.13)

On the other hand, inputting G(z,0) = I'(z) — g(z), g(x) = H(z,0) as
before, we obtain

p

RHS of (3.5) = Y (Jix — ok — Jsk + Jak) , (3.14)
P
where
o L (5o (P o
= [, (B e, -won (L5 e
o [, () o (25
Jun = /aBT :(aAaky:g) (A77Fg), — (aMg) (a (A;: . )] .

Again, we see that Jy =o(1) asr — 0 for any k =1,2,--- ,p, N > 2p.

12



Now, we treat the case N > 2p. In this case, since AT’ = A;r??=N=2 by
(3.8), we have

(AZF) = A(2p — N — 20)r?P=N=271 (1),

Ty

o(AT) 4
2 g (A
v, r v ( >mz
_— A(2p—N—-20{(2p— N — 2] — 2)7“23’_]\[_21_3%E N2
r r
= A(2p— N —20)(2p — N — 2] — 1)r?~N=272,() (3.15)

for 1 =0,1,2,--- on 0B,, here ¢; = Vz; and we have used v;(x) = % on 0B,
fori=1,2,--- ,N. By (3.8) and (3.15), we have

- OAFITN o [O(APTT)
na= [ (P ) @, e (S, )

_ C/ ,,,,2p—N—2k;+1 . T2k_N_1Vi<l')de o Cl/ r?p—N—Qk—f—Q . T‘Qk_N_2V7;(.T)de
OBy 0By

= C//TQ(pN)/a Vi<x>d52 = 07 k S {1’ 2 T ’p}’
B,

here we have used [, vi(z)ds, = 0.
As for the estimate of J,, as in the proof of (3.1), we see

OAFT —k 2p—k) 1-N :
(AP7*g) ds, = Cr*P=H .y (smooth function) ds,
o8, \ Oz o 0B,
=o(1), (k=1,2,---,p—1)
APTIT
/ (8—) Gz, dsy = Ap1(2 — N)rlN/ Gz dSz
9B, Oy 9B,
= Ap1(2 = N)onga;(0) = (=1)792,(0),

a9 (AP *g)
/ (A1) 0T ) s, = Okl rl_N/ (smooth function) ds,
9B, vy 9B,

:O<1) (k:17277p>
Thus we have

PR L ke{l,2,-p—1}
)P (0) +0(1), k=,
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asr — 0.
As for the estimate of J3, we see

o k—1
/BB (8Aay g> (AP—’“F)% ds, = Cr?k=2 . p1=N /83 (aAaV g) vi(z)ds,

=o(l), (k=23---,p),

o (AP=kT
/ (Ak_lg) ( ( . )x> ds, = Cr2=3. Tl—N/ (Ak—lg) vi(z)ds,
OB, T 0B

=o(l), (k=23---,p),

thus we have J3;, = o(1) for k € {2,3,--- ,p}. Now, we estimate .J5;. For
smooth g, we have

/ ( % ) vi(z)ds, = / ﬁ: ﬁy(:p) vi(z)ds
0B, ayx 4 x 9B, o al’j J 1 x
N N
dg dg > 09
= —(x) — =—=(0) | v;vds; + —(0)v;1;ds,
jzl/m(axj“ 30 v+ 3 [ o,

_ 09 , \ON N_
_ ) N-1 YY WON N-1

where we have used

0, (i # J),
0B, N r ) (Z - j)
Thus we obtain

[93 (885 ) (Ap_lf)xi dsy = Ay 1(2 — N)r'™N /63 (881;(] ) vi(z)ds,

— A, 1(2— N)UWNQIZ.(O), asr — 0.

Also by Taylor expansion, we have

0 (A?’_lF)x_
/ g (—) ds,
OB, 31/1

= A4 2-N)A =Ny /aB (9(0) + Vg(0) - & + O(|z]*)) v;(x)ds,.
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Since

TN/ g(0)vi(x)ds, =0,
OB,

r_N/ O(|z]*)vs(z)ds, = O(r* M) x O(r*™™) = O(r) — 0,
OB,

N
dg __ON dg
> 50 [ s =552 0),

T_N/ (Vg(0) - ) v(2)ds, = N
8B,

we obtain that

o (AP, on Og
/BBTg (8—%) ds, — Ap-1(2—=N)(1 — N)Wﬁxi (0)

as r — 0. Thus, by (3.10), we have

Jo = Apa(2 = N)590,(0) = Ayt (2= N)(1 = N)2g,(0)
= Ap1(2 = N)ongs,(0) = (~1)"g,,(0).

Returning to (3.13), (3.14) with the above estimates, we have

ki: /m (aAk;i(:p,O)) (am;i(g;, 0)> (0. 9)wi(@)ds,

=0—Jop — J31+0(1) = —(=1)g4,(0) — (—1)"g,(0) + o(1)
= (=1)" 'R, (0) + o(1)

where we have used that g,,(0) = -2 H(z,0)

ox;
we have (3.3) when N > 2p.

Next, we prove (3.3) when N = 2p. The argument is almost the same
as before, so we should be brief. Again we only treat the case p > 2, since
the formula was proved in [10] when p = 1. Recall I'(r) = —C},logr and
AT = Br=2forl=1,2,---, on dB,, here By is defined in (3.11). Note that
B; =0 for [ > p. Thus if we put

= 1R,,(0). Letting r — 0,

=0

l
B = (=21)B = —C,2'I' [ ] (2i — 2p)

=1
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and we agree the convention that BO = —C),, we have
(AIF) = B~y (x),
o (AT -
% = — (20 + 1) Byr~ 2 2y(x) (3.16)

for 1 =0,1,2,---, on dB,. By using (3.11) and (3.16), we obtain, as before,

Jl,k:07 k€{1727 7p}7

0(1)7 k€{1727"' 7p_1}7
Joge =4

Bpflo'Ng:ri(()) +0(1>7 k =Dp,
JS,k = O<1)7 ke {2737 e 7p}7

g

Iy = By 500, (0) = { =20 = DBy 592, (0) | +0(1)
— ~p—lo-NgZ‘i(0) + 0(1)

as r — 0, where Bp,laN = (-
we obtain (3.3) when N = 2p.

Finally, we prove (3.4). Differentiating (3.3) with respect to y;, we obtain
0*R
EEC)
Yi0Y;

” 0 (0Gi-1\) [0Cys 0G),_, 0 (0G,_
-3 [ o (o)} () o () monay, (5t o

Note that (gi (x, y)) i(z) = 8G 7o (x,y) for any j = 0,1,---,p—1 on 00
since G; = 0 on 9). Thus we have

>R z 0 (0G a@p_k OGr 1\ 0 (0G,

ow @ =2 (Lo Cont )} (o) (50 (5 =
N
1 0% Ty dy

i/ (a@k1$,y>i< pkﬂl?y)S
=1 Y 00 T 0 ’

1)? by (1.3). Thus returning to (3.13), (3.14),

=2
=2
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4 Nondegeneracy of critical points of the Robin
function on symmetric domains.

In this section, we prove the nondegeneracy of the critical point of the Robin
function associated to the Green function of (—A)? with the Navier boundary

conditions on some symmetric domains. Let Q C RN (N > 2p) be a smooth
bounded domain. We call 2 a GNN domain, if the followings hold.

(H1) Q is symmetric with respect to hyperplanes {z; =0} (i =1,--- ,N).
(H2) € is convex with respect to z;-directions (i =1,--- , N).

See [6]. Note that a GNN domain need not be convex.
In this section we prove the following theorem, which extends the result
obtained by Grossi [7] when p = 1 to the general case p € N.

Theorem 4.1 Let Q@ C RV, (N > 2p) be a smooth bounded domain with
(H1), (H2). Let R = R(y) be the Robin function of (—A)? under the Navier
boundary condition. Then we have

v,R0) =0, 21 :{0 (#39),

0y;0y; a; >0 (i=j)
holds true.

We proceed as in [7]. First, we prepare some lemmas. In the following,
let us denote x = (z1,2') € Q, 2/ = (zq,+ -+ ,xy) € RN 7L

Lemma 4.2 Assume ) is symmetric with respect to the hyperplane {x; = 0}
and set Qo = QN {xy = 0}. Then for any yo € Qo, we have

ak«Il?I/)ﬂyO) = Ek((_xlux/)ay0)7 Vk = 1727 Y Y 1.

Proof. By Lemma 2.1 of [7], we know that G, 1(z,0) is even with
respect to x;-variable. Let us fix any ¢ € C3°(€2). By (2.2), —AG,_a(z,90) =
Gp1(, ) for x € Q. Since Q is symmetric with respect to the plane {x; =
0} and yo € €, we also have —AG,_1((—x1,7'),90) = Gp_1((—11,7"),%0),
thus —AG,_1((—21,2"),y0) = Gp_1(x, 1) for x € Q, since G,,_1(x, yo) is even
with respect to x;.
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Multiplying ¢ to these equations, we get
[ A5G al(w1.5).00) = VGyal(—1.2') )} - Vo) =0
Q

for any ¢ € C5°(Q). This implies that G, (-, 9o) is even with respect to ;.
By induction, we obtain the result. O

Lemma 4.3 Assume ) is symmetric with respect to the hyperplane {x; = 0}
and let g, (k=10,1,2,--- ,p—1) be odd functions with respect to x1. Then,
the unique solution u of the problem

{ (=AYu=0 inQQ,

p _ (4.1)
(—A)Y'u=g; ondQ(k=0,1,---p—1),

is also an odd function with respect to xy.

Proof. For z = (z1,2/) € Q, let us denote 2* = (—zy,2’). By the
symmetry, we see * is also a point in €. Define v(x) = —u(z*) for x € €.
Then, by the oddness of gi, we obtain

(=A)v(z) = = ((=A)"u) (z) =0, z€Q,
(=A)*v(z) = = ((=A)*u) (¢¥) = —g(z") = gi(2) = (=A)*u(z), = €0Q,
for k=0,1,---p— 1. That is, v is also a solution of (4.1). Therefore by the

uniqueness of the solution, we obtain that v = u, which proves the lemma.
O

Now, we prove Theorem 4.1.

Proof of Theorem 4.1.

By Lemma 4.2, we see that (ﬁ

ox1
toxy for k=0,1,--- ,p—1. Now, let u be the unique solution of the problem

(=A)Pu =10 inﬁQ,
{ (—A)y = — <M> (%) ondQ(k=0,1,---p—1).

> (-,90) is an odd function with respect

(4.2)
ox1

By Lemma 4.3, we confirm that u is also odd in ;. Therefore, we have u = 0
on the hyperplane {z; = 0}, which implies

ou ,
(a—x]) (yo) =0 forj=2,3,---,N. (4.3)
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Note that the same oddness holds for g (z) = (—A)*u(z) for k = 0,1, ,p—
1. We see w;, satisfies

_Aﬂk:ﬂk—i-l in Q, (]{IZO,]., 7p_2)7
—Aﬂp_l =0 1in Q, (44)
ﬂk:_<%> ('7y0) Onan (kzoalavp_l)

Recall Gi(x,y0) > 0 for x € Q and Gi(z,y0) = 0 for 2 € 09 for any
ke {0,1,---,p—1}. By the assumption (H2), we have (%) (-,0) > 0 on
{1 < 0} NOQ. Also wy = 0 on QN {x; = 0} by the oddness of T in .
Then the maximum principle applied to the cooperative system (4.4) on the
domain 2 N {z; < 0} implies that ux(z) < 0 for x € QN {x; < 0} for any
k=0,1,---,p— 1. By applying Hopf lemma in the domain QN {z; < 0},

we also have (%) (yo) >0 forall k =0,1,--- ,p—1. In particular, we have

u(z) <0in QN {z; <0} and
(5 ) w) >0 (45)

On the other hand, by Green’s representation formula (2.3), we see the
unique solution of (4.2) can be written as

L () ().

Differentiating both sides with respect to y; leads to

ou £ / %) <8@k1(a:,y)> <8§pk(x,yg)>
- — —_ dsy.
dy; ) ; o0 9Y; vy Oy

Now, compared this to the formula (3.4) in Theorem 3.1:

1 0°R OGy_1(, y)) (agp—k(xay))
1 _ ds,,
28918% 2/89 9y; < Ve O ’

and using (4.3), (4.5), we confirm that

(321§Jj) (40) = (%) (o) =0, (j=2,---,N),
(?;yl) (%) = (5—;) (%) > 0.
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By changing z;-axis to another one, we obtain the desired result. O
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