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Abstract

In the present paper, we consider sampling theorems on Banach func-
tion spaces. Here we obtain a necessary and sufficient condition. For
the latter half of the paper, we consider sampling theorems in terms of
wavelets.
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1 Introduction

Recently to unify the results in harmonic analysis, we consider Banach function
spaces. Following [3], let us recall the definition of Banach function spaces. By
Banach function norms on R", we mean the mapping || - || x : L. (R™) — [0, o]
satisfying the following conditions below.

1. For all f € L] _(R"), || f]lx > 0 and equality holds if and only if f = 0.

loc

2. Forall fe L. (R") anda € C, |la- fllx = la| - ||fllx-

loc

3. For all f,g € Li,.(R"), [If + gllx < [Ifllx + llgllx-
4. For all f,g € LL (R™), if |f| < g|, then ||f|lx < |lgllx-

loc

5. We have ||sup f;|| = sup | f;lx, whenever {f;}32, C Lj . (R") satisfies
JEN X J
O<fisfo<---.

6. If F is of finite measure, then xp, the indicator function of F, satisfies

lIxF||x < co and there exists a constant c¢g > 0 such that / |f(x)|de <
F
crllfllx.

We denote by X the set of all f € LL _(R™) such that || f|x < co. Then X is

loc
a normed space. We assume in the present paper that X is a Banach space. A

Banach function space on R™ is a Banach space that can be realized in this way.



The sampling theorem is fundamental not only in harmonic analysis but also
in other fields of engineering We review the classical results For definiteness,

define Ff (¢ /f e” S dy, F71f(x) /f £)e® s de.

Theorem 1.1. Iff € L?(R) has frequency support n [ 27 W, 2 W] for some

sin(r(2Wt — k))
W > 0, then the reproducing formula f(t) Z f ( > _— 2
W 2W T(2Wt — k)

holds, where the right-hand side converges in L*(R) and uniformly over R. Ad-
E O\ 2
7 (o)
This result has a long history. The main people involved are Ogura, Shannon,
Someya and Whitaker. There are a vast amount of literatures and we refer
especially to the original papers [18, 20] and an account [4, 17] for more details.

It is known that the classical theorem above is generalized to the case LP(R™)
(1 < p < o0) as the following form.

ditionally we have the norm equality || 172z = W Z
k=—oc0

Theorem 1.2. Let 1 < p < oo. If f € LP(R™) has frequency support on
[—mr, 7r]" for some r > 0, then the norm equivalence

k
Cp‘nrn/PHfHLp(Rn) < (Z f (T‘)

kezn
holds, where Cp, > 1 is a constant mdependent of n, v and f. Moreover the

reproducing formula f(x Z f( ) H w holds, where the

ot w(re, —ky)

right-hand side converges uncondztzonally in L”(R”).

p\ /P
) < "1™ fll Lo ey

Gensun has initially proved Theorem 1.2 in [10] where the statement on
unconditionally convergence is unclear. Later an alternative proof containing
unconditional convergence has been given by Ashino-Mandai [1].

To formulate our results, we introduce notations. Write Q(r) := [—r,7]™ for
r > 0. For a closed subset Z of R", let us denote by S’'(R™)z the set of all
f € 8'(R™) whose Fourier transform is supported on Z. For j € Z and m € Z",
we write Q. =27 m + [0, 277)". We employ sampling theorems to learn the
size of f € §'(R™)z in terms of a certain norm from the data {f(m)}mezn. Let
A, B > 0 be a real numbers. The notation A < B stands for A < CB for some
constant C' > 0 independent of the main parameters. Meanwhile, A 2 B means
B < A. Finally A ~ B stands for A < B and B < A. With this notation, we
prove the following theorem first.

Theorem 1.3. Assume that
In(@) = U+ Jz )72V 4 o) 72V (T 2 )) 2N e X (1.1)

for some N € N.



(1) We have the following norm equivalence.

-+ ) H
sup

su
yER" 1 + |y| 2N b

yeR™ 1+| |

mez™

Jor all f € S'(R™)qq)-

T > 1Fm)Ixqo. (- + )

X

(2) We denote by K the set of all non-negative sequences A = {Am tmezn
such that A, = 0 with finite number of exception. Then the following are

equivalent.

(a) For ally € R™ and A € K,

< L+l

Z )‘mXQo,m(' - y)

mezZ™

X mez"

(b) For all f € S'(R")gq1), we have

Z f(m)XQo,m

mez"

Ifllx <

b's
(3) The following are equivalent.
(c) Forall f € S'(R")ga) and y € R™, we have
1FC=9)llx S @+ y)*M [ f]x-
d) For all f € 8" (R™)p(1), we have
( QM)

Z f(m)XQo,m

mezr

~[Iflx-

X

(4) If we assume (1.4) for all f € 8'(R™)q(1), then

I/ (- + )l
sup IN+nt1
verr (1+1y])

1

1fllx ~

X

meZ”

Jor all f € S'(R™)qq)-

Z )\mXQO,m

ysélﬂgl(_i_ww Z £ (m)[xQo,.m (- +9)

X

X

(1.3)

(1.5)

Motivated by [19], we are led to consider the translation in the theorem

above.

We denote by M the HardyLittlewood maximal operator. That is,

(n) 1 .
MO f(z) := "d
1= gz, (i f o)



for a measurable function f : R™ — C, where Q(z) denotes the set of all cubes
whose sides are parallel to the coordinate axis and which contain x. Also, we
write M := MM, As a corollary, when the maximal operator is bounded, then
our assumptions are automatically fulfilled.

Corollary 1.4. If there exists 1 > 0 such that |[M™ f|x < |fllx for all
measurable functions f, then

I lx ~ [ Do Fm)xon

mezn

(1.6)

b's
Jor all f € S'(R")g)-
Here are some examples of X we envisage.
Example 1.5.
1. The simplest case is the one when X = LP(R") with 1 < p < co. Namely

Z f<m>XQO,'rn

mezr

| fllze@ny ~

L (R™)

holds for all f € LP(R™) NS'(R™)q(1). Comparing with Theorem 1.2, we
note that this norm equivalence is true even if p =1 or p = co.

2. Our theory is readily applicable to the weighted Lebesgue space X =
LP(R™, (1 4 |x|)® dx) for some a € R.

The same can be said for the space X = LP(R", w(z) dz) for some w € A,
with 1 < p < oo, where A, denotes the set of all weights w for which the
quantity

a= s (g [wwas) (g fwer ) <

when 1 < p < oo and

A (w) = liirfAH(w) < 00

when p = 1.

3. Orlicz spaces fall under the scope of Theorem 1.3. The definition of Or-
licz spaces are given as follows: First, by a Young function, we mean a
continuous bijection ® : [0, 00) — [0, 00). For such a function ®, we define

£l Lo ::inf{)\>0 : /7lq><f(;)|) dxgl}.

It is easy to see that ||-|| L= is a Banach function norm. For example, Orlicz
spaces can be used to describe the intersection spaces as the example
®(t) =t + t? shows.




4. Let p(-) : R™ — [1, 00] be a measurable function and consider the variable
Lebesgue space LP(*)(R™) (cf. [15]). According to [5, 7], if we assume

(a) For all |z —y| <1/2,

‘ 1 _ 1 ' < 1

p(x)  p(y) |~ —log(lz —yl)’

(b) There exists a constant p such that for all z € R™,
R

p(z) log(e + |z|)

then M is bounded on LP()/"(R™) for every number 7 such that 0 < n <
essinf{p(x) : € R"}. Hence ||M(77)f||Lp<.>(Rn) S Il pec) ) holds for
all f e LPC)(R™).

5. If we modify the argument, then we see that we can take BMO(R™) which
consists of all functions f satisfying

1 1
I fllBMO(®R) = Q:illll%esm/Q ‘f(x) — (IQ/Qf(y) dy)‘ dr < co.

The quasi-norm || - [gmo(r») becomes a norm when we identify functions
which differ by a constant. The maximal operator M is shown to be
bounded in [2].

Below we describe how we organized the present paper. Theorem 1.3 is
proved in Section 2. Section 3 deals with sampling theorems from the viewpoint
of wavelet characterization.

2 Proof of Theorem 1.3

The following lemma, which dates back to [8], was the starting point of the
sampling theorem and the (modern) theory of function spaces. This lemma
shall be used in the proof of Theorem 1.3.

Lemma 2.1. Let k € S(R™) be an auziliary bump function satisfying
XQ3) < K < XQ(3+1/100)-

Then any f € S'(R")qs) has the following expansion:

f=0@n7E Y fm)F k(- —m), (2.1)

mezn

where the convergence takes place in S’'(R™).



To prove Theorem 1.3 (2), we need the following lemma as well.

Lemma 2.2. Let N € N be arbitrary and fn given by (1.1). Then there exists
a function o € S'(R™)g(1) such that pn(x) ~ fn(x).

Proof. First observe that the function 7 of a variable ¢t € R, which is given by

r(t) = F o) t) = 1/ 2 - 22 (2.2)

s t

belongs to S’(R)[_1,1) and vanishes at 27Z \ {0}. Therefore, the function given

by
2N
= H 7 ()N (2.3)

belongs to S’(R™)g2n). Observe that it is non-negative and that it vanishes at
(27Z)" \ {(0,0,---,0)}. If we define

10N 10N 10N

ooy ey e e

l1=—10N la=—10N lp,=—10N

then we see that oy satisfies the desired property. O
Proof of Theorem 1.3.
(1) Let us first establish that

lfz+2)] o
sup N
zern (L+]2))2N ~ (1 + Iyl )N

> 1 m)xqo.. (z +v) (2.5)

mezZnr

for all z,y € R™. To this end, we freeze x and y arbitrarily and let us
estimate the right-hand side. Denote by m , the unique integer such that
r +y € Qo,m, - Then we have

1

[(ETE Z |f(m)|xqo...(z +y) =

mez"

Wﬁ(mm,y)l. (2.6)

Note that
(L4 [z +Jy)) = 1+ |z +yl. (2.7)

If we use (2.7) and the fact that |z +y — my | < n, then we obtain
Lt [z —mey| <A+ [y + [z +y —meyl) <A +n)(1+yl). (2.8)

If we insert (2.8) to (2.6), then we have

1 1
1+|y|)2N|f( WIS (1+\l‘—mm,y|)2N|f(mx’y)|
S Sup : 2N‘f(w)|7

weR™ (1 + |JI - U}l)



which proves (2.5). Next, let us establish that

Sty 1
SR P S T 2, e e 29)

To this end, we fix y € R™. Then, by virtue of Lemma 2.1, we have

f@+yl
(14 [y :

‘IJ" x4y —m)

A I

meR™

If we use the fact that x € S(R™) and (2.7), then we obtain

[fx+y)l |f(m)]

A+ DN > 2 (T4 e+ y—m)PN(1+ g~
|f(m)]
S 2 T lo—mpN
1
<W Z |f(m)IxQo... (z + ).

mezn

This proves (2.9).
From (2.5) and (2.9), we obtain

> 1Fm)Ixqo. (- + )

mezmn

-+ ) H

yER” 1 + |y| 2N yER” 1 + |y‘ 2N

X
and (1) is therefore proved.
(2) Assume (a) and that f belongs to S’(R"™)g(1). Then we have by (2.1) and
the fact that x € S(R™),
f@)]S D 1F )|+ o —m[)~2N "
mezn
If we use (2.7), then we obtain

:L')| 5 Z |f(l)|(]. —+ |x — l|)—2N—n—1

lezn

S Z (1+ |m|1)2N+n+1 (Z |F(DIxQo (2 — m)) . (2.10)

Zn ZEZTL




Consequently, we have

1
I71x £ || 3 gy (Z f<z>|mo,l<-m>>
meZ" lezn x
1
<Y | 2 SO —m)
mez" lezn x
1
- Z (1 + |m])2N+n+1 Z S =m)Xq.,
meZ" lezn X
. 1
- ngnoo Z (1 + [m][)2N+n+1 Z f{=m)xqo.,
mezn L€z, [l-m|<N

X

If we use (a) with X = {Ai}iezn = {|f(Dxqri<ny ()| }iezn, then we have

Z f(l)XQO,l Z f(l)XQO,l

1
Ifllx < Z T+ [t

mezn lezn X lezn x
(2.11)
Now assume (b). Since x[o,1]» < fn, we obtain
Z /\mXQo,m(' _y) 5 Z )\mfN(' _y_m)
mezn X mezZn X
By the definition of fx (1.1), we have
S AmfnC—y—m)| SO+DN | Y] Amfy(—m)
mezZ" X mezn X
S+ D Ao (- —m)
mezm™ X
Assuming (b), then we have
D Amen(=m)| S D0 AnxQom (212)
mezn X mezn X
If we use (2.12), then we obtain
> AmX@on C=w)| S A+ DD Amxaon|
mezn X mezn X

which proves (a).



(3) Assume first (¢). We take a function ® € S(R™) such that F® equals 1
on Q(1). Note that f = ¢, ® * f for some constant ¢, depending only on
n. By using (2.7) we have

Syl o [ Bt o,

(1 [y[)2hntt ™ (14 [y[)2N+nst

</ £l "
¥ o T o+ y = APV (L P

</ e
Y o Tt o — 2701
By replacing = with x + y, we obtain

syl o f IOL e [ M,
. . '

(1+ [y])2N+nt1 ~ 1+ |z — 2[)2N+ntl 1+ |2])2N+n+1

Consequently, since X is a Banach function space, we have

49l (= 2)]
Sup L. (L4 22N+t dZHX

yeibn (L+ [y
</ (= 2)

(1+ [2)2N+nt1 |
I1/11x
: /R Ar ey @8 Ml (213)

If we combine (a), (b), (2.11) and (2.13), we obtain (d).
Assume (d). By (2.10) we obtain

fz—IS D (1+|m|1>2N+n+1 (Z f(l)IXQo,l(x—y—m))

mezn lezm

~ ’

X

dz.

We obtain by using (c)

f(+y)l
sup 2N+n+1
yERn (1 + |y|)

X

Since (d) implies (a), we have

1
Z (1 + [m])2N+n+1 (Z |f(1 |XQ01( ym))

mezZn VAL

I =wllx <

X

S Z 1+|m|2N+n+l Zf )XQo, (- =y —m)

mezn

lezn X
L+ |yl + [m])*Y
N Z (1 + |m]|)2N+n+T Z FxQo,
GZTL leZ‘IL
~ (14 Jy))*NY Z FD)XQo.
lezn X




Assuming (d), we obtain

1FC=wlx < @+ 1y)*MIflx

Hence (c) was obtained.

(4) If we mimic the proof of (1) and recall Lemma 2.1, then we have

I/ + )l
<Ilsup —————22
7l S ||, v e |
1

SUp v g +

yeﬂgb (1 + ‘ |)2N+n+1 = |f |XQO m( y) N
for all f € S'(R")gq). If we combine this inequality with (2.13), then we
obtain (4).

O
Proof of Corollary 1.4. To prove Corollary 1.4, we need the following lemma.

Lemma 2.3 (Planchrel-Polya—Nikols’kij [21, p.16]). Let 0 < n < oco. Then for
[ €S (R")gq), we have

el o
S e~ M)

Once we admit Lemma 2.3, we obtain

Z f(m)XQo,m

mezn

SIMDflx S lx-
X

Observe also that

Z )‘mXQo,m(x_ )

mezn

(1 [yp™/7 ) [Z AmXQom] z)  (2.14)
mezZn

for all x,y € R™. To see this, first we observe that the left-hand side is made
up of at most 1 term. Let m be such that A\, xq,.,,(z —y) # 0. Note that

M X X@o] (&) ~ Pl (14 & = m]) =/,
Consequently, we obtain
Al X@om (& =) = (L4 [y)™ (1 + [y) """ Am|X o, (z — )
L+ [y)™" (1 + & = m)) (1 + |z —m — y)™7 | A
L+ g™ (1 + & = m]) =" Ap]
L+ [y "M [Nnxqq..] ().

I ZANRYANRZAN

Thus, (2.14) is proved.
If we use the boundedness of M (" we see that (a) holds. Therefore, the
reverse inequality being obtained in Theorem 1.3, we obtain the desired result.
O

10



3 The sampling theorems in terms of wavelets

Let ¢ € S(R) be a real-valued function satisfying

(@ Pl = o= (5 e (‘?ﬂ“i”))’

373
(€) IFQ©OF + om0 = 5= (€€ (0,2m),
(@) 0 FE) = F (-9 < = (€€R)

Define ¢! by
Fl(€) := —v2me'/2F0(£/2) {FO (€ +2m) + F (e — 2m)}.

Note that ¢! € S(R) is real-valued and its frequency support is contained in
8 2 2 8
the closed set [— -, —ﬂr] u {ﬂr, ﬂr] Let E :={0,1}"\ {(0,0,...,0)}. For

3 3 3 '3
each € = (e1,€9,...,€,) € E, we define
o(z) = H ©%(x,), V() = H o (z,) (z=(x1,22,...,2,) € R™). (3.1)
v=1 v=1

The construction of such functions is due to Meyer [16]. Actually, Meyer estab-
lished that the system
{®0.ktkezn U{Y5 ik }jenu{oy, kezn, ce B

can be arranged so that it is an orthonormal basis in L?(R"™). We also define
the following square functions:

1/2
If = (Z |<fa on,k>XQo‘k|2> )

kezn
1/2

Jf

o ) 2
ZZ Z ‘<f’ ;,k>2jn/2XQj,k

ecE j=0 keZm

To formulate our results, we recall the following definitions.

Definition 3.1. Let X be a Banach function space on R".

11



1. The space X is said to have absolutely continous norm, if f,g € X and
{fi}521 C X satisfies

sup |fj(x)] < g(x), lim fj(x) = f(z) (a.ex €R"),
jEN j—o0

then
lim ||f; — fllx =0.
‘]4)00

o0
2. A series Z f; of X is said to converge unconditionally, if, for all bijection
j=1

oo
o : N — N, the series Z fo(;) converges.
j=1

Recall that X’ denotes the associate space X [3, Chapter 1].
Lemma 3.2. Let X be a Banach function space on R™. Suppose the following:
(A1) The operotors M and J are bounded both on X and on X'.

(A2) The space X N L?(R") is dense in X and the space X' N L*(R") is dense
in X'.

Then we have
ITfllx + 1T fllx ~ I fllx (3.2)

for all f € X. If X has absolutely continuous norm, then
F=> {frvordpor+ DD > (fuh5 005,
kezn c€E j=0 kezZr
the convergence takes place unconditionally.

Proof. This theorem seems somehow known. However, it has never explicitly
appeared in any literature at least for Banach function spaces in general. So we
outline the proof. Since M is assumed bounded in X, I is bounded on X as
well. Since J is assumed bounded too, it follows that

I fllx + 17l x < 1Al x-

So the heart of the matter is to prove the reverse inequality, that is,

I fllx + 17l x 2 11 (3-3)

12



for all f € X. Since X N L?(R") is dense in X, it suffices to prove (3.3) for
f € XN L?(R"). In this case, for all g € X' N L?*(R™) we have

f(2)g(x) dx
R

< [ 0xan, @) P xy (@) do

kezn

ST [ U502 g, )5 712 P, (0] da

e€E j=0 kezZ"
< LFflx I gllx + 1 flx 1 Tgllx -

In view of the density assumption (A2) and the fact that (X')" = X [3, Chapter
1], we obtain the result.

Once we obtain (3.2), the unconditional convergence follows immediately.
O

Remark 3.3. The idea of using duality dates back to [11].
Here we envisage the following setting as examples.
Examples 3.4.

1. Let 1 < p < oo and w be a Muckenhoupt’s A, weight. Then J is bounded
on the weighted Lebesgue space LE (R™) (cf. [9]). Thus (A1) and (A2)
hold with X = L7 (R").,

2. Let p(-) : R™ — [1, 00] be a measurable function and consider the variable
Lebesgue space LP()(R™). The associate space of LP(*)(R™) coincides
with LP'()(R™), where p/(-) is the conjugate exponent of p(-). If p, :=
esssup{p(z) : * € R™} < oo, then the set of all infinitely differentiable
functions is dense in LP(*)(R™). According to [5, 6, 7], if we additionally
assume

(a) 1 <p_ :=essinf{p(x) : x € R"},
(b) For all |z —y| <1/2,
o) = p)| S o
~ —log(lz —yl)’
(¢) There exists a constant p(oco) such that for all z € R™,

1

Ip(z) — p(o0)| < M;

then M and J are bounded on LP(*)(R™). Hence (A1) and (A2) are true
with X = LP()(R™), provided the conditions above are satisfied.

13



If we apply Lemma 3.2, then we obtain the following results. Theorem 3.6
is recorded in [13].

Theorem 3.5. Let1 <p < oo, r > %, a = %r and let w be a Muckenhoupt’s A,
weight. Then for all f € LE (R") NS"(R"™)q(xr) we have the norm equivalence

(Z 7(£) xau (@)

kezn
where the implicit constants are independent of r and f. Moreover we obtain
the reproducing formula

f@) = r (’;) plaz — k), (3.5)

keZm

o\ 1/2
) ~ L f [z, ey (3.4)

L% (R™)

where the right-hand side converges unconditionally on LE (R™).

Theorem 3.6. Let p(-) : R™ — [1,00] be a measurable function satisfying the
following:

1. 1 <p_ <py < oo,

2. For all |z —y| <1/2,

1
Ip(z) —p(y)| < m7

3. There exists a constant p(co) such that for all x € R™,

1

Ip(z) — p(oo)| S m~

Letr >2/3, R := pr(/p==1/p1) g .= 3r/2. Then we have the norm equivalence

£(2) xau (@)

forall f € LPC )(R")OS’(R")Q(W), where the implicit constants are independent
of r and f. Moreover we obtain the reproducing formula

f@ =3 f (’;) plaz — ), (3.6)

keZm

o\ V/
) S B fllec @
Lr() (R

Rl o @ny S (Z

kezZm

where the right-hand side converges unconditionally on L”(')(R").

14
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