NONEXISTENCE OF MULTI-BUBBLE SOLUTIONS
FOR A HIGHER ORDER MEAN FIELD EQUATION
ON CONVEX DOMAINS
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Abstract. In this note, we show that there does not exist any blowing-
up solution sequence with multiple blow up points to a 2p-th order
mean field equation
_ V(z)e" : 2
{ (—A)pU—pW IHQCRP,

(~AYu=0 ondQ (j=0,1,-p-1)

for p € N, if a bounded smooth domain 2 is convex and the function
V satisfies some conditions.
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1. INTRODUCTION

Recently, many authors have been interested in the study of non-
linear elliptic partial differential equations involving the higher-order
differential operator, because of its connection to the conformal geom-
etry. One of the most important conformally invariant differential op-
erators on a four-dimensional Riemannian manifold (M, g) is a Paneitz
operator, defined as

2
P, = A2 -4, (gsg — 2Ricg) d
where A, denotes the Laplace-Beltrami operator with respect to g, d,
the co-differential, d the exterior differential, S, and Ric, denote the
scalar and Ricci curvature of the metric g. By this symbol, the equation
of prescribing @-curvature on (M, g) is described as

Pyu+2Q, = 2Q, "
1
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where @), is the Q-curvature of the original metric g, @,, is the Q-
curvature of the new metric g, = e*g. If (M, g) is R* with its stan-
dard euclidean metric, the Paneitz operator P, is nothing but A = AA
where A = Zle 8%; is the Laplacian in R*, and the equation of pre-
scribing Q—curvaturé becomes of the form

V(x)et

Ay =p—?
v= pfﬂ r)etudr

See for example, [7], [10], [8] and the references therein.
In this paper, we consider a generalization of it, namely, we concern
the following 2p-th order mean field equation (p € N)
APy = o V(w)er 2p
(—A) ‘u PTVmed B Q C R, (11)
(=AYu=0 ondQ, (j=0,1,---p—1),

where ) is a smooth bounded domain in R?", p is a positive parameter
and V € C*P(Q) is a positive function. Let us define the variational
functional 7, : X — R,

1 P
= 5/ |(—A)2u|*dx —plog/ V(z)etdx
Q Q

X =HQ)N{u|(-AYuec Hy(Q), j=0,1,--- [2%1} 2

where

and we admit the notation that

V(=2 ", (p=2k-1),
(_A)ku7 (p = 2k>7

IS

(~0)bu =

for k € N. Then (1.1) is the Euler-Lagrange equation of I,.

In the following, let ag(p) denote the best constant for the Adams
version Trudinger-Moser inequality [1]: there exists C'(€2) < 400 such
that for any o < ap(p) and u € C§°(Q) with

I(—=A)2ul| 12 < 1,
there holds
/ e dr < C(Q).
Q

The same holds for v € X by standard density argument. It is known
that ag(l) = 47T,a0(2) = 3272, and generally, ag(p) = 22 (27)% =

o2p
22P7Ppl. where oy = r( v /2 denotes the volume of the unit sphere in
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RY. Also G = G(z,y) will denote the Green function of (—A)? under
the Navier boundary condition:

(—APG(-,y) =94, inQCR?,
G(vy):(_A>]G(7y>:O on 897 (]:17p_1)

We decompose G as G(z,y) = I'(x,y) — H(x,y), where I'(z,y) is the
fundamental solution of (—A)? on R?”, defined as

Lo 1
e —yl” 7 {2 (p - )1Poy,
and H = H(x,y) € C°(Q x ) is called the regular part of the Green
function. Finally, let R(y) = H(y,y) denote the Robin function of the
Green function of (—A)P with the Navier boundary condition.

On the asymptotic behavior of blowing-up solutions to (1.1), C-S.

Lin and J-C. Wei proved, among others, the following result; see [13],
[11], [12].

['(z,y) = C, log

Proposition 1.1. Assume V € C*P(Q), infqV > 0. Let u,, be a
solution sequence to (1.1) with p = p, > 0 such that ||u,,||L=@) — 0
while p, = O(1) as n — oo. Then there exists a subsequence (again
denoted by p,) and m-points set S = {ay,--- ,am} C Q (blow up set)
such that

Pn — 200(p)m, (mass quantization)

u,, — 2ao(p ZG’ La;) inCP

loc

(Q\S),

V(a:)e“ﬁn =
p’fl - 2a0(p) 5(11'
Jo V(z)etendx zzl

in the sense of measures. Finally, each blow up point a; € S must
satisfy

—VR (a;) V.G(a;,a;) — ——V1og V(a; 6, 1.2
IZ )= g VIosV(e) =0, (12
Jj=1,j#1
fori=1,--- m. (Characterization of blow up points)

The main difficult point in the proof is to show that the blow up set
S consists of interior points of Q. In [11], [12], the authors used the
local version of the method of moving planes to overcome the difficulty.
After showing that & C €2, the rest of claims follow by the argument
n [13].
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As for the actual existence of multi-bubble solutions to (1.1), which
exhibits the asymptotic behavior described in Proposition 1.1 with m >
2, some affirmative results are known by recent papers [2| [6] when
p=2.

Proposition 1.2. Let p =2 and m > 2 be an integer. Set Q™ = Q x
<X (m times) and A = {(&1, -+, &m) € QT|& =& for some i # j}.
Define the Hamiltonian function

Flen 6 =3 (R6) - s 8V(@)) = T G(6.6)

i=1 i#]
1<i,j<m

on Q" \ A. If F has a nondegenerate critical point (Baraket-Dammak-
Ouni-Pacard [2], V =1 case), or, a “minimaz value in an appropriate
subset” (Clapp-Munoz-Musso [6]), that is, if (a1, -+ ,a,) € Q™ \ A
satisfies

1 = 1 =
SVR(@) = Y ViGlaia)) - o2V 1ogV(a) =0

=Li#i
fori=1,2,--- . m and some additional conditions, then there exists a
solution sequence {u,} which blows up exactly on S = {a1, -+, an}.

For the precise meaning that F has a “minimax value in an appro-
priate subset”, we refer to [6]. By this proposition, we know that if
Q) has the cohomology group H%(2) # 0 for some d € N, or, if 2 is
an m-dumbbell shaped domain (roughly, a simply-connected domain
made by m balls those connected to each other by thin tubes), then
there exist m-points blowing up solutions for any m > 2 [6].

In this paper, on the contrary, we prove the nonexistence of multi-
bubble solutions to (1.1) on conver domains, under an additional as-
sumption on the coefficient function V.

Theorem 1.3. Assume Q@ C R? be a bounded convex domain. Let
{up, } be a solution sequence to (1.1) satisfying ||u,,, ||L=(q) is not bounded
while p, > 0 is bounded as n — oo. Assume infq V> 0 and R —
m log V' is a strictly convez function on 2. Then there exists a € €)
such that, for the full sequence, we have

Pn — 20&0(]7),
u,, — 200(p)G(-,a) in CP(Q\ {a}),
V(x)eton
On T V((Z))Zu; i 2a0(p)d, in the sense of measures

as n — Q.
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In this theorem, we can claim also that a € €2 is the unique minimum
point of the strictly convex function R — ﬁ(m log V.

We remark here that, for the 2nd order case, the Robin function
of —A with the Dirichlet boundary condition on a bounded convex
domain Q in R¥ is strictly convex on . This fact was first proved
by Caffarelli and Friedman [4] when N = 2, and later extended to
N > 3 by Cardaliaguet and Tahraoui [5]. By using this fact, Grossi and
Takahashi [9] proved that blowing-up solutions with multiple blow up
points do not exist on convex domains for various semilinear problems
with blowing-up or concentration phenomena. It is open whether the
same convexity holds true or not for the Robin function of (—A)? under
the Navier boundary condition when p > 2. Thus at this stage, we
cannot drop the assumption on V' and we do not know whether the
same result as Theorem 1.3 is true when V' is a constant.

This paper is organized as follows. In §2, we prove a lemma which is
crucial to our argument. In this lemma, we do not need the assumption
of the convexity of €2. In §3, we prove Theorem 1.3 by using the key
lemma in §2 and the characterization of blow up points (1.2).

2. NEw POHOZAEV IDENTITY FOR THE GREEN FUNCTION.

In this section, we prove an integral identity for the Green function
of (—A)? with the Navier boundary condition, which is a key for the
proof of Theorem 1.3. Corresponding identity when p = 1 was former
proved in [9].

Proposition 2.1. Let Q@ C RY (N > 2p) be a smooth bounded domain.
For any P € RY and a,b € Q,a # b, it holds

S [ o pyoote (ARG (20816,

k=1
=(2p— N)G(a,b) + (P —a) - V,G(a,b) + (P —b) - V.G(b,a),

where G,(x) = G(z,a),Gy(z) = G(x,b) and v(z) is the unit outer
normal at x € OS.

Proof. We follow the argument used in [9], which originates from
[3]. In order to introduce the idea clearly, first we show a formal
computation. Let us denote G,(z) = G(x,a),Gy(z) = G(x,b) and
define w(z) = (x — P) - VG,(z). Since AJ ((x — P)-V) = 2jA7 +
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((z — P)-VAY) for j € {0} UN, we have

(—A)Pw(z) = (x—P)-Vi.(x)+2p,(x),
(=A)PGy(x) = (),

where d,, 0, are the Dirac delta functions supported on a, b respec-
tively. Multiplying Gy(x), w(z) respectively to the above equations,
and subtracting, we obtain

/Q((—A)pw(fﬁ)) Gy(z) — ((—A)’Gy(z)) w(z)dx
= /Q {(x = P) - V. (2)Gp(x) 4+ 2pda(2)Gp(z) — dp(z)w(z)} dz. (2.1)

By an iterated use of Green’s second formula, we see

k aAk—lG
k—1 _ b Ap—k
LHS of (2.1) Z/m( > YAk, — A w> ds,

ONF-1@G

p+1 p—k b

Z / - VAPTFG,) ( = )dsm
APk A NE—1
:Z/ (x = P)-v(z) QD" Ga) (AT Gy dsg,
89 oy O,
k=1

here we have used A¥1Gy, = 0 and AP *w = (z — P) - VAP~*G, on
o0.
On the other hand,

= 2pGy(a )+ Z/ Gy(x)dx
— %Gy z / 5 (@ = P)Gy(a) s @)z

= (2p — N)G(a,b) + ( - ) -V.G(a,b) + (P —0b)-V.G(b,a).

Thus we obtain the conclusion.

To make this argument rigorously, we use standard approximations.
Define 4, ,(x) = \3_1,4 XB,(a)(%) Where X p,(q) is the characteristic function
of the ball B,(a) with radius p > 0 and center a € . Denote J;, ,(z) =

Tr=a
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jo # 0a p(x) where j(z) > 0,suppj C By(0), fyn j(z)dz = 1 and j(z) =

e Nj(£2). For a point a € Q and for p > 0 and > 0 sufficiently small

such that B,,.(a) C Q, d; , is well-defined and a smooth function on
Q. Let u , denote the unique solution of the problem

(=A)Pug, , =0, in Q,
(—A)juz’p:() ond, (=0,1,--- ,p—1).

Define d; ,, u; , in the same way. Since &; , — d,,, as € — 0 in L9(2)

for any 1 < g < 00, u , = Uy, in W?(Q) as € — 0, where u,, is the
unique solution of

(—A)ug, =0,, inf,
(=AY u,, =0 ondf, (=0,1,---,p—1).

Since 0,4, — 04 as p — 0, we have

iy, = G

in CF_(Q\ {a}) for any k € N, and the same holds for U,
Define w(z) = (v — P) - Vug (). Simple calculation shows that w
satisfies

(=A)'w = (z — P) - V.05, + 2pd, ,. (2.2)

Multiply uj , to (2.2), w to the equation —Auj , = §; ,, subtracting,
and integrating on €2, we have

/Q ((_A)pui,p) w — ((—A)pw)uszdx

= /Q 1200; ,(z)u; (%) + (x — P) - Vo6 (x)u; ,(x) — 6 ,(x)w(z)] da.
(2.3)

The LHS of (2.3) is
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p — k-1,
OAP OAF g
1) § ﬁkfl € _ P ﬁpfk
(=1) /asz ( ov .o ov w) dss

p aAkflus
— (—1)P*? —_pP). p—k, € T
(—1) Z/ ((x = P)- VAP " u, ) ( 5 )dsx

— Xp: /m(a: — P) - v(x) (a(_%):ku;p> (8(_%)::%”)) ds,
. Xp: /(m(:z: ~P)u(a) <8(_Aal)j;ma> <8(_A)“Gb) ds,

ov,

as € — 0 and then p — 0.
The RHS of (2.3) is

04 . i
2p/955 z)uy (T dm—f—/z v;—P; <a—x:)(x)> ub’p(:v)dac—/Q 0 p(z)w(z)dz.

Now, mtegratlng by parts, we have

- [l (M >>u;,p<x>dx
:_Z/ﬁmi{( P)ug () } 6 ,(

:—N/5 dx—/g( = P) -V ,(2)d; ,(v)dz,
thus
RHS of (2.3) = (2p — N) /Q 52 ()i (2)de

— /(:p - P)- Vuap(x)ﬁ?p(:p)d:p - /(x - P)- Vu;p(x)élf’p(a:)dx
Q Q
— (2p — N)G(a,b)

— /(:p — P)-V,G(x,b)6,(x)dx — /(x — P)-V,G(z,a)(x)0p(z)dx
Q

= (2p — N)G(a,b) + (P — a) -VxG((OZL,b) + (P —=b)-V.G(b,a)

as € — 0 and then p — 0. This proves Lemma 2.1. 0
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3. PROOF OF THEOREM 1.3.

In this section, we prove Theorem 1.3 along the same line in [9].

Step 1.

We argue by contradiction and assume that there exists a m-points
set § = {al, cyam} C Q (m > 2) satisfying (1.2). Set K(z) =
2 R(2) — 5y los V(@).

P € Q is chosen later. Multiplying P — a; to (1.2) and summing up,
we have

Z(P—az VE(a) =Y Y (P-a)-V,G(a;ay) (3.1)
=1 j=1,j#i
= > {(P-a)) V.Glaj,ar) + (P — ax) - V,Glag, a;)} .
1<j<k<m
Step 2.

By proposition 2.1, we obtain
(P —aj)-V.G(aj,a;) + (P —ay) - V,G(ag, a;)

) Z | @=P)s (3<—A>gf<x, aj>) (a<—A>gf<x7 ak>> .

By the convexity of €2, we have (x — P)-v(z) > 0 on 0X2. Also by Hopf

lemma, we obtain M < 0, % < 0 for z € 990.
Thus we see the right hand side of (3.1) is positive, and get

m

> (a;— P)- VEK(a;) < 0. (3.2)

i=1

Step 3.

By assumption, K(z) = 1R(z) — m log V'(z) is strictly convex.
Thus, all level sets of K is strictly star-shaped with respect to its
unique minimum point P € ). Choose P as the minimum point. Then

(a—P)-VK(a) >0, VaecQ\{P}. (3.3)

In particular,
m

> (a;— P)-VK(a;) > 0.

i=1
Now, (3.2) and (3.3) leads to an obvious contradiction. Thus we have
m = 1 and the rest of proof is easily done by Proposition 1.1. 0
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