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Abstract

The generalized Herz spaces with variable exponents p(-), a(-), ¢(-) are defined. Our
aim is to prove boundedness of some operators on those Herz spaces.
Keywords. Herz space, variable exponent, BMO space, commutator, singular integral,
fractional integral.

1 Introduction

The class of the Herz spaces is arising from the study on characterization of multipliers on
the classical Hardy spaces. Compared with the usual Lebesgue space, we see that the Herz
space has an interesting norm in terms of real analysis which represents markedly both global
and local properties of functions. Boundedness of some important operators on the Herz spaces
obtained by many authors [18, 24, 25, 26, 27| are well known now.

Function spaces with variable exponent are being watched with keen interest not in real
analysis but also in partial differential equations and in applied mathematics because they are
applicable to the modeling for electrorheological fluids and image restoration. The theory of
function spaces with variable exponent has rapidly made progress in the past twenty years
since some elementary properties were established by Kova¢ik—Rakosnik [22]. One of the main
problems on the theory is the boundedness of the Hardy—Littlewood maximal operator on
variable Lebesgue spaces. By virtue of the fine works [3, 4, 5, 7, 8, 9, 21, 23, 28, 29], some
important conditions on variable exponent, for example, the log-Holder conditions and the
Muckenhoupt type condition, have been obtained.

Motivated by the study on the Herz spaces and on the variable Lebesgue spaces, the first
author [11] has defined the Herz spaces with variable exponent p(-). Later he has given basic
lemmas on the Muckenhoupt properties for variable exponent and on generalization of the BMO
norm to get boundedness of some integral operators and commutators on the Herz spaces with
variable exponent and some characterizations of those Herz spaces (cf. [12, 13, 14, 15, 16]).
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In the present paper we generalize the Herz spaces to the scale of variable exponents
p(+), q(+), a(-) based on the idea of the mixed Lebesgue sequence spaces (cf. [1, 10, 20]). We
will prove the boundedness of four classes of operators, commutators of BMO function and sin-
gular integral, sublinear operators with the proper decay conditions, the fractional integral, and
commutators of BMO function and the fractional integral, on the generalized Herz spaces with
three variable exponents. Our main results are stated only in the case of the non-homogeneous
spaces. We note that the boundedness of those operators on the homogeneous spaces is an
open problem.

2 Preliminaries

In this section we define some function spaces with variable exponents and give basic prop-
erties and useful lemmas. Throughout this paper we will use the following notation:
1. Given a measurable set F, |E| denotes the Lebesgue measure of E.

2. Given a measurable function f and a measurable set E with |E| > 0, fg means the mean
value of f on E, namely fg := ﬁfE f(z)da.

3. The symbol xg means the characteristic function for a measurable set E.

4. Given a measurable function p(-) : E — (1,00), p/(-) means the conjugate exponent
function, namely 1/p(x) + 1/p’(z) = 1 holds.

5. The symbol Ny is the set of all non-negative integers.

6. We write B; := {z € R" : |z| < 2!} for | € Z.

We also note that all cubes are assumed to have their sides parallel to the coordinate axes.
2.1 Lebesgue spaces with variable exponent

Let  C R™ be an open set such that || > 0. Given a measurable function p(-) : 2 — (0, c0)
with 0 < ess inf,ecq p(z), we define the variable Lebesgue space LP()(Q) by

LP0)(Q) = {f is measurable on Q : p,(f) < oo},

where
oo(f) = / F@ @ de 4 |l o= (gp(e)—co).
{p(z)<oco}

The set Lp(')(Q) becomes a quasi Banach space when it is equipped with the Luxemburg—
Nakano norm

[|fllrper :==1Inf {A >0 : pp(f/A) <1}. (1)

Below we define some classes of variable exponents.

Definition 2.1.



1. Given a measurable function p(-) defined on Q, we write

p— :=ess infp(x), py :=esssupp(x).
e zeQ

2. The set Py(£2) consists of all measurable functions p(-) : @ — (0, 00) such that 0 < p_ <
p4+ < 00.

3. The set P(2) consists of all measurable functions p(-) : Q — (1,00) such that 1 < p_ <
Py < 00.

4. We write C'°8(€2) for the set of all measurable functions p : Q — (0, o0) satisfying following
conditions (2) and (3):

1

Ip(z) —p(y)| = Tlog(z —9]) (lz —y[ <1/2), (2)
1

Ip(7) = o] S Tog(e + |2)) (x €Q), (3)

where po, is a constant independent of x.

5. Given a function f € L{ (), the Hardy-Littlewood maximal operator M is defined by

loc

1
M) = s /Q Fldy (xeq),

where the supremum is taken over all cubes @) C ) containing x.

6. The set B(£2) consists of all p(-) € P(Q2) satisfying that the Hardy-Littlewood maximal
operator M is bounded on LP(*)(Q).

Remark 2.2. The Hardy-Littlewood maximal operator M is not always bounded on Lebesgue
spaces with variable exponent since Pick-Ruzicka [29] gives a counter example. But some
sufficient conditions for the boundedness of M are known now. If 1 < p_ < p; < oo and
1/p(-) € C'°%(R™), then M is bounded on LP()(R™). This fact has initially proved by Cruz-
Uribe-Fiorenza—Neugebauer [5], Diening [7] and Nekvinda [28] in the case of p; < oo. Later
Cruz-Uribe-Diening-Fiorenza [3] and Diening-Harjulehto-Héast6-Mizuta—Shimomura [9] have
proved it for py = co. On the other hand, Kopaliani [21] has proved the following: If p(-) €
P(R™) equals to a constant outside a ball and satisfies the Muckenhoupt type condition

1
sup —|IxqllLro) Xl Lre) < o0,
Q:cube |Q|

then p(-) € B(R™) holds. Lerner [23] has given another proof of Kopaliani’s result.

The next lemma is due to Diening (Lemmas 3.2, 5.3 and 5.5 in [§]).

Lemma 2.3. If p(-) € B(R"™), then there exists a constant 0 < &1 < 1 such that for all
0 < & < 61, all families of pairwise disjoint cubes Y, all f € L (R™) with |flg >0 (Q€Y)
and all positive sequence {tg}oey C (0,00),

5

ZtQ‘JLf XQ S taxe

QeYy Lo() Qey Lp()

In particular

I xell oy S UF1)° Ixall o)
holds.



As a consequence of Lemma 2.3, we obtain the following lemma (cf. [13]).
Lemma 2.4. If p(-) € B(R™), then there exists a positive constant §1 such that
xsllero o (151)"
() "
IxBllLee |B|
for all balls B C R™ and all measurable subsets S C B.
Remark 2.5.

1. Diening (Theorem 8.1 in [8]) has proved that p'(-) € B(R™) whenever p(-) € B(R™). Thus
if p(-) € B(R™), then we can also take a constant d2 > 0 so that for all balls B C R™ and

all measurable subsets S C B,

d2

|xsll e o < <|S|) (5)
lIxellpre ~ \|B|

holds.

2. If po(+) € P(R")NC™8(R™), then we see that ph(-) € B(R™). Hence we can take a constant

r € (0,1/(ph)+) so that
||XS|| ph () S %
e

HXBHLp’z(-)
holds.
The next lemma is known as the generalized Holder inequality on Lebesgue spaces with
variable exponent (cf. [22]).
Lemma 2.6. Suppose p(-) € P(Q). Then we have that for all f € LPO)(Q) and g € LP'O)(1),

1 1
/Q [f(z)g(z)|dz < (1 T T p+> 1o 19l zore -

We will use the following simple inequality which takes the place of Jensen’s inequality.

Lemma 2.7. Ifar >0 and 1 < p; < oo (k € Ny), then

] 0o Px
> < (o)
k=0 k=0

holds, where
b= MinkeN, Pk if Yook <1,
maxgen, Pk if ZZO:O ap > 1.

Proposition 2.8. Let p(:) be a measurable function on R™ with range in [c, 8], where o > 0.
Let q(-) € Po(R™). If p(-)q(-) € Po(R™) and g(-) € LPOIO(R™), then we have

min (g Fucracr - 19O Erner ) < | 19| < max (lgON a9 Eacr ) -



Proof. Let p(-) be a measurable function on R"™ with range in [, 8]. Let ¢(-) € Po(R™) and
g(-) € LPOIOTf ||g()][ poiracy > 1, then we have

p(z)q(z)

()

p(z) e

/(lgm) do [ (ool ”
B ]

R™ HQ(')HLp(-m(-) n e)

Hg(')”m(-)q«)

p(z)gq(x)
S/ ( lg(z)| ) do — 1
re \ 90| Leerac)

by 1 < 8/p(x) for almost all x € R™. By 1 > a/p(x) and the same calculation, we have

p(z)q(z)

gp N (@) »
/" (||g(-)||%p(,)q(.)> _/ ||g()”ﬁ

Lr()a()

p(x)q(x)
Z/ < lg(z)] ) dr— 1
n \ g Lrerac)

These imply that |lg(-)[|%,0000) < [P a0 < 9O p0r00-

A similar argument yields for the case ||g(*)|| p(yac) < 1. O
2.2 Remarks on the BMO norm

The BMO space and the BMO norm are defined respectively as follows:

BMO(R") := {be LL.(R") : [|blpmo < oo},
1
IbllBMO = sup —/ |b(z) — bg| de.
Q:cube |Q| Q

Applying Lemma 2.3, the first author (Lemma 3 in [14]) has proved the next result.

Lemma 2.9. Let k be a positive integer and suppose p(-) € B(R™). Then we have that for all
b € BMO(R™) and all j,1 € Z with j >,

b0 = sup ————(b = bs)* xBll Lo, (7)
Biball ||XB Lr0)
(b= bs,) x8, lpe S (G = DFIblEmollxs, | oo - (8)

Remark 2.10. We note that (7) implies a generalization of the BMO norm in terms of the
variable exponent. In the case of that p(-) equals to a constant, this is a well-known fact
obtained by an argument applying the John—Nirenberg inequality. Recently a corresponding
result to the case p_ = 1 has proved in [17]: If 1 = p_ < p, < oo and p(-) € C'°8(R"), then

l|b[BMO =~ sup (b —bB)xBl Lo

B:ball ||XB ||L1>(~)

holds for all b € BMO(R").



2.3 Mixed Lebesgue sequence spaces and Herz spaces

Below we will use the following notation in order to define Herz spaces:
R :={zeR": 2" <|z| <2y =B\ B_1 ifl €N,
Ry :={xz e R" : |z| <1} = By,
X1 = xr, for 1 € Ny.

We first define the mixed Lebesgue sequence space £9)(LP()). Let p(-), q(-) € Po(R™). The
space (1) (LP()) is the collection of all sequences {f; }32o of measurable functions on R™ such

that
I{fi}5Z0lleat (Lrry == inf {M >0 5 0pa)(Lrt) ({{j} > < 1} < 00,
§=0

p(z)

Qpa() (LP()) ({fj = O). me A /n |fy(;75)| dz < 1

q(x)
>\j

where

Since we assume that ¢4 < oo, we have

00a() (Lr()) ({fg = 0) ZHU

Lo 9)

It {gj} _o is a finite sequence of measurable functions on R", then we define that an infinite
sequence {g] 720 of measurable functions on R",

g/": 9j fOI'jZO,l,"',N
7710 forj > N.

and that

7\ OO
N _ 9;
H{gj}j:() £ (LC )) = [{g;}5%0lleac) (o) = inf {u >0t 0patr(Lr0)) ({ p }j_()) < 1} -
Remark 2.11. Almeida-Hést6 [1] has proved that || - [[sc)(zr) is @ quasi-norm for all
p(),q(-) € P(R") and that || - ||gc)(zpc)y 18 @ norm when ﬁ + ﬁ < 1. On the other
hand, Kempka-Vybiral [20] has proved that || - [[s)(ze()) is @ norm if p(-), ¢(-) € P(R™) satisfy
either 1 < ¢(z) < p(z) < 0o or ﬁ + ﬁ < 1 for almost every x € R™. Furthermore, it is also

proved in [20] that there exist p(-),q(-) € P(R™) with min{ inﬂéf p(z), inﬂ{ q(x)} > 1 such
z€R™ TeR™

that the triangle inequality does not hold for || -||gsc)(Le1). This means that || -||gec)(Lr)) does
not always become a norm even if p(-) and ¢(-) satisty min{p_, ¢_} > 1.

Definition 2.12. Let p(-), q(-) € Po(R™) and «(-) : R” — R such that —oco < o < ay < o0.
Given a measurable set E C R", |E| > 0, the space Lj, pC )( E) is defined by

loc

Lp()(E) {f . f e LPC)(K) for all compact sets KCE}.

loc



The non-homogeneous Herz space K;X((_'))’q(')(R”) is the collection of f € Lfo(;) (R™) such that

o0

11l a0 == H{gmo‘ fm}

k=0

:inf{)\>0:i
k=0

£a0) (LP())

252 0)| fxe |\ °
A

L < 1} < o0. (10)
%)

For any A > 0, it is easy to see that

This implies that K "7 (R") = LPO)(R") if p(-) € Po(R™), by (1) and (10).

3 Boundedness of operators on the non-homogeneous Herz
spaces

In this section we prove the boundedness of four kinds of operators:

3.1 Higher order commutators of singular integral and BMO function,
3.2 Sublinear operators with the proper size conditions,
3.3 The fractional integral,

3.4 Commutators of the fractional integral and BMO function,
on the non-homogeneous Herz spaces with variable exponents p(-), ¢(-) and a(-). Boundedness
of those operators on the usual Herz spaces with constant exponents is well known (cf. [18, 24,
25, 26, 27]). The first author [12, 13, 14, 15, 16] has obtained some results in the case with

constant exponents «, ¢ and variable exponent p(-). Our main results are generalizations of
them for the non-homogeneous spaces.

3.1 Higher order commutators of singular integral

Let k € N, b € BMO(R™) and f be a locally integrable function on R™. We define the higher
order commutator by

Ty f(x) == A {b(z) = b(y)}" K (z — y) f(y)dy,
where K (x) is a function on R™\ {0} satisfying the following.
(1) K is locally integrable on R™ \ {0}.

(2) The Fourier transform of K is bounded.



(3) For all z € R™\ {0}, |K(2)| < |z|™™ and |VK (z)| < |z|~"! hold.

Then we have the following theorem.

Theorem 3.1. Let k € Ny, b € BMO(R"), 1 < r < oo, p(+) € B(R™), ¢1(), ¢2(-) € Po(R™)
and a(-) be a real-valued function. Suppose that (q1)+ < (¢2)—, —nd1 < a— < a;p < nds,
where §1, d2 > 0 are the constants appearing in (4) and (5). Then we have that for all {fn}hen
such that [[[{fonllerl o v <00,

1
P

(Z ITZ“(fh)IT> < [1¥llBuo (Z fh|r>
h=1 h=1

a(-),q2() a1 ()
L Kol

To prove the Theorem 3.1, we apply the next theorem. It is initially proved by Karlovich—
Lerner [19] for the scalar-valued case. Independently Cruz-Uribe-Fiorenza—Martell-Pérez [4]
has proved it by virtue of the extrapolation theorem.

Theorem 3.2. Let k € Ng, b € BMO(R"™), 1 < r < oo and p(-) € B(R™). Then we have the
vector-valued inequality

TS () dller ] oo S IBllBMo NI Snn el o

for all sequences of functions {fn}nen satisfying |||{fa}rller | Loc) < oo.

Proof of Theorem 3.1. Let {fn}nen satisty || H{fh}h||g'r‘||Ko¢+,q1(-) < oo. For any j € Ny, we
p(-)

consider the norm

H(2ja<~)||{Tbk<fh>}h||er>@)‘”“
A

()

La2()
because
H H{lec(fh)}hHW K;!((_'))»tm(‘)
00 (- a2(+)
2ia() || {Tk Y
= mf{A>0:Y ( [{ bg\fh)}hHe XJ) <1y (12)
=0 La20)
Let
j—2
Ap = {QN(') HZTf(thl)} x]} : (13)
=0 hiler illeaz () (pp()
Jj+1
— jou(+) k .
Ag = |4 2 Z Ty (faxa) X , (14)
= hiler Jllea2 () (Lr())
Ag = |3 22010 T (frxa) X; . (15)
e hiler i1leaz ) (Lp())




Then we see that

H(2”“||{T;“<fh>}h||ew~xg-)%”

< | ‘ (Qja(') {0 T (faxa) Yallerx; > 0

A ng((?) a A Lqu((.?)
; i q2(+)
2020|320 20 T¥ (frxa) yullerx;
- A1 ()
La2()

(- ; Q)
N 27 )H{Zgjlq T (faxi)dullerx;
A2
n (23 ()H{Zz:jJrz Tlf(thl)}hHéTXj) ’
A3

where we put A := A1 + Ay + A3. Hence we have

i (2ﬂ‘a<->|{Tf&fh>}h||erxg->q2“
e

by (13), (14) and (15). This implies that

TS (f) e

KO0 S+ X+ A3
"

by (12). Hence it suffices to estimate A1, A2 and As. Let p:= |[[[{fp}]er|| o)
r(-)

Step 1. We estimate As. For each j € Ny we define

() if || (Z2ONEE L T bl a2() -
(Q2*)j = 42)+ bl g0 P((‘)) =
La2
(g2)— otherwise.
Letting D := (max{2~~,2%+})(@)+  then we have
[e%) Tou(- i q ()
> <2ﬂ <>|{Tf@ij;_lfhxl>}h||m~xj> 2
%
=0 10l a0 Lqu((-_))
0o i+1 A @ (q2*)j
= T (2L 20702020 ) ballerx;
= %
=0 /LLHbHBMO Lr()
= (L8| HTE fxobl "
Ty (2 faxa) balle- x5
N DS MO : :
j=0 \i=—1 K119l BMO Lr()




where we have used Proposition 2.8. By Theorem 3.2, we see that

S (W TR (i 1fhxl>}h||erx]>“(‘)

; b (-
=0 | ||BMO qu(<?>
o] ]+1 la
olory
< DZ { thz}
j=0 hilgr ()
oo g+l la (Q2*)j
_ 2 faxa
< Dmax{1,22(@+ 0}y §° H{
J=01=j—1 K rller 1l Lo
e . fh (q2*)j
< Dmax{1722{(q"‘)+_1}}z gjoet {} Xj
j=0 B )h o Lr()
Hence, by Proposition 2.8 and Lemma 2.7, we have
) a q2(+)
> (2] T fhxn}hnerxj-) i
; b (-
= 1110l B0 L2
(924)
s ) fn q1(-) || Tan+
< Dmax{1,22{(q2)+*1}}z <2aa+ {} Xj> "
j=0 D nller Lai®)
q«
2((a)s—111 ) N || (gian || [ I e
< 2)+— at L .
< Dmax{1,2 } Z (2 {u} x;) "
j=0 hiler Lai()

<1

)

where ¢, > 1 is a constant number as in Lemma 2.7. This implies that

k
A S [bllEso It nHlerll o oo
ol

Step 2. Next we estimate A;. For each j € Ny, [ < j —2 and a.e.z € R;,

ST v 1)
||{T <l§;fhxl)< >} {/B”w() COl '”dy}h )
{ / Ib(z) b<y>|’“|fh<y>dy}
Bj_o h

$2 [ bo) = b))l

<

~

or

< 9—Jjn

ZT

< 279b() — by, |* / @)l dy

Bj_s

4+ g-in /B  lb, =) ()},

o

4y

[1b1lE0
Lr()

SO v

=0

j—2
x {b(x) —bp,|*

10

< 9—ijn

bBL _b ZXZ

LIJ’(-)}

Lp' ()



by the generalized Holder inequality and the Minkowski inequality. Then, for each j € Ny, we
see that

q2(+)
2”( WHTEIZE frxa)dallerx;
MHbHBMo

0]
|‘| {Tk Z] 22(] l)a+2la+fhxl)} y (g2%*);
J
HIelEsno .
—2
20i— l)a+21a+fh}h
<[l 5] y
=0 e Lr()
= j=2 (g2%%);
X {b(x) — b, "y D (bs, — () }
=0 llLr'e) =0 |lperey ) 1Lre)
j— (g2x*);
j—2 j
< ZQ(j_l)“+—j”21a+ {ntn
1=0 olle o
j—2 (q2#x);
b(x) = bs, x5 || D xa (bg, — b(- le 7
=0 ') 'Ol o)
where y
: 2O Tb<fhxl>}huerx])q2'
(Q2**)j = (q2)+ ! ‘ ( bl Emo qu;((')) > 1,

(g2)— otherwise.

Hence we have

= = (g2%x);
b(z) — e, x5 || D x (b, = b()* Y
=0 Lr' () =0 L’ Ol e
j—2 (q2%);
< <H|b<x>—b31|’€xjum Yoxal o Il e [|(0s = b le )
=0 L' () =0 Lr' ()
. (q24x);
< (G = D¥llxs,lleo Ixs o) 7.

Therefore, we have

q2(-)
QW( WHTESIZS fuxa)bnllex;
M||b||BMo Lqp(<)>
i—2 f( (QQ**)]
—l)ay—jn a h .

S (Z?“ e } <JZ>’€||><Bj||Lp<->||><Bl||Lp«.)>

=0 H Lr()

Jj—2 (q2**)j
N P I

(Z; B ) pller Hpee

11



This implies that

o - . q2(+)
5 <2m<>|{zg_§T§<fhxl>}h|erxj>
j=0

bl Evo »0)
La2()
q () T 1) (QQ**)]'
o [ij-2 lo 1() ]| e
. 204+ . -
<3 [ 3 2u-ves s ( /O3l xl> Gy
7=0 \ 1=0 H o
If (¢1)+ < 1, by Proposition 2.8 and Lemma 2.7, then we see that
e’} e i—92 42(')
> <2J O T&(fhxo}mmj)
k
=0 M||b||BMO Lqp;())
(a2)—
o j—2 olacy a () CTym
< [ 3 oG- na ( /)bl Xl) (j — Dla+k
J=01=0 H LRO
S

where ¢, > 1 is a constant number as in Lemma 2.7.

If (g1)+ > 1, then we define s := ((¢1)+)’. By using the Holder inequality and Lemma 2.7,
we have

i <2J‘a<~>||{z{_§Tf(fhxo}uM])”)

MHbHI}%Mo

()
La2()

Jj=0

1
oo Jj—2 la q1() (a1) 4
<> { 3 2@+ G-D(as=ndz)/2 <2 {3l Xl)

— H p(-)
=0 La®)

1

Jj—2 s (q2xx)j
% 25(j—l)(a+—n§2)/2(j _ l)ks }

1=0
i—2 o a1 () =
S ij @)+ G-l —ns2)2 || (2 ISR baller i
- j=01=0 2 ()
La()
<1

Hence we see that A1 < |[Bl| ol [ /nHlerl] oo
p()

Step 3. Finally we estimate A\3. For any j € Ny, I > j + 2 and a.e.x € R;, by the same
argument in Step 2, we see that

{7 (faxi)(z)}

< 9—In
S 2

{ [ 1ot - b<y>k|fh<y>|dy}
Ry h
<ot /R 1b(z) — () 1 fu ()l ly

S 27 O alle x| o 1101 o
« {\b(m) _ bBl|k||XBl||Lp'(') + ||(bBl — b(~))le||LIJ’(-)}

er

12



and

- o) ()
<2J OI{Z5, 42 Tf(thl)}hHTXj)@

pl1blI5am0 »
La2()
Ha(y) ) (g2sxx)j
a(y)far—a_
< Z 9li—Da H 2 Y)+ag— thz>} y
I=j+2 110l o ol .
< (3 gt [(2O ||
l=j+2 1 il o
(q2enn)j
< ANE) = ba) sl Ixa e + [ (0a, = 00) Dall ool x| oo D
Y (q2wxx)j
j—l)a——In @ fh . .
S Z Q(J Do —l1 olay {() X1 (]_l)kHXB,-HLp(-)HXBIHLP,H
o # D pller e
3 (g2sx)j
<[5 v LB | o)
I=j+2 w ol o
where
(q2)+ if 2O, 40 T8 Frx) Iallerxa a2(") -
(q2usn)j = 92)+ 1w Lzl
j La2()

(g2)— otherwise.
Hence we have A3 < ||b||Eyol] ||{fh}||gr||Ka+,q1<.> by the same argument in Step 2. This com-
p(+)
pletes the proof of Theorem 3.1. ]

Remark 3.3. Later we will give Theorem 3.4 for the scalar-valued case. It is also true for the
vector-valued case because the statement of the proof above is valid for this theorem.

3.2 Sublinear operators with the proper size conditions

We have the following theorem.

Theorem 3.4. Let p(-) € B(R™), q1(-), ¢2(-) € Po(R™) with (¢1)+ < (g2)—, a(-) satisfy —ndy <
a_ < ay < ndy, where §1, 62 > 0 are the constants appearing in (4) and (5), and T be a
sublinear operator satisfying the size conditions

ITf@) S N el (16)
when supp f C Ry and |z| > 2! with k € Ny, and
ITf@)| S 27" (1]l s (17)

when supp f C Ry and |z| < 2572 with k € Ng. If T is bounded on LPC)(R™), then we have
that for all f € Ko7 (R,

HTf||Ka<)a2<> S Il KO-
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Remark 3.5. We note that many important sublinear operators, including the Hardy-Littlewood
maximal operator and singular integrals, satisfy the assumptions above (cf. [4]), and therefore
Theorem 3.4 is applicable to justify the boundedness of those operators on the Herz spaces.

Proof of Theorem 3.4. Without loss of generality, we can postulate || f| |Ka+,q1<.> = 1. We divide
p(")

this proof into 3 parts as below:

> . q2(") > 2 20
> (2m<-)|Tf|Xj) o S ( T ( o0 l)a(‘)zloﬁ—fxl) Xj>
=0 La20) =0 1—0 Lqp2(())
o0 i+l L
+ Z T Z 2li=bal)glas ¢y, Xj
J=0 I=j-1 p()
La2()
- - q2(*)
+ Z T ( Z gli=bal)glat £y, X;
j=0 1=j+2 ()
La2()
=L +1+ 1

Hence it is suffice to prove Iy, I, I3 < 1. By using the same argument in the proof of Theorem
3.1, we have I < 1.

Step 1 We estimate I;. By (16) and the generalized Holder inequality, for any I < k — 2
and x € Ry, we have

IT(fra) (@) S 27 (1 xill e S 27 I xall oo IDall e - (18)

By using (18) and
275 || xwll oo Il oy < 2702079,
we see that

(92) -

oo ||k—
L < Z (k=D 72" fya) x|
k=0 |l 1=0 Lp()
k—2 (g2)—

H2la+ fxa HLP(') Ixall Lo glk=Dasg=kny

E%g

k=0 111=0 Lr()
00 — (g2)
< Z (Z 124 x| ooy Dl ey 257D+ 2757 Xk||Lp<-)>
k=0 0
o) 2 (q2)-
< Z ( H2la+fxl|| 2(k—l)(a+—n62)>
k=0 \1=0
oo k—2 (a2)— (a)
I [t I
o 1=o L110)
(a2)—
k—2 0 (a1)+
s\ fem ™y ) st
=0 qu()

14



Hence we have I; < 1.

Step 2 Finally we estimate I3. For every k € Ny, | > k+ 2 and a.e.z € Ry, we have

IT(fxa) @) S 27" [l S 27" 1allpee ball e - (19)

By using (19) and
27 |l oo Il oy < 2700 R70]
and the same arguments in Step 1, we have I3 < 1.

These complete the proof. O
3.3 The fractional integral

The fractional integral I? is defined by
1 f()
I%f(z) = / dy,
D50 Jeo oy

7"/2201(8/2)
L'((n—8)/2) -

where 0 < 8 < n and y(B) :=

We use the following result on the boundedness of the fractional integral on variable Lebesgue
spaces proved by Capone-Cruz-Uribe-Fiorenza [2]. Diening [6] has initially proved it when the
variable exponent equals to a constant outside a ball.

Theorem 3.6. Suppose that pi(-) € P(R™) N C8(R"). Let 0 < B < n/(p1)s. Define the
variable exponent pa(-) by

1 1 é
p(z)  pa(x) n
Then we have that for all f € LP*()(R™),

U2 £ poacr S Il Lorco-

Then we have the following theorem.

Theorem 3.7. Suppose that pa(-) € P(R™) N C'°8(R™) and take a constant 0 < r < 1/(ph)+
so0 that (6) holds. Let 0 < 8 < nr, a(-) € Po(R™) with ay < nr — 3 and q1(-), q2(-) € Po(R™)
with (q1)+ < (g2)—. Define the variable exponent p1(-) by

Then we have
B <
HI f||K:2(())q2(> ~ ||f‘|K:1+(j;11(')

for all f € K2 O(R™),



Proof. Let f € K(X*(f;h(‘). We can assume that [|f|| o, .4,¢) = 1. Then we see that

P r1(+)
q2(")
o0 . q2() o0 o0 '
3 {2ka()|1ﬂf|Xk} pr < SIS 259018 ()
k=0 L2t gl | =0 P2 ()
La2()
9] k—2 a=()
SO 22O () I
k=0 7=0 LPQ((‘))
q2(-
o0 o0 qz(.)
+Y 18 D 2O ()
k=0 || | j=k—1 p2()
La2()
q2(-)

k—2
Z o(k—j)ay |IB(2JU+ Fi)lxe

{j—O p2()

oo
2
k=0

L az2()
[e%S) [e%S) a=()
+Z Z Q(k—j)a—|jl3(2ja+fj)|xk
k=0 j=k—1 Pr2(-)
La2()
= U1 + UQ. (20)

First we estimate U;. By the same argument as the proof of [16, Theorem 2|, we obtain

H]5(2ja+fj)kaLp2(_) < o(B—nr)(k—j) H[5(2ja+fj)kaLm(_) )
Then, by taking a positive number € so that 5 —nr + a; + € < 0, we have

(g2)-

00 k—2
U < Z Z H2ja+fjHLpl(_) 9(B=nr+ay)(k—j)
k=0 \ j=0

oo k—2
S [ 270+ ;]| \2) ) 2(8=nrtes +a) (k=i (a2)-

Lr1()
k=0 j=0
oo k—2 3 (a2)—
jou N2 () f] Gan)+ B—nr+at+e)(k—7)(q2)—
<y H(2 ) o +4€)(k—j)(q2)
k=0 j=0 La®)
[S'SIEECY) o (a2)—
_ o q1(-) || (an)+ B—nrt+ay+e)k’ -
_E § H(QJ +fj) s 9( ++e)k’ (q2)
=0 k=2 La1()
00 0 (a2)—
i q1(-) || (an)+
DI [CaF ke I
=0 La®)
<1
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Finally we estimate Us. By Theorem 3.6 we see that

q2(")
=Y 2= 17 (9% £ e
k=0 || | j=k—1 p2()
Laz2()
(g2)-
oo oo ) )
<SS 2t i )
k=0 ||j=k-1 Lpr2()
- - (q2)—
<D 20 2@ ) b
k=0 \j=k—1
- - (g2)-
S Z A S 71 e
k=0 \j=k—1
oo o] 1 (q2)_
Ve i ) || Tany
S| X 2t @nn™ | S
k=0 \j=k—1 Lat)
If (¢g1)+ <1, then we have
(a2) —
50 50 (q1) 4
U2§Z Z 2(q1)+(k—j>a7H(zja+|fj|)ql(~>‘ )
=0 \j=ho1 La1()
(a2)—
00 00 (q1) 4
< 9(q1)+(k—j)a— H ojat| £, 111(')‘ ) <1 21
<[> > e 1 ] | TS S (21)

k=1j=k—1

by virtue of Lemma 2.7. If (¢1)+ > 1, then we obtain by writing s := ((¢1)+)’,

Uy, < 2<q1>+<kfj>a7/2H i | f. m(-)’ "
5 < ;;) 2 @=L ey
< 9(a1)+ (k=j)a—/2 H ios | f. m(-)’ )

S kz:% j_}k:l @=L e
< Z Z 9(q1)+ (k=g /2 H(2ja+|fj‘)m(')’ Lpl((;
a1

k=0 j=k—1
S

where we have used the Holder inequality and Lemma 2.7.

Us < 1. Therefore we have

>

k=0

{2’“’(') IIﬂflxk}%(‘)

by (20). This completes the proof of Theorem 3.7.
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p2(
Laz2(

(a2)—

(a2)—
(q1) 4+ s

2s(k7j)o¢,/2
1

J

%

(q2)—
(q1) 4+

(q2)
(a1)+

(22)
Hence by (21) and (22), we obtain
<1

)~

)




3.4 Commutators of the fractional integral
The commutator of the fractional integral I” (0 < 8 < n) and b € BMO(R") is defined by
(b, 1) f (x) = b(2)I° f (x) — I7(bf) ().

We use the following theorem which is proved in [15].

Theorem 3.8. Suppose that pi(-) € C'°8(R") N P(R"). Let 0 < B < n/(p1)s. Define the
variable exponent pa(-) by

1 1 5
pi(z)  pa(z) m
Then we have that for all f € LP*C)(R™) and b € BMO(R"),

B, I°1F|| Loacr S NbllBMOIfIl o0 -

Theorem 3.9. Let a(-), q1(-), q2() € Po(R™) and pa(-) € C°2(R™) N P(R™). Take a constant
r € (0,1/(ph)+) so that (6) holds. Suppose that 0 < 8 < nr, ar < nr—f and (q1)+ < (g2)—.
Define the variable exponent p1(-) by

Then, for all f € KO“”;h )(R”) and all b € BMO(R™) we have

|16, I°1f|| o002 S Bl IBMo 1] oo
p2(+) r1(")

Proof. Take f € K;‘j(_’;h(')(R") and b € BMO(R"™) arbitrarily. Let

o
k—2
A= (|25 T Y | :
=0 k=011ga2() (Lr2())
Ao = |[Q 25O 1P| ST f | e
Jj=k—1 k=0 [qQ(')(LPQ('))

and A := A\; + A2. Then we have

>

At

ok [b, 17](f a2(-) o0 2ka(~)|[b’]5](25;2 Fi)xe] a2()
( I ]()ml) )5Z< 0 k)

k=0

0 ka(-) B q2(")
+Z (2 b, 1 ]()\223 =k— 1fJ)Xk|>

k=0

<1

This implies that ||[b, I'B]fHKa(A),qQ(.) < A1+ Ag. It suffices to prove that
p2(+)

A A2 SIS PTACE

Pl()
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Below we will estimate A; and Ay respectively. Let p := ||f||Ka+‘q1(.). We write g :=
gj = f% and x; := m for every j € Ny. Let
(q2)«k
ZH (274 g qﬂ)‘ ;)35 j)2tk=i) (e +f—nr) 7

where

<“;1)(+) k — j)2k—i) e +B-nr) > 1

(2)+ it 423 [[(270g5) "]
LQ1

(g2)— otherwise.

(q2)*k -

Then we see that

pa (=)

s v q2(z) \ az(@)
/ (Qka(:w Sk ‘[b, Iﬂ](“bugm)(x)‘ xk(l‘))
dx
n Mk
pa(x)
| ) _ i g2(z)\ 3]
(ana(m) Sy | b, 1°)(270+ g) () | Xk(m))
S/ dzx
n Hk
p2(x)
—ja(z k— jo %
</ o(k=a(e) SR [b, 18)(27%+ g;) ()| Xk (@) do < 1
< 1 -
T\ || @er g )| Tty k- g2t s
L)
If (¢1)+ < 1, then we have that by Lemma 2.7,
I .—i 2t SR b, 1) () O () )
1+ e ||b||BMOM p2(")
La2()
< Zuk
k=2
N o | 1 | (g2) %k
=3 | D[ @an) 0| T (k= gppt e
=\ Lai()
o ) (o
< 2j0¢+ . @k p1( k -7 (q1)+2(q1)+(k7—j)(a++6_7”‘)
2> 2 |G g =)
oo k—2 B N
< it g VBN (k — )@+ o)+ (ki) +B-—nr) | < g
a 1;23:0 ( gj) LTE'; ( 2 -
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where ¢, > 1 is a constant number as in Lemma 2.7. If (¢;)+ > 1, then we have

L < Z,uk
k=2

3 ((I2)*k
= Z Z H ]Oé+ ql( ’ (‘I;I?») (l{: _ ])2<k7])(a++6*n’r)
=2 \J=0 La()
(a2)xp
3 S (a1)+
< Z H 2JO¢+ ¢I1(-)’ mg'; o(a1)+ (k—j)(avs +B—nr) /2
La(
k=2 | \j=0
(92) 5k
k—2 2)
x (k _'j)qi2qi(k_j)(a+f+ﬂ—vmﬂ/2
j=0
(92) sk
3 S (a1)+
S Z H(gjoc+ )th( )’ by 2000+ (h=g) (s —nr) 2
k=2 \j=0 La()
S j _ qx
< Z H(23a+gj)fh(~)‘ e o(a1)+ (k=j)(a++B—nr)/2 < -
j Lat
k=2 j=0

by the Holder inequality and Lemma 2.7. Hence we have A1 S ||bl[smol|f] oy arcr by (23)
p1(")
and (24). Finally we estimate Ao. For any k € N, we define

. fI2(‘)
q if‘(Qka()bIB 7“) ST
(q2)**k; = ( 2)+ |[ ](ZJ k—1 HbHBMO) | Lq;g};
(g2)_ otherwise.
By Theorem 3.8, we see that
[e’e] 2ka Z | b Iﬁ ,f | q2(~)
Iy = Z j=k—1 j Xk
Pt [[bl[Brno s L
q2 (-
. (q2) wxk
= - 2. ety
< Z g(k=j)a(-) b, ]5] Z ||b||7j Ya
k=1 J=k—1 BMO Lr2()
. (QZ)**k
5( 57 ()
k=1 \j=k—1 HbHBMO Lr2()
(q2) wxk
o0 o0 ) .
N Z Z a(k=ge- ||23a+9j||1;p1<~>
k=1 \j=k—1
[e’e) ') L (qZ)**k
—j)a_ o AMNIECE
SZ Z o(k—j) H(QJ +|gj|)q1()’ @ ] (25)
k=1 \j=k—1 La®
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If (g1)+ < 1, then we see that by Lemma 2.7 and (25),

(92) sk
00 00 (a1)
<SS 26stkes H(zm‘g ) m()H ney
k=1 \j=k—1
o o qx
>3 aleien o) St (26)

k=1j=Fk—1

where ¢, > 1 is a constant number as in Lemma 2.7. If (¢1)+ > 1, then we write s := ((q1)+)’
to get

(92) wuk (92) wxk
o] o) (q1) 4 00 s
I, < Z 9(q1)+(k—j)a—/2 (2ja+|gj|)!11(~) () Z 9s(k—j)a— /2
k=1 \j=k-1 La® j=k—1
(92) wuk
oS} oo (a1)+
< Z 9la1)+(k=ja-/2 (279 g VB O e
k=1 \j=k—1 La®
o qx
< ola)+(k=j)a—/2||(9je+| . a1 ()
2 2 @4 1gi)"O|| ey
S1 (27)

by the Holder inequality, Lemma 2.7 and (25). Hence we have Ay < ||b|\BMo||f\|Ka+7ql<.) by
p1(-)
(26) and (27). This completes the proof of Theorem 3.9. 1 O

4 Boundedness of operators on the homogeneous Herz
spaces

We can also define the homogeneous Herz spaces with variable exponents by analogy with
the definition of the non-homogeneous case.

Definition 4.1. Let p(-), ¢(-) € Po(R™) and a(-) : R* — R such that —co < a— < at < .
The homogeneous Herz space Kg((_'))’q(')(R") is the collection of f € L2C )(R” \ {0}) such that

loc

i )
s oka(:) a
/1] gotracr ==infQA> 02 > ( 'fxfk\BH') <1p < oo
p(-) p(-

k=—o0 La()

If the variable exponent «( - ) equals to a constant, then our main results, namely Theorems
3.1, 3.4, 3.7, 3.9, are true for the homogeneous Herz spaces because the proofs of those theorems
are directly applicable. But it remains an open problem on the boundedness in the case of
general variable exponent ().
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