Two classifications of simply connected 6-dimensional torus manifolds
with vanishing odd degree cohomology

Shintaro Kuroki

ABSTRACT. Smooth actions of 3-dimensional torus T on smooth closed, simply connected, 6-
dimensional manifold M with fixed points are studied. Such a manifold M is called a simply
connected 6-dimensional torus manifold. In this paper, we prove the following two different types
of the classification of simply connected 6-dimensional torus manifolds with H°%(M) = 0: (1)
the Orlik-Raymond type classification, i.e., such a manifold is an equivariant connected sum of
copies of the 6-dimensional sphere S, a 6-dimensional quasitoric manifold, and some equivariant
S4-bundles over S?; (2) the generalization of Masuda’s theorem for the case of 6-dimensional
quasitoric manifolds, i.e., such 6-dimensional manifolds M; and M> are equivariantly diffeomor-
phic up to automorphisms of 73 if and only if their equivariant cohomology algebras Hi.(My)
and H7 (M2) are isomorphic up to automorphisms of H*(BT).

1. Introduction

A torus manifold M is a 2n-dimensional, connected, oriented, manifold with n-dimensional
torus 7" (= T')-action with fixed points. The purpose of this paper is to show two different clas-
sifications of simply connected, (in this paper we assume compact) 6-dimensional torus manifolds
with H°%(M) = 0 up to (weakly) equivariant diffeomorphism. Here, two torus manifolds M; and
Ms are weakly equivariantly diffeomorphic if they are equivariantly diffeomorphic up to automor-
phisms of T (see Section 2 for details). In this paper, we use the integer Z-coeflicient cohomology
and the symbol H*(—) represents the cohomology ring with Z-coefficient, unless otherwise noted.

The notion of a torus manifold is introduced by Hattori and Masuda in [HaMa] as the
topological (in some sense, ultimate) generalization of non-singular toric varieties (i.e., toric man-
ifolds from complex analytic point of view, see [Fu, Od]) and quasitoric manifolds (which are
the topological counterpart of non-singular toric varieties, see [BuPa, DaJa] and Section 6.2).
For example, when the dimension of torus manifold is two, such a torus manifold is equivariantly
diffeomorphic to the 2-dimensional sphere S? with the standard T'-action. If the dimension of a
torus manifold M is four and M is simply connected, Orlik and Raymond in [OrRa] prove that
M can be constructed by the data of orbit space (combinatorially, this is the ¢-gon where £ is the
cardinality |M7| of the set of fixed points MT) and information of isotropy subgroups. Moreover,
they prove that such a torus manifold M is the 4-sphere S* or an equivariant connected sum of

copies of complex projective space CP?Z, @2 (reversed orientation) and Hirzebruch surfaces Hy,
i.e., projectivization of the complex 2-dimensional vector bundle Y®* @ ¢ over CP! where « is the
tautological line bundle and ¢ is the trivial line bundle over CP!. They prove this result by using
a combinatorial argument.

Note that S? and all simply connected 4-dimensional torus manifolds satisfy H°% (M) = 0. In
this situation, torus manifolds behave quite nicely. Masuda and Panov prove that the cohomology
of torus manifolds concentrates in even degrees if and only if its equivariant cohomology Hi (M)
is free as an H*(BT)-module in [MaPa] (see Section 3 about equivariant cohomology algebra).

The author was supported in part by the JSPS Strategic Young Researcher Overseas Visits Program for
Accelerating Brain Circulation ”Deepening and Evolution of Mathematics and Physics, Building of International
Network Hub based on OCAMI”.



A manifold with torus action whose equivariant cohomology is free as H*(BT)-module is called
an equivariantly formal manifold in [GKM]. In this paper, a torus manifold with H°(M) = 0
is called an equivariantly formal torus manifold. An equivariantly formal torus manifold can be
constructed by the orbit space and the information of isotropy subgroups such as simply connected
4-dimensional torus manifold studied in [OrRa] or quasitoric manifolds studied in [DaJa] (also
see Section 5). Moreover, their topological invariants, such as (equivariant) cohomology rings,
(equivariant) characteristic classes, are completely determined by the combinatorial data of their
0 and 1 dimensional orbit spaces (see [MaPa, MMP], also see [GuZa] for the other class of
manifolds with torus actions, called GKM manifolds). So a natural next step is to study the
(topological) classification of equivariantly formal torus manifolds. In this paper, we study the
classification of 6-dimensional equivariantly formal torus manifolds.

Before we state our main theorem, we introduce Wiemeler’s theorem in [Wi] for 6-dimensional
equivariantly formal torus manifolds (not necessarily simply connected).

THEOREM 1.1 (Wiemeler). Let W be an equivariantly formal 6-dimensional torus manifold.
Then, there are a simply connected, equivariantly formal 6-dimensional torus manifold M and a
homology 3-sphere hS3 such that

W = M#7(hS® x T?) up to equivariant diffeomorphism.

Here, in Theorem 1.1, hS3 xT? is a product manifold with the free T3-action on the 2nd factor,
and the symbol #7 represents the equivariant gluing along two free orbits of M and hS® x T3
(note that there are always free T3-orbit in M because M has a fixed point). Note that if we
take non-standard sphere as homology 3-sphere in Theorem 1.1 then this provides non-simply
connected equivariantly formal 6-dimensional torus manifolds, because their fundamental groups
are isomorphic, i.e., 71 (W) ~ 71 (hS3) (see [Wi]).

The goal of this paper is to classify M in Wiemeler’s theorem, i.e., simply connected, equiv-
ariantly formal 6-dimensional torus manifolds. More precisely, we show the following two results
(see Section 6 (Theorem 6.10) and Section 7 (Theorem 7.1) for detailed notations):

THEOREM 1.2. Let M be a simply connected, equivariantly formal 6-dimensional torus mani-
fold. Then, M is equivariantly diffeomorphic to one of the following manifolds:

(1) an S C C* @ R with the torus action induced from a T3-action on C3.;
(2) a 6-dimensional quasitoric manifold X ;
(3) an S*-bundle over S? equipped with the structure of a torus manifold,

or otherwise, there is a 6-dimensional quasitoric manifold X and S*-bundles over S2, say S; for
some i =1,....¢, such that M has the following equivariant connected sum decomposition:

X#S1# - #5S.

This theorem can be regarded as the 6-dimensional analogue of Orlik-Raymond’s type classifi-
cation (also see [Mc| and [Ku08]). Moreover, we classify such torus manifolds by using equivariant
cohomology algebras.

THEOREM 1.3. Let My and My be simply connected, equivariantly formal 6-dimensional torus
manifolds. Then, the following two statements are equivalent:
(1) (My,T3) =2, (M3, T?), i.e., weakly equivariantly diffeomorphic;
(2) Hi(My) ~ H5(Ma), i.e., weakly isomorphic as the H*(BT)-algebras.

This can be regarded as the generalization of Masuda’s theorem, i.e., the equivariant “home-
omorphism” types of (quasi)toric manifolds are determined by their equivariant cohomology alge-
bras up to weakly isomorphisms in [MaO08], in the case of dimension 6. By the classification of
2 and 4-dimensional simply connected torus manifolds, the similar facts in Theorem 1.3 are also
true for the case when the dimension is 2 or 4.

REMARK 1.4. Due to [Wi], there are infinitely many distinct T"-actions on S for n > 4.
Moreover, we can easily check that the induced torus graphs (see Section 4) of them are weakly
isomorphic to that of the standard T"-action on S?" C C"@R. Therefore, by [MMP], equivariant
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cohomology algebras of distinct T™-actions on S?" for n > 4 are weakly isomorphic to that of the
standard T™-action on S?" (also see Section 4). This implies that the similar facts in Theorem
1.3 are not true for the case when the dimension of simply connected equivariantly formal torus
manifolds is greater than 6.

We also note that the equivariant cohomology algebra of an equivariantly formal 6-dimensional
torus manifold forms W = M#(hS® x T?) is isomorphic to that of M. Namely, by Wiemeler’s
theorem, Theorem 1.3 does not hold for general equivariantly formal 6-dimensional manifold.

The organization of this paper is as follows. In Section 2, we recall the basic facts about torus
manifolds. In particular, we recall the tangential representation 7,,M on a fixed point p € MT and
the structure of a manifold with corners of the orbit space M/T. In Section 3, the equivariantly
formal torus manifold is introduced. In Section 4, we introduce two combinatorial objects called
a characteristic function and a torus graph, and discuss the relations of them. Then, in Section
5, we discuss the construction of 6-dimensional torus manifolds from these combinatorial objects.
The construction of the torus manifold from the given combinatorial objects is one of the key
points to show the main theorems. Finally, we prove Theorem 1.2 (Theorem 6.10) in Section 6 by
using the combinatorial arguments on torus graphs, and Theorem 1.3 (Theorem 7.1) in Section 7
by using the zero-length arguments in [Ma08, Kul1-2] and using the construction of the torus
manifold discussed in Section 5.

2. Torus manifolds and their orbit spaces

In this section, we recall some basic facts about torus manifolds. We first recall the basic
notions from transformation group theory (see [Br, Hs, Kal).

Let (M1,G, 1) and (Ms, G, p2) be G-manifolds. We call (M;,G, 1) and (M2, G, ¢2) are
weakly (or p-)equivariantly diffeomorphic (resp. homeomorphic) if there are a diffeomorphism
(resp. homeomorphism) f : M; — My and an automorphism p : G — G such that the following
diagram commutes

G x My —2= M,

lef lf
G X M2 ﬁ> M2

and we denote them by (M1, G, 1) = (Ma, G, p2) (resp. (Mi1,G, 1) %go (M2, G, p2)). If pis
the identity, they are called an equivariantly diffeomorphic (resp. homeomorphic) and denote by
(My, G, 1) = (My, G, p2) (resp. (My, G, 1) = (Ma, G, 02)).

We denote the isotropy subgroup of z € M as G,. The set Ny G, is called the kernel of a
G-action on M. A G-action on M is said to be almost effective if this action has a finite kernel,
i.e., Ngepm Gy is finite. If the kernel is trivial, we call such a G-action on M is effective. It is easy
to check that for the given G-manifold M the induced action G/ Nyepr G, is effective. The symbol
M€ represents the set of fized point.

A torus manifold is defined as follows.

DEFINITION 2.1 (torus manifold [HaMa, Ma99]). Let M be an oriented, compact, connected
2n-dimensional smooth manifold. The manifold M is called a torus manifold, if there is an (almost)
effective n-dimensional torus T"-action on M with fixed points, i.e., M7 # ().

Note that in the original definition of the torus actions on torus manifold are effective. In this
paper, by the technical reason, we assume that the torus actions on torus manifolds are almost
effective. We often denote a torus manifold M by (M,T) or (M, T, ) if we emphasis the action
p: T x M — M (we also denote T™ as T).

A torus manifold M is said to be locally standard if every point in M has a T-invariant open
neighborhood U which is weakly equivariantly homeomorphic to an open subset U C C" invariant
under the standard T"-action on C", i.e.,

(tl,...,tn) . (21,...,Zn) = (tlzl,...,tnzn),
where (t1,...,t,) € T and (z1,...,2,) € C™.



2.1. Tangential representation and omniorientations. Let M be a 2n-dimensional torus
manifold and p € M7 be its fixed point. We next introduce the omniorientation on M (see
[BuPa, HaMa]). Using the differentiable slice theorem (see [Br, Ka]), the induced T-action on
the tangent space T, M ~ R?" of p is nothing but a “real” T-representation space, i.e., an action
induced from the (non-degenerate) linear map ¢ : T'— GL(T,M) (i.e., kert is a finite set). This
T-representation or the T-representation space T, M itself is called a tangential representation on
p. In order to define some combinatorial objects from torus manifolds in Section 4 (a characteristic
function on the orbit space or a torus graph), we need to regard the tangential representation on
each p as a complex representation (and the normal bundle of a characteristic submanifold). (Note
that there is no canonical way to regard T, M as a “complex” T-representation space, unless M
has a T-invariant almost complex structure.) In order to do that, we introduce an omniorientation
on the torus manifold M. Let M; be a codimension-2 torus submanifold in M which fixed by some
circle subgroup 7; in T'. In other words, M; is a fixed pointwise component of M7, Such M; is a
(2n — 2)-dimensional torus manifold with T'/T;-action, and call it a characteristic submanifold. An
omniorientation O of M is a set of the fixed orientation of M and of characteristic submanifolds
M;, ie., O = {[M],[M],...,[M,]} where [M] € Hy, (M) and [M;] € Hop—o(M;) (i =1,...,m)
are the fundamental classes. If there are just m characteristic submanifolds in M, we can choose
2m+1 omniorientations. Note that if M has a T-invariant almost complex structure .J, then the
canonical omniorientation O is induced by the almost complex structure.

Let (M, O) be an omnioriented torus manifold and M; be a characteristic submanifold, i =
1,...,m. Because dim M = 2n, a fixed point p is the intersection of exactly n characteristic
submanifolds. Namely, if we set I, = {i € [m] | p € M,;}, where [m] = {1,...,m}, then |[,| =n
for all p € MT and

{p} = Nicr, M;.

By using the orientations of M; and M, we can define the invariant complex structure on the
T-invariant (real 2-dimensional) normal bundle over M;; therefore, the normal bundle of M; is a
(T-invariant) complex line bundle. This implies that the quotient space

T,M/T,M; ~ N,M; =C, i€,

is the complex 1-dimensional (irreducible) T-representation space. So, there is the irreducible
decomposition of T, M to 1-dimensional complex T-representations as follows:

T,(M) = T,(M,0) = ®ser, N, M;.

In summary, if we choose an omniorientation on M, the tangent space on a fixed point p decom-
poses into irreducible representations as follows:

(21) TpM ~ @iEIpV(ai,p)~

where V(a; ) ~ C is the 1-dimensional (complex) irreducible representation space with the non-
trivial representation «; , : T — S'. By taking its differential, we may regard o, € (t*)z, i.e., an
element in the lattice of the dual of Lie algebra t(= Lie(T) ~ R"™) of T.

Since the T-action on a torus manifold M is (resp. almost) effective, the tangential repre-
sentation at p must be (resp. almost) faithful, i.e., N7, ker a; = {0} (vesp. finite) (see [Kull-1,
Lemma 3.3]). Therefore, M7 is a discrete set in M, and M7 is a finite set because M is compact.

Let f: M — M’ be a weakly p-equivariant diffeomorphism for two torus manifolds M and
M'. Note that, for a characteristic submanifold M; in M, its image f(M;) is also a characteristic
submanifold M/ in M’. We call f preserves omniorientations if the induced homomorphism
fe : Hon(M) — Hap(M') and (f|as,)s : Hon—2(M;) — Hap—2(M]) preserves the fundamental
classes, i.e., f«([M]) = [M'] and (f|ar,)«([M;]) = [M]].
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2.2. Orbit spaces of locally standard torus manifolds. In this section, we recall the
structure of orbit spaces of locally standard torus manifolds.
4



2.2.1. Manifold with corners. We first recall the smooth manifold with corners (see e.g. [Le]).
In this section, the following notation is often used:

[n] ={0, 1, ..., n},
and
RY = {(x1,...,2n) €R" | 2; 20, i=1,...,n}.

Let Q™ be an n-dimensional (topological) manifold with boundary. A chart with corners for Q™
is a pair {(U,vy)}, where U is an open subset of Q™ and

Yy U — R

is homeomorphic from U to a (relatively) open subset U cC R?}. Two charts with corners
(U,vv), (V,4y) are said to be smoothly compatible if the composite function ¢y o ¢‘71 sy (U N
V) — ¥y (UNV) has a smooth extension, i.e., there is an open neighborhood W C R™ of ¢y (UNV')
and a smooth function F': W — R™ such that the restriction satisfies F|y, (wnv) = Yu o 1/)‘71. A
smooth structure with corners of Q™ is a maximal collection of smoothly compatible charts with
corners whose domains cover Q™. A topological manifold with boundary together with a smooth
structure with corners is called a smooth manifold with corners.

Let p € Q™ be a point of an n-dimensional smooth manifold with corners Q™. A smooth chart
(U,vy) of p, i.e., an open set U containing the element p € U, defines the number d(p) € [n] by the
number of zero-components of ¥ (p) € R’. By the smooth compatibility of charts, this number is
independent on the choice of a smooth chart of p. Therefore, the map d : Q™ — [n] is well-defined
and d(p) is called depth of p. We call the closure of a connected component of d~1(k) (0 < k <n)a
codimension-k face. In particular, the codimension-0 face is Q™ itself. Moreover, a codimension-1,
(n—1) and n face is called a facet, edge and vertex, respectively. The set of all edges and vertices
is called a one-skeleton of Q™ (or graph of Q™), i.e., the set of all points with depth 0 or 1. By
restricting the smooth structure on Q™ to faces, we may regard every codimension-k face as an
(n — k)-dimensional smooth (sub)manifold with corners.

DEFINITION 2.2 (Nice manifold with corners). An n-dimensional smooth manifold with corners
Q is said to be a nice manifold with corners (or a manifold with faces) if @ satisfies the following
two conditions:

(1) for every k € [n], there exists a codimension-k face;
(2) each codimension-k face of @ is a connected component of the intersection of exactly k
facets.

If @ is a nice manifold with corners, then all faces of @ are also nice manifolds with corners.

For the given nice manifold with corners @), we can define the face poset P(Q) by taking each
lattice (i.e., element) of P(Q) as face, where the partial ordering < on P(Q) is given by inclusion
of faces. We often denote @ with the face poset structure as (P(Q), <).

Let Q1 and Q2 be n-dimensional smooth manifolds with corners. We call (P(Q1),=1) and
(P(Q2), =2) are combinatorially equivalent if there is a bijective map f : P(Q1) — P(Q2) such
that f(a) =2 f(b) (vesp. f~1(c) =1 f~1(d)) whenever a =1 b (resp. ¢ =3 d), ie., (P(Q1),=1)
and (P(Q2), <2) are isomorphic as a poset (we denote it by (P(Q1),=1) = (P(Q2),=2)). We
call such bijection a combinatorially equivalent map on manifolds with corners, and if there is
a combinatorially equivalent map between Q1 and (2, then we denote it by @1 ~. Q2. Two
manifolds with faces Q1 and Q2 are diffeomorphic if there is a diffeomorphism f between )7 and
Q2 (in the sense of smooth manifold with corners) such that the restriction map f|r for each faces
F C Q induces the diffeomorphism between faces FF C Qq and f(F) = F’ C Q2 and f~! also
staisfies such conditions. We denote such manifold with faces by @1 = Q2. We can easily check if
Q1 = Q2 then Q1 ~¢ Q2.

2.2.2. Orbit space. Assume M is a locally standard 2n-dimensional torus manifold. By the
differentiable slice theorem, if the orbit T'(p) is codimension-(n + k) for a point p € M (0 < k <
n), i.e., (n — k)-dimensional orbit, then there is an invariant normal bundle N(T(p)) which is
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equivariantly diffeomorphic to the open tubular neighborhood
™" X K Vn+k

where K is the isotropy subgroup of p and K acts on V"+#(= R"*%) linearly. Because the T"-
action on M is locally standard, K is isomorphic to T*, i.e., connected. Moreover, there are
exactly k characteristic submanifolds My, ..., My, such that

T(p) € NF_ M, ,(C M¥).
Hence, by using their omniorientation, we may regard
VIR = V() @@ Viag,) @R

for some 1-dimensional K-representations o, : K — T1 (i = 1,..., k), where R"~¥ is the trivial
(real) representation space of K (i.e., the normal bundle of T'(p) in M%) and {a1 p, ..., ax,} spans
the lattice of dual Lie algebra £*(~ (t¥)*) of K. Furthermore, by locally standardness of T-action,
we have that the invariant neighborhood T'(p) is diffeomorphic to an invariant neighborhood of
compact torus embedding into C". It follows from this that 7" x g V" ** is the trivial R***-bundle
over T" /K (in the sense of the ordinary non-equivariant vector bundle). This also implies that
the tubular neighborhood satisfies

N(T(p))

1%

T x g VHE
Viwy) @ @ Viagy) & (R"* x T"/K)
= V() @ @ V(iagy) © (C)"F
~ CFg(Crynt
where C* = C\{0} and the 3rd isomorphism between R"~* x 7" /K and (C*)"~* is given by

Il

Rn—k X Tn—k — ((C*)n—k
w )
(Fiyee oy Thytly ey tnog) +—  (exp(r1)t1,...,exp(Tn—k)tn—%)

Let U = N(T(p)) and vy be the above identification between U and C¥ @ (C*)"~*. Then,
{(U,vy)} may be regarded as a (locally standard) smooth atlas on M, i.e., for UNV # 0,
Yy oyt s by(UNV) — ¢y (UNV) is a smooth function. Moreover, the orbit space of this
normal bundle is

I

u/T (C e ()" )/T
~ RF xRZ,* CRY,
where Rsg = {& € R | > 0} and the 2nd isomorphism is induced from
CF x Qg*)”_’“ — RE wa’;gk'
(215 vy 2k, Zht1s - -5 2n)  — (21,5 28], 261l - - -5 [2nl)

Let ¢y r be the above identification between U/T and R’j_ X Rggk . Because the orbit map
m: M — M/T is an open map, the orbit space M /T of a locally standard torus manifold M is
a manifold with boundary admitting the chart with corners {(U/T, vy r)}. If U/T NV/T # 0,

then there is a homeomorphism in R x R’;ak
Yy 7 o %}}T Wi =Yy (U/TOV/T) = yr(U/TOV/T) = Wa.
Now we can take the section of the orbit map 7y : U = C* @ (C*)" 7% — Rk x R",* = U/T by

Rk X Rn—k $_U> (Ck: o) <\(UC* n—k
(22) + W >0 )
(F1 ey Py Tht1s e s Tn) > (T1y ey Ty Thtls- -y Tn)

This section sy is obviously smooth in the sense of manifold with corners because we can take a

smooth extension to R¥ x RZE’“ as the same map. We call sy a smooth section on U. Because

Yy 7 © wg/lT = 7y o (Yy o wl}l) o sy and sy, Yy o 1/151 and 7y are smooth, the chart with

corners{(U/T, vy r)} is smoothly compatible. Namely, the orbit space Q = M/T is a smooth

manifold with corners whose chart with corners are induced from the locally standard atlas of M.
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Moreover, it also follows from the locally standardness that @) is a nice manifold with corners (also
see [MaPal). So the following proposition is established.

PROPOSITION 2.3. Let M be a 2n-dimensional locally standard torus manifold and {(U, vy )}
be the locally standard atlas. Then, its orbit space M /T admits the structure of the n-dimensional
nice manifold with corners whose chart with corners is induced from {(U, vy )}, it can be denoted

by {(U/T,Yyr)}

3. Equivariantly formal torus manifolds
In this section, we introduce the equivariantly formal torus manifolds.

3.1. Equivariant cohomology. We first recall the equivariant cohomology algebra in the
general situation (see e.g. [Hs, Ma08, Kul1-2]). Let M be a space equipped with a Lie group
G-action. By the classical Lie theory, there is a principal G-bundle EG — BG, where EG is a
contractible space with free G-action and BG is its orbit space EG/G, called a classifying space
of G. Let EG xg M be the G-orbit space of the Cartesian product EG x M by the action
gle,z) + (eg!,gz) for g € G and (e,x) € EG x M. An equivariant cohomology HZ (M) of
the G-action on M is defined by the ordinary (singular) cohomology H*(EG xg M). One of the
important properties of equivariant cohomology H¢ (M) is that H (M) is not only a ring but also
an H*(BG)-algebra, i.e., H5(M) is an algebra over the ring H*(BG). This structure is defined
as follows. Because G-action on EG is free, we have the following fibration:

M —— EG x¢ M =~ BG

Therefore, the induced homomorphism
H*(BG) —> HY(M)

defines the H*(BG)-algebra structure on H (M).

Let G be an n-dimensional compact torus T, i.e., ST x --- x S (n times Cartesian product of
circle group). As is well known, H*(BT) ~ Z[ay, . . ., ay], i.e., the polynomial ring generated by
degree-2 elements. Therefore, the equivariant cohomology H}.(M) of a torus manifold M has the
Zloa, .. ., ay)-algebra structure. We may also regard «;, ¢ = 1,...,n, as a basis of t, where t}, is
the lattice of the dual of Lie algebra t of 7.

Now we may define the equivalence relation on two equivariant cohomology algebras. We call
H:(My) and Hi (M) are weakly (or p*— )isomorphic as an H*(BT)-algebra if there are a graded
ring isomorphism f* : H}.(My) — H}(Ms) and an automorphism p* : H*(BT) — H*(BT') such
that the following diagram commutes

H*(BT) —> Hx (M)

ip* if*
5

H*(BT) —— H3(M>)

and denote them by H. (M) ~,, H}(Mz). If p* is the identity, we call H}. (M) is isomorphic to

REMARK 3.1. Note that if M admits a G-action then there is the restricted K-action on M for
any subgroup K C GG. Let G be a connected Lie group and K be its maximal compact subgroup.
By the classical Lie theory, G has the deformation retract to K. This implies that the equivariant
cohomology H (M) is isomorphic to Hj. (M) as an algebra over H*(BG) ~ H*(BK).

For example, the compact (topological) torus 7™ is the maximal compact subgroup of (C*)"
(called algebraic torus, where here we regard (C*)™ as a Lie group). Now we may regard the non-
singular (complete) toric variety V equipped with the Zariski topology as the complex analytic
(compact) manifold equipped with the Hausdorff topology called a toric manifold My (see e.g.
[Od, Chapter 2] (Serre’s GAGA) about the functorial relation between V' and My ). By definition
of the non-singular toric variety, there is the smooth (C*)™-action on My with the dense orbit
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(in the sense of a Hausdorfl topology) and this action has fixed points (also see [IFM]: they
generalize the toric manifold from this point of view). Therefore, if we restrict the (C*)"-action
to the T"-action, we may regard the toric manifold My as a torus manifold. Hence, by the fact
stated as above, there is the Z[ay, ..., a,]-algebra isomorphism:

Hicyn (My) = Hpn (My).

3.2. Equivariantly formal torus manifold and its orbit space. Let M be a manifold
with T-action such that M7 is finite. It is well known that two Euler characteristics of M and
M7 are the same, i.e., x(M) = x(M7) (see e.g. [Ka]). Namely,

M| = x(M) =) (~1)"rank H* (M),
k=0

where the symbol |M7T| represents the number of the fixed points MT. If H°(M) = 0, the
Euler characteristic is nothing but the sum of Betti numbers and in the above case, the sum of
Betti numbers coincides with the number of fixed points. Moreover, by using the Serre spectral
sequence for the fibration ET xp M — BT, if H°%(M) = 0 then H}(M) ~ H*(M) ® H*(BT)
as an H*(BT)-module. This is one of the motivations to defined the following class of manifolds.

DEFINITION 3.2 (equivariantly formal space [GKM]). Let R be a ring. Let M be an even
dimensional manifold with n-dimensional torus T-action (not necessarily maximum, i.e., dim M >
2n). We say M is an R-equivariantly formal manifold if H}.(M; R) ~ H*(M; R)@ H*(BT; R), i.e.,
free as an H*(BT; R)-module (as is well known H*(BT; R) ~ R[a, ..., ay], i.e., the polynomial
ring). In this paper, the Z-equivariantly formal torus manifold M is called an equivariantly formal
torus manifold.

REMARK 3.3. The original definition of equivariantly formal in [GKM] is the C-equivariantly
formal.

Because x(M) = x(MT) (see [Kal), the fixed point set is non-empty M7 # () when a 2n-
dimensional, compact, connected, oriented manifold M with an m-dimensional torus T-action
satisfies that H°%(M) = 0. Namely M is automatically an (equivariantly formal) torus manifold
when H°44(M) = 0. Together with this and [MaPa, Lemma 2.1], [MaPa, Theorem 2|, we have
the following theorem:

THEOREM 3.4 (Masuda-Panov). Let M be an even dimensional, compact, connected, ori-
ented manifold with a half dimensional torus T-action. Then the following three conditions are
equivalent:

(1) Hodd(M) _ 0’.

(2) M is an equivariantly formal torus manifold, i.e., there is a fixved point;

(3) the T-action on M is the locally standard and the orbit space M /T is an n-dimensional
face acyclic,

where we call an n-dimensional nice manifold with corners Q an n-dimensional face acyclic if all
faces F (include Q) are acyclic, i.e., H.(F) ~ Hy(F) ~ Z.

Note that if M is Z-equivariantly formal, then we have that M is C-equivariantly formal (by
the tensor ®C), i.e., the original definition in [GKM].

4. Characteristic function and axial function

In this section, we introduce two combinatorial objects which have equivariant topological in-
formation of locally standard torus manifolds, called a characteristic function on the nice manifold
with corners (@, \) and a torus graph (T, A).



4.1. Characteristic functions. We first introduce the label (called a characteristic func-
tion) on the facets of the orbit space of a locally standard torus manifold.

Let M be an omnioriented 2n-dimensional locally standard torus manifold. Then, by Propo-
sition 2.3, the orbit space @ = M/T is a nice manifold with corners. Let m : M — @ be the
orbit projection and F(Q)(C P(Q)) be the set of facets. Then, for each F; € F(Q), the inverse
image 7T71(Fi) = M, is a characteristic submanifold M; C M. Because M; is fixed by some circle
subgroup T; C T™, this T; acts on the normal (complex line) bundle v; on M; and preserves its
complex structure. Take the Tj-equivariant 1st Chern class of v;, say c?(ul) € H% (M;). Because
T; acts on M; trivially, we may regard ¢!’ (1;) is a generator of H?(BT;) ~ (4)3 ~ Z, where (t;)%
is the lattice of the dual of Lie(T;), i.e., the Lie algebra of T;. This implies that we can determine
the primitive element A(F;) in tz such that

(el (1), A(Fy)) = +1,
where ZA(F;) = Liez(T;)(~ H2(BT;)) C tz (where Liez(T;) is the lattice of Lie(T;)(C Lie(T))).
This defines the map from the set of all facets of Q@ = M/T to t}, i.e.,
A F(Q) — .

Because for each fixed point p € M7 there are exactly n characteristic submanifolds M; (i € I,,)
such that {p} = Nics, M;. By (2.1), if we choose an omniorientation on M, there is the following
decomposition:

TpM = @iGIpV(ai,p)7
where we may regard
el () = qip € 4
by the restriction map
 H3, (M;) — H3,(p) = HY(BT) = ()} C @ier, (W) ~ 6

(where ¢, : {p} — M; and we often denote L;(cf"’(z/i)) =c

ty, the determinant of the induced (n x n)-matrix

(A(Fy) - A(Fi,))

n

Ti(1;)],). Because {a;, | i € I,} spans

satisfies that
(4.1) det (A(F3,) - M(Fy,)) = £1,
for n facets such that N7_, F;, is a vertex 7~ (p) (called the facets around a vertex),

REMARK 4.1. If we take the isotropy weight w; € tz of the characteristic submanifold M; =
77 1(F}), i.e., a primitive vector corresponding to the circle subgroup T; C T which fixes M;, then
w; coincides with A\(F}) up to sign.

Motivated by the above observation, we may define the characteristic function on a nice
manifold with corners as follows (see [BuPa, DalJa] for simple polytopes and [MaPa] for nice
manifold with corners):

DEFINITION 4.2. Let @ be an n-dimensional nice manifold with corners and F(Q) be the set
of its facets. Let tz be the lattice of Lie algebra of 7. Then, a function A : F(Q) — tz is said to
be a characteristic function if A satisfies the relation (4.1) for the facets around all vertices.

Moreover, we can define the free Z-module whose generators are F(Q), say ZF(Q) = &>, ZF;

for F(Q) = {Fi,..., Fin}. Then, the characteristic function induces the linear surjection
(4.2) A7 Z‘F(Q) — iz
by
A(D kiF) =Y ki\F))
i=1 =1



DEFINITION 4.3. Let (Q1, A1) and (Q2, A\2) be n-dimensional nice manifolds with corners Qq
and Q)2 with characteristic functions A\; and Ao. Assume that there is a diffeomorphism f, : Q1 —
Q2 in the sense of a manifold with corners. We say (Q1, A1) and (Q2, A2) are weakly isomorphic if
there are an automorphism p : T — T and an induced linear isomorphism fz : ZF(Q1) — ZF(Q2)
defined by fz(F;) = ¢; f«(F;) for some ¢; = £1 (where F; is a facet in Q1; then f,(F;) is a facet in
Q2) such that the following diagram commutes:

(M)z
ZF(Q1) —tz

| i

A
where p, is the induced isomorphism by p. We denote them by (Q1, A1) =y (Q2, A2). If the above
p is the identity, we call (Q1,A1) and (Q2, A2) are isomorphic and denote them by (Q1,A1) =
(Q2, A2).
If = +1 for all i = 1,...,m (where m = |F(Q1)| = |F(Q2)]), i-e., fz(F;) = f«(F;) for all
i, then we call (Q1,\1) and (Q2, \2) are weakly omnioriented isomorphic (if p is the identity then
we call them are omnioriented isomorphic).

Now we have the following proposition:

PROPOSITION 4.4. Let (My,T,p1) and (Ms,T,p2) be locally standard (omnioriented) torus
manifolds and (Q1, 1) and (Q2, A2) be their orbit spaces and induced characteristic functions. If
there is an automorphism p : T — T and a weakly p-equivariant diffeomorphism f : My — Mo,
then f induces the diffeomorphism fy : Q1 — Q2 such that the following diagram commutes:

(A1)
ZF(Q) >tz

\sz lp*
A
ZF(Q2) "t
where f7(F;) = xfu(F;) for all facets F; € F(Q1), and p. is the induced isomorphism by p.
Na’mekyy Zf (MlaTaﬁal) = (M27Ta (PQ) then (Qla )‘1) = (QQ,AZ)'
Furthermore, if f preserves the omniorientations of My and Ma, then (Q1, 1) and (Q2, \2)
are weakly omnioriented isomorphic.

PRrROOF. Because f is a weakly p-equivariant diffeomorphism, f preserves the orbits. Namely,
the induced map f, : @1 — Q2 is homeomorphism preserving the faces, i.e., f.(F) C Q2 is a face.
Furthermore, by using the section sy defined in (2.2), we can easily verify that the restriction of
f« to the smooth chart with corners U/T extends to the smooth function on an open subset in
R™. Similarly we can check that f; ! has a smooth extension on the smooth chart with corners.
Therefore, f,. is a diffeomorphism in the sense of a manifold with corners. Now it is easy to
check that to change the orientation of a characteristic submanifold M; corresponds to change the
sign of its characteristic function \(F;), where F; is the facet whose pull back image by the orbit
projection is 7~1(F;) = M;. Therefore, the induced linear isomorphism fz : ZF(Q1) — ZF(Q2)
can be defined by fz(F;) = € f«(F;) for some ¢; = £1. Finally, because f commutes with the
T-action up to the automorphism p and, we have Ay o fz = A1 o p,. This establishes the first
statement.

If f preserves the omniorientation then we can take ¢, = +1 for all 4 = 1,...,m (m =
|[F(Q1)| = |F(Q2)|). This also establishes the 2nd statement. O

4.2. Torus graph. The notion of torus graph is defined by Maeda-Masuda-Panov [MMP]
motivated by the GKM graph induced by Guillemin-Zara [GuZa). We first recall torus graph
abstractly (combinatorially).

Let I' = (V(T'), E(I")) be an abstract graph, where V(T') is the set of vertices and E(T") is the
set of edges of I'. We denote the set of all outgoing edges from the vertex p by E,(I"). We say T’
is an n-valent graph if |E,(I')| = n for all p € V().
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Assume that I' is an n-valent graph (not necessarily connected). Put
A: ET) =U,E,() — H*(BT).
If A satisfies the following two conditions:
(1) Alpg) = £A(qp);
(2) the set {A(E,(I))} spans t; ~ H*(BT),
then we call A is an axial function on I'. We denote the n-valent graph labeled by the axial
function by the pair (T, A).
Let Vpq : Ep(I) — E4(T') be a bijective map (recall |E,(I')| = |Ey(T")| = n). We call the
collection V = {V, | e € E(I')} a connection of (I', A) if V satisfies the following conditions:

(1) Vip =V,
(2) A(e) — A(Vpe(e)) =0 mod A(pg) for all e € E,(I') (we call this relation a congruence
relation).

DEFINITION 4.5 ([MMP]). Let I' be a connected n-valent graph and A be an axial function
on I'. Then, a labeled graph (T',.A) is said to be a torus graph if there is a connection on (T, A).

REMARK 4.6. If a torus graph (I', A) satisfies A(pq) = —A(gp) for all edges pg, this is nothing
but a GKM graph defined in [GuZa] with maximal rank axial function, i.e., I" is an n-valent graph
and dimT = n. If there is a connection V on a 3-linearly independent GKM graph, then V is
unique by [GuZa]. With the method similar to this proof, we also have this property for a torus
manifold, i.e., if there is a connection V on a n-valent torus graph for n > 3, then V is unique. It
is easy to check the connection of the case when n = 1,2 is also unique. Therefore, we may write
a torus graph as (T, .A) by omitting the connection.

REMARK 4.7. Let Pr(T',.A) be the set of k-valent torus subgraphs in (I, A) (0 < k < n), i.e.,
k-valent graphs in I' closed under the connection V. Then, the set

PI,A) =Ui_oPu(T, A)

admits the structure of a simplicial poset by inclusion (see [MMP]). We denote this structure by
(P(I',A), =).

In order to define the equivalence relations among torus graphs, we define the combinatori-
ally equivalent map f, : I'y — I'y for n-valent graphs I'y and I';. We call the map f, : I'; =
(V(I'),E(Ty)) = Ty = (V(Ty), E(Ty)) a combinatorially equivalent map if the restricted map
fely : V(1) = V(T'2) and fi|g: E(T'1) — E(I'2) are bijective and the following map commutes:

B(ry) L5 B(ry)

J/ﬂ'vl lﬂ'x@

V() L v(ry)
where 7y : E(T') — V/(T') is the map projecting to the initial vertex, i.e., 7y (pq) = p. Namely, the
bijection fy|y preserves the edges. Now we may define the equivalence relation.

DEFINITION 4.8. Let (I'1,A;) and (I3, Az) be n-valent torus graphs. We say (I'1, A1) and
(T'2, A2) are weakly isomorphic if there is a combinatorially equivalent map f, : I'y — I'; and an
automorphism p* : t* — t* such that

ET) g

o b

ET,) 22t

If p* is the identity, (I'1,.41) and (I, As) are said to be isomorphic
11



For the given torus manifold M with an omniorientation O, we can define the torus graph
(Tas, Apr). If we fix an omniorientation O in the torus manifold M, then by (2.1) we have the
following decomposition around the fixed point p:

TpM ~ ®i61pv(ai,p)'
Now we may defined the labeled graph (I'ss,.Axs) as follows:

e fixed points M7 as vertices V(I'5s), i.e., vertices in the nice manifold with corners M /T
e invariant S?’s as edges E(I'j;) whose 2 fixed points corresponding to the 2 vertices
connected by this edge, i.e., edges in the nice manifold with corners M/T (S? may
also be regarded as the fixed pointwise component of the intersection of some (n — 1)
characteristic submanifolds);
e the function Ay : E(Ty) — t, ~ H?(BT) is defined by
Anm(ejp) = jp
for e;,, € E,(T') which corresponds to (p €)5? C Miep,\ 53 M-
Note that e;, may also be regarded as the normal bundle of M; at p, ie., tyv; = V(a;,).
Therefore, we can easily check that the set of bijective maps V,q(e; ) = €4 for all pg € E(T'ar)
defines the connection on (I'as, Apr). Hence, (I'pr, Apr) is a torus graph, and we call it a torus
graph induced from the torus manifold M. We sometimes denote (I'az, Anr) by (I'(ar,0y, A(ar,0))
if we emphasis the omniorientation O.

REMARK 4.9. An omniorientation also determines the sign of representations T, M ~ T, (M, O)
@71 V(wip), ie., the sign is plus if the orientation of T,M and T,(M,O) are the same; other-
wise the sign is minus. This notion will be used when we define the equivariant connected sum
operation in Section 6.4. If the omniorientation is determined from the invariant almost complex
structure, then all the signs are plus and A(pq) = —A(gp) (see MMP, MaPa]).

REMARK 4.10. The set of k-valent torus subgraph Py (I'ss, Apr) of a torus graph induced from
M is nothing but the set of k-dimensional faces in a orbit space M /T. Moreover, we have that the
face poset (P(M/T), =) and the simplicial poset (P(T'as, Apr), X) induced from the torus graph
(Tar, Anr) are the same, i.e.,

(P(T'm, An), %) = (P(M/T), X).
We also have the following Proposition.

PROPOSITION 4.11. Let (M, T, ¢1) and (Ms,T,p2) be (omnioriented) torus manifolds, and
(T'1, A1) and (T2, A2) be their induced torus graphs. If there is an automorphism p: T — T and
a weakly p-equivariant diffeomorphism f : My — My which preserves omniorientations, then f
induces the combinatorially equivalent map f,. between two n-valent graphs I'pr, and I'yg, such that
the following diagram commutes:

B(y) s

oo, b

B(ly) 22> ¢

where p* is the induced isomorphism by p. Namely, a weakly equivariant diffeomorphism f :
M, — My preserves the omniorientations, then their induced torus graphs (I'1, A1) and (T's, As)
are weakly isomorphic.

ProoF. Under the assumption of this Proposition, we have that the differential df,, : T, M; —
TrpyMa (on p € M{') preserves the decomposition of the invariant complex one-dimensional
representations in (2.1) up to the automorphism p, i.e., df, induces the isomorphism

Diel; i V(1) = Bier,V(p* (ip))-
Therefore, we can easily check the statements. O
12



4.3. Torus graph and nice manifold with corners with characteristic function. In
this section, we recall the relation between torus graphs and nice manifolds with corners (see
[MMP]). Let (Q,A) be a nice manifold with corners @@ with the characteristic function A :
F(Q) — tz. Then, we can define the torus graph (g, Ay) as follows. Let I'g be the one-skeleton
of @ and p be a vertex which is the connected component of N;ey, F; for some I;, C [m] such that
|Ip| = n, where m = |F(Q)| and F; € F(Q). Then, because @ is nice, for each edge e; in E,(I'g)
there are exactly (n — 1) facets such that e; C N;ep,\ (53 Fi- Here, we call F; the normal facet of e;
at p and e; a normal edge of F; at p. Because {\(F;) | i € I,} spans tz, we can define Ay (e;) € ¢,
as the dual of A(Fj), where e; is a normal edge of Fj at p, i.e.,

{(Ax(e;); A(F3)) = 0
fori e I, \ {j} and

(Ax(e), A(Fy)) = 1,
where (o, z) is a paring of o € t* and = € t. We now define the set of bijections 5/, : Ep(T'g) —
E,(T'g) by the correspondence between normal edges on p and ¢ of a facet F;, where pg = e; C
Nier,\{;}Fi- Then, we can easily check that {/. | e € E(I'q)} is a connection. This implies that
(T'g, Ay) is a torus graph.

Conversely, let (I',.A) be an n-valent (abstract) torus graph. Assume that there is a nice
manifold with corners Qr whose face poset (P(Qr), <) is combinatorially equivalent to (P (T, .A), =<
). Then, we can define the characteristic function A4 on Qr as follows. Let F' be a facet in Qr.
Then, because (P(T', A), <) = (P(Qr), <), there is a corresponding (n — 1)-valent torus subgraph
(T'r, Ar). Because {Ap(e) | e € E(T'r)} spans (n — 1)-dimensional subspace of (tz)*, we can
define the element A 4(F) € tz as follows:

(Ale), Aa(F)) =0
for all e € E(T'p) and
(Alep,r), Aa(F)) =1
for the edge e, r € E,(T)\E,('r) for all p € V(I'r). Then, we can easily check A4 : F(Qr) — tz

is the axial function.
It is easy to check that the above two construction is dual, i.e., the following proposition holds.

PROPOSITION 4.12. Let Q be an n-dimensional nice manifold with corners and I" be its one-
skeleton (n-valent graph). Then the following two statements hold:
(1) if there is a characteristic function X on @Q then there is an induced azial function Ay on
r;
(2) if there is an axial function A on T’ then there is an induced characteristic function A

on Q.

Furthermore, these two functions are dual, i.e.,
A, =A, Ay, =A

By this proposition and the definitions of equivalence relations on (@, \) and (T, A), we also
have the following proposition:

PROPOSITION 4.13. Let (Q1, A1) and (Q2,A2) be nice manifolds with corners with character-
istic functions. Then the following two statements are equivalent:

(1) (Q1,A1) and (Q2,\2) are (resp. weakly) omnioriented isomorphic;
(2) the induced torus graphs (Tg,, Ax,) and (T'q,,Ax,) are (resp. weakly) isomorphic.

5. Construction of 6-dimensional simply connected equivariantly formal torus
manifolds

From now on, let M be a simply connected, equivariantly formal 6-dimensional (omnioriented)
torus manifold. In this section, we recall the basic facts about such M.
13



5.1. Canonical model. Let (Qs, Aas) be the pair of the orbit space Qy = M/T of M
and its induced characteristic function Ay : F(Q) — £ (see Section 4.1). Then, it follows from
Theorem 3.4 that @, is a face acyclic. Because the 3-dimensional manifold with corers Qs (which
is homeomorphic to 3-dimensional manifold with boundary) itself is acyclic, its boundary dQ s
may be regarded as the 2-dimensional compact, oriented manifold which becomes a boundary
of an acyclic manifold. This implies that 0Q,; is homeomorphic to the 2-sphere and @y is a
homology 3-dimensional disk, i.e., D3#hS? for some homology 3-sphere. Because M is simply
connected, we also have Qj; is simply connected (see e.g. [Wi, Lemma 2.7]). Therefore, Qs is
homeomorphic to the standard 3-dimensional disk D?3.

Conversely, we can recover the simply connected, equivariantly formal 6-dimensional torus
manifold M from the pair of the 3-dimensional disk () admitting the structure of face acyclic with
characteristic function A, say (Q,\) (see [BuPa, DaJa, MaPa]). Let M(Q, \) be the set of the
following identifying space:

M(Q,\) =Q xT?/ ~y,
where the equivalence relation (p,t1) ~» (¢,t2) is defined by p = ¢ € Q and t1t;' € T(p). Here,
T(p) C T is a subtorus generated by all A(F') such that p € F € F(Q), where if p € int(Q)
then we define t; = to. The topological manifold M(Q, ) is called the canonical model and it is
known that M(Q, A) is equivariantly homeomorphic to a torus manifold M whose induced pair
(Qnr, Apr) is isomorphic to (@, A) (see [MaPa, Lemma 4.5]). Moreover, we have that M(Q, \)

and M are equivariantly diffeomorphic by using the following one of the key fact in this paper
(see [Wi, Theorem 1.3]).

THEOREM 5.1 (Wiemeler). Let My and Ms be simply connected equivariantly formal 6-dimensional
torus manifolds. Then, My and Ms are equivariantly homeomorphic if and only if they are equiv-
ariantly diffeomorphic.

By using Theorem 5.1 and the result of [Ju], the canonical model M(Q, A) has the unique
smooth structure. In addition, we have the following lemma:

LEMMA 5.2. Let (Q1,1) and (Q2, \2) be 3-dimensional disks admitting face acyclic structures
and characteristic functions. Then, the following two statements are equivalent:

(1) two canonical models M (Q1, A1) and M(Q2, A2) are (weakly) equivariantly diffeomorphic;
(2) (Q1, A1) Z(w) (Q2,A2).

PrOOF. The statement without “weakly” is the corollary of the two facts: Theorem 5.1; and
the canonical model is determined up to equivariant homeomorphism. We shall prove the case
when we put “weakly” in the statement. By Proposition 4.4, the statement from (1) to (2) is
trivial. Assume (Q1, A1) = (Q2, A2). Then, there is a diffeomorphism f, : Q1 — Q2 (in the sense
of a manifold with corners) and an automorphism p : T — T such that the following diagram
commutes:

)

M)z
ZF(Q1) —tz

lfi \Lp*
(A2)z

ZF(Q2) ——tz

where fz and p,. are induced isomorphisms.

Now the product map p X f. : T'x Q1 — T X Q2 is a diffeomorphism (in the sense of
manifold with corners); in particular, pX f is a homeomorphism between manifolds with boundary.
Moreover, there is the surjective (continuous) map T x Q; — M(Q;, \;) = M; by the identifying
quotient / ~y, (i = 1,2). Therefore, the following commutative diagram:

TxQr 2515,

\L/le l/NAQ
f

My M,
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induces a weakly (p-)equivariant homeomorphism f : My — M (defined by f[t,p] = [p(t), f«(p)]).
We claim that M; and Ms are weakly (p-)equivariantly diffeomorphic. At first, we can easily
verify that

—1
p*_l oAy : .F(Qg) ﬁ) tz, p;> tz,
defines the characteristic function on Q2. We next prove that M (Qz, \2) = Mz and M (Q2, p; 1oX2)
are weakly p~!-equivariantly diffeomorphic. Because the product map p~ ' xId, : Tx Qs — T'X Q2
is a diffeomorphism (in the sense of a manifold with corners), the following commutative diagram:

—1
TXQQ”—XM*>TXQ2

J(/NAQ l/leoh

My ——> M(Qa,p; " 0 Ao)

induces a weakly (p~!-)equivariant homeomorphism g : My — M(Q2,p5! o X2) by g([t,p]) =
[p~L(t),p], where [t,p] € T x Q2/ ~»,. We may only prove that this homeomorphism ¢ is the
weakly (p-)equivariant diffeomorphism. In order to prove that, we note that for the atlas with
corners {(U,9v)} of Q2 induces the locally standard (smooth) atlas {(I'x U/ ~x,,¥rxu/n~,y, )} of
Ms. Let rxp)n,, (T x U/ ~x,) = W be the equivariant open subset in C*. Note that we may
regard W = TU C C3 for the relative open subset U C Ri, i.e., W C C3? is the set of T-orbits
of the elements in U. Similarly, M(Qa, p;! o X2) also has this atlas. Because g is induced from
p~ ! x Id,, the composition map

gu = wTXU/N,,;lo . ogo 1/177“>1<U/~>\2 W(=TU) - W(=TU)

A

is defined by

gu(rity, rata, rats) = (ripi(t),r2p2(t), r3ps(t))
where (7"1,7‘2,7’3) e U C Ri C (C37 (tl,tg,tg) S T(: St x 81 x Sl) C C3 and p(tl,tz,tg) =
(p1(t), p2(t), p3(t)) € T C C3. Because the automorphism p is also a diffeomorphism on T, the
composition maps gy and g(}l are smooth isomorphisms. This implies that g is a weakly (p~!-
)Jequivariant diffeomorphism.

Together with the above commutative diagrams, the composition map g o f is an equivariant
homeomorphism between M (Q1, A1) = M; and M(Q2, p; ' o X2). Therefore, by Theorem 5.1, M;
and M (Qs, p; o)) are equivariantly diffeomorphic. By the above claim, we have M (Q2, p; o))
and M, are weakly p-equivariantly diffeomorphic. This establishes that M; and M, are weakly
p-equivariantly diffeomorphic. O

5.2. Construction from torus graphs. Let (I'ys,.Aps) be a torus graph induced from the
simply connected equivariantly formal 6-dimensional (omnioriented) torus manifold M. Then, by
the argument in Section 4.3 and 5.1, we may regard the 3-valent graph I'j; as the one-skeleton of the
3-dimensional disk Qs (= M/T) with the structure of face acyclic. Moreover, two induced objects
(Qar, Aar) and (Tpz, Apr) have the dual relation which stated in Proposition 4.12. Therefore, if
there is a simply connected equivariantly formal 6-dimensional torus manifold M whose torus
graph is (T, A), we can construct the canonical model M(T', A) of a torus graph (T, A) by

M, A) = M(Qr, a),

where (Qr, A4) is the 3-dimensional disk @Qr whose one-skeleton is I" and A 4 is its characteristic
function whose dual is A. Together with Proposition 4.13 and Lemma 5.2, we can easily show the
following key lemma:

LEMMA 5.3. Let (I'1, A1) and (I, A2) be torus graphs induced from simply connected equiv-
ariantly formal 6-dimensional torus manifolds My and Mas, respectively. If (I'1, A1) and (g, As)
are (weakly) isomorphic, then My and My are (weakly) equivariantly diffeomorphic.

In particular, we have that the canonical model M (T"ys, Aps) of induced torus graph (T'az, Ang)
from M is equivariantly diffeomorphic to the original torus manifold M (if M is a simply connected
equivariantly formal 6-dimensional torus manifold).
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6. Equivariantly formal six-dimensional torus manifolds

In this section, we prove the 1st main theorem (Theorem 6.10). Before we prove Theorem
6.10, we will exhibit some examples of simply connected, equivariantly formal 6-dimensional torus
manifolds.

6.1. 6-sphere. Let S° C C? @ R be the unit sphere with the induced (positive) orientation
from C3 @ R(~ R"). Then, T° acts on the first three complex coordinates by

(t1,t2,t3)(21, 22, 23,7) = (p1(t)z1, p2(t)22, p3(t)23,7)

where z; € C, r € R such that |21]? + |22|? + 23] +72 = 1, t = (t1,t2,t3) € T and p: T — T is an
automorphism. This action is effective and there are two fixed points (the north pole p = (0,0,0, 1)
and the south pole ¢ = (0,0,0,—1)). Therefore, (S, 73) is a (simply connected) equivariantly
formal torus manifold. We can easily check that there are three characteristic submanifolds in
(8%, 73) and we may choose their orientations by the orientation induced from C? & R(~ R®). We
denote this omniorientation as Oge. Then, the tangential representation around the fixed points
my be regarded as follows:

T,(8% 0g6) =C3* x {+1} CC* @R, T,(S% Og6) =C* x {-1} C C* B R,

i.e., both of them are the natural torus representations by p. In particular, if p is the identity then
the irreducible decomposition of T,(S5%, Ogs) and T, (5S¢, Ogs) are obtained by

C*=V(aV(B) aV(y),

where «, 3,7 are the generators of t;. Hence, the torus graph of (S% Ogs) with the standard
T-action is the labeled graph in Figure 1.

FIGURE 1. Torus graph induced from (5%, Ogs) with the standard T3-action. We
call this torus graph the standard torus graph with two vertices.

If the 3-valent graph has only two vertices, then its combinatorial type is just as above graph.
Moreover, due to the definition of axial functions of torus graphs, all of the axial functions on this
graph is determined by the automorphism on t of the above axial function. More precisely, we
have the following lemma;:

LEMMA 6.1. Let (T, A) be a 3-valent torus graph such that V(') = {p,q}, i.e., [V(I')| = 2.
Then, the set of (oriented) edges is

E(I') = {e1,e2,€3,€1,€2, €3}
such that e; connects two vertices p and q (€;(= e;) connects q and p), and the azxial function A is
Ale;) = A(e;) = kipa + kioB + kizy € (f%)* = HQ(BT?’;Z)

for the standard generator «, 3,7 € (£3)* such that

kin k2 ki3
det k‘gl kgg k23 = 4+1.
k31 kza k33

Furthermore, all of such torus graphs are weakly isomorphic to the standard torus graph with two
vertices (Figure 1).
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It is easy to see that the axial function in Lemma 6.1 can be realized by the following 73-action
on S¢ Cc C3 @ R:

(t1, b2, t3) (21, 22, 23,7) =0 (705120510 20, 472 0522 0520 2 Y2 572057 25, 7).
Therefore, together with Lemma 5.3, the following lemma holds:

LEMMA 6.2. Let (T, A) be a 3-valent torus graph with |V (T')| = 2. Then, there is the canonical
model M(T', A) of (T,.A), and M(T, A) is equivariantly diffeomorphic to a T3-action on S® C
C3aR.

Furthermore, M (T, A) is weakly equivariantly diffeomorphic to the standard T>-action on
SécC*aR.

6.2. 6-dimensional quasitoric manifolds. The quasitoric manifold ([BuPa, DaJa]) is
one of the examples of simply connected equivariantly formal torus manifolds. In this section, we
introduce the quasitoric manifold.

If a torus manifold X satisfies the following two conditions, then we call X a quasitoric
manifold:

(1) the T™-action is locally standard;

(2) the orbit space M /T is a nice manifold with corners admitting the combinatorial structure
of an m-dimensional convex polytope, i.e., the convex hull of finite points located in the
general position in R"™.

For example, the (complex) n-dimensional complex projective space CP™ with the standard T™-
action is the quasitoric manifold whose orbit space is n-dimensional simplex.

Let X be a 6-dimensional quasitoric manifold. Then, by [DaJa], this is a 6-dimensional
(simply connected) equivariantly formal torus manifold. The Figure 2 shows the torus graph

induced from (CP3, O¢), i.e., the omniorientation O¢ induced from the standard complex structure
on CP? and the standard T-action on CP3.

FIGURE 2. Torus graph induced from (CP3,O¢).

REMARK 6.3. Here, we note the relations between 6-dimensional quasitoric manifolds and
(complex) 3-dimensional (complete) non-singular toric varieties, say 6-dimensional compact toric
manifolds. By Remark 3.1, we may regard a 6-dimensional compact toric manifold as a 6-
dimensional torus manifold. If X is a 6-dimensional compact toric manifold, then the orbit space
of 0, 1-dimensional orbits in X has the structure of a graph such that 3-valent, simple (i.e., there
are no multiple edges and no loops) and planner. Using Steinitz’s theorem in [Zi, Chapter 4], such
graph can be always realized as the 1-skeleton of a 3-dimensional simple convex polytope. There-
fore, Lemma 5.3 shows that a 6-dimensional compact toric manifold is equivariantly diffeomorphic
to a 6-dimensional quasitoric manifold.

On the other hand, quasitoric manifolds do not always admit the structure of a toric man-
ifold. For example, (CP?#CP?) x S? is one of the 6-dimensional quasitoric manifolds, but its
cohomology ring is never isomorphic to that of a toric manifold (also see [BuPal). This shows
that (CP2#CP?) x 5% does not admit the structure of a toric manifold.

By Steinitz’s theorem and Lemma 5.3, we also have the following lemma:
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LEMMA 6.4. If a 3-valent torus graph (I', A) satisfies that simple and planner, then there is a
unique 6-dimensional quasitoric manifold M (T'; A) up to equivariant diffeomorphism.

6.3. S*-bundles over S2. In this section, we introduce the structure of a torus manifold on
the S4-bundle over S2. There are two free T'-actions on S C C? by

(21, 2:2) — (t_lzl, tEZQ),

where ¢ = £1. We denote S® with the above T'-action by S3. Note that S3/T" is diffeomorphic
to the 2-sphere S2. Because the complex line bundle over S? can be denoted by

S? X1 Cam

where C, is the complex 1-dimensional vector space with the T'-representation by a-times rotation
for a € Z. Then, by taking the unit sphere bundle of the 5-dimensional real vector bundle

8¢ xr1 (Co ® Cy ®R)
where S2 x71 R is the trivial real line bundle over S?, we define S*-bundle over S? denoted by
M(e,a,b) = S xg1 S(C, ® C, ®R),
for € = 41, a,b € Z. Then, we define the following T3-action on M (e, a, b):

[(wv Z)? (1'7 Y, T)] = [(tlwv Z)’ (thv i3y, 7’)],

where (t1,t2,t3) € T3 and [(w, 2), (z,y,7)] € M (€, a,b) such that |w|? + |z|*> = 1 and |z|? + |y|® +
r?2 = 1. It is easy to check that there are 4 fixed points and its orbit space admits the face
acyclic structure induced from D? x I, i.e., the product of the 2-dimensional disk and the interval.
Therefore, M (e, a,b) is a simply connected equivariantly formal 6-dimensional torus manifold.

Moreover, we can define the omniorientation on M (e, a,b) standardly, and by using this om-
niorientation we have the torus graph drawn in Figure 3:

FIGURE 3. Torus graph induced from M (e, a,b) with the standard omniorienta-
tion, where «, 3,y € t; are the standard generators.

By the easy argument, if the 3-valent graph I' which is not the one-skeleton of 3-dimensional
simplex (i.e., the graph in Figure 2) has 4 vertices, then I' is combinatorially equivalent to the
one-skeleton of D? x I, i.e., the graph in Figure 3. Moreover, all of the axial functions on the one-
skeleton of D? x I are the axial functions in Figure 3 up to automorphism p : T — T. Therefore,
by Lemma 5.3, we have the following lemma:

LEMMA 6.5. Let (T',A) be a 3-valent torus graph with |V (T')| = 4. Assume T is not the one-
skeleton of 3-dimensional simplex. Then, there is the canonical model M (T, A) of (T',A), and
M(T', A) is weakly equivariantly diffeomorphic to a T®-action on M (e, a,b).

REMARK 6.6. In Lemma 6.5, if T" is a one-skeleton of 3-dimensional simplex, then M(T, A) is
weakly equivariantly diffeomorphic to the standard T3-action on CP3.
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6.4. Connected sum. The equivariant connected sum of two simply connected equivari-
antly formal 6-dimensional torus manifolds M; and Ms constructs many examples of such torus
manifolds. There seems to be several ways to define such an equivariant connected sum oper-
ations. In this paper, we define the equivariant connected sum around the fixed points of two
6-dimensional torus manifolds M; and M> as follows. Assume that two fixed points p € M7 and
q € M5 have the same tangential representation

T,My =V(a)®V(B)® V(y) =T,Ms,

where «, 3,7 are the generators of t;. Then, there are three characteristic submanifolds M;(a),
M;(B) and M;(y) for i = 1,2 such that My () N M1 (8) N My () = {p} (Mz(a) N M2(8) N Ma(y) =
{¢}) and T, M+ (6)(= T, M2(9)) = (V(a) B V(B)® V(7))/V(5), where § = a, B or . Moreover we
assume signs of T, M and T, M, are different and those of T),M(5) and T, M>(6) are also different
for all 6 = a, B,y (see Remark 4.9). Then, we glue around the invariant tubular neighborhoods of
p and ¢ equivariantly and get another torus manifold M;#, .y M2 (or we also denote M;i#My).
This operation is called the equivariant omnioriented connected sum, or just equivariant connected
sum in this paper. Because we assume M; and M, are simply connected equivariantly formal
torus manifolds, the connected sum M;#, 4 Mz is also a simply connected equivariantly formal
torus manifold. Because Q1 = M1/T and Q2 = M5 /T are 3-dimensional disks with the structure
of a face acyclic, (M1# ;,q)M2)/T is the connected sum Q#Q2 along two vertices corresponding
to fixed points p, q. Note that Q1#Q2 is also a 3-dimensional disks with the structure of a face
acyclic.

Let (T'1,.A;1) and (T'2, A2) be (abstract) 3-valent torus graphs. If p € V(I';) and ¢ € V(T'2)
have the same out-going axial functions, i.e.,

{Ai(es) | ei € Ep(T1)} = {A2(fi) | fi € Eq(T2)},
then we can do the connected sum of torus graphs between (I't, A;) and (T2, As), say (I, A) =
(1, A1) #(p,q) (T2, A2), as follows (also see Figure 4).
(1) V() = V() \{p}uV(2) \{a};
(2) E(T) = E(T1)\{pp1, pp2, pp3YUE(T2)\{qq1, 992, 493 }L{P141, P22, P33}, where A, (pp;) =
AQ(qqz) for i = ]-7 27 37
(3) A : E(I') — (£)* such that A(e) = Aj(e) and A(f) = As(f) for e € E(I'1) \
{pp1,pp2. pp3} and f € E(I2) \ {q91,992,qq3}, and A(piq;) = Ai(pip) and A(gipi) =
Az(¢iq).-

aw

FIGURE 4. The equivariant connected sum f (from left to right) and its inverse
471 (from right to left). Here, a, 3, are generators of (£)* and a,d’,b,V',c,c’ =
+1.

Because it is easy to check that the connection is well-defined on the above connected sum operation
of the torus graphs, the obtained labeled graph (I',.A) is a torus graph.

By the conditions of signs of characteristic submanifolds in the definition of equivariant con-
nected sums and using Corollary 5.3, we have the following lemma:

LEMMA 6.7. Let (I'y, A1), (T2, A2) be torus graphs and (I'; A) = (T'1, A1)#(p.q) (I'2, A2) be
their connected sum. Let M(T'1, A1), M (T2, A2) and M (T, A) be their canonical models, respec-
tively. Assume that we can define connected sum around two fixed points p, q and we obtain
the torus manifold M = M(T'1, A1)#p,qM (T2, Az). Then, there exists the following equivariant
diffeomorphism:

MT, A =M= M(Fl,Al)#(p,q)M(Fg, As).
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REMARK 6.8. In the situation in Lemma 6.7, the omniorientation induced from the collapsing
map M(I', A) — M(T'1, A1) U {q} (vesp. M(I', A) — {p} U M(I'y, A2)) defines the same torus
graph (T'1, A4;) (resp. (T2, A2)).

REMARK 6.9. Similarly, we can define the notion of the equivariant connected sum on (Q, \),
i.e., the nice manifold with corners with characteristic functions

6.5. The 1st main theorem. Now we may prove the 1st main theorem.

THEOREM 6.10. Let M be a simply connected, equivariantly formal 6-dimensional torus man-
ifold. Then, M is equivariantly diffeomorphic to one of the following manifolds:

(1) S% C C3 @R with the torus action induced from a T>-action on C3.;
(2) 6-dimensional quasitoric manifold X ;
(3) S*-bundle over S? equipped with the structure of a torus manifold which is weakly equiv-
ariantly diffeomorphic to M (e, a,b),
or otherwise, there is a 6-dimensional quasitoric manifold X and S*-bundles over S2, say S; for
some i =1,.... ¢, such that M is equivariantly diffeomorphic to

X#S 19 -+ #S0.
Here, S; is weakly equivariantly diffeomorphic to M(e;,a;,b;) for some ¢; = £1 and a;,b; € Z.

PROOF. Let M be a simply connected, equivariantly formal 6-dimensional torus manifold and
(Tar, Apr) be its induced torus graph. By Lemma 6.2, the number of vertices |V (I'js)| = 2 if and
only if M is diffeomorphic to S6. Therefore, if |V (I'3s)| = 2 then the statement (1) occurs. So we
may only prove the case when |V (I'pr)| > 2, i.e., M is not diffeomorphic to SS.

Assume that M is not diffeomorphic to S¢. Then, by the combinatorial argument for 3-valent
graphs, we have |V(T'p)| > 4. If |V(Tar)| = 4, it follows from Lemma 6.5 and Remark 6.6 that
M is equivariantly diffeomorphic to a quasitoric manifold CP? or an S*-bundle over S? which is
weakly equivariantly diffeomorphic to M (¢, a, b) for some € = £1, a,b € Z, discussed in Section 6.3.
Therefore, if |V (I'pr)| = 4 then the statement (2) or (3) occur. So we may assume |V (I'ps)| > 5.
Recall that T'p; is the one-skeleton of the orbit space M/T. Because now M /T is homeomorphic
to the 3-dimensional disk, its one-skeleton I'y; can be realized as a planner graph (by using the
stereographic projection from the 2-sphere to the plane). Therefore, if there is no multiple edges,
i.e., two vertices p, ¢ connected by more than 2 edges, then I'j; can be realized as the one-skeleton
of a 3-dimensional simple polytope by Steinitz’s theorem. This implies that if there is no multiple
edges in I'j; then there is a quasitoric manifold X which is equivariantly diffeomorphic to M by
Lemma 6.4, i.e., the statement (2).

Therefore, we may only discuss the case when |Vp| > 5 and there are (at least) two vertices
connected two edges in I'ys. In this case, by Lemma 6.7, it is enough to show that (I'ys, Aps) can
be decomposed into the following torus graphs:

(FM’AM) = (FXaAX)#(FSUA&)# T #(FsszSe)'

Assume two vertices p, ¢ are connected by two edges (see the bottom graph in Figure 5).
Then, by following the connection in the definition of the torus graph, it is easy to check that the
axial functions around the multiple edges connecting p, ¢ satisfy the axial functions expressed in
Figure 5, where we can take «, (3, v as any choices of generators in (£3)*. In this case, we can
do (inverse) connected sum operation around the vertex enclosed with a circle in Figure 5 (from
the bottom to the top in Figure 5). Then, the induced torus graph (I'ps, Aps) is decomposed
into two induced torus graphs (I's,,As,) and (I'ar, Apr), where M’ is some simply connected
equivariantly formal 6-dimensional torus manifold and S; is a torus manifold which is weakly
equivariantly diffeomorphic to M (e, a,b). Namely, we have

(Tar, Anr) =2 T, An)#(Lsy 5 Asy ).

If there is no multiple edges in 'y then M’ is a quasitoric manifold. If there is a multiple edge,
then we iterate this argument and finally we have the following decomposition:

(Car, Amr) = (Ox, Ax)#(Ts,, As, )# - #(I'sy, As, ),
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FIGURE 5. We may regard «, 3,7 as any generators in (t3)* and a,a’,b,b’ € Z
and €, ¢ = +1.

where I'x is a one-skeleton of some simple polytope. This establishes the statement of the theorem.
O

By Theorem 6.10, we also have the following well-known result.

COROLLARY 6.11. Let M be a simply connected 6-dimensional torus manifold whose cohomol-
ogy ring is generated by the 2nd degree cohomology. Then, M is a quasitoric manifold.

REMARK 6.12. Corollary 6.11 does not hold for eight-dimensional torus manifold. (There is
such a torus manifold over a Barnette sphere which is non-polytopal 3-sphere, see [IFM])

7. Equivariant cohomological rigidity

In this section, we study the classification of equivariantly formal torus manifolds by using
their equivariant cohomology. The goal of this section is to prove the following theorem:

THEOREM 7.1. Let My and Mz be simply connected, equivariantly formal 6-dimensional torus
mamnifolds. Then, the following two statements are equivalent:
(1) (My,T3) =, (M, T?), i.e., weakly equivariantly diffeomorphic;
(2) Hjp(My) =y H}(Ma), i.e., weakly isomorphic as the H*(BT)-algebra.

Because the statement from (1) to (2) is trivial, we shall prove the statement from (2) to (1).
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7.1. Preliminary to prove. We first recall the structure of equivariant cohomology H*(BT)-
algebras of equivariantly formal torus manifolds proved by Maeda-Masuda-Panov. In order to state
the result, we define the equivariant cohomology of torus graphs.

A (graph) equivariant cohomology of the torus graph (T',.A) is defined as the following set of
functions:

Hp (T, A) ={f: V() = H*(BT) | f(p) = f(¢) =0 mod A(pg)}.

It is easy to show that this set is a graded ring which is induced from the graded ring structure
of H*(BT). Moreover, we can define the function i, : V(I') = H*(BT) by ia(p) = . Obviously,
iq € H3(I', A). This defines the homomorphism i : H*(BT) — H7 (T, A) by

i(a) =iq.

Therefore, by this homomorphism, we may regard Hx(T',.A) as the H*(BT)-algebra. By using
these structures, we may define the following graded ring:

H*(T, A) = H(T, A)/i(H>"(BT)),

where i(H>°(BT)) represents the image of H*(BT) (* # 0) by i. We call H*(T', A) a (graph)
cohomology ring of the torus graph (T, A).

Now we can define an element in HZ.(T', . A) which represents the subgraph K. Let K be a
(n — k)-valent torus subgraph in (I', A), where I' is an n-valent. Then, we can define the element
T € H2F(T, A) as follows:

) (p) = { HeeEMF)\éﬂpm Ale) if peV(K)

it pgV(K)

The element 7 is called the Thom class of K. Because |E,(I')\ E,(K)| = k, the degree of 7k is 2k,
ie., T € HZF(T, A). We formally define 0 = 1 € HAQ(T, A) ~Z and 7y = 0 € H;" (T, A) = {0}.
Let P.(T, A) be the simplicial poset induced from torus subgraphs in (I", 4). Now we may define
the face ring Z[P«(T, A)] (generalized Stanley-Reisner ring) as follows:

ZIP.(T, A)] = ZIK | K € P.(T, A)/T

where Z[K | K € P.(I', A)] is the polynomial ring generated by all torus subgraphs K (where
we define deg K = 2(n — |E,(K)|), for p € V(K)), the ideal Z is generated by the following
homogeneous polynomials for G, H € P, (T, A);

GH=GVH Y E
EeGNH

where G'V H represents a minimal face containing both G and H, ) oy F runs through all
of the connected component of G N H and we formally define I' = 1 and () = 0. In general, such
a least upper bound GV H may fail to exist or be non-unique; however it exists and is unique
provided that the intersection GN H is non-empty. (If GN H is empty, the right hand side is zero,
i.e., GH = 0.) Then, the following theorem holds:

THEOREM 7.2 ([MaPa] and [MMP]). Suppose (I',.A) be an (abstract) torus graph. Then,
the correspondence between a torus subgraph and its Thom class, K +— T, induces the following
ring isomorphism:

Z[P.(T, A)] ~ H; (T, A).

Furthermore, if M is an equivariantly formal, ommnioriented torus manifold, then there is the
following ring isomorphism:

Hi(M) = Hy(Tar, An).
Recall that H*(BT) ~ Zlo,...,q,) for dega; = 2. Theorem 7.2 also implies that the

H*(BT)-algebraic structure of H}(I", A) can be determined by Thom classes of (n — 1)-valent
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torus subgraphs, say 71, ..., T;,. More precisely, for any element o € H?(BT)(= t}), there exists
the element \; € Ho(BT)(= tz) which satisfies

(7.1) a Y (o) € HE(T, A),
i=1
and .
Z(a, Xi)Tilp = Z(a, Xi)Tilp = o for all vertices p € V(I').
i=1 i€l

REMARK 7.3. If there is a face acyclic Qr whose one-skeleton is I', then the above \; € tz
defines the characteristic function A4 on Qr which is the dual of the axial function .A.

If two torus graphs (I'1,.A;) and (I, As) induce the same simplicial poset (see Section 2.2),
then it follows from Theorem 7.2 that

H}(T1, A1) ~ H; (T2, A2)  as aring.

This implies that if we take two distinct omniorientations @7 and O3 on the equivariantly formal
torus manifold M, then

Hp(Lr00), Aro,)) = Hp(Lar,0,): A(r0,))  as aring,
where (I'(a,0,), A(m,0,) represents the torus graph induced from omnioriented torus manifold
(M, 0;), for i = 1,2. Moreover, the choice of omniorientation O (with the fixed orientation M)
is just to choose the signs of Thom classes in H% (T, A), i.e., two orientations of a characteristic
submanifold M; corresponding with +7x, and —7k;, where K is a (n — 1)-valent torus subgraph
corresponding with M;. This implies that the ring isomorphism as above can be given by the map
7+ £7; for i =1, ..., m. Therefore, we have the following proposition:

PROPOSITION 7.4. Let O1 and Oy be omniorientations on the equivariantly formal torus man-
ifold M. Then, for the graph equivariant cohomology of their induced torus graphs, the following
holds:

H1(Tar,00), An,00)) = Hr (D n,00) An,0,)) - as H*(BT)-algebra.
Furthermore, if M is an equivariantly formal, omnioriented torus manifold, then there is the
following H*(BT)-algebra isomorphism:

Hj (M) = Hj(Ta, Av).

Here, in Proposition 7.4, H5(I'y, A;) ~ H}(T'2, A2) represents that there is a graded ring
isomorphism f* : H5(I'1, A1) — H5 (T2, As) such that the following diagram commutes

H*(BT) —"> Hy (1, A1)

L
H*(BT) —2= H:(Ts, As)

where 41 and iy are the homomorphism which defines the H*(BT)-algebra structure. If we use
an isomorphism p* : H*(BT) — H*(BT) instead of Id in the above diagram, then we denote
Hp Ty, Ar) ~o Hi (D2, Az)

Let (I'1,.A1) and (I'2,.A2) be torus graphs induced from equivariantly formal torus manifolds
M; and Ms respectively. By Theorem 7.2, it is easy to check that H}.(M;) ~,, H}.(Ms) if and
only if H3(I'1, A1) ~ HF (T2, A2). Therefore, in order to show the statement from (2) to (1)
in Theorem 7.1, by using the arguments in Section 4.3 and Lemma 5.2, it is enough to show the
following theorem

THEOREM 7.5. Let My, Ms be simply connected, equivariantly formal 6-dimensional torus
manifolds, and let (T'1, A1), (T2, A2) be their induced torus graphs and (Q1,) 1), (Q2,M2) be
their induced 3-dimensional disks with characteristic functions, respectively. If H3(T'1, A1) >~y
H%(F27A2), then (Ql,)\l) gw (Q27)\2).
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7.2. Proof of Theorem 7.5. We shall prove Theorem 7.5. In this section, we assume that
all torus graphs (I', A) are induced from a simply connected, equivariantly formal 6-dimensional
torus manifold, i.e., for torus graph (T',.A), there is an omnioriented torus manifold (M, Q) such
that

(T, A) = (T (a,0)5 A, 0))-
Due to Proposition 7.4, we may also denote this by (I'as, Apr). Moreover, by using Theorem 6.10,
the combinatorial type of such a torus graph is one of the following cases:

CASE 1: |V(I')| =2 and E(T") = 3, say I'ss (see Figure 1);

CASE 2: the connected sum of torus graphs induced from M (e, a,b), say I's, # - - - #I'g,
(see Figure 3);

CASE 3: Otherwise, i.e., the connected sum of a torus graph obtained from a one-skeleton
of 3-dimensional simple convex polytope and a torus graph in CASE 2, say I' x #'s, # - - - #['s,
where I'x is the one-skeleton of a polytope.

7.2.1. CASE 1. Let H5(T'g6,.Age) be the equivariant cohomology of the torus graph induced
from a T3-action on S®. By Lemma 6.2 and Proposition 7.4, we may regard H;(I'gs,.Ags) as the
equivariant cohomology induced from the standard T%-action on S° (see Figure 1).

Assume that for some induced torus graph (I'ps,.Apr) there is a weak H*(BT)-algebra iso-
morphism

f*:Hp(Tge, Ags) = HTI(Cag, Ang).
Because f* induces the isomorphism between H*(I'gs, Ags) ~ H*(I'ps, Apr), we have that there
are just two vertices in (T'pr, Apr) (because #V (I'yr) = x(M)). It follows from Theorem 6.10 that
we have that (I'gs, Ags) and (T'ps, Apas) are weakly isomorphic. In particular, by Definition 4.3
and Proposition 4.13, we have

PROPOSITION 7.6. Let (T'pr, Anr) be a torus graph induced from a simply connected equivari-
antly formal 6-dimensional torus manifold. Assume that Hy(Tge, Age) =~y H5(Tar, Arr). Then,

(Qnr, Anr) Z (Qss, Ags).

So, in the rest of this section, we may assume |V (I')| > 2; moreover, (by the combinatorial
argument) we may assume
V(I =4
for the induced torus graph (I',.A) from a simply connected, equivariantly formal 6-dimensional
torus manifold.
7.2.2. Zero-length. In order to prove Theorem 7.5 for CASE 2 and CASE 3, we introduce the
zero-length of the element £ € H3(T', A) in [Ma08]. Set

(7.2) Z(&) ={pe V() [ £&(p) = 0}

We call the cardinality of Z(&) the zero-length of £ € H}(T', A) and denote it by |Z(€)|. Because
in our case H};.(I", A) ~ H} (M) for some torus manifold (M,T'), the localization theorem holds
(see [Hs, p. 40]). Hence, with the method similar to that demonstrated in [Ma08, Section 3], we
have that

1Z(&) = 12(f(&)
for a weak H*(BT)-algebra isomorphism f : H5(I'1, A1) — H5(Ta, A2).
We first show the following lemma:

LEMMA 7.7. Let £ € H3(T', A) (x = 2,4) be a non-zero element such that |Z(§)| = |V(I')| -2,
ie., V(T)\ Z(&) = {p,q}. Then, if x = 2 (resp. x = 4), there exists a 2-valent multiple edge K
(resp. an edge e) connecting p, ¢ and a non-zero integer k such that

E=krx (resp. kte),

where T € HA(T, A) (resp. 7. € H3(T, A)) is the Thom class of K (resp. e).
Moreover, let € € HS.(T', A) be a non-zero element such that |Z(€)| = |V(T)| — 1, i.e., V(T) \
Z(&) = {p} Then, there is a non-zero integer k such that

§=krp,
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where 1, € HS(T', A) is the Thom class of p.

PROOF. Because the latter statement (for the case when * = 6) is straightforward by defini-
tion, we only prove the former statement.

Let V(T)\ Z(&) = {p, ¢q}. Assume p and q are not connected by edges. Then, by the definition
of H}(T, A), there are integers k, and k, such that

§(p) = kpan paspasp,  €(q) = kg ga2,0a3 4
where «;, = A(e; ) € H?*(BT?) for e;, € E,(T"). Because the degree of ¢ € HA(I', A) is 2 or
4, we have k, = kg = 0. This gives a contradiction to & # 0. Therefore, because we assume
[V ()] > 2, there are 1 or 2 edges connecting p and q.
If there is the only one such edge, say e, similarly we have

g(p) = kpal,pa27p7 5(‘1) = kqal,qanv

where o, — ;g =0 (mod A(e)) for ¢ = 1,2. Because £(p) — £(g) =0 (mod A(e)), we have that
kp = kq = k. Therefore, { can be written by

¢ =kr, € H7(T, A).
If there are two edges connecting p and ¢, say e, es, i.e., p and ¢ are connected by the multiple
edge. Put this multiple edge as the 2-valent subgraph K C T such that V(K) = {p,q} and
E(K) = {e1,ea}. By the axial functions around the multiple edge (see the bottom graph in
Figure 5), K is a 2-valent torus subgraph. Because ¢ € HZ(T', A) and V(') \ Z(¢) = {p, q}, we
have
£p) = kay, &(q) = kayg

for some integer k£ and the normal axial function o, = Tx(p) and ay = 7x(q). This establishes
the former statement. O

Let f: H3(T'1, A1) — H5 (T3, A2) be a weak H*(BT)-algebra isomorphism. Let 7;€(i) be the
set of all Thom classes of 2-valent torus subgraphs K in (I';, A;) (i = 1,2) such that |Z(7)| = k
for 7 € 7;(2) (k=0,...,|[V(IT;)| — 2). By Lemma 7.7, we have the following corollary:

COROLLARY 7.8. Let T € T\gfl()rl)kz' Then, there is an element 7' € 7]&2()1“2)'72 such that
f(r)=+7".

Namely, by a weak algebra isomorphism, the Thom class of a multiple edge in T'y maps to the
Thom class of a multiple edge in I's up to sign.

Next, we generalize the statement in Corollary 7.8 to the Thom classes of Tk(l) forall £ >0
in Lemma 7.11. To do that, we prepare two lemmas:

LEMMA 7.9. Let £ € H2(T', A) be an element with 0 < |Z(£)| < |[V([')| — 2. Ezpress £ =
> kcr xTi for some integers ar, where K runs through all 2-valent torus subgraphs in (I', A).
If ax # 0 for some K, then Z(§) C Z(7k). Furthermore, if ax # 0 and ay # 0 for some distinct
K and H, then K or H is a multiple edge, i.e., K or H consists of 2 vertices and 2 edges, or
otherwise Z(§) C Z(Tk).

PRrROOF. Let p € V(I') and p € Z(§). Because 0 =¢|, =D 1 axTk|p, if ax # 0 then 7|, = 0.
This implies that if ax # 0 then Z(€) C Z(7x ). Moreover, if both ax and ay are non-zero, then
Z(&) C Z(tk)NZ(TH). Therefore, we may only prove that K or H is a multiple edge, or otherwise
Z(tK) N Z(7g) is properly contained in Z (k).

Suppose that Z(7x) N Z(tg) = Z(7k). Then Z(tg) D Z(7Kk). By definition of the Thom
class, we have that

(7.3) Tkl =0 if and only if ¢ ¢ V(K).

Therefore, V(H) C V(K). By Theorem 6.10, the combinatorial type of all T (when |V(T')| > 2) is

determined by one of the torus graphs stated in CASE 2 or CASE 3 (in the beginning of Section

7.2). Therefore, it is easy to check that if there are 2-valent torus subgraphs H and K such
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that V(H) C V(K) then H must be a multiple edge, i.e., there are just 2 vertices. Otherwise,
Z(tr) N Z(t) # Z(1K), i-e., Z(§) € Z(7k). This establishes the statement. O

LEMMA 7.10. Assume that there is a 2-valent torus subgraph K C I' such that its Thom class
T € HA(T, A) satisfies |Z(1i)| = 0. Then, |V(I')| is an even number, say 2(¢ + 1) (for some
¢ > 1). Furthermore, there exist exactly ¢ + 1 multiple edges, and 2 torus subgraphs K; and Ks
such that V(K;) = V(K3) = V(T).

PROOF. If there is a 2-valent torus subgraph K C I' such that its Thom class 7 € H2(T', A)
satisfies |Z(7x )| = 0, then it follows from the combinatorial types of CASE 2 and CASE 3 that I'
is one of the torus graphs in CASE 2. Therefore, we have I' = S1# - - - #S,. By considering the
axial function on it (e.g. see Figure 5), it is easy to check the statement. O

Now we may prove Lemma 7.11.

LEMMA 7.11. Every weak H*(BT)-algebra isomorphism f : H3(T'1, A1) — H}; (T2, A2) pre-
serves TV to T up to si

A e up to sign.

PROOF. Because f induces the isomorphism H*(I'y, A;) — H*(T'2,.A2), with the method

similar to that demonstrated in Section 7.2.1, we may put
V() =V =V ().

By Corollary 7.8, f preserves 7]5/1‘)_2 and 715/2\)—2 up to sign. Therefore, we may only think the
elements of 7;(1) and 7752> (k< |V]=2).

Let TI(;) be the Thom class of K C T'; (¢ = 1,2). If we put

(7.4) E= > axry),
TR €T,
then we have
O = Y axf) =Y barlp
TRETIV] s THETIV] s

Because there are no multiple edges in 7;(i) for k < |V| =2 and i = 1,2, it follows from Lemma
7.9 that if ax,axs # 0 in (7.4) then |Z(§)| < |Z(7‘I(<1))|. Therefore, if hy is the highest zero-length
(except |V| —2) in H2(I'1, Aq) and if | Z(£)| = hy, then £ = aKTg) for some non-zero integer ax
and T]((l ) e 771(11) Then, because f preserves the zero-length, it is easy to check that the highest
zero-length in H2(I'2, Az) coincides with hy and if |Z(¢)| = hy then ¢ = bHTI({Q) for some non-zero
integer by and 71(12) € ’77512) This implies that for any ’7'[((1) € 771(11) there are an element Tg) € 7;1(2)
and a non-zero integer b such that
frhy = orgd).

Because f is an isomorphism and T[((l ), Tl(; ) are generators, we also have that b = +1, i.e., f maps
Th(ll) to 7;512) bijectively up to sign.

Take an element TI((l ) e 771(21) for the second largest zero-length (except |V| — 2) hy. Because
'771(11) and 7;1(12) are preserved under f and !, f (T[((l)) does not have a term described by a

linear combination of elements in 7;512) and ’T‘g'l Therefore, with the method similar to that

9
demonstrated as above, we also have that f maps 771(21) to 77](22) bijectively up to sign. By repeating
this argument, we have that f preserves ’7;(1) to ’7;(2) up to sign for k # 0.

If there is an element in ’76(2) (¢ = 1,2), then this is CASE 2 and we may put 76(1) = {V{Z), I/éz)}

by Lemma 7.10. Because f preserves 7;(1) to 7;(2) up to sign for k # 0, we may also put
f(l/£1)) = auf) + bI/éQ);

f(l/él)) = cuf) + duéQ),
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for some integers a, b, ¢, d such that ad—bc = £1. It is enough to show that the equations b = ¢ =0
or a = d = 0 holds. Let eii%e% be the Thom classes of two edges in a multiple edge K; C I';
(i=1,2and j =1,...,¢). Then, by Theorem 7.2 and the combinatorial structure of CASE 2, we

my put

) = 07

&) = o).

Therefore, together with Lemma 7.7 and Corollary 7.8, we have:

1 1 2 2 2 2
£ = 1) = @ + 6l = ejacl) + esbell) ) = el for el

1 1 1 2 2 2 2 2 2 2
Fles)) = FAV ) = (P + dvP)eym2) = ejeel®) )+ gdel?) = efel?) o (or efel®) ),

for some ¢;, ¢}, ¢/ = £1 and the permutation o : [(] — [(]. Because 6(12;@.) and 6&23’(” are linearly

independent, we have that b = ¢ =0 or a = d = 0. This establishes the statement. O

By using Lemma 7.7 and 7.11, we have the following key fact:

PROPOSITION 7.12. Let f be a weak H*(BT)-algebra isomorphism H3.(T'1, A1) — Hi(Ta, A2).
Then, f induces the combinatorial equivalence f€ between the simplicial posets P.(I'1,. A1) and

P.(T2, Az).

PROOF. Because of Lemma 7.7 and 7.11, f preserves all generators of H5.(I'1, . A;) and H5(Ty, Ag)
up to sign. This induces the bijective map f¢ between P, (I'1, A;) and P, (T2, Az). Let H be a
2-valent torus subgraph, e be an edge and p be a vertex in P.(T'1,A1). We put H', ' and p’
corresponding torus subgraphs in P, (I's, A3) by fC, respectively. It is easy to show that e C H
if and only if |Z(7eT)| = |V(I'1)| — 2, where 7. € H7(T'1,. A1) and 7y € HZ(T'1, A;) are the
Thom classes of e and H, respectively. Therefore, because f€(e) = ¢’ and f¢(H) = H' and f
preserves the zero-length, if e C H then f€(e) C f¢(H). Similarly, we also have that p C e then
fC(p) C fC(e). This implies that f¢ preserves the orders of simplicial posets, i.e., combinatorial
equivalence. O

Now we may prove Theorem 7.5:

PrROOF OF THEOREM 7.5. Let (I'1,.4;1) and (I3, As) be torus graphs induced from simply
connected equivariantly formal 6-dimensional torus manifolds, and let (Q1, A1) and (Q2, A2) be
their induced 3-dimensional disks with face acyclic structures and characteristic functions respec-
tively. Assume there is a weak H*(BT)-algebra isomorphism f : H5(I'1, A1) — H5(T'2, Az) which
is defined by the following commutative diagram:

H2(BT) —2> H2(T'y, A)
lp* lf
H?(BT) —> H2(T3, As)

such that

for some \;, A, € Ho(BT), where p* is the induced homomorphism from an isomorphism p : T — T.
If |[V(Ty)| = |V([2)| = 2, then the statement of Theorem 7.5 holds because of Proposition 7.6. So,
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we may only prove for the case when |V (I'1)|, |[V(I'z)| > 2. In this case, by Lemma 7.11, we have
the following equation:

m

D@, X7 = Y e ()
i=1 i=1
- 2
= Z(a, )\i>ei7§(2)
i=1
= Z<a7 60‘(2’))‘0(1')>Ti(2)7
i=1
where o : [m] — [m] is a permutation and €; = 1 for i = 1,...,m. Therefore, we have
(7.5) P« (D) = €a(i) Ao (i)

for all i = 1,...,m. On the other hand, by Proposition 7.12, f induces the combinatorial equiv-
alence between @1 and @Qo; moreover, because ()1 and Qs are 3-dimensional standard disks ad-
mitting face acyclic structures, f also induces the diffeomorphism f, : @1 — @2 in the sense of
manifold with corners (also see [Wi, Lemma 6.2]). Moreover, it easily follows from the relations
between the characteristic function and the axial function (also see Remark 7.3) that we have

Ao=M(HM) and N = M\(HP),

where Hi(l) (resp. Hi@)) is the facet in Q1 (resp. Q2) which corresponds with Ti(l) (resp. Ti(Q)).
(Note that because the 2nd degree Thom class Tk are defined by the 2-valent torus subgraphs K,
there is the corresponding facet whose one-skeleton is K.) It follows from (7.5) that the following
equation holds:

(o (HP)) = Gau)Al(HS(g))'

Moreover, we can define the induced isomorphism f7 : ZF(Q1) — ZF(Q2) from the diffeomor-
phism f, : Q1 — Q2 by

fa(HY) = ¢ HY).

This implies that the following diagram is commutative:

M)z
ZF (@) !>fz

e

A2)z
LZF(Q2) o tz
where ();)z is the induced homomorphism from the characteristic function \; (¢ = 1,2). Now we
may regard p; ! is induced from the automorphism p=! : T'— T. Therefore, (Q1, A1) =, (Q2, A2)-
This establishes Theorem 7.5. O

Consequently, we have Theorem 7.1.
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