Complex projective towers and their cohomological rigidity up to
dimension six

Shintar6 KUROKI and DongYoup SUH
Dedicated to Professor Victor Buchstaber on his 70th birthday.

ABSTRACT. A complex projective tower or simply a CP-tower is an iterated complex projective
fibrations starting from a point. In this paper we classify all 6-dimensional CP-towers up to
diffeomorphism, and as a consequence, we show that all such manifolds are cohomologically
rigid, i.e., they are completely determined up to diffeomorphism by their cohomology rings.
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1. Introduction
An iterated complex projective fibration is a sequence of fibrations
(1.1) Cpp —> Crpoq s 25 0y 5 € = {a point}
where 7;41: Ciy1 — C; is a fibration with CP™ for some n; € N as its fiber for ¢ =0,...,m — 1.

In this paper, we study the topology of the following special type of iterated complex projective
fibrations: a complex projective tower (or simply a CP-tower) of height m is an iterated complex
projective fibration in (1.1) where C;;1 = P(&;) is the projectivization of a complex vector bundle
& over C;. It is also called an m-stage CP-tower. We call each C; the ith stage of the tower, and
the top stage manifold C,, is simply called a CP-manifold.

If each complex vector bundle &; in a CP-tower is a Whitney sum of complex line bundles,
such CP-tower (resp. CP-manifold) is known as a generalized Bott tower (resp. generalized Bott
manifold) (see [CMS10]). If each & is a sum of just two complex line bundles, then it is a
Bott tower (resp. Bott manifold), introduced in [BoSa] (also see [GrKal). In particular, every
Hirzebruch surfaces is a 2-stage Bott manifold.
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Any n-dimensional generalized Bott manifolds have effective complex n-torus actions so that
they have structures of toric manifolds. On the other hand, even though the Milnor surface
H;; C CP" x CP’ has the structure of a 2-stage CP-tower as is explained in Example 2.3, it
does not admit any toric manifold structure when ¢ and j are sufficiently large, see Remark 2.4.
Therefore CP-manifolds do not have toric manifold structures, in general.

Let M be a class of diffeomorphism classes of manifolds, and let H* M be the isomorphism
classes of cohomology rings of manifolds in M. Let H* : M — H*M be the map defined by
M e M H*(M;Z). The class M is said to be cohomologically rigid if the map H* is bijective.
One of the open questions on cohomological rigidity is whether the class of toric manifolds are
cohomologically rigid. Even though there is no negative answer to the question so far, the class
of toric manifolds is too broad to handle in order to get the positive answer to the question. So
we need to restrict our attention to a smaller class of manifolds. Accordingly, one might ask
whether the class of diffeomorphism classes of (generalized) Bott manifolds are cohomologically
rigid. There are some partial answers to the question in [CMS10, CPS, MaPa]|, and we refer
the reader to [CMS11] for the summary of the most recent developments about the question. In
particular, the class of m-stage Bott manifolds for n < 4 (see [Ch] and [CMS10]) and the class
of 2-stage generalized Bott manifolds (see [CMS10]) are cohomologically rigid.

Since the class of CP-manifolds contains the class of generalized Bott manifolds, one might
ask the cohomological rigidity question to the class of CP-manifolds. Let CPM?™ (resp. CPM?2™)
be the class of diffeomorphism classes of (resp. m-stage) 2n-dimensional CP-manifolds. The goal
of this paper is to show that the class CPM>™ for n < 3 is cohomologically rigid. This is done
by classifying all the members of CPM%;’ for 1 <m < n < 3 and showing that their cohomology
rings are all distinct. However the class of CP-manifolds is not cohomologically rigid, in general.
In fact, in [KuSu] we will show that that CPM® is not cohomologically rigid.

We now describe our classification results. Note that the only 2-dimensional CP-manifold is
CP!, ie., CPM? is cohomologically rigid and

CPM? = {CP'}.

Any 4-dimensional CP-manifold is either CP? or a 2-stage CP-manifold which is in fact nothing
but a Hirzebruch surface as we have stated above. So they are either Hy := CP! x CP! or
H, := CP?#CP?2. Since their cohomology rings are not isomorphic, CPM?* is cohomologically
rigid and

CPM* = {CP2, H,, H,}.

For 6-dimensional CP-manifolds, we have to consider one-stage CP-manifold which is CP3, two-
stage CP-manifolds, and three-stage CP-manifolds separately. For two-stage 6-dimensional CP-
manifolds, there are two cases; the cases when the first stages are C; = CP! or C; = CP?. When
C; = CP!, then Cy = P(£) where £ is a sum of three complex line bundles because of the dimen-
sional reason. Therefore, Cy; must be a two-stage generalized Bott manifold, which is completely
determined up to diffeomorphism in [CMS10]. In fact, there are only three diffeomorphism types
P(vY*@e®e) — CP! for k=0, 1, 2, where v, is the tautological line bundle over CP!.

For two-stage 6-dimensional CP-manifolds with C; = CP?2, the second stage is Co = P(£),
where ¢ is a rank 2-complex vector bundle over CP?, which is determined by its Chern classes
c1 € H>(CP?) ~ Z and ¢y € H*(CP?) ~ Z. It is proved that the diffeomorphism types of such
CP-manifolds are P(1,a)) — CP? and P(1(1,4)) — CP? for « € H*(CP?) ~ Z, where 75 ) is a
C-vector bundle over CP? whose Chern classes are (c1,ca) = (s, ).

For three-stage CP-manifolds C3 — Cy — (1, there are two cases, i.e., when Cy = Hy =
CPxCP! and Cy = H; = CP?#CP2. Then C3 = P(£) where ¢ is a complex 2-dimensional vector
bundle over C5. Again, it is proved in Lemma 4.1 that £ is classified by its Chern classes ¢; and cs.
Let 1(s,r,a) (r€8p. §(s,r,a)) be the complex 2-dimensional bundle over CP! xCP! (resp. CP2#CP?)
whose first Chern class ¢1(1)s,,a)) = (s,7) € H*(CP* x CP') ~ Z&Z (resp. ¢1(§(s,ra)) = (5,7) €
H?(CP?#CP?)) and the second Chern class ca(1(s,rq)) = o € H*CP' x CP') ~ Z (resp.
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c2(§(sra)) = a € H*(CP?#CP?2)). Then, it is proved that all diffeomorphism types of three-
stage CP-manifolds are P((sra)) = Ho and P(§(sr.)) = Hi for a € Z and (s,7) = (0,0), (1,0)
or (1,1).

We thus have the following classification result of 6-dimensional CP-manifolds.

THEOREM 1.1. The class CPM® consists of diffeomorphism classes of the following distinct
manifolds:
P3.

(Vf@e@e)%CPl for k=0,1,2;
(N )—>(CP2f0ra€Z\{O}
(17(1 a)) — CP? for o € Z;
(€(0,0,a)) = Ho for a € Z>o;
(C(1,0,0)) = Ho for o € Z>;
(C1,1,0)) = Ho for a € N;
((0,0,0)) = Hy for a € N;
( y) = Hi for o € Zo;
( ) — Hy fora € Z,

5(1 0,c)
g(l,l,a

"U"U"U"U"U"U"U"U“Uﬁ

where Hy := CP' x CP', Hy := CP*#CP?, and the symbols N, Z>o and Z represent natural
numbers, non-negative integers and integers, respectively. In other wards, any 6-dimensional CP-
mamnifold is diffeomorphic to one of the manifolds as above.

Since the cohomology rings of the manifolds in Theorem 1.1 are mutually non-isomorphic, we
have the following corollary on cohomological rigidity of CP-manifolds.

COROLLARY 1.2. Let M; and M5 be two CP-manifolds of dimension less than or equal to 6.
Then, M; and Ms are diffeomorphic if and only if their cohomology rings H*(M;) and H*(Mx)
are isomorphic. In other wards, CPM?" for n < 3 is cohomologically rigid.

This corollary is a generalization of the cohomological rigidity theorem for Bott manifolds up
to dimension less than or equal to 6 proved in [CMS10].

The organization of this paper is as follows. In Section 2, we prepare some basics and some
examples. In Section 3, we classify 6-dimensional CP-manifolds with height 2 up to diffeomor-
phism. In Section 4, we classify 6-dimensional C P-manifolds with height 3. Theorem 1.1 is proved
as a consequence of the classification.

2. Some preliminaries

In this section, we prepare some basic facts which will be used in later sections. Let £ be
an n-dimensional complex vector bundle over a topological space X, and let P(§) denote its
projectivization. Then the Borel-Hirzebruch formula in [BoHi] says

(2.1) H*(P(£);Z) ~ H*(X; Z)[z] /(z" +Z g

where 7*¢ is the pull-back of £ along 7 : P(§) — X and ¢;(7*€) is the ith Chern class of 7*¢. Here
x can be viewed as the first Chern class of the canonical line bundle over P(§), i.e., the complex
I-dimensional sub-bundle 7¢ in 7% — P(&) such that the restriction y¢|.-1(4) is the canonical line
bundle over 7~ !(a) =2 CP"~! for all a € X. Therefore degz = 2. Since it is well-known that the
induced homomorphism 7* : H*(X;Z) — H*(P(£);Z) is injective, we often abuse the notation
ci(m*€) by ¢i(§).

We apply the formula (2.1) to an m-stage CP-manifold

Tm—1 T2 T

Cq

Co = {a point}
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with C; = P(&—1), to get the following isomorphisms.

Mom,

H*(Cm;Z) ~ HY(Cn-1;Z)[wm ””“+Z )iei(Emar)zpr T
~ H*(Cp2:Z)[Zme1, Tm]/{ "k*WZ Yici(&)a T |k =m — 1, m)
ngk
(2.2) ~ Zlwy, ..., Tm "k+1+z Ve zp T k=1, ,m).

This formula gives all elements in the class H* CPMZ”.
In order to prove the main theorem, we often use the following lemmas.

LEMMA 2.1. Let~ be any line bundle over M, and let P(§) be the projectivization of a complex
vector bundle & over M. Then, P(§) is diffeomorphic to P(§£ ® ).

PROOF. By the definition of the projectivization of a complex vector bundle, the statement
follows immediately. O

LEMMA 2.2. Let v be a complex line bundle, and let & be a 2-dimensional complex vector
bundle over a manifold M. Then the Chern classes of the tensor product £ ® v are as follows.

c1(§ ®7) = c1(§) + 2e1(7);
e2(E®7) = a(n)? +a(y)e(é) +e2(8).
PRrROOF. Let us consider the following pull-back diagram:

QT Y —>=E{®7

|

PE®y) —M
Let ¢ : P(§ ® v) — P(§) be the diffeomorphism from Lemma 2.1, and let m¢ : P(§) — M be the

projection of the fibration. Then we can see easily that m = m¢ o ¢. Taking the canonical line
bundle 7¢ in 7f§, we may regard m;{ = ¢ © ’yé, where ng is the normal (line) bundle of 7 in
m¢€. By using the decomposition m = m¢ o ¢, we have the following equation:
(@) = @@ (1)ele™ e @7t (7))
= (+¢ aly) +maM)d+¢ () + 1 e().
Because 7%¢1(€) = p*c1(ye) + @*cl(vg-) and T c2(€) = p*ei(ye) e ('yg-), we have

T ®y) = () + 2 e (v);
TeE®y) = Tl +ria(@raly) + ma(y)?.
As is well-known, 7* : H*(M) — H*(P(£ ® 7)) is injective. Hence we have the formula in the

lemma. O

We now give an example of CPM3".

EXAMPLE 2.3. The Milnor hypersurface H; ; C CP* x CPJ, 1 < i < j is defined by the
following equation (see [BuPa, Example 5.39]):

i
Hij={lz0: - :2z]xwy: - :wj] € CP"x CP | ququo}.
q=0
We can show easily that the natural projection onto the first coordinate of H; ; gives the structure
of a CP/~1-bundle over CP?. Moreover, by the proof in [BuPa, Theorem 5.39], this bundle may
be regarded as the projectivization of v+ C €/*!, where ¢/T! is the trivial C?*'-bundle over CP*
4



and v+ is the normal bundle of the canonical line bundle v over CP? in ¢/*!. Therefore, the
Milnor hypersurface admits the structure of a CP-manifold with height 2.

REMARK 2.4. As is well-known, the Milnor hypersurface H; ; with ¢ > 2 does not admit
the structure of a toric manifold (see e.g. [BuPa]). On the other hand, H; ; — CP! is a toric
manifold.

REMARK 2.5. The structures of fibre bundles of projectivization of complex m-dimensional
vector bundles are classified by homotopy classes of maps from the base space of the bundle to
the classifying space BPU(m) of the projective unitary group PU(m), i.e., PU(m) = U(m)/T*
where T is the diagonal subgroup of the unitary group U(m). Therefore a CP-tower is a special
kind of iterated complex projective fibrations.

3. The class CPMS$

Let M € CPM?,L be an m-stage 6-dimensional CP-manifold. Then, the height m < 3. In
particular, if m = 1, then M is diffeomorphic to CP?3, ie., CPMS = {CP3}. Therefore, it
is enough to analyze the case when the height m is 2 and 3. In this section, we focus on the
classification of 6-dimensional CP-manifolds of height 2.

To state the main theorem of this section, we first set up some notation. Let ; denote the
tautological line bundle over CP’, and let 2 denote the generator —ci(y2) € H*(CP?). Let 1 q)
as the complex 2-dimensional vector bundle over CP? whose total Chern class is 1+ sz + ax? for
s, a € Z, let P(U(s,a)) be its projectivization. We now state the main theorem of this section.

THEOREM 3.1. The class CPMS$ consists of the following distinct CP-manifolds.

P(y1 @ e®e) — CP;

P(v¥ ®e®e) — CPY, where 72 =, @ i;
P(n,a)) — CP? for acZ;

P(nagy) — CP%? for BeLZ.

PROOF. Take M € CPMS. Then the first stage C; of M is either CP' or CP2. We treat
these two cases separately below.

CASE I: C; = CP!. Note that any complex vector bundles over CP! decomposes into a
Whitney sum of line bundles. Therefore a CP-manifold M € CPMS$ with C; = CP' is a two-
stage generalized Bott manifold. By using this fact, we have the following proposition (also see
[CMS10, CPS)).

PROPOSITION 3.2. Let M € GBMS € CPMS be a generalized Bot manifold with C; = CP!.
Then M is diffeomorphic to one of the following three distinct manifolds:

P(W@ede) = CP! x CP?, where 1) =¢;
Py @ e®@e);
Pyi@ede).

PROOF. Because all complex vector bundles over CP! can be classified by 1st Chern classes,
together with the fact that any complex vector bundles over CP' decomposes into a Whitney sum
of line bundles, a complex rank 3 vector bundle 7 splits into

N=Y Gede
where ¢1(n) = kei(71). Moreover, by Lemma 2.1,
P(yi®ede) = P((i®ecde) @)
>~ P(ieri'ern').
Because ¢1 (72 @ ;' ® 77 ') = 0, we have that
P(¥®ede) = CP'xCP.

Comparing the cohomology rings of P(vi ©e®e) and P(7? @ eDe), we establish the statement. [0
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CASE II: C; = CP2. Because dim M = 6 and C; = CP?, the bundle E; — C is a complex
2-dimensional vector bundle. Such vector bundles are determined by their Chern classes ¢; and ¢y
(see [Sh]). Hence, by Lemmas 2.1 and 2.2, we may denote E} by 1 o) such that c¢; (1, q)) = sz for
5 =0,1and ca(1(s,0)) = ar? € H*(CP?) for a € Z. In Case II, we have the following classification
result.

PROPOSITION 3.3. The following are equivalent for s1, s2 € {0, 1} and oy, as € Z.

(1) (s1,00) = (82, 2).
(2) Two manifolds P(7 (s, a,)) and P(1(s,.a,)) are diffeomorphic.
(3) Two cohomology rings H*(P(1s, «,))) and H*(P(1(s,,a,))) isomorphic.

Theorem 3.1 follows from Proposition 3.2 and 3.3. U
It remains to prove Proposition 3.3.

PROOF OF PROPOSITION 3.3. (1) = (2) and (2) = (3) are obvious. It is enough to show
(3) = (1). We prove this by proving the three claims: (1) H*(P(n,a))) % H*(P(n,s))) for
every «, 8 € Z, (2) if H*(P(1(0,a1))) =~ H*(P(1(0,a5))) then ay = o, and (3) if H*(P(na g,))) =~

H*(P(1)1,,))) then 81 = fs.
Claim 1: H*(P(n(,q))) ¢ H*(P(na,p))) for every «, 3 € Z. By using the Borel-Hirzebruch
formula (2.1), we have the following isomorphisms:

H*(P(no,0) ~ Z[X,Y]/(X?Y?+aX?);
H*(P(nup)) =~ Zz,y)/{@® y° + 2y + Ba?),

where deg X = degY = degx = degy = 2. We write the Z-module structures of H*(P(1(,qa)))
and H*(P(n1,3))) by indicating their generators as follows:

ZOLX ®LZY ®ZX? ®ZXY & ZX?Y;
7@ Zx ® Ly ® Za* & Zay ® Lay.

If there exits a graded ring isomorphism f : H*(P(1(0,a))) — H*(P(1(1,5))), then we may put
f(X) =ax+ by and f(Y) = cx + dy for some a,b,c,d € Z such that

(3.1) ad — be = +1.
Because f preserves the ring structure, we have
f(X?) = (az+by)’
— a — a4 + — X =0U;
(3a%b — 3ab® + b* — pb* )%y =0
fY2+aX?) = (cx+dy)*+ alar +by)?
(¢® 4+ aa® — Bd* — afb®)x? + (2¢d + 20ab — d* — ab*)zy = 0.
This implies the following equations:
(3.2) b(3a® — 3ab + b* — Bb?) = 0;
(3.3) & + aa® — Bd* — afb? = 0;
(3.4) 2¢d + 2aab — d* — ab® = 0.

If b =0, then 2¢ = d = 1 by (3.1) and (3.4). But this contradicts to the fact that ¢ is an integer
(i.e., ¢ € Z). Hence b # 0, and by (3.2) we have 3a® — 3ab + b? — 8b? = 0. We also have the
following commutative diagram of free Z-modules.

ZX 0 LY —>7X2 6 ZXY ,

Vb

Zx ® Ly I Zx? & Zxy
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where the horizontal maps are induced from the multiplication by X and f(X), respectively. Let
us represent the linear map -f(X) = -(azx + by) : Zx & Zy — Zx* ® Zay by the matrix

a —pb
A:(b ab)

with respect to the generators. Note that -X : ZX @ ZY — ZX? @ ZXY is an isomorphism.
Therefore - f(X) is also an isomorphism, and hence

(3.5) det A = a® — ab + Bb* = +£1.

Because b # 0, it follows from (3.2) and (3.5) that we have b = +£1, § =1 and a = 0 or
b. If a = b, then ¢ = d or ¢ = —d by (3.3). However, it is easy to check that both of these
cases give contradictions to (3.1) and ¢,d € Z. Hence, a = 0. In this case, a = ¢ — d? by (3.3)
and o = 2cd — d? by (3.4). Therefore we have ¢ = 0 or 2d. However, both of these cases give
contradictions to (3.1) and ¢,d € Z. This establishes that there is no ring isomorphism between

H*(P(n0,a))) and H*(P(1(1,5)))-
Claim 2: If H*(P(1©,a,))) =~ H*(P(10,a))), then a1 = az. By (2.1), we have the
isomorphisms
H*(P(o,0n) =~ Z[X,Y]/(X?Y?+ a1 X?), and
H*(P(0,az))) = Zlz,yl/(2®,y" + aza®).

Assume that there exists an isomorphism f : H*(P(n(,a,))) — H*(P(1(0,a,))) for some a1, az €
Z,and let f(X) = ax+by and f(Y) = cx+dy, so that ad—bc = £1. Because f(X?) = (azx+by)3 =
0, we have that

b(3a® — b?an) = 0.
Suppose b # 0. Then 3a? — b%a = 0. Because the map
[ H(P(no,00))) = ZX?Y — Za®y = HO(P(1)0,05)));
is an isomorphism, we have
(3.6) F(X?Y) = (ax + by)?*(cx + dy) = +2°y.
Using (3.6) and the ring structures, we have that
a’d + 2abe — b day = +1.

Because 3a? — b2ay = 0, we have —2a?d + 2abc = —2a(ad — bc) = +£1. However, this gives a
contradiction to a € Z, because ad — bc = £1. Hence, b = 0 and ad = +1; in particular, we have
a, d = +1. Then, we have the following equations:
JV?+anX?) = (cx+dy)® + ai(ax +by)?
= (¢ —ay+ay)z? + 2cdry = 0.
Therefore, we have that ¢ = 0 and a; = as. This proves the claim.

Claim 3: If H*(P(n,p,))) ~ H*(P(1(1,5,))), then 81 = . By (2.1), we have the isomor-
phisms

H*(P(na1.6,))) Z[X,Y]/(X3, Y2+ XY + 1 X?), and
H*(P(na,8,))) Zlz,y) /(23,4 + zy + Ba?).

Assume that there exists an isomorphism f : H*(P(1(1,,))) = H*(P(1(1,3,))) for some 31, f2 € Z,
and let f(X) = ax + by and f(Y) = cx + dy, so that ad — bc = +1. Because of the relations
f(X3) = (az+by)® = 0and f(Y2+ XY +51X?) = (cz+dy)?+ (az+by) (cx+dy)+ b1 (ax+by)? = 0,
we have that

¢

12

(3.7) b(3a® — 3ab + b? — b2B;) = 0;
(38) 2 — d2ﬂ2 + ac — bdps + G2B1 — b25152 =0;
(3.9) 2cd — d? + ad + be — bd + 231ab — B1b* = 0.
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We first assume b = 0. From the equation ad — bc = +1, we have a, d = £1. Now plug b =0
and d = £1 into (3.9) to get the equation

2c+a=d==l1.

Together with a = +1, this equation implies that either c=0and a =d, or c# 0 and ¢ = —a = d.
Now plug these into (3.8) to obtain 8; = f9 in either cases, which proves the claim when b = 0.

We now assume b # 0. Then from (3.7), we have 3a® — 3ab + b? — b?3, = 0. By using the
same argument as the one used to get (3.5), we have
(3.10) a’ —ab+ Bob® =,
where € = +1. Substitute (3.10) into the equation 3a? — 3ab + b* — b3 = 0. Then, we obtain the
equation

b2 (485 — 1) = 3e.

Therefore, b = 1 and B2 = € = 1. Hence, together with (3.10), we have that a =0 or a = b.

If a = 0, then ¢ = £1 by the equation ad — bc = £1. Substitute these equations into (3.8) and
(3.9). Then, we have the equations

B =1—d?—bd=2cd—d*+ bc— bd.

Therefore, we have that (2d+b)c = 1. Moreover, because ¢ = £1 and b = £1, we have (b,d) = (¢, 0)
or (—c¢,c). Hence, 81 =1 = (5.

If a = b = =£1, then d — ¢ = £1 by the equation ad — bc = £1. Put a = b = £1 in (3.9) to
obtain the equation
(3.11) B1 = d? — 2cd — be.
Moreover, by substituting a = b = £1 and Sy = 1 into (3.8), we have

(c—d)(a+c+d)=0.

This together with d — ¢ = £1 implies that ¢+ d = —a = +1. It follows that either d = 0 and
¢c=—-a=-bord=—-a=—band ¢c=0. By (3.11), we have 81 = 1 = 5. This proves the claim,
and hence the proof of the proposition is complete. O

We can show easily that P(ns ) is diffeomorphic to CP! x CP? if and only if (s,a) = (0,0)
by comparing their cohomology rings. Therefore, by Propositions 3.2 and 3.3, we have Theorem
3.1. Moreover, by Theorem 3.1, we have the following corollary.

COROLLARY 3.4. Let CPMS, be the class of all 6-dimensional CP-manifolds of height at
most 2. Then, two CP-manifolds M and M’ in CPMS, are diffeomorphic if and only if their
cohomology rings H*(M) and H*(M') are isomorphic. In other words, the class CPMGSQ is
cohomologically rigid.

4. The class CPMS

In this final section, we focus on CPMS, i.e., the class of 6-dimensional CP-manifolds of height

3. The elements in CPMS$ are of the form
1 1
Pe) s g, -2 cpr

Here, £ is a complex 2-dimensional vector bundle over Hjy, and Hy is the Hirzebruch surface
P(vF @ ¢) where € is the trivial complex line bundle and v¥ is the k-th tensor power of the
tautological line bundle v; over CP!. As is well known, Hj, is diffeomorphic to Hy if k is even,
and to Hy if k is odd (see [Hi, MaSul]).

LEMMA 4.1. Let Vect®(Hy) be the set of complex 2-dimensional vector bundles over Hy up to
isomorphisms. Then the correspondence
Vect?(Hy) —= H?(Hy) ® H*(Hy)
w w

3 — c1(§) ® ca(§)
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is bijective.

PROOF. Since dimg Hy = 4, any two bundles 7; and 1y € VectZ(H},) are isomorphic if and
only if they are stably isomorphic, i.e., 71 ® €’ = 1y @ € for some trivial complex ¢-dimensional
bundle ¢, see [Hu, 1.5 Theorem in Chapter 9]. Therefore 77; and 1, represent the same element in
K (Hy,), the stable K-ring of Hy, if and only if 71 = 1. Therefore the map Vect?(Hy) — K(Hy)
defined by & — [¢] is bijective. Hence, it is enough to prove that the induced map

¢ K(Hy) — H*(Hy) © H'(Hy), [ (1(6), 2(6))
is bijective.
Let s : CP' — Hy = P(7v¥ @e!) be the section defined by s([p]) = [p, [0 : 1]], and let i : CP! —

Hj, be an inclusion to a fiber in the fibration Hy, — CP!. Then s(CP!)Ui(CP') = CP! v CP!,
and we have the following inclusion and collapsing sequence

cpP'vcCP!' — Hy — H,/(CP* v CPY).

Since Hj, admits a CW-structure with one 0-cell, two 2-cells, and one 4-cell (e.g. see [DaJal),
Hy/(CP! v CP') may be regarded as the collapsing of two 2-cells to the one 0O-cell. Therefore,
the space Hy/(CP' v CP') is homeomorphic to S*. Hence, we have the following exact sequence
of reduced K groups (see [Hu, 2.1 Proposition in Chapter 10]):

K(S%) — K(H}) — K(CP' v CPY).
As is well known, we have the following isomorphisms
(4.1) K(5%) ~ K(5?) ~ K(CP') ~ Z, and
(4.2) K(CP'vCP') ~ K(CPY)® K(CP) ~Z & Z =172

These isomorphisms are induced by taking the Chern classes of vector bundles. Let ¢ = (¢}, c5) :

K(Hy) — H?(Hy) ® H*(Hy,) ~ 7> ® Z, where ¢ ([¢]) = c1(€) and c¢5([¢]) = c2(€). Then ¢} :
K(Hy,) — H?(Hy) is surjective because for any a € H2(H},) ~ Z2 can be realized as the first Chern
class ¢;(7y) of a complex line bundle y over Hy,. Indeed, for a given a1z +aoy € Zx®Zy = H*(Hy,),
the line bundle v = 7*(7{"") @72 has the first Chern class ay2 4 agy, where 7 : Hy, — CP" is the
projection, g, is the canonical line bundle over Hy = P(y¥ @ ¢!) induced from the vector bundle
7 (v @ €'), and z, y are generators induced by c1 (7%71), c1 (v, ) respectively. We also claim that
cy : K(Hy) — H*(Hy,) is surjective. By the fundamental results of fibre bundle, we can construct
all complex 2-dimensional vector bundles over Hy /(CP!VvCP!) = S by using the continuous map
S* — BU(2) up to homotopy. Because m4(BU(2)) ~ Z, for a given 8 € H*(H;/(CP! v CP'))
we can construct the complex 2-dimensional vector bundle 1’ such that ¢(n’) = 1+ 3. Now the
collapsing map p : Hy — Hy/(CP! v CP') induces the isomorphism H*(Hj/(CP* Vv CP')) ~
H*(Hy) ~ Z; therefore, its pull-back n = p*n’ over Hy, satisfies ¢(n) = 1+ 3. This implies that c}
is surjective. Because 7@ is a complex 3-dimensional vector bundle and dimg Hy = 4, the bundle
~v@n is in the stable range. Therefore, there is the complex 2-dimensional vector bundle £ such that
£ el =y @n, where €' is the trivial line bundle over Hy, and ¢(¢) = c(y®n) = 1+ c1(y) + ca(n).

Therefore, the map ¢ : K(Hy) — H?(Hy) ® H*(Hy) is surjective. Now consider the following
diagram.

K($%) — K(Hy) — K(CP'vCPY)
\: A \
0 — Z — 7?07 — VA — 0

Here the vertical maps from the left are the isomorphism in (4.1), the map ¢’ : K(Hy) — H?(Hy)®

H*(Hy) and the isomorphism in (4.2), and the horizontal sequences are exact. One can see easily

that the diagram is commutative. From the commutativity of the diagram and the surjectivity of

the map ¢/, we can see that K(S*) — K(Hy) — K(CP!VvCP?) is a short exact sequence, and the

map ¢ is bijective. Consequently, there exists the bijective map Vect2 (Hy) — H?(Hy) @ H*(Hy)

defined by & — ¢1(€) ® c2(§). This establishes the lemma. O
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By Lemma 4.1, any complex 2-dimensional vector bundles over Hy and H; can be written by
N(s,ra) — Ho, and - (s ) = Hi
where
c1(Ns,ra)) = (5,7) € H*(Hy) ~Z& 7, c2(Ns,ra)) = @ € H*(Hy) ~ Z;
c1(Esrp)) = (s,7) € H*(HY) ~Z DL, c2(§s,mp) =B € H (Hy) ~ Z.
Moreover, by taking tensor product with an appropriate line bundle if necessary, we may assume
(s,7) € {0,1}2, see Lemma 2.2. The main theorem of this section is the following.
THEOREM 4.2. The element in CPMg consists of the following distinct manifolds:
P(1(0,0,a)) for a € Z>o;
P(n(1,0,0)) for a € Z>o;
P(naa Q) ) for a € N;
P(&0,0,p) for BEN;
P(&1,0,8)) for B € Zxo;
(5(0 1 5)) f07“ B € Z.
Moreover, we have the diffeomorphisms P(1(1,0,a)) = P(1(0,1,0)) P(1(1,0,0)) = P(&0,0,0)) = CP! x
Hy, and P(§0,1,) = P(§1,1,-5))-

To prove Theorem 4.2, we first observe the following. For Hy = CP! x CP!, there is a self-
diffeomorphism on Hjy defined by exchanging the first and second terms, i.e., (p,q) — (q,p) for
(p,q) € Hy = CP' x CP'. This diffeomorphism induces a bundle isomorphism between 7 ;. a)
and 7)(y5,o). Therefore, we may assume (s,7) = (0,0), (1,0) or (1,1) in the case of 7 ;. a)-

We also need the following lemma.

LEMMA 4.3. If the cohomology ring H*(P(1(sr.a))) is isomorphic to H*(P(&y v py)), then
(s,r,0) = (1,0,0) and (s',7', 8) = (0,0,0). Furthermore, P(1(1,0,0)) is diffeomorphic to P(f 0,0,0))-
PROOF. By the Borel Hirzebruch formula (2.1), we have the isomorphisms
H*(P(sroy) =~ Z[X,Y,Z]/(X? Y2 Z*+sZX +71ZY +aXY), and
H*(P(§(s'1,8))) Zlw,y,2)/(a?, y* +xy, 2° +s'2x + 12y + Bay),

where (s,7) = (0,0), (1,0) or (1,1) in 9 r.q), and (s’,7") = (0,0), (1,0), (0,1) or (1,1) in (s, a)-
For each (s,r,«) and (s',7', 3), we express the Z-module structures of the above cohomology rings
using their generators as follows:

2BLX LY ®LZ BSLXY @LYZ PLZX & ZXY Z;
L®Zx ®Ly®lLzd Ly D Lyz ® Lzx & Lxyz.

Assume there exists an isomorphism f : H*(P(1(s,ra))) — H*(P(§s ). Let f(X) =
a1z + by + 1z, f(Y) = asx + bay + c2z and f(Z) = azx + byy + c3z, and let Ay denote the
corresponding 3 x 3 matrix of f. Because f is a graded ring isomorphism, it satisfies the following
relations:

F(X)? = (@12 + b1y + c12)? = (2a1b1 — b3 — Bed)ay + (2a1¢1 — 8'c3)xz + (2b1cy — r'c2)yz = 0;
FO)? = (agx + boy + c22)? = (2a9by — b3 — Bed)xy + (2a2¢o — 8'c2)xz 4+ (2bgey — r'c3)yz = 0
in H*(P(§(sv,5))). Therefore, we have
2a;b; — b? — Bt = 0;
2a,c; — 8'ct = 0;
2b;c; — ' =0,

1

fori=1,2.
Assume ¢; = 0. Then, by using the first equation above and det Ay = %1, we have either
b1 =0and a; = €1, or by = 2a; = 2¢;1, where ¢ = £1. If ¢; = 0, then it is easy to check that this
10



gives a contradiction to det Ay = £1. Hence, ¢y # 0. By using the second and the third equations
above, we have s'cy = 2a, and r'co = 2by. Hence it can be seen easily from det Ay = %1 that
only (s',7) = (0,0) is possible, and in this case (az,b2,c2) = (0,0,€e2) and 8 = 0, where €5 = £1.
Hence, we have that (s',7', 8) = (0,0,0).

If (a1,b1,¢1) = (€1,0,0), then b3 = €3 because det Ay = £1. Therefore, it follows from
F(2)? = —sf(X)f(Z) =7 f(Y)(Z) — af(X)f(Y) that

2(1363 —1= —S€1€3;
2a3c3 = —S€1C3 — réady — (L€ €3;
2€3c3 = —Treges.

Using the third equation above, we have r = ¢3 = 0. Therefore, by the second equation, we also
have a = 0. Moreover, from the first equation s = 1. Hence, (s,r,a) = (1,0,0).
If (a1,b1,¢1) = (€1,2€1,0), then b3 —2a3 = €3 because det Ay = £1. Therefore, it follows from
F(2)? = =sf(X)f(Z) = f(Y)[(Z) — af(X)f(Y) that
2a3b3 — bg = se1bg — 2s€1a3;
2(1303 — —S€1C3 — T'eat3 — (€€,
2b3c3 = —regbs — 2s€103 — 2a€1 €9,

Using the first equation and b3 — 2as = €3, we have b3 = —se;. Therefore, by using the third
equation, we have sr = —2«. This implies that « = 0 and sr = 0. If s = 0, then b3 = —se; = 0;
however, bs — 2a3 = —2a3 = €3 and this gives a contradiction. Therefore (s,r,«) = (1,0,0). This
establishes the first statement of the lemma when ¢; = 0 case.

In the case when ¢; # 0 and ¢z = 0, by a similar argument to the above case, we have the
same result. When ¢; # 0 and ¢ # 0, by some routine computation, we can see that this case
gives a contradiction. This establishes the first statement of the lemma.

Because 11,00y = 72 @ €, where v, is the tautological line bundle along the first factor of
CP!'xCP*', we can easily check that P(1(1,0,0)) = (S xCP')xp1 P(C1&C), where T acts on S° as
diagonal multiplications in its coordinates and trivially on CP! and C; is a complex 1-dimensional
T representation such that ¢ -z =tz for t € T* and z € C;. On the other hand, because £(0,0,0)
is the trivial bundle over Hy (by Lemma 4.1), we have thatP(&(9,0,0)) = S® X1 P(C,y ®C) x CP.
Therefore, we have that P(n(1,0,0)) = P(§(0,0,0)). This establishes the second statement. O

In order to prove Theorem 4.2, we may divide the proof into the following two cases.
CASE I: P(ns,ra)) with the base space Hy. In this case (s,r) = (0,0),(1,0) and (1,1).
CASE II: P(§(s,r,a)) With the base space H;. In this case (s,7) = (0,0),(1,0),(0,1) and
(1,1). Moreover if (s,r) = (0,0) then « # 0.
The rest of the section in devoted to the proof of Theorem 4.2 by treating the two cases
separately.

CASE I: P(1(s,,a)) With the base space Hy. We prove the cohomological rigidity for
P(n(s,r,a))- Namely, we prove the following proposition.

PropPOSITION 4.4. The following statements are equivalent.
(1) Two manifolds P(71(s, ry,a,)) a0d P(7(s,,r,,a,)) are diffeomorphic.
(2) Two cohomology rings H*(P(n(s, r,,a,))) and H*(P(n(s, ry,a,))) are isomorphic.
(3) (s1,71) = (82,72), and o and ay are as follows:
(a) if (s1,71) = (s2,72) = (0,0), then s = a3 or —ay;
(b) if (s1,71) = (s2,72) = (1,0) (or (0,1)), then ag = vy or —ay;
(c) if (s1,71) = (s2,72) = (1,1), then ay = ay or —ay + 1.

PROOF. (1) = (2) is trivial.
We first prove (2) = (3). By (2.1), we have the following isomorphisms
H*(P()(sy ry00))) = ZIX,Y,Z)/(X?, Y2, 22+ 512X +112Y + n XY), and

H* (P(sy,r5,00)) = Zlw,y, 21/(a?, 4, 2% + s220 + razy + azay).
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Assume there exists a graded ring isomorphism f : H*(P(1(s;,r1,01))) = H* (P(N(s5,r2,a2))), and
put the matrix representation of f : H*(P(n(s, r1.a1))) = H*(P(1)(s3,r5.05))) With respect to the
given module generators as

ap by ¢
Af = ag bg Co s
a3 bz c3

ie, f(X) = ez + by + a1z, f(Y) = asx + bay + 22, f(Z) = asz + byy + c3z. Note that
det Ay = 1. Because X? =Y? =0 and f is a ring isomorphism,

f(X)2 = (2(111)1 — agcf)zy + (2&1 — 8201)011?2’ -+ (2b1 — Tgcl)ClyZ = 0,
F(Y)? = (2a9by — aacd)xy + (2a2 — s2¢o)cawz 4 (2by — T9c2)coyz = 0
in H*(P(1(s5,ry,a0))). Therefore, we have

(43) 2&1‘[)2‘ — 042(212 = 0,
(44) (2(11‘ — 8261‘)02‘ = 0,
(4.5) (2b; — r2¢;)c; =0,

for i =1, 2. We divide the proof into the following three cases: Case 1 (sg2,72) = (1,1); Case 2
(s2,7m2) = (0,0); Case 3 (sa,7r2) = (1,0).

Case 1: (sg2,72) = (1,1). We first claim that ¢; = ¢o = 0 and ¢35 = e3 = +1. If ¢; # 0, for
i =1 or 2, then 2a; = ¢; by (4.4), 2b; = ¢; by (4.5) and 2a;b; = aac? by (4.3). These equations
imply that
2

4a;b; = c? = 2azc] .
Because ¢; # 0, we have that 1 = 2a,. This gives a contradiction. Therefore, we have
c1 =cy =0.
This together with det Ay = &1 imply that
c3 = €3 = £1.

Because Z2 = —51XZ —rYZ — o XY in H* (P(N(sy,r1,01))), the ring isomorphism f induces
the following equations

(46) 2a3b3 - 04263 == 751(0,1()3 + agbl) — T (CLng + a3b2) — Oél(albg + agbl),
(47) (2&3 — 63)63 = (—81&1 - 7”1@2)63,
(48) (2b3 — 63)63 = (—Slbl — 7‘1b2)€3.

Using (4.3) and ¢; = ¢o = 0, we have a;b; = 0 for ¢ = 1, 2. Moreover, from det Ay = £1, there
are two possibilities, i.e., either (a1,b2) = (0,0) and (ag,b1) = (€1,€2), or (a1,b2) = (e1,€2) and
(ag,b1) = (0,0) where ¢; = £1 for i =1, 2.

If (a1,b2) = (0,0) and (ag,b1) = (€1, €2), then it follows from (4.7) and (4.8) that

2a3 = €3 — r1€1;
2b3 = €3 — S1€2.

It is easy to check that if s; = 0 or r; = 0 then we have a contradiction to one of the equations
above. Therefore, (s1,71) = (s2,72) = (1,1). We also have that if e3 = €; (resp. €3 = €3) then
az = 0 (resp. b3 = 0) and if €3 # €1 (resp. €3 # €2) then a3 = €3 (resp. by = €3). Thus, by the
equation (4.6), we have that s = ay or ag = —a; + 1.

If (a1, b2) = (€1, €2) and (az,b1) = (0,0), then similarly we have that (s1,r1) = (s2,72) = (1,1)
and as = a1 or ag = —ay + 1. This establishes (3) — (¢).

Case 2: (s3,72) = (0,0). If (s1,71) = (1,1) in this case, by the same argument as in Case 1
with (sq,72) replaced by (s1,71), we can see that (sa,72) = (1,1) which contradicts to the hypoth-
esis. Therefore (s1,71) = (0,0) or (1,0), and hence, Z? = —5:XZ — a1 XY in H*(P(1)(s, r1,01)))-
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Therefore, the ring isomorphism f implies the following equations:

(49) 2a3bs — 0420?)) = —81(a1b3 + agbl) — Oél(albg + (Lgbl) + S1c1C3009 + (€1 Co(N2;
(4.10) 2a3cs3 = —s1(a1c3 + ager) — ar(aice + aser);
(411) 2b363 = 751(17103 + bgcl) — Oél(blcg + bQCl).

Because of (4.4) and (4.5), we also have that a;c; = b;c; = 0. Then by (4.3), there are two
cases to consider for ¢ = 1,2: (2-i) the case when ¢; # 0, and hence, a; = b; = as = 0; (2-ii) the
case when ¢; = 0, and hence a;b; = 0.

(2-1) If ¢1 # 0, and hence, a1 = by = ap = 0, then ¢; = €3 = £1 because det Ay = *1.
Furthermore, if ¢y # 0, then as = by = 0, which gives a contradiction to det Ay = £1. Therefore,
c2 = 0 and asby = 0. Moreover agbs = 0 by (4.9). Since det Ay = £1, there are two possibilities
for (ag,a3) and (b, b3), i.e., either (az,a3) = (0,€1) and (bg, b3) = (€2,0), or (az,asz) = (€1,0) and
(ba,b3) = (0,€2). If ag = bg = 0, then, by using (4.10) and (4.11), we have that 2c3 = —sje3 and
a1 = ag = 0. Therefore, because s; = 0 or 1, we also have cg = 0 and s; = so = 0. If ag = by = 0,
then we similarly have that a; = as =0 and s; = s = 0.

(2-ii) If ¢; = 0, then a1b; = 0. If ¢3 # 0, then the proof is almost the same with the case
when ¢; # 0; and we have that oy = as = 0 and s; = s; = 0 as the conclusion. Therefore, we
may put ¢z = 0 and agby = 0. Because of det Ay = £1, we have that c3 = e3 = £1 and there are
the two possibilities, i.e., either (a1,a2) = (0,€1) and (by,b2) = (€2,0), or (a1,a2) = (e1,0) and
(b1,b2) = (0,€2). If a3 = by = 0 (resp. az = by = 0), then it follows from (4.11) (resp. (4.10)) that
2bs = —s1by (resp. 2as = —sy1a1). Therefore, s; = so = 0 and b3 = 0 (resp. az = 0). Moreover, by
(4.9), we have that as = €1eacr;. This establishes (3) — (a).

Case 3: (s2,72) = (1,0). In this case, by the same arguments as above, we may assume
(s1,71) = (1,0), ie., 2% = —XZ — a1 XY in H*(P(1)(s, r,,a)))- It is sufficient to show that
ag = ap or —ay. Now, the ring isomorphism f implies the following equations:

(4.12) 2a3bs — agcg = —(a1b3 + agbl) — Oél(albg + (Lgbl) + c1c300 + (rpcrcag;
(4.13) 2a3c3 — c§ = —(a1c3 +azcr) — a1(areo + ascr) + cre3 + creoan;
(4.14) 2bsc3 = —(b103 + bgcr) — Oél(blcz + bacy).

Because of (4.4) and (4.5), we also have (2a; — ¢;)c; = 0 and b;¢; = 0. By (4.3), if ¢; # 0 then
b; = as = 0 and ¢; = 2a;, and if ¢; = 0, then a;b; = 0.

(3-i) If ¢1 # 0, then by = g =0, ¢1 = 2a;. Since det Ay = £1, we may put a; =¢; = £1. In
this case, if co # 0 then by = 0 and ¢ = 2a9, which contradicts to det Ay = +1. Therefore, co =0
and agby = 0. Tt follows from (4.12) and (4.14) that

2(13[)3 = 761(b3 + a1b2) = bgCg.

Therefore, there are two cases to consider: the case when b3 = 0, and hence a1by = 0; the case
when b3 # 0, and hence c¢3 = 2a3. If b3 # 0 and c3 = 2as, then by det Ay = £1 we have
a3 =0 = c3 and b3 = €5 = £1. Then the matrix Ay is equal

€1 0 261
a9 b2 0
0 €2 0

This gives a contradiction to det Ay = 1. Therefore, b5 = 0, and hence a;bs = 0. If by = 0 then
this gives a contradiction to det Ay = +1. Hence, we have by # 0, and hence a1 = a = 0.

(3-ii) If ¢; = 0 and co # 0, then a1b; = 0, ¢3 = 2a2 and by = as = 0. If by = 0, then it is
easy to check this gives a contradiction to det Ay = 1. Hence, a1 = 0 and b; = £1. Because
¢y = 2a9 and det Ay = £1, we have ¢3 — 2a3 = £1. By using (4.13), we also have the equation
c3(es — 2a3) = 0. Therefore, ¢c3 = 0, and hence 2a3 = +1. This gives a contradiction to as € Z.

Therefore ¢; = co = 0. Since det Ay = 1 and ¢; = ¢ = 0, we can put cg = e3 = £1.
Then, we can easily see that a; + 2a3 = e3 by (4.13) and by = —2b3 by (4.14). Therefore, by
using a;1b; = asby = 0 and det Ay = +1, we have that by = b3 = 0, by = o = £1 and ap = 0,
ay = €1 = £1. Hence, by using (4.12), we have ag = ;. This establishes (3)— (b). Consequently,
we have proved the implication (2) = (3).
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Finally, we prove (3) = (1). Consider the diffeomorphism f = id x conj : CP* x CP! — CP*! x
CP! defined by (p,q) — (p,q). Because f changes the orientation on CP! x CP!, the Euler class
e(f*1(s,ra)) coincides with —e(n(s,, q)). Because of the definition of Chern class, e(f*1(sr,qa)) =
c2(f (s ra)) = —C€2(1(s,r,a)) = —v. Because x and y are the first Chern classes of the tautological
line bundles of the first and the second factor of CP* x CP!, we have ¢; (f*Nsra)) = [X (X 47Y) =
sx —ry. Hence, by Lemmas 2.2 and 4.1, we have

f*n(s,O,a) = M(s,0,— )3
I 1,0 @72 = 0(1,-1,-a) ® V2 =N(1,1,1-a)s
where 7y, is the pull back of the tautological line bundle over CP! along the projection my : CP! x
CP' — CP" to the second factor. This implies that P(1)s rq)) = P(1)(s,r,—a)) for (s,r) = (0,0)
or (1,0) (or (0,1)) and P(1(1,1,a)) = P(1(1,1,1—a)) for (s,r) = (1,1). This proves the implication
(3) = (1). O
CASE II: P(&,p)) with the base space H;. We prove the cohomological rigidity for
P({(s,r,p)) in the following proposition.
ProprosITION 4.5. The following statements are equivalent.

(1) Two manifolds P(§(s, r, 8,)) and P({(s,,r,,8,)) are diffeomorphic.
(2) Two cohomology rings H*(P({(s,,r,.8,))) and H*(P(&(s,,r,,8,))) are isomorphic.
(3) Either (s1,71,081) = (82,72, 82), or one of the following holds:
(a) (s1,71,81) = (0,0,8) and (s2,72,82) = (0,0, —8) (8 # 0);
(b) (8177'1’51) = (LO,ﬂ) and (8277'2’52) = (1a07 _B);
(c) {(81,T1,ﬂ1)7 (Sg,?”g,ﬂg)} = {(Ovlvﬂ)7 (1, _ﬂ)}v

for some B € Z.

By using Proposition 4.4 and 4.5 and Lemma 4.3, we have Theorem 4.2. Let us prove Propo-
sition 4.5.
PROOF. (1) = (2) is trivial. We first prove (2) = (3). By (2.1) we have the isomorphisms
H*(P(Esymp0) =~ ZIX,Y,Z]/(X? Y2+ XY, 2>+ s1ZX + 11 ZY + 1 XY), and
HY (P ) = Zly, 215, 42 + 2y, 22+ 5220 + razy + Bay).
Assume there is a ring isomorphism f : H*(P(§(s, r,,8,))) ~ H*(P(&(s3,r2,8,))), and put the matrix
representation of f : H?(P (€., r.51))) = H*(P(§(s3,r5,8,))) 88

a b o

az by «c3
Note that det Ay = +1. Let ¢, = 1 (i = 1, 2, 3). Because of X2 =0 € H*(P({(s,.11.,5,))), We
have
2a1b1 = b7 — ¢} = 0,
2a1c1 — c%sz =0,
2bic1 — cfrg =0.
By using these equations and det Ay = +£1, it is easy to check that for e = £1

Case 1: if ¢; # 0, then there are the following two sub-cases:

e (s2,72) = (0,0) with (a1,b1,c1) = (0,0,€) and B2 = 0;

e (s9,72) = (1,0) with (a1, b1,¢1) = (,0,2¢) and B = 0,
Case 2: if ¢; =0, then (a1,b1) = (¢,0) or (e, 2¢).
Because Y? = —XY in H*(P((s,,r,,8,))), we also have

(4.15) 2a2b2 — b% — C%BQ = —a1b2 — b1a2 + b1b2 + 616252,
(4.16) 2a9Cy — 0382 = —ay1cy — c1az + ¢1C282,
(417) 2b262 - C%T’Q == 7b162 - Clbg + c1co79.

14



Case 1: ¢; # 0. If (s2,72) = (0,0), then, by using (4.16), (4.17) and (a1,b1,c¢1) = (0,0, €3),
we can easily show that as = by = 0; however, because det Ay = %1, this gives a contradiction.
Therefore, (s2,72,82) = (1,0,0) and (a1, b1,¢1) = (e1,0, 2€1). Note that det Af(asbs — asbs) is the
(1,3)-entry of the matrix A;l. Therefore, by a similar argument to the above, we can see that if
asbs — aszba # 0 then (s1,71) = (1,0) and f; = 0. This means that if we get asbs — azbs # 0 then
we have (s1,r1, 1) = (82,72, 82) = (1,0,0), i.e., the statement of this proposition holds.

By (4.17), we may divide the case when ¢; # 0 into two sub-cases: (1-i) by = 0 and (1-ii)
b2 7é 0 and Co = —€7.

(1-i) If b, = 0, then it easily follows from (4.16) that ¢ = 2az or —e;. Moreover, by using
det Ay = £1 and (a1,b1,¢1) = (€1,0,2€;), we have that (ag,bs,c2) = (0,0, —€;) or (—er,0, —€1),
and bs = ez. If (ag,b2,c2) = (—€1,0,—€1), then asbs — agby = —ejea # 0. Therefore, by the
argument explained above, we have (s1,71,81) = (82,72, 82) = (1,0,0). Hence, this satisfies the
statement of this proposition. Suppose (az,bs,c2) = (0,0, —€1). Since Z? = —s;XZ —r Y Z —
51 XY, we have

(2azez — 1)xy + 2eac3yz + (2a3c3 — c3)az
= —si(ez +2612)(asz + €2y + c32) + rie1z(asx + 2y + c32) + Sr(e12 + 2€12) €1 2.

So, we have

20,362 —1= —S81€1€2;

2 .
2a3c3 — c3 = —2s1€1a3 + s1€1¢3 + ri€1a3 — rie€;cy — P
26503 = —251€1€3 + r1€1€9.

It easily follows from these equations that (s1,71,581) = (s2,7r2,082) = (1,0,0).
(1-ii) If by # 0 and ¢ = —e;, then we have that by = 2as + €1 by (4.15). Since (aq,b1,¢1) =
(€1,0,2€1), we have

det Af = (261&2 + 1)(b3 +c3 — 2a3) ==+1

Therefore, either (1-ii-a) (az, ba, c2) = (0, €1, —€1), or (1-ii-b) (—e1, —€1, —€1) and bg +c3 —2a3 =
+1.

(1-ii-a) Suppose (ag,b2,c2) = (0,€1,—€1), then asbs — beag = —ejas. As before, if ag # 0
then (s1,71,581) = (82,72,02) = (1,0,0). This satisfies the statement of proposition. If az = 0,
then b3 + c3 = £1 by the equation above. From the relation Z? = —5;XZ — Y Z — 5, XY, we
have

(4.18) —b3 = —s1€1bs + r1e1bs — P,
(4.19) —c3 = s1€e103 — riercs — fi,
(420) 2bscs = —2s1€1b3 — ri€1c3 + rierbs — 2054.

From these equations, we get
(bs + 03)2 =1=—s1€1(bs + c3).
Hence, s;1 =1 and b3 + c3 = —e;. By (4.18), we have
—1+42€103 — c5 = —€1(—€1 — c3) +rie1(—e1 —c3) — Bi.
Substituting (4.19) into this equation, we have
—1+2¢e1c3 +€e1c3 —rieicz — B = —e1(—e1 —¢3) +rier(—e —¢c3) — Bi.
Hence,
2(2¢1¢3— 1) =r; =0.

But this is impossible. Therefore the case (1-ii-a) can not occur.
(1-ii-b) Suppose (ag,be,c2) = (—€1, —€1, —€1), then asbs — boaz = —e1(bs — az). With the
method similar to that demonstrated above, if az # bs then (s1,71,581) = (s2,72,82) = (1,0,0).
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Hence, we may assume a3 = b3. Because det Ay = c3 + b3 — 2a3 = £1, we also have c3 — b3 = £1.
From the relation Z2 = —51XZ — Y Z — 51 XY, we have

(4.21) b3 = —s1€e1bs + r1€1bs + B,
(422) 2b363 — C% = —28161b3 + S1€1¢3 + T161b3 + 261,
(423) 2b363 = —2816163 +riercz + T‘1€1b3 + 251.

By using (4.22) and (4.23), we have
03(7'161 — C3 — 8161) =0.

Therefore, we have either ¢cg = 0, or ¢z # 0 and r1e; — c3 — s1€1 = 0, i.e., c3 = €1(r; — s1) with
T1 7é S1.

We claim c3 # 0. If c3 = 0, then by using det Ay = +1 and a3 = b3, we may put b3 = €. By
using (4.22) and (4.23) again, we have that

—281€1€9 + r1€160 + 261 = 0.

Hence, it is easy to check that (s1,71,61) = (0,0,0) or (1,0, €1€2). However, using (4.21), both of
the cases give contradictions. Consequently, cs # 0, i.e., cs = €1(r; — s1) with r1 # s1.

Because 1 # s1, there are two cases: (s1,71) = (1,0) and (0,1). We first assume that
(s1,71) = (1,0). In this case, c3 = —e;. By using (4.22), we have $; = 0. Therefore, this case
gives (s1,71,81) = (s2,72,082) = (1,0,0). We next assume that (s1,71) = (0,1). In this case,
c3 = €1. Similarly, we have that e;b3 — 1 = 25;. This also gives the equation

61b3 —1= 61(b3 — 61) = 261.

Recall that b3 — c3 = +1 and ¢35 = €¢;. This gives a contradiction. This finishes Case 1.

Case 2: ¢; = 0. In this case we divided into two sub-cases: (2-i) (a1,b1,¢1) = (€1,0,0), and
(2-ii) (al, bl, Cl) == (61, 261, 0)

(2-1) Assume (a1,b1,c1) = (€1,0,0). Then, it follows from (4.15), (4.16) and (4.17) that

(424) 2a2b2 — b% — Cgﬁg = —€1b2;
(425) 2a202 — C%SQ = —€1Ca;
(4.26) 2b202 — C%’I"g =0.

By (4.25) and (4.26), either (2-i-a) ¢y # 0 and 2as = 289 — €1, 2ba = carg, or (2-i-b) ¢o = 0.

(2-i-a) First assume ¢y # 0. Then, by 2ay = 282 — €1, we have s3 = 1 and ¢y = 2as + €.
By substituting this equation into (4.26),we have that 7o = 0 = bs. Hence, by (4.24), 82 = 0, i.e.,
(s2,72,02) = (1,0,0). Because det Ay = %1, we may put bs = e3. Moreover, we have det Ay =
—e1€2(2a9 + €1) = +1; therefore, ag = 0 or —e;. If ag = —eq, then agbs — azbs = —ejea # 0.
Hence, with the method similar to that demonstrated in Case 1, we have (s1,71, 51) = (82,72, f2) =
(1,0,0). Thus, we may assume ay = 0, i.e.,

az €z C3

By using Z? = —$1XZ — Y Z — /1 XY and (s2,72,82) = (1,0,0), it is easy to get that

2a3€3 — 1 = —s1€1€9;
2€ac3 = —T1€1€2;
(2a3 — c3)c3 = —s1€1¢3 — ri€1a3 + T1C3€1 — P

By using the first and second equations, we have s; = 1, r; = 0 and ¢3 = 0. Therefore, by the third
equation, we have that (s1,71,81) = (s2,72,082) = (1,0,0). Consequently, if (a1,b1,c1) = (€1,0,0)
and C2 7é O7 then (81,T17ﬂ1) = (SQ,TQ,BQ) = (].707 0)
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(2-i-b) We next assume ¢, = 0. Because det Ay = e1bacs = %1, we may put by = ez and
C3 — €3, i.e.,

€1 O 0
Af = ag €2 0
as b3 €3

Then, it follows from (4.24) that 2ase0 — 1 = —e€1€9, L€, ag = *617“2 By using 22 = -5 XZ —
MY Z — 51 XY, it is easy to get that

2 .
2a3b3 — bg — B2 = —s1€1b3 — 7"1(@2(73 + azez — Ezbs) — Preier;
2bzez — 19 = —T1€2€3;

20,363 — S9 = —S§1€1€3 — T1G2€3.

If €, = €5, then as = 0 and

2 .
2a3b3 — by — o = —s1€1b3 — r1(azer — €1b3) — fBu;
2bzez — ro = —r1€1€3;
2CL3€3 — 89 = —S8j1€1€3.

By using the second and third equations, we have that (s1,71) = (s2,72). Therefore, if ¢; = €3, then
we also have bs = a3 = 0. Using the first equation, we have 51 = s, i.e., (51,71, 51) = (s2,72, B2).
Suppose €1 # €3, i.e., €3 = —e1. In this case, if s = s9 = 0 (resp. s; = s3 = 1) then a3 = 0 (resp.
a3 = —e1) by using the third equation. Similarly by using the second equation, if 1 = ro = 0
(resp. 1 = 19 = 1) then b3 = 0 (resp. b3 = —e1). Therefore, by using the first equation, it is easy
to check that 8; = B2. Consequently, in the case when €; = €g, hence (az, ba, c2) = (0,€1,0), we
have (s1,71,81) = (82,72, 82), i.e., this case satisfies the statement of proposition.
If —e; = €9, then as = —€; and

2 .
2a3b3 — b3 — B2 = —s1€1b3 + riazer + P
2bges — ry = T1€1€3;

2a3€3 — Sog = —S1€1€3 + T1€1€3.

By using the second equation, we have that ry = ro. If 11 = ro = 0, then b3 = 0 by the
second equation and s; = sg by the third equation. Moreover, by using the first equation, we
have (s1,0, 1) = ($2,0,—f2). This implies that (3) — (a) and (3) — (b) in the statement of the
proposition. If 1y = ro = 1, then b3 = % by the second equation and s; # ss by the third
equation. We first assume (s1,s2) = (1,0). Then, by the third equation, we have that a3 = 0.
Therefore, the first equation gives

_#_B2Z_$+ﬁ1_
Therefore, 81 = —fs, i.e., (s1,71,581) and (s2,72, 82) are the pair (1,1,7) and (0,1, —r). This
implies that (3) — (¢) in the statement of the proposition. We next assume (s1, s2) = (0,1). Then,
by the second and third equations, we have that az = bs. Therefore, the first equation gives

1+2€163 By = 1+261€3 LBy
Therefore, 81 = —fs, i.e., (s1,71,581) and (s2,72, B2) are the pair (0,1,7) and (1,1, —r). This
implies that (3) — (¢) in the statement of the proposition. Consequently, if (a1, b1,c¢1) = (€1,0,0)
and cg = 0, then the statement holds. Therefore the first sub-case (2-1) is done.
(2-ii) Assume (a1,b1,c1) = (€1, 2€1,0). Then, it follows from (4.15), (4.16) and (4.17) that

(427) 2a2b2 — b% — C%BQ = €1b2 — 261&2;
(4.28) 2a9¢y — C%SQ = —€1C9;
(429) 2b282 — C%’/’Q = —26162.

By (4.28) and (4.29), either (2-ii-a) ¢y # 0 and 2as = ca82 — €1, 2bs = core — 2€1, or (2-ii-b)
Cy = 0.
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(2-ii-a) We first assume ¢y # 0. Then, by 2as = casa — €1, we have so = 1 and ¢y = 2a2 + €.

Substituting this equation into 2bs = core — 2¢€1, we have ro = 0 and by = —e;. Therefore, 8, = 0
by (4.27). By using Z2 = =1 XZ — 1Y Z — 31 XY and (s2,72,32) = (1,0,0), it is easy to get that
(4.30) 2a3b3 — bg = —s1(—€1bs + 2¢1a3) — r1(agbs — €1a3 + €1b3) — B1(1 + 2€1a2);

(4.31) 2bscs = —2s1€1¢3 — r1(—€1c3 + 2a9bs + €1b3) — B1(dazer + 2);

(4.32) (2a3 — c3)es = —s1e1¢3 — ri(—agcs + 2aza3 + €1a3 — €1¢3) — B1(2a2¢; + 1).

Because det Ay = (2a2¢1 + 1)(2a3 — by — ¢3) = %1, either (2-ii-a-I) ap = 0 or (2-ii-a-II)
as = —e1, and we may put 2a3 — bz — c3 = €3.

(2-ii-a-I) Assume ay = 0. With the method similar to that demonstrated in Case 1, if
asbs — asbe = az # 0 then (s1,71,81) = (s2,72,82) = (1,0,0). Therefore, we may assume az = 0
and —bs — c3 = €3. Hence, by the above equations, we have that

(4.33) —b3 = s1€1b3 — r1e1bs — fi;
(434) 2b303 = 72816103 - 7"1(76163 —+ €1b3) — 2/31;
(4.35) —c3 = —s1e103 + €103 — P

This implies that
—(bg, + 03)2 =-1= 8161(b3 + 03) = —S1€1€3.

Therefore, we have s; = 1 = €1€3 and c3 = —b3 — €;. By substituting these equations into the
third equation, we have

—b% —2€1b3 — 1= 61(b3 + 61) - 7“161(b3 + 61) — B1.
Because of the first equation, we have
261[)3 + 2= T1.

This implies that 1 = 0 and b3 = —e;. Hence ¢c3 = —bs — ¢; = 0. Therefore, from (4.34), we have
B1 = 0. Therefore, (s1,71, 1) = (82,72, 2) = (1,0,0). This satisfies the statement of proposition,
and the case (2-ii-a-I) is done.

(2-ii-a-IT) Assume ay = —e; With the method similar to that demonstrated in Case 1,
if ag # bz then (s1,71,681) = (s2,72,02) = (1,0,0). Therefore, we may assume az = bz and
as — c3 = €3. By the above equations (4.30), (4.31), and (4.32), we have

a3 = —sie1a3 + rieag + Bu;
2@363 = —2816103 — 7“1(—6103 — 61&3) —+ 261;
(2a3 — c3)c3 = —s1€1¢3 + ri€raz + B
This implies that
(a3 +c3)(—as+c3) = sie1a3 — s1€163 + €103 — r1€1a3
= 61(’/‘1 — 81)(—&3 + 63).

Because az —c3 = €3, we have that az+c3 = €1(r; — s1); therefore, 1 # s1. If (s1,71) = (0, 1), then
2a3cs = 1+ 20 by the second equation above. This gives a contradiction. Hence, (s1,71) = (1,0).

In this case, a3 = *ElTM and c3 = =452 If €; = €3, then a3 = 0 and c3 = —e€;. In this case, by
using the first equation, 57 = 0. However, by using the second equation, we also have §; = —1.
This gives a contradiction and we have €; = —eg3, i.e., a3 = —e; and c3 = 0. It is easy to check

that (s1,71,581) = (82,72, 82) = (1,0,0). Consequently, if (a1, b1,c1) = (€1,2€1,0) and ¢ # 0, then
(s1,71,01) = (82,72, 82) = (1,0,0). This satisfies the statement of proposition. This finishes the
proof for (2-ii-a).

(2-ii-b) We next assume ¢ = 0, i.e.,

€1 261 0
Af = a2 b2 0
as bg, C3
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Since det Ay = £1, we have c3 = £1 =: e3. By (4.27)
2a2b2 — b% = €1b2 — 261@2.
Hence,
(2@2 — bg)(bg + 61) =0.

Therefore, by = 2as or —e;. If by = 2as, then det Ay = 0, which is contradiction. Therefore,
by = —e€1. Hence, det Ay = e3(—1 — 2€1a2) = £1; therefore,

e ao, =0or

® (9 = —€7.
By using 22 = —s1XZ — Y Z — 81 XY, it is easy to get that

2a3bs — b3 — B2 = —s1(—€1bs + 2e1a3) — ri(agbs — e1as + e1bs) — B1(1 + 2e1az);

2bges — ro = —281€1€3 + r1€1€3;

20,3 — S92€3 — —S1€1 —T'10a2.
By the second equation, we have that r; = ro. If 11 = ro = 0, by the second and third equations,
we have that b3 = —s1€; and s; = so, respectively. It follows easily from the first equation that
B1 = Po for ag = 0 and f; = — B for ap = —e;. This implies that (3) — (a) and (3) — (b) and (3)
with (s1,0, 81) = (82,0, 82) in the statement of the proposition. If 11 = ro = 1, then by the above
equations, we have that

2a3b3 — b3 — B2 = —s1(—€1b3 + 2€1a3) — asbs + €1az — erby — Bi(1 + 2€1a2);
2bsez — 1 = —251€1€3 + €1€3;
2a3 — S9€3 = —S81€1 — Q2.
When ay = 0, then by the third equation we have that s; = so. If s = s3 = 0, then by the
third equation we have ag = 0; therefore by the first and second equations we have
1+ €1e3 _ T+ees
e
Hence, 81 = 2. This implies that (3) with (0,1, 81) = (0,1, 82) in the statement of the proposition.
If s; = so = 1, then by the second and third equations, we have that ag = b3 = *517“3 Using the
first equation, we have 81 = 3. This implies that (3) with (1,1, 51) = (1,1, 82) in the statement
of the proposition.
When as = —e1, then by the third equation we have that s1 # s2. If (s1,82) = (1,0), then it
follows from the third equation that az = 0; therefore by the first and second equations we have

1 — €1€3 1 — €1€3

A8 =B
Hence, 81 = —f2. If (s1,82) = (0,1), then by the second and third equations, we have that
az = by = % Using the first equation, we have 8; = —f2. This implies that (3) — (¢) in

the statement of the proposition. Consequently, if (a1,b1,¢1) = (e1,2€1,0) and co = 0, then the
statement holds. Therefore (2-ii-b) is finished, and this establishes the statement (2) = (3).

Finally, we prove (3) = (1). If (s1,71,81) = (82,72, B2), then the statement is trivial. Assume
(s1,71,B81) # (s2,72,B2). Recall that H; = S3 xp1 P(C; @ C). Let f : Hy — Hp be the
diffeomorphism which is induced from the composition of the diffeomorphisms

$% x71 P(C;&C) % $% xm P(C_1 & C) 5 $3 xpm P(C, & C),

where ¢ is the diffeomorphism induced from the orientation reversing of the fibers and h is the
diffeomorphism induced from the tensor product of the tautological line bundle on «v_; ® €. Then,
it is easy to check that the induced homomorphism f* is f*(X) =z and f*(Y) = —x — y, where
H*(Hy) ~ Z[z,y]/{z?,y? + zy). Then, we can easily check the following isomorphisms;

f*f(o,o,ﬁ) = f(o,o,—ﬂ)?
F*€1,0,8) = £1,0,—8);

[ €01, =&=1,-1,-8)-
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Because of Lemma 2.2, we have

Yoty @ E(-1,-1,-8) =E1.1,-5)
where 7,4y is the line bundle over H; induced from =z +y € H 2 (Hy). This establishes that

P(&0,0,8)) = P(&0,0,-8));
P(§a0,8) = P(§a.0,-5));
P(&o,1,8) = P(€a,1,-8))-

Consequently, using Theorem 3.1 and 4.2, we have Theorem 1.1.
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